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ABSTRACT: The classification of four manifolds upto diffeomorphism is still a wide open
problem. Significant progress was made in the 1980s by Simon Donaldson when he con-
structed new invariants of smooth structure on four manifold, called Donaldson invariants.
Physics made contact with four manifolds classification program in 1988 when Edward Wit-
ten came up with a physical interpretation of Donaldson invariants. Witten introduced the
idea of topological twisting of supersymmetric Yang-Mills theory and showed that certain
correlators in the topologically twisted theory are precisely the Donaldson invariants. In
this exposition, we discuss the topological twisting of the 4d N = 2 pure supersymmetric
Yang-Mills theory and sketch the relation of Donaldson invariants with the twisted theory.
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1 Introduction

A topological n-manifold X is a topological space which locally looks like R™. More pre-
cisely, for every x € X there is an open set U such that x € U C X and a homeomor-
phism ¢ : U — ¢(U). We call (U, p) a chart. The set of all charts (y;,U;) such that
U;U; = X is called an atlas of X. A smooth structure on X is an atlas (g;, U;) such that
for overlapping charts (Uj, ¢;), (Uj, ¢;) with U;; = U; N U; # 0, the transition functions
@j o gpi_l, ©; © gpj_l : R — R” is infinitely differentiable. A topological manifold with a
smooth structure is called a smooth manifold or simply a manifold. One can define the
notion of differentiability of maps between manifolds unambiguosly using a smooth struc-
ture, that is smooth structure allows us to do calculus on a manifold. A diffeomorphism of
manifolds is a bijective map which is differentiable along with its inverse.



Given a topological manifold, one can ask (1) whether it can be endowed with
a smooth structure and if so, (2) how many non-diffeomorphic smooth structures can the
manifold be endowed with. In dimensions other than four, any compact topological manifold
has a finite number of non-diffeomorphic smooth structures [1]. In contrast, any compact
4-manifold can have countably infinite number of non-diffeomorphic smooth structures.
A typical example of noncompact case is R* itself which admits an uncountably many
non-diffeomorphic smooth structure [1]. 4-manifolds are important for physics for various
reasons, one obvious reason being general theory of relativity where we work with smooth
4 dimensional spacetime and we would like to know how many choices of smooth structures
we have to work with.

In this exposition, we will be interested in the second question, since in physics we
always work with smooth manifolds. Simon Donaldson’s work gives some partial answers
to the two questions [2—4]. In particular, Donaldson constructed new invariants of smooth
structure on a 4-manifold |2, 5|, called the Donaldson invariants, meaning that two diffeo-
morphic 4-manifolds must have the same Donaldson invariants. Equivalently, if two man-
ifolds have different Donaldson invariants, they cannot be diffeomorphic. Thus Donaldson
invariants can be used to distinguish between differentiable structures on a manifold. In
the rest of the exposition, X will denote a compact smooth Riemannian 4-manifold without
boundary. The construction of Donaldson invariants for X roughly goes as follows: we con-
sider the space of all gauge fields A,, which are 1-forms on X valued in the Lie algebra g of
the gauge group G (see Appendix C for precise definitions) such that the field strength F),,
which is a 2-form is anti-selfdual, that is F),, + F w = 0 where F wv is the Hodge dual of F),,
(see (3.26)). These gauge fields are called instantons. We then restrict to gauge inequivalent
instantons, this space is called the moduli space of instantons and is denoted by Magp (see
Appendix D for more details). The next step is the construction of the Donaldson map
pp : Ho(X) — H*(Masp) from the homology! of X to the cohomology on Magsp (see [7]
for some details). For the gauge group SU(2), up : Hj(X) — H*77(Masp). Donaldson
invariants are then defined on Hy(X) @ Hy(X): for £,7 € N

(@.8) = Pola's) = [ upl@)'up(SY (1.1)

where pp(z)t = Aup(z) = up(x) A pp(x) A -+ A up(z), £ number of times. Clearly
the integral is nonvanishing only when 4¢ 4+ 2r = dimMagp. There is another technical
point in the calculation of the invariants: we need to sum over instanton numbers of the
instanton configurations and fix the second Stiefel-Whitney class of X while performing
the integral. See Section 3.2 for more details. The stunning result of Donaldson says that
Pp(2*S™) are rational numbers and in most cases independent of the metric on X. So to
distinguish between smooth structures on X, we need to calculate these invariants with the
two smooth structures and if they are different, Donaldson’s theorem implies that the two
smooth structures are non-diffeomorphic. One cannot say anything if the invariants are the
same, meaning that the Donaldson invariants are not complete invariants of the smooth
structure on X.

See [6, Chapter 6] for definition of homology and cohomology groups.



Up until now, our discussion was completely mathematical. Michael Atiyah (who
was Simon Donaldson’s advisor), realising the intimate role of Yang-Mills theory in the
formulation of Donaldson invariants, posed a question to physicists: What is the physical
interpretation of Donaldson invariants? Edward Witten rose up to the challenge and in
1988 came up with a physical formulation [8] of Donaldson invariants: these are simply the
correlation functions of appropriate operators of a certain quantum field theory? (QFT),
called the Donaldson-Witten theory, giving a path integral representation for the invariants.
In this exposition, we will only describe the Donaldson-Witten theory but this is not the
end of the story.

In his landmark paper [8], Witten introduced the idea of topological twisting to
construct topological quantum field theory (TQFT). Roughly speaking, a TQFT is a QFT
in which the partition function and some of the correlators do not depend on the metric.
Topological twisting® when applied to certain 4d theories with N = 2 supersymmetry give
us TQFTs.

This exposition is organised as follows: In Section 2, we explain TQFTs and describe the
topological twisting procedure. We then discuss the particular TQFT — Donaldson-Witten
theory studied by Witten to relate to Donaldson invariants in Section 3. In the appendices,
we describe some of the details of the construction, definitions and set up some notations.

2 Topological Quantum Field Theory

Let X be a compact, connected Riemannian 4-manifold with metric g,,,. Suppose we have
a quantum field theory (QFT) with fields {¢} and action functional S[¢]. The partition
function of the theory is defined as

Z= /[qu}eis[d)] (2.1)
The correlation function of operators Oy,---, 0, is
(©1...0,) = 5 [[Do101(6) -0, (@)eH5 (22)
In general, the action might depend on the metric g,,. The quantity that measures this
dependence is the energy momentum tensor?
T,, = 5‘;‘5 (2.3)

2To be more precise topologically twisted N = 2 pure SU(2) supersymmetric Yang-Mills theory. See
Section 3.1 for more details.

3There are other ways of twisting in other dimensions and more number of supersymmetries but in this
note we will restrict to twisting of 4d N = 2 theories.

“In general relativity, the energy momentum tensor is defined with an extra factor of 47/ /9 where
g = detgu,. This will not be important for our discussion in this section.



In quantum theory the dependence of the action on the metric is measured by the expec-
tation of the energy momentum tensor:

o l (55 _ls[¢] _ (SIOgZ
(T} = / (Do) e+ = —h (2.4)

In general the expectation value (T),,) # 0 and hence the partition function also depends
on the metric.

Definition 2.1. A topological quantum field theory (TQFT) is a special type of QFT in
which the partition function and some of the correlators do not depend on the metric. In

particular

There are two types of TQFTs:

1. TQFT of Schwartz type: the action does not depend on the metric (classically), that
is, there is a classical symmetry associated to varying the metric. We construct these
TQFTs in a way that this classical symmetry does not suffer anomaly meaning that
the measure [D¢] remains invariant under a change in the metric.

2. Cohomological TQFTs or TQFTs of Witten type: the classical theory may have metric
dependence but the partition function is metric independent. This is achieved by a
highly nontrivial procedure introduced by Witten [8] called topological twisting and
will be the main focus of this exposition.

2.1 Witten type TQFTs
We start with the following data for Witten type TQFTs:

Data:

1. A theory of fields {¢} which are a collection of Grassmann even and odd fields with
action S[¢].

2. A scalar non-anomalous symmetry® § of the action, that is 65[¢] = 0.
Assumptions:

1. The symmetry J is Grassmannian. That is it maps Grassmann even fields to Grass-
mann odd fields and vice versa. Moreover § does not change the spin of the field.
This QFT thus does not satisfy spin-statistics theorem since integral spin fields may
be Grassmann odd.

2. T,,, = 6G},, for some Grassmann odd field G, .

3. There is a set of operators {O;} such that 60; = 0.

5By scalar symmetry we mean that the generator § of the symmetry transforms as a scalar under the
Lorentz group.



4. §% = Ly where Ly is some scalar symmetry of the theory: £yS[¢] = 0. This notation
just means that Ly is the Lie derivative along a vector field V.

Note that although we do not require the scalar symmetry 62 = 0, in cohomology theory
assumption 2 and 3 would simply be that 7}, is § exact and there are some d-closed
operators. Infact since 62 = Ly, we would be dealing with what is called equivariant
cohomology but it is not the focus of this exposition. These assumptions have a remarkable
consequence: The partition function Z and the correlators (O;, - - - O;,,) of d-closed operators

is metric independent. Indeed

6Z - 7;5[@ 1 (SS - 1 *lS[qﬁ]

- ‘% / (Dgle™ #1956,

-
h
=0,

[Dgls (e 1991G, )

where we assumed that § is non-anomalous and the fields die on the boundary. Similarly
using the fact that 60;, = 0 and Z is metric independent, we have

4]

Suppose O = §% for some operator 3, that is, O is d-exact. Then it is easy to see that

() =0

(00;, -0 (27)

in) =0
for d-closed operators O;,. Thus any d-exact operator is not relevant since all its correla-
tors are zero. Thus the relevant operators are d-closed operators modulo d-exact i,e the

cohomology class of §:
Ker ¢

Imé
Note that this definition does not make sense unless Im§ C Kerd. Since 62 = Ly, we only

Topological operators = (2.8)

consider operators which are invariant under Ly to make sense of the definition above.

2.1.1 Descent procedure

th homology class of

Given O a topological operator and -, a representative from the n
X, that is an n-dimensional submanifold of X. Then we can define a new topological
operators W% using descent equation which we now describe. Recall that Ty, = P, is the
momentum operator which generates translations on X. It is represented on fields by the

partial derivative P, = —id,. Put G, = Go, so that
P, =1{0,G.}. (2.9)

Define

O =[Gy, [Gpgs - [Guns 0] ], n=1,...4. (2.10)



where [.,.]¢ is the graded commutator, that is, anticommutator if both the operators are

fermionic (¢ = —1) and commutator otherwise (e = 0). Now since P, is Grassmann even,
(n)

G, is Grassmann odd, which means Oy’ ,, is a completely antisymmetric tensor. Thus
0 =0, datt Ao A datn (2.11)
is an n-form. Now
do™ = 8MOEZ)WH”dx“ AdxFt AN dztr

— [P#, o}g?._un] (2t A da Ao N dat

=i [{0.Gu}, [Guns [Gas Gy O] 1] o A Ao p o

=i |, [Gus [Guas+++ (G 01.) ]| da? A A dae

=60 +D 6
where we used the Jacobi identity multiple times. The equation

dO™ = j50m+1) (2.12)

is called the descent equation. Now define the operator

Wy = / o, (2.13)
Tn
Using the descent equation, we have

WY = [ 60™ = —i / dom) = —j / 0= = q.
Tn Tn On

since 07y, = ) for the homology class. If 3, = v, + 0v,+1 then by Stokes’ theorem

wo = o<">+/ o™
Tn
Tn OYn+1

0 n 2.14
=Wy +/ dO™ (2.14)
In+1

=Wy +idW .
Thus W% is same as W,?n upto a d-exact operator and hence they are in the same 6-
cohomology class. Thus the operator W% is a topological operator. The descent equation
thus gives us a one-to-one map from the homology classes on X to a family of topological
operators of the TQFT on X. In the coming sections, we will see how the symmetry ¢ is
intimately connected to supersymmetry via topological twisting procedure.

2.2 Topological Twisting of N = 2 Theories

Suppose we want to put a QFT on a general curved Riemannian 4-manifold. The usual pro-
cedure to promote a theory from flat space to curved space is to define the action using the



minimal coupling to gravity prescription in which partial derivative J,, changes to covariant
derivative with Levi-Civita connection or spin connection® depending on whether the field
is a differential form or a spinor. But not every 4-manifold is spin (see Appendix C for
definition of spin manifold) and hence any supersymmetric theory does not make sense on
general Riemannian 4-manifold. Topological twisting is a procedure to construct a Witten
type TQFT which can be defined on any general 4-manifold (with some constriants in some
cases) from a supersymmetric theory (see Appendix A for details about supersymmetry)
on R*. A supersymmetric QFT has a larger symmetry algebra, namely the super Poincaré
algebra which is an extension of the Poincaré algebra by fermionic charges, called super-
charges, satisfying the supersymmetry algebra. We are interested in N = 2 theories where
we have a pair of supercharges Q,7, I = 1,2 and their conjugates Q,;, I = 1,2. We will
be working with Euclidean” signature, so the Lorentz group is SO(4) and spinors are rep-
resentations of Spin(4)= SU(2)4 x SU(2)_. In particular « is an SU(2)_ index and & is an
SU(2); index in the fundamental representation of SU(2). The Euclidean supersymmetry®
algebra is then

{Qa1, Qs = 2i€IJUZBPua {Qar.Qps} =0,
[Pua Qal] =0, [Pwédll =0, ) (2'15)
[M;uu Qa]] = - (Uuu)a 'BQBJv [Mwnaaj] = - (E,uu)d g’@ﬁj

where P,,, M}, are the usual momentum and Lorentz generators, el (612 =1,er5¢’K = (5;()
is totally antisymmetric tensor and is used to lower and raise the capital indices I, J on the

supercharges, J“B = (o}, 02, 03,2']l)aﬁ~ where

"
ol = 01 , o= Q*Z , o0 = Lo , (2.16)
10 1 0 0-1

are the Pauli matrices. Finally
1, _ _ N 1, _ :
(Uul/)aﬁ = E(Uuav - al,a,,)aﬁ, (UuV)ﬂa = Z(U/ﬂv - U#Uu)ﬁa (2.17)

where 7, = (—ot, —0?,—03,il). The indices a,d are raised and lowered using €af =

—e2f = €ap = —eB = i(0?)ap. There is another SU(2)xU(1) symmetry where SU(2) acts
on the indices I, J and U(1) acts by a global phase. This is called the R-symmetry. The
total symmetry group of the theory is thus

T = SU(2)_ x SU(2)4 x SU(2)g x U(1)x. (2.18)

Under the symmetry group I', the supersymmetry generators Q,; and Q; transform as
(2,1,2)7! and (1,2,2)! respectively.” The superscript are the U(1)g-charges and is also

6Spinors on a curved space couple to gravity via the spin connection. See [6, Chapter 7] for a more
concrete discussion.

"Euclideanisation amounts to changing v° — —iv? of a 4-vector v¥.

8We are considering supersymmetry with zero central charge, see Appendix A for details.

9The notation (2,1,2)™" means that Qs is scalar under SU(2), vector under SU(2)_,SU(2)r and has
charge —1 under U(1)r.



called the ghost number.

Suppose now we want to define the theory on a general smooth, compact, oriented Rieman-
nian 4-manifold X. As we described above, it is not possible to do so if X is not spin. The
idea of topological twisting is to change the coupling of various fields to gravity according
to their R-symmetry transformation. That is the fields are coupled to the SU(2); spin
connection according to their transformation under SU(2)g. This means that we identify
the R-symmetry index I with the SU(2); index & and change the covariant derivatives on
the fields in the action accordingly. To be more precise, we identify a new rotation group
IV = SU(2)_ x SU(2)+ where SU'(2); = Diag(SU(2)+ x SU(2)g). After the twisting the
indices on the supercharges become Q.5 — Qa/ﬁ" and Q4 — aa[%- This means that the
supercharges now transform as (2,2)"! and (1,2 ® 2)'. Thus Q,, ; transforms as a vector

Qo — Gy = (7,)7°Q, 4 (2.19)

and @ 4 can be decomposed into its symmetric and antisymmetric part. The scalar

Q:=eQ,, (2.20)

is particularly important since it generates the scalar symmetry § required in a TQFT of
Witten type. If we define

G, = —iG; (2.21)

then using the supersymmetry algebra'® we see that

_ ; . 1 .
{Q7 G,u} = _%(E“)vaeaﬁ{Qdﬁ’ Qom'/} = _5(5;;)70(6&555#(0”)02043/

1
- 525ZP1, - PN’
where we used (5,,)%(0,,) g4 = —206,,. Moreover
o' =0 (2.23)

Thus we have almost constructed a TQFT of Witten type. We will now implement this
procedure to construct a specific TQFT called the Donaldson- Witten theory which gives a
physical interpretation of the Donaldson invariants.

3 Donaldson-Witten Theory

The topological twisting procedure described above applied to the N = 2 pure supersym-
metric Yang-Mills theory is called the Donaldson- Witten twist. As we will see, after twisting
every field changes to bosonic field and hence makes sense on any general 4-manifold.

10Note that under a symmetry transformation whose classical generator is Gy and the conserved charge
(that is the quantum generator) is Q,, the transformation of fields is related by 6, ® = —iw.Go P, [Qq, P] =
—iGo® where w, is the parameter of the transformation. See [9, Chapter 2| for more details.



3.1 Donaldson-Witten twist

The field content of N = 2 pure supersymmetric Yang-Mills theory is a gauge field 4,,,

two spinors Aq7, I = 1,2 and a complex scalar ¢. There are three auxilary fields packed

into the symmetric matrix D!/, Under twisting the fields change as'?

A,(2,2,1)° = A,(2,2),

Mar(2,1,2)" = 9,5(2,2)",

Mar(1,2,2) 7 = (L, 1) 7Y xg4(1,3) 7,

$(1,1,1)7 = ¢(1,1) 77,

¢'(1,1,1)* = 61(1,1)%,

DIJ(]-a 17 3)0 - Dd6(17 3)()’
On the right hand side the representation is with respect to IV = SU(2)_ x SU’(2) x U(1) g.
Note that A,y which was a spinor in the untwisted theory is a vector W (written as a
bispinor, that is 1, = (E#)QB@DQB is a vector, see [10, Appendix A] for details), the right
handed spinor A\g7 turns into ;\d ) which decomposes as the antisymmetric piece n and the
symmetric piece x, R

_ 1 oapy 3 3 3 _ 1y Y

Xap 8lves rise to a 2-form!? y,, = (EW)"‘B Xu5- Note that all fields on the right hand side
are bosonic. Let us now write down the action for the twisted theory. The action is the
same as (A.28) with some crucial changes:

1. Since we are on a general Riemannian manifold with metric g,,, the integral measure
changes

d'z — d*z\/g; /g =det (gw,)% (3.3)

2. We follow minimal coupling to gravity and now since all fields are differential forms,
the partial derivatives change to covariant derivative with Levi-Civita connection.

The action takes the form
1 . — o 3 . ao 1
S=5 / d*z\/g Tr <vu¢v“¢f + x50V Wl + iV s — i
_ b [ea gt
Tthea [¥7%6 D .
(3.4)

v 1 35
F F*™ + iDdBDaﬁ

2 {

a % [QWT} V2

X [qﬂ xw} +iv2n[¢', 1)

Let us see how we get this action from (A.28). The first term remains unchanged. The
second term becomes .
—iIAL MOV A — —ipRot OV g (3.5)

11Gee Appendix A for the detailed construction.

12yWe call ¢ as a complex scalar just because ¢, ¢! are two real degrees of freedom in Euclidean signature.
They are not related by complex conjugation.

13To be more precise, a selfdual 2-form, see [10, Appendix A] for details



Now we have
—iwgaudavMS\dﬁ' = _iwgaudavu (5\(0‘18) T X[aﬁ})
— _iwiaﬂlavu;\[ig] _ iwéglﬂavpj\[ﬂ] _ iwgaﬂdavuxdg
= —iediwada“iavun + i6d1¢aa0“2avu77 - iqbggﬂdavuxaf;

= —iaa VN — 50"V X g -

(3.6)

Similarly we can check all other terms. Another thing to note is that V x, 3 contains the
Levi-Civita connection for a 2-form and V*®n only has the gauge connection since x, 3 is
a 2-form and 7 is a scalar. We now list the action of the topological charge Q on the fields.
This can be obtained using the supersymmetry transformations of the fields given in (A.27)

[Q’ ¢] =0, [@7 A/J,] = ’¢ua
Q. 9" =2v2in, {Qn} =100,
{@a Xdﬁ'} = Z(F;rﬁ - Daﬁ')a {é’ dju} = 2\/§v,u¢,

[, D] = (V)" +2v2[¢, x].

(3.7)

where ¢, = (JM)O"B ¥,5 and F;FB = ("),
pendix A| for details). Observe that

5 Fl is the self-dual part of F,, (see [10, Ap-

[2.[0.4,]] = 229, 9

that is @2 is a gauge transformation. One can check this for other fields as well. This might
seem to contradict @2 = 0 of (2.23) when central charge is 0. This is because the fields
above are in the Wess-Zumino gauge and supersymmetry takes us out of the gauge giving us
gauge equivalent field configurations. Thus @2 is closed only upto a gauge transformation.
See Appendix A for details. Next important observation is that

1 — 1
where
_ [ a Lab (gt ._l[f};_aa
V= [deyg <4>< (Fis+ Das) = gn [0:0'] + 5gtea¥™0) . (310)
and the second term is topological, i,e only depends on the topology of X
1

The number k is called the instanton number (see Appendix C for details). This immedi-
ately implies that the stress tensor is Q-exact:

08 — 0V
TNV — 59,“” - {Qv 69“”} . (312)

~10 -



Thus if we fix the topology of X, then the extra piece is just a harmless constant and
can be ignored in the calculation of the path integral. We will sum over all instanton
numbers at the end to include all inequivalent gauge configurations. It turns out that there
is one more quantity called the second Stiefel-Whitney class wa(X) (see Appendix C for
definition) which characterises the gauge configurations completely. One can study spinors
on X only if the second Stiefel-Whitney class is trivial. But since the twisted theory does
not contain spinors, we should consider X with general nonzero second Stiefel-Whitney
class. To emphasize this, we sometimes put a subscript w in the correlation functions. So

for us, correlation functions'® are

(01...0,)

w

- /[DX]01 .. Ope = Sow (3.13)

where Spw = {9, V'} is the Donaldson-Witten action. Here [DX] contains all fields ap-
pearing in O1...0,, Spw. The O-exactness of Spy has a very important implication for
the exact calculation of path integrals: if O1 ..., are Q-closed operators, then

e?e (01...0,) =0 (3.14)
Indeed
ge (01...0,) = /[DX](‘)l .0, ;SDW> e~z Sow
) (3.15)
= 5 (01...0uSpw) =0

since Spy is O-exact . Now since correlation functions do not depend on the coupling e,
we can evaluate the path integral in the saddle point approximation e — 0 and it will be
ezact! This will be done in Subsection 3.2. We now need to find the topological operators
of the theory. But since

Q= gauge transformation, (3.16)

we need gauge invariant topological operators. From (3.7), we see that ¢ is O-closed but it
is not gauge invariant since under gauge transformation

¢ — UsUT, Ueca (3.17)

when the gauge group G is a matrix Lie group. So gauge invariant operators can be
constructed by taking trace. For G = SU(N), these operators are generated by

On=Tr(¢"), n=2,...,N (3.18)

and then we can construct new topological operators using descent equation (2.12), (2.13).
Note that O; = 0 since the generators of SU(N) are traceless. We will take G = SU(2) in
which case gauge invariant topological operators are generated by

00 =0, =Tr (¢%). (3.19)

4 Note that we are not considering the factor of Z in the correlation function.

— 11 —



This operator can be interpreted as a map from a zero homology cycle x € Hyp(X) to a
topological operator RIO) (z). We now use descent equation to construct other topological
operators. We will restrict to the first two such operators. Recall that

i
Gu=7 (@) P Qs (3.20)
We need the following commutators which can be checked using (A.27):
1

2v/2

where F),, is the anti-selfdual part of F,, and D, = (6uy)d6 DdB'

Gy 8] = —=Vu, {Gu b} =—(Fo + D) (3.21)

Then by descent
equation (2.12), (2.13), we get two other topological operators:

11(5)_/5@“), 12(5)_/So<2>, (3.22)

where 0 € Hi(X),S € Hy(X) and

O =Ty (;;f’%) dz*,

1 1 _ 1 v
0(2) = —5 Tr <\/§¢ (F,LLI/ + Dp,l/) - 4¢u¢u> dx“ A dz”.

3.2 Donaldson invariants and Donaldson-Witten partition function

(3.23)

As we saw in the previous section, the path integral for the correlation functions of topo-
logical operators are independent of the coupling e and hence can be evaluated exactly in
the saddle point approximation e — 0. The saddle point approximation is described in
detail in Appendix B. The main content of this approximation is that the path integral
localises to the classical saddles of the action (see (B.8)). So we now need to find the
classical saddles of the action. Let us first determine the bosonic saddles. A good way to
do this is to determine the vacua since it minimises the action. The vacua is defined by
vanishing vevs of fermionic fields (to preserve Lorentz invariance of the Lagrangian when
expanded around the vev). But since the vacua must also be invariant under Q, we require

Q(fermions) = 0. These are the so called supersymmetric configurations. From (3.7) we see
tha’t {@7 Xaﬂ} = 07 {@7 wu} =0 lmphes

Fyf, = (30)% Dy, Vo =0. (3.24)
Here
F F
F+ = —;* =0 (3.25)
where

*F = Ewdx“ A dx?, ﬁwj = gewﬁF”. (3.26)
But onshell D = 0 and hence the classical saddles for gauge fields are solutions to F'™ = 0.

These are called instanton configurations or anti-selfdual gauge fields.'> Moreover since the

15Because the selfdual part is zero.

- 12 —



path integral only sums over gauge inequivalent gauge fields, we need to consider gauge
inequivalent instantons. The set of all gauge inequivalent instanton configurations is called
the moduli space of instantons and denoted by Magp. See Appendix D for precise defi-
nitions and details about the moduli space of instantons. The classical saddles for ¢ are
solutions to V¢ = 0. To simplify matters, we assume that the instantons are irreducible'®
meaning that there are no non-trivial solutions!” to V,.f = 0 which implies that there are
no non-trivial classical saddles for ¢. Similarly there are no non-trivial classical saddles for
®',n. Let us now look at the classical saddles of fermions. It is shown in Appendix D that
in the background of irreducible and regular instantons (see Appendix D for the precise
definition),

Ny = dim M asp (3.27)

where Ny, is the number of independent classical saddles of 1) and x has no non-trivial
classical saddles. So the path integration measure [DX] localises to a measure on Magp
and Grassmann variables corresponding to the classical saddles of :

[DX] = dp = da* - - - da™dyp* . . . dy" (3.28)
where n = dim M asp. The direct consequence of this is that the partition function
Zpw =0 (3.29)

since the action Spy is a scalar and does not contain any Grassmann variables. So to get
non-trivial topological observables we should consider

(0) = /[DX]oeSQSDW (3.30)

where O contains all Grassmann variables ! ...9™" and is O-closed. So after replacing all
gauge fields in the topological operators by instanton configurations, a general operator
whose correlation function is nonzero is of the form

O =®;, .. {ap}, ) .. in (3.31)

where ®;, ;. ({ar}, ¢) is a function on Magp and also depends on ¢ (cf. (3.19) and (3.23)).
In other words, O must have ghost number n = dimMgp (since ¢¢ has ghost number 1,
cf. (3.1)). Note that ®;, ; ({ax},®) is completely antisymmetric in iy, -, and hence
is an n-form on Magp once we get rid of ¢ dependence as we will explain below. In the
saddle point approximation, the factor (see (B.5))

exp (—;spw [m) 1 (3.32)

16The irreducibility condition is also required for Magp to be a well defined space. See Appendix D for
more details.
1"Recall that V depends on the gauge connection
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in our case. To see this, note that the classical saddles are ¢ = ¢! =n =y =0 and D is
an auxiliary field and hence D = 0 on shell. Finally the kinetic term for the gauge field in
S DW is

1

1 C(FF A F+ .
4/XT(F AP, (3.33)

so that the classical saddle F't = 0 gives Spw [¢a] = 0. Thus (see (B.9))
(0) = / dp (=1 CNVar) @, i, (g, @) 07 7 (3:34)

where f({ax}) = 0,1 depending on a point {ax} € Masp. Assuming that Masp is
connected, one can show that the signs are all +1 (see Appendix B for some explanation).
We thus have

(0) = Vo ®o (0, a) (3.35)

Masp

where

Do(p,a) = By, 4, (ag, @) da’™ A --- A da™ (3.36)

Finally we need to integrate out ¢ which does not have a classical saddle. To do this we
replace ¢ by

3
(@) => (¢™(x)T" (3.37)

a=1

It has been calculated in detail in [8]. The result is

(6%(x)) = \/5 / a4y /GG (2, ) [u(), () (3.38)

where

VG (2,y) = 06 (z — y), (3.39)

which gives us an expression for (¢®(z)) in terms of the classical saddles of . We now
replace ¢ in ®o(¢,a) by (¢(x)) and normalise the integral by /27 so that

(0) = /M B (3.40)

Thus the path integral in Donaldson-Witten theory is basically integration of forms on
Masp. Next, if we take a product of operators

O=01---04 (3.41)
where O; has ghost number n;:
O = By, WL (3.42)
then, for (O) # 0, we must have
k
dim Magp = Y ni. (3.43)
i=1
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After replacing ¢ by (¢) in O, one can show that

<ol-.-ok>=/M WA AR (3.44)
ASD

In our theory we have the topological operators O (z), I (8), Io(S), . .. for z € Ho(X),d €
H,(X),S € Ha(X) and so on (see (3.19),(3.23) and (3.22)). Let ol e 4 (Masp), <I>g1) €
H3 (Masp) ,(ID(SZ) € H?(Masp) be the forms associated to O©)(x), I (8), Ir(S). Then we
have a map

H.(X) — H" (Masp) - (3.45)

This is the quantum field theoretic version of the Donaldson map pup. Thus a general
correlation function has the form
1 1 2 2
<of(x)11(5il) L) (Sp) - I (qu)> - / (A%go))/\@;% VX ISUR SSPNE S
Masp
(3.46)

Note that since the ghost number of O, I; (), I5(S) is 4,3 and 2 respectively, we need
40 4 3p + 2q = dim M sp. (3.47)

for the integral to be nontrivial. As noted in Subsection 3.1, we need to fix the second Stiefel-
Whitney class of X'® and sum over the instanton number of principal SU(2) bundles over
X. The result is precisely the Donaldson invariants. In particular, the Donaldson-Witten
partition function is given by

Zpw(p,S) = <€p0(x)+12(s)>

w

(3.48)
where
Pp (:L‘ZST) = <OZ(JJ)IQ(S)T>
b (3.49)

N /MASD(U)) <Aeq)$0)) A (/\pr?)

are called the Donaldson polynomials. Again it is nonzero only when 44 4 2r = dim M gp.
Thus we have given a quantum field theoretic interpretation of Donaldson invariants.
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A Supersymmetric Gauge Theory

In this section we very briefly discuss supersymmetric gauge theories on Minskowski space
R*. For a more detailed discussion and derivation of the results mentioned here, the reader
is referred to. Throughout this section, we will use the notations and conventions of [10,
Chapter 4, Appendix A]

A.1 Supersymmetry in Four Dimensions

Traditional quantum field theories have symmetry groups which are a direct product of the
local Poincaré group and some internal symmetry. Supersymmetry extends the symmetry
group by introducing fermionic generators in the algebra. These fermionic generators are
called the supercharges. In addition to the Poincaré generators P,,, M,,,,, the supersymmetry
algebra includes N supercharges Qar, @i with I = 1,...,N which transform under the (%, 0)
and (0, %) of the Lorentz group. They satisfy the The supersymmetry algebra involving the
supercharges is given by

{ g,@ﬁ-]} = 2P0 35, {Qh,QF} = 2V2eusZ1y
(@@, ) = —2v2,,7" . QL PY] = [@h P =0 (A1)
QM) = (0)0 Q| @7 M| = (0,)] Q1

The matrix Zj; is called central charge since one can show that it commutes with all the

generators. We will be mostly interested in the case when Z;; = 0. In this case there is an
internal U(N) symmetry which acts on the supercharges as

—=I = I=J
Qar = U’ Qas, Qs = U Qs U€UM). (A2)
This is called the R-symmetry. Let B® be the generators of R-symmetry. Then
—T —J
(Qar, B = (t)/ Qs Qs B) = ~(v)/ Qs (A-3)

where b’ are the representation matrices. The supersymmetry algebra along with the com-
mutators of the Poincaré algebra is called the Super-Poincaré algebra. The next step is to
construct the irreducible representation of the Super-Poincaré algebra, called a supermul-
tiplet. It turns out that the mass is constant in a supermultiplet but the spin can change
resulting in a supermultiplet consisting of a bunch of particles with same mass but different
spins. To construct these explicitly, for vanishing central charge we define the annihilation
and creation operators as

) 5s0h PP=m?>0 . A—=Q4r PP=m?>0
= , al, =

5ol =0

O~

One can show using the Super-Poincaré algebra that

{ag,agj} = 658,.5- (A.5)
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Then we get a supermultiplet by applying the creation operator on the Clifford vacuum
|Ao), with spin/helicity o, defined as usual al,|\g) = 0. One shows that the Clifford
vacuum for massive states is characterised by mass m > 0 and spin j with a total of
27 4 1 degrees of freedom and transforms in the usual spin-j representation of the Lorentz
algebra and the Clifford vacuum of massless states is characterised by the helicity A with
two degrees of freedom. The supersymmetry algebra also show that the creation operators
raise the spin/helicity by 1/2 and the annihilation operator decrease it by 1/2. Thus a
supermultiplet constructed on a Clifford vacuum |\g) has the spin/helicity content

1 N
|>\0>, CLTQI’)\0> = ’/\0+§>], CLTQIG,;]’)\()> = ’/\o—i-l)]], ce aJer"'aTQN|/\O> = |>\0+§>
(A.6)

This is not CPT invariant unless Ag = —N/4 and hence in general we need to add the CPT
conjugates. Some examples are shown in Table 1 and 2.

Ao Multiplet Name Helicity Content

0 Chiral Multiplet | (—1/2,2 x (0),1/2)
3 Vector Multiplet (—1,-1/2,1/2,1)
1 | Gravitino Multiplet | (=3/2,-1,1,3/2)
3 | Gravity Multiplet | (—2,-3/2,3/2,2)

Table 1. Massless N = 1 supermultiplets.

Ao Multiplet Name Helicity Content

0 Vector Multiplet | (—1,2(—1/2),2(0),2(1/2),1)
—3 | Half-hypermultiplet (—1/2,2(0),1/2)

—% | Hypermultiplet (2(—1/2),4(0),2(1/2))

Table 2. Massless N = 2 supermultiplets. The Hypermultiplet is obtained by adding the CPT
conjugates to the half-hypermultiplets.

One can similarly construct higher N supermultiplets. Note that the helicity content of
N = 2 massless vector multplet is same as the helicity content of N = 1 chiral and vector
multiplet.This will be important later. To construct local fields and Lagrangains for su-
permultiplets, one introduces the superspace by adjoining Grassmann coordinates 6%, 04 to
the spacetime coordinates z#. On the superspace coordinates, the supercharges acts as

ot — M+ i00tE — oM, 0 —0 =0+¢ 0—0 =0+¢ (A.7)

To construct a field representation of the supermultiplets, we consider superfields which are
simply functions F(z,6,0) on the superspace. We can Taylor expand the superfields'? as

F(z,0,0) =f(z) + 06(z) + 0x(x) + (00)m(z) + (00)n(z) + 05"0v,(z)

- i o (A.8)
+ (00)0N(z) + (00)0 (x) + (60)(00)d(x).

9Note that the bracketed Grassmann coordinates or spinor fields are contracted in a Lorentz invariant
way. See [10, Appendix A] for conventions on spinor contractions.
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This is the most general function of Grassmann variables 6, 0. The functions f(x), ¢(z) and
so on are called component fields and will represent various particles in a supermultiplet.
Note that the coeflicients of odd number of Grassmann coordinates are spinors. The N =1
chiral multiplet is represented by the chiral and antichiral superfield given by

V2

(2, 0) = B(x) — i05"00,6 — ieeéév% +V300(x) + \;59900“8“1/1 + 007 ().

Sometimes, we write fT = f for any field f. Supersymmetry transformation of the compo-

®(z,0) = ¢(x) +i00"00,6(z) — %90@V2¢(3:) + V201 () 000, (x)o"d — 60F (z)

nent fields has the form
00 = V2o, o = V26, F +iV2E% " 0,6, OF = iv28%" . 0,0 (A.9)

Here &,€ are Grassmann parameters for supersymmetry transformation. These transfor-
mations reveal that supersymmetry indeed maps bosons to fermions and vice-versa. To
construct action for superfields, we use the standard Berezin integrals. The kinetic term of
the chiral multiplet is given by

% / d*zd*0d*09T® = / d'z (¢Tv2¢ — %&%gda“zpa —~ FTF> (A.10)

Note that F' turns out to be an auxiliary field since its equation of motion is F' = 0. Thus
the physical degrees of freedom of the chiral superfield matches that of chiral multiplet.
In our discussion, we will only be interested in massless supermultiplets. One can write
the most general N' = 1 Lagrangian for chiral superfield using what is called the Kdhler
potential and superpotential but we do not need it for the present discussion. Finally the
U(1)g symmetry acts on the chiral superfield as

RO(z,0) = *™*® (z,e70) R®'(z,0) = e 2nagl (z,¢"0) . (A.11)
Under this the component fields transform as
A= 2L op o 2oy, p oy 2ilnDap (A.12)

The N = 1 vector multiplet is represented locally by a real vector superfield V satisfying
V = V1. A general real superfield has expansion

V(x,0,0) =C(z) + 0x(z) + Ox(z) — 00 A, (z) + 00M () + 00M + i000 <)\(1:) + ;a“@ux(a:)>
- 1, 1, 1_,
— 166 [ \(z) — 50“8ux(a:) + 59900 D(x) — §V C(x)
where CT = C = C,x = XT,AM = AL and so on. To reduce the d.o.f, we impose gauge

symmetry by requiring that V and V' given by V —— V/ =V 4+ & + & describe physically
equivalent theories. This is the abelian gauge transformation. Here ® and ® are the chiral
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and anti-chiral superfield which we identify as gauge parameters. If we take the component
fields of ® to be ¢, 1, F' then it is easy to check that

C—C+2Re(d), x> x+V2y, M—-M—-F, D—=D, X=X\ A, — A,+20,Im¢.
(A.13)

Thus we can choose Re(¢),1) and F' such that C' = x = M = 0 and A, has the familiar
gauge transformation with gauge parameter 2 Im(¢). This is called the Wess Zumino (WZ)
gauge

Vivz = —00"0A, + i090X — 000X + %eaééu (A.14)

One can work out the supersymmetry transformation of the components of the vector
superfield as before. Supersymmetry transformation takes out of WZ gauge because it
introduces a 9 term. Thus to get the supersymmetry transformation of component fields
and still remain in WZ gauge, we perform supersymmetry transformation as well as gauge
transformation of V imposing the constraint that the final superfield is in WZ gauge. This
gives

SAF = 9o —igk, (E9NY — *N%)

0o = i€ D — ic"PEgF,, (A.15)

6D = —ohl, (€202 — £20,\%)
where ¢ = 2Im(¢) and F),, = 9, A, — 0, A,. The action for the vector multiplet takes the
form

©

1 4 1 . o 1 5
Y d*z <4F'ul/FIuV *’L)\aa'lu‘da'u)\a + §D ) - @

2 L /d4xe“”p”FWFpa. (A.16)

where e is the gauge coupling and O is the coupling for the topological term. This is the
action for N = 1 abelian Yang-Mills theory. Non-abelian vector superfield can be described
in the usual way. Let G be a gauge group, usually a compact semisimple Lie group, with
generators 7% a = 1,...,dimG and let V% a = 1,...,dim G be real vector superfields.
Then V = V*T* is a Lie algebra valued superfield. The non-abelian gauge transformation
of V' is given by
2V — 712V i (A.17)

where?? & = 9T & = P*T? and P, O* are chiral, antichiral superfields respectively.
Again using gauge transformation one can set C* = M® = x® = 0 for each real superfield
V. As before, to find supersymmetry transformation of component fields of V¢ we have to
make supersymmetry transformation of V¢ in WZ gauge and then perform another gauge
transformation to bring it back to WZ gauge. Without giving the details we simply list the
transformation and refer to [11] for details:

SAY = V0% — ok, (£9X% + E9\)

ONEL = fUeGON + i€, D — ik (o)) FL,, (A.18)

§D° = fabc(prc _ O_gd (gavuj\da _ gdvu)\aa) ,

20Wherever there is repeated Lie algebra indices a, b, c, ..., it is assumed to be summed over.
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where be 1
V#QOG — 8}1‘;0& + fa CAM(PC

Ff, = 0,A% — 0,A% + [ A A
with [T, T?] =i f®°T¢ and as before ¢® = 2Im (¢*). Here (¢, \%) are the components of
®%. The action takes the form

(A.19)

1 [, (1 AR | C '
Sym == / d*z <—4FWF5V — A GH VA 2D“D“) ~ a2 / d xe™P? F Fp,

(A.20)
A.2 N =2 Supersymmetric gauge theory

N = 2 theories are of immense importance for us since topological twisting of these theories
as described in Section 2.2 gives us a topological quantum field theory of Witten type (see
Section 2 for details). Recall that the N = 2 vector multiplet has same helicity content as
that of an N = 1 chiral plus N = 1 vector multiplet. So to write an action for N = 2 vector
multiplet with gauge group G, we take real vector superfields V¢ and chiral superfields
®% g =1,...,dimG and construct

V=vere, o =0T
with (T%),, = —if%¢ which says that V and ® are in adjoint representation of G. The
action then takes the form

Sy + / d*0d*0d 2™ (*) , @°. (A.21)

In the WZ gauge
_ __ __ 1
V = —00"0A, —i000Xs + 000N + 56’«909D (A.22)
and the chiral superfield takes the form
®=¢— V20X +00F, & =¢— /20, + 69F. (A.23)
The action can then be written in component form as:
1 < < 1
= / d*z Tr (vuwv% — MV A — idgot VN — 2 Fw
) ) ) (A.24)
+ 5D+ FP = 5 6,01 = iv2AT |61 daa] + V2N [Vo’,cb]) :

where we rescaled ® — ®/e and replaced D — D + [¢, ¢'] in the action. We also chose
the normalisation

Tr <T“Tb) = 5%, (A.25)

In addition to N = 2 supersymmetry there is SU(2)r symmetry which is not manifest in
the action above. To make it manifest we recognise ¢*, A as SU(2)g singlet, A{, I = 1,2
as SU(2)g doublet, similarly A%/ as SU(2)g doublet. Finally we organise

V2F iD
Dl = < D \/§F> (A.26)

—90 —



as SU(2) g triplet. The indices are lowered and raised using e;; and el (612 =1,er5¢’K = (5;()

One can determine the supersymmetry transformation of the fields as before. The final
transformation turns out to be

5p = V2 7¢I,

0A, = i&auxl — i/\jaugl,

OA1a = D’ €10 — i€1ald, 6] — io™ al€15F 0 + iV 2€1105,674V 4,

6D = 22Ut A 4 20V , AUGHeT) 226U AT oT] 4 2iv/2e U AD) | ¢].

(A.27)

Here (1.J) indicates symmetrization of the indices, the £§ and f_é are Grassmann parameters.
With this the action takes the form

1 g 1 1
= / d'z Tr <vu¢ﬁ Vip — iAoV N — 1w " + 1 D1 sD7

[¢7 ¢T]2 B \26”)\10‘ [¢T7)\Ja] _ \jﬁeu)‘lo‘ [Ajd7¢T}>

Now the SU(2)r symmetry is manifest in the action as well as the supersymmetry trans-

: (A.28)
2

formations. Since the full R-symmetry is U(2)r but at the level of algebra U(2) is same
as?! SU(2) x U(1), thus we need to specify how the fields transform under U(1)g. On the
fields, U(1)g acts with charge qr given by

A, — Ay, qg=0; Dij— Drj, qr=0;
Ao = €A1a, qr=1; ¢ — "%, qr=2; (A.29)
A= e 0, qr=—1; ¢f = e PPl qr = -2.

The U(1)g charges gr are also called ghost numbers. U(1)g acts on the superspace coordi-
nates 6,0 with charge qgr = —1, 1 respectively. It is easy to see that under U(1)g

Wo = e W, (e0), @ — e 2% (e'90) . (A.30)

and hence the action is clearly invariant under U(1)pg.

B Saddle Point Approximation
Recall that for a function f: R — R, x, is called a saddle point if
f(ze) =0, f"(xs) > 0. (B.1)

For a multivariable function f : R™ — R, saddle point is defined as

2
=0, det< o7 >>0.

8:6,-815

' More precisely U(2) = (SU(2) x U(1))/Zo.
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In analogy, saddle point for functionals can be defined as

35[¢] ‘ _ 5°S[¢] ‘
5 (M*_o, det< 5630 |,_, > 0. (B.2)

Consider a path integral of the form

Z[0] = / [Dphile =50 ()

where DX contains path integral over all fields appearing in S[¢], O(¢) is a function
of fields in S[¢] and ¢ is a coupling parameter. We want to compute the path integral
when g — 0. In this limit, field configurations at which S[¢] attains a minima dominates
the path integral since other field configurations are exponentially suppressed. Such field
configurations are precisely the saddle points, which we call classical saddles. Suppose ¢
be one such classical saddles of a bosonic field ¢. We expand S[¢] and O(¢) around ¢ :
write ¢ = ¢ + d¢ and expand

Sld) = (6] + (55 >5¢+;5¢(525 >5¢+0<6¢>3

0 0G0 |
¢=ci =l (B.3)
Stoal+ 260 (25| ) 56+ 0000y
cl 5¢5¢ o
l
and similarly
0(¢) = O (¢e1) + O(d9) (B.4)
Plugging this in the action, we get
2(0) = ¢ 5] [[Dagiesiz b5 10L09) (0 (54 + 0(56)).
Changing d¢ — ed¢p we get
210) = e~ #ele [[Dage 0BG O) (0 (9,) + O(ebo)
which in e — 0 can be written as
2
Z[0] = e~ 25l /[D6¢]e_é‘5¢’£¢>65¢5¢0 (¢1) (14 O(e))
1 S[ } 27T€2 (B5)
— e 2 ¢)cl
IO (60) | (14 0(0))
where 520
Ap = (B.6)
5¢5¢ ¢:¢cl

is a differential operator. We used the Gaussian path integral for bosonic coordinates. If
the field ¢ = 1) was fermionic, then we would use the Grassmann Gaussian integral to get

Z[0] = e~ 25l () PE(AF) (1 + O(e))
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where

8
0pOY |y,

If there are more than one classical saddles then we have to integrate over all of them. That

A (B.7)

is
2me?
det AB

O L (1+0()). (B3)
classical saddles

Note that in e — 0, this approximation becomes exact since the corrections are all of linear

or higher order in the coupling. In a supersymmetric theory, one can show that there are

equal number of fermionic and bosonic classical saddles [8]. Moreover for every eigenvalue
of A F
AU =AU, A #0

there is a corresponding eigenvalue of Ap:
Ap® = \*®.

This means that in saddle point approximation of supersymmetric path integral we will
have

Z00)= Y e@SlalemSval / [Do¢ DoY) 20RO (4, 4hy) (14 O(e))

{¢cl7'¢’cl}
= > e m e E (1B (6, Yer) (1+ Ofe))

{¢cl’wcl}

(B.9)

where & is undetermined and stems from the fact that
Pi(Ar)
ol Pel) = —F——=—= = £1. B.10
J (e, der) etAg) (B.10)

This ambiguity can be resolved in certain cases. For example when the set of classical
saddles is a connected manifold, which is usually the case in applications, then one can
declare [8] that f (1, @) = 1. This is consistent since the function f (1., ¢¢) is continuous
and there are no zero eigenvalues for Ap (which means f (., o) # 0 everywhere).

C Bundle Theory and Characteristic Classes

In this appendix, we will recall the basic definition and properties of characteristic classes.
We refer the reader to [6] for details.

C.1 Principal bundles and connection 1-forms

A fibre bundle is a tuple (E, 7, X, F, G) usually denoted as E —— X with E, X, F smooth
manifolds called the total space, base space and the typical fibre respectively, # : £ —
X a surjective smooth map called the projection, G a Lie group satisfying the following
properties:
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(i) For every x € X, F, := n~1(x) called the fibre above x is diffeomorphic to F.
(ii) G acts on F on the left.

(iii) There is an open covering {U;} of X and diffeomorphisms
¢ - U; x F— gt (UZ)
called a local trivialization such that mo ¢; = 1y,.

(iv) The map ¢;(z,-) =: ¢;n : F — 7 1(z) is a diffeomorphism. On U; N Uj, gbz_; o Pja:
F — Fis an element of G, i.e., G 2 t;;(z) = qbij 0¢; . acts on F as a diffeomorphism.
That is ¢; , and ¢;, are related by t;;(z) :

Gjz = Gig O tij.
The functions t;; are called transition functions and they satisfy the consistency conditions:

ti(p) =1a, peU;
tij(p) = ()~ peUiny; (C.1)
tiy ()t (P)tei(p) = 1g, pe UinU;NUy.

If the fiber F' is a k-dimensional complex (real) vector space then the fiber bundle is called
a complex (real) vector bundle of rank k. A rank 1 vector bundle is called a line bundle.
The typical examples are the tangent bundle, the cotangent bundle and the bundle of forms
on the manifold. We refer to [6] for precise definitions.

A principal G-bundle over a manifold X is a fiber bundle with typical fiber G and is
denoted by P — X. G acts on itself on the left as usual by left multiplication. It also acts
on P on right as follows: let p € P and U; be a local trivialization around w(p) = x € U;.
Let ¢; : Uy x G — 71 (U;) be a diffeomorphism and suppose gb;l(p) = (z,g;) for some
gi € G. Then for any a € G, we define pa as

pa = ¢; (z,gia).
A typical example is the frame bundle of a manifold X.
Suppose (p, V) be a representation of G, then we can construct the associated vector bundle

E = P x,V by defining
E=Px,V=(PxV)/~

where ~ is

(p,v) ~ (p,u) & p=pgandv=p(g) "u

for some g € G. The projection operator 7g : E — X is defined as

me([p,u]) = 7(p).
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This is well-defined since 7(p) = 7(pg) for all g € G. The transition functions on E are
potij. The structure group is clearly GL(V'). Given an vector bundle £ 5 X with struc-
ture group G, it can be considered as the associated vector bundle to a principle G-bundle
with the same transition function. For explicit construction see |6, Page 370|. An important
example of an associated vector bundle is the adjoint bundle gp = P X,q; g obtained by
taking V' to be g- the Lie algebra of G and p : G — gl(g) be the adjoint action which is
the differential of conjugation map on G.

A choice of connection on P — X is a choice of a 1-form called connection 1-form which
takes values in g - the Lie algebra of G and satisfies certain properties. That is a connection
1-form A is a map

A: TP —g

with certain properties. Given a local trivialisation {U;} and local sections®? ¢, : U; —» P,

we can construct local expressions for the connection by pullback:
Ai=0;A, sothat A;:TU, — g. (C.2)
1-forms A; have to satisfy gauge covariance: on U; NUj,
Aj =t Aty + it dig.

The local connection 1-form is called Yang-Mills potential. The curvature or field strength
of a connection A is the exterior covariant derivative of A:

F=DA=dA+ANA. (C.3)
which is a g-valued 2-form. Locally it is again given by
Fi=o0;FonU;
Suppose {U;, z#} is a coordinate chart and we write
A=A, dx!, TF= %fﬂwdx“ ® dxz”

then
T = 0uA, — O A, + Ay, Al

Note that A, F,, : Uy — g. Recall that a representation p : G — GL(V') descends to a

representation p, : g — gl(V) given by the derivative as?
d .
L (V1) = — itV )
pe (Vi) = 2p (") »

22 A local section is simply a map o; : U; — P satisfying 7 o 0; = 1y, .
Z3We follow physicists convention to define Lie algebra, that is X € G for every t e R and X € g
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Let {T9}9MC e the generators of G and denote by Th = ps (T*). Let s € T'(E,U) be a

a=1
local section of £ on U C X and Y € I'(T'X, X)) a vector field. The connection A induces
a connection A¥ on E which locally takes the form
AP = A Trdx  where A= AjT"dx" (C4)

is the local expression of the connection A on P. We can use this connection to define
covariant derivative on F. We have

Vs = ds(Y) + (pu(A)(V)s) = (ds)(YV) + AE(Y)s.
Pointwise, this becomes
(Vi) (@) = (ds) (%2) + ALTRY " (2)s(x)
where Y = Y“a%. In particular for Y = 9, we get
(vﬁs) () = Dus + AT s (x).

One can show that the sum of two local connection 1-forms another local connection 1-form.
This means that we can think of the space A of all connections as an affine space whose

tangent space at A is given by
Ty A= QN (X, gp). (C.5)

All this can be transferred to any associated vector bundle £ = P x, V. We can again
construct the associated adjoint bundle

98 = P Xadj p«(9)
where G acts on p.(g) via p :

G X p«(g) — ps(9)
g+ p«(T) = ps(ady(T)).

Then the space of all induced connection A” on E is an affine space with tangent space
TaA” = Q' (X, gp) .

A gauge transformation is described by a local function v € C*°(U,G) =: G. If G is a
matrix Lie group, then the local connection AY on U transforms as

AV — (.AU) = u(x)AYu(x) ! +idu(z)u (z)
and the curvature transforms as
FV — u* (FY) = u(z)Fu(z) " (C.6)
In particular, if we take E — X to be the adjoint bundle, then

u” (AU) =AY +i (Vﬂu) ut, (C.7)
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C.2 Characteristic classes

Characteristic classes are certain cohomology classes on a manifold X. Many of them are
defined using curvature on a vector bundle on X and are elements of de Rham cohomology
group. These classes are invariants of the bundle structure, that is, two equivalent bundles
determine the same characteristic classes. The essential ingredient to construction of char-
acteristic classes is the Chern-Weil homomorphism which determines a closed form on X

1?4 and a curvature 2-form on the vector bundle?®. The char-

from an invariant polynomia
acteristic class does not depend on the choice of connection. Without going into details,
here we will list some characteristic classes and their properties, refering to [6, Chapter 11]

for proofs, which will be required for the discussion in Section 77.

Let E =5 X be a complex vector bundle of rank r with a curvature 2-form F. The
total Chern class is defined by

¢(E) := det (]l + ;i)
=14+c(E)+caAE)+ - +c(E)

(C.8)

where we have expanded the cohomology class into homogenous forms. Note that since F
is degree 2, ¢;(E) € H¥(X) which implies that ¢;(E) = 0 for 2j > dimX. The Chern class
satisfies 26

c(E@F)=c(E)Nc(F), ¢(E®F)=c(E)+c(F). (C.9)
For a complex line bundle?”, ¢; (L) is the only nontrivial class and is a complete invariant,
meaning that two complex line bundles are equivalent if and only if their first Chern class
is the same. Rank 2 vector bundles with structure group SU(2) are completely classified by
the second Chern class.

For real vector bundles of rank r with structure group® O(r), one defines the total Pontr-
jagin class by

p(F) := det (]1 + ;)
=1+ p1(E) +p2(E) + -+ g (E).

The jth Pontrjagin class pj(E) € H*(X,R) and vanishes if 4j > dimX. One has the
relation

(C.10)

pi(E) = (=1 ez;(Ec) (C.11)

24For a matrix Lie group G with Lie algebra g, a polynomial f : g — C is called an invariant polynomial
if f(gTg™") = f(T) for every g € G, T € g.
Z5Note that a vector bundle can be thought of as an associated vector bundle to a principal bundle and

hence we can define connection 1-form and a curvature on any vector bundle.

26The tensor product and direct sum of bundles is defined by letting the fiber to be the tensor product
and direct sum of the individual fibers and changing transition function accordingly.

2"We usually denote a complex line bundle by L.

281f the fibers have an inner product structure, then one can require the transition function to preserve
the inner product and hence reduce the structure group to O(r).
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where E¢ is the complexified vector bundle obtained by complexifying the fibers and the
transition functions. If X is a 4-manifold then p;(FE) is the only nontrivial class. But since
it is a top form, its integral over X is an invariant of the bundle structure:

/Xp1(E)——8;lT2/XTr(3"/\&")—k€R (C.12)

k is called the instanton number. This means that isomorphic G-bundles have same instan-
ton number. In particular, for an SU(2) bundle, &k € Z.

C.3 Reduction (lifting) of structure groups

Suppose we have a principal Gi-bundle Py over X with local trivialising open sets {U;}
on X and transition functions®’ tij : U;j — G1. Suppose we want to know when can the
structure group (and hence the fiber) of P; be changed to another Lie group G given a
Lie group homomorphism ¢ : G; — G2 (See |7, Appendix A.1]). Ofcourse we would have
new transition functions t~l-j : Uiy — G with %Vij(x)_l = %}Z(m),i‘vu = 1g,. Let us denote
the new bundle by P». For consistency, we assume that {U;} is a simple cover, meaning
that any intersection of U; is either empty or simply connected. A consistent construction
requires the condition that ¢ o ﬂ](x) = tij(w) for all x € U;; and for all U;;. Moreover the
obstruction to such a construction is the cocycle condition (cf. (C.1))

Giji (@) = tij ()t (@)t (2) = Ly (C.13)

In general (1 # 1, in which case changing the structure group is not possible. Note that
since ¢ o Ej (x) = tij(x), we have (i, : Uijr — Ker(¢). Infact this function defines a Cech
2-cocyle and hence a cohomology class fo(P1,G) € H?(X,Ker(¢)) in the Cech cohomology
group®? of X with coefficients in Ker(¢). Thus the obstruction to changing the structure
group is measured by fa(P;,G). When the homomorphism ¢ is injective (surjective), we call
this construction of P, as the reduction (lifting) of the structure group. We now describe
some relevant examples.

C.3.1 Spin, Spin®-structure and Stiefel-Whitney class

Let X be an oriented Riemannian n-manifold. Consider the orthonormal frame bundle F'.X
of X. The structure group of F.X is SO(n). We want to lift the structure group to Spin(n)
via the covering map ¢ : Spin(n) — SO(n). Since Ker(¢) = Zs, wo(FX) € H*(X,Zs).
We usually just write wa(X) for we(FX) and call it the second Stiefel-Whitney class. If
wa(X) = 0 then X is called a spin manifold and is said to admit a spin structure and the
bundle S(X) with structure group Spin(n) and transition functions ;; is called the spinor

31

bundle. Spinors®* on a general Riemannian manifold are sections of the spinor bundle and

29We use the symbol Uik, =U;NU; NUN---NU;.

30Cech cohomology is defined in terms of symmetric functions on Ujji...;. For a definition of H" (X, Z)
see [6, Page 449]. The generalisation to H" (X, Z,) is strightforward, which is what we will need.

31Physically, we are more concerned with Lorentzian signature and hence the structure group of the
spinor bundle must be Spin(1,n —1). But for the present discussion, we work with Euclidean quantum field
thoery and hence our spacetime manifold is Riemannian.
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hence do not exist if the manifold is not spin. In case of a 4-manifold, the (double cover
of) Lorentz group is
Spin(4) = SU(2) x SU(2) (C.14)

Thus the transition functions are of the form #;; = (i“;,%;_j) : Uyj — SU(2) x SU(2).
The transition functions fzij determine complex rank 2 associated vector bundles which we
denote by S*(X). Weyl spinors are sections of S*(X) and Dirac spinors are sections of
ST(X)®S™(X). Most of the 4-manifolds are not spin and hence spinors do not really make
sense on a general Riemannian 4-manifold. But one can still put spinors on any orientable
4-manifold by defining what is called a Spin®-structure. The idea is basically to lift the
structure group from SO(4) to Spin®(4) defined as

Spin®(4) = {(u1,u2) : ur,uz € U(2),det(uy) = det(u2)} € U(2) x U(2). (C.15)

Again the two factors give two complex rank 2 associated vector bundles which we denote
by W and call them chiral spinor bundles. Spinors can then be defined to be sections
of the chiral spinor bundles. The crucial result is that any compact orientable 4-manifold
admits a Spin®structure. A useful way to think about Spin®-structure is the following:
suppose the manifold is not spin, then wy(X) # 0. Suppose ws(X) is the mod 2 reduction
of wa(X) € H*(X,Z), that is wy(X) admits an integral lift wo(X). Since line bundles are
completely classified by first Chern class, we have a line bundle L with ¢;(L) = wa(X).
The square root?2 L/2 of the line bundle does not exist globally and the obstruction® is
again measured by the Stiefel-Whitney class wo(X). We can then define S;, = S ® L and
St, now exists. Clearly the transition functions of Sy, give us a Spin®-bundle.

As discussed above, spinors are sections of (chiral) spinor bundles, but very often spinors are
also charged under the gauge group or there is a nontrivial flavour group®?. In such cases,
spinors are sections of the tensor product of the (chiral) spinor bundle with the appropriate
vector bundle associated to the gauge bundle and a bundle for the flavor group.

C.3.2 ’t Hooft flux

Let G be a Lie group and P —— X be a principal G/Z(G)-bundle. Suppose we want
to lift the structure group to G via the projection map 7z : G — G/Z(G). From
the discussion in Appendix C.3, the obstruction to such a lifting is a cohomology class
f2(P,G) € H*(X, Z(@)). This class is called the 't Hooft flux.

D Moduli Space of Instantons

Let X be a smooth, compact oriented Riemannian 4-manifold with metric g,,,,. Let A be a
connection on the principal fibre bundle P —— X with structure group G and let F be the

32The square root L'/? of a line bundle L is again a line bundle with transition function which square to
the transition functions of L.

330ne can check the cocycle condition for L'? fails by a number which represents wa(X).

34For example, if we have N spinors, then they can rotate into each other giving us a flavor group U(N).
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associated curvature. The Yang-Mills action for the gauge field is given by

Sy = 1T1r (/ FA *SF) = 1Tr (/ d4:r\/§3"uy?”"> (D.1)
2 X 4 X

where *J is the Hodge dual of & and we have chosen a local section (U, s) of the bundle
to write the action in terms of the local gauge field A, and its field strength F,,,,. Now we
have

FAxF = (FT+F)A(FT ++F7) = (FEATFT) + (F- AxF7), (D.2)

where we used the fact that
wAn = (—1)dee)desmy A o, (D.3)
Next, using the fact that *F+* = +F+ we get
FAF = (FrATFT) — (T A=F7). (D.4)

This implies that
FAF =2(FENTFF) FFAT (D.5)

1
‘%Mzﬁ(/thyﬂ¢ﬂ</9Af)
X 2 X
= Tr (/ FEA *ffi) + 473k
X

where k is the instanton number. Since the first term is positive definite, the action is

This gives us

(D.6)

bounded below®? by 472k and hence the action is minimised when
Ft = 0. (D.7)

Since supersymmetric configurations restrict us to F* = 0, we only consider this case.
A connection A such that F* = 0 is called an anti-selfdual connection or an instanton.
Thus instantons minimise the Yang-Mills action. Let A be the space of all connections on
P =5 X. The group gauge transformations G acts on .A. Moreover (C.6) implies that the
anti-selfduality condition is gauge invariant. To define the moduli space of instantons, we
get rid of the gauge redundancy?. This leads us to define

Masp = {[A] € A/G : F(A)T =0}. (D.8)

Note that this definition is well defined since the anti-selfduality condition is independent of
the choice of representative of [A]. We also fix the topology class of the bundle in defining
the moduli space of instantons. So if G = SO(3), then we need to fix the instanton number

% Note that since [ W A *w is positive definite for any 2-form w, k is positive (negative) when Ft =
0(F~ =0)

36This is particularly relevant for physical purposes since in path integrals, we only integrate over gauge
inequivalent fields once a gauge has been fixed.

— 30 —



and the second Steifel-Whitney class (see Appendix C for details). To make sense of Magp,
we first need to make sense of A/G. Here G can be thought of an infinite dimensional Lie
group which acts on another infinite dimensional space of fields A. So one can hope to
make sense of the quotient space A/G if G acts freely, that is the isotropy group®’ I'y of
a nonzero connection is the center Z(G) of G. If the isotropy group of A is equal to the
center of G then A is called an irreducible connection. For the adjoint bundle, which is what
we are concerned with, from (C.7) and (C.5), we see that A is irreducible if Ker(V*) =0
where VA : Q0(X gg) — QY(X,gg). Let A* be the set of irreducible connections and
(3 =G/Z(G), then A*/ é is now well defined. We now want to see when infinitesimal gauge
deformation of an instanton remains an instanton. Indeed if we consider an infinitesimal
deformation of an instanton A by a € Q'(X, gg) then we want

F(A+a)T =0. (D.9)

From (C.3), we get
SD(a) :=p"(V*a+ana)=0, (D.10)

where pt : Q*(X, gg) — Q>1(X, gg) is the projection to the subspace of selfdual 2-forms.
Thus to linear order in a, the deformation remains an instanton if

pH(V*4a) =0. (D.11)
All this can be packed into a complex:
0 VA 51 SD, 2,+

This is called the Atiyah-Hitchin-Singer complex or the instanton deformation complex [12].
Note that this complex is defined for each A € A. It is not an exact sequence. The index
of this complex, which is also called the virtual dimension of Masp, is defined as

vdimMagp := ind := dimHj) — dimHY — dimH% (D.13)
where
Ker(ptVv4) 0**(X, gp)
HY := Ker(V*), HY:= ————~  H2:=Coker(p*V*):= ——22*, (D.14
A er(V7), A Im(VA) a = Coker(pTV7) Im(SD) ( )

The result of this analysis is that the Atiyah-Singer index theorem gives the index of the
AHS complex in terms of the topological data of the bundle. For an SU(2) bundle, the
result is [7]

vdimMagp = 8k — 3(bg — by + 1), (D.15)

where k is the instanton number, b; is the dimension of the first homology group H;(X)
and by = dimH>"(X) where H?(X) & H*>"(X) ® H?>~(X) is the decomposition under
the Hodge operator w — *w since 2 = 1 for Riemannian 4-manifolds. We now claim that
for any A, we have

T[A]MASD = Hfll (D.16)

37The isotropy group of a connection A is defined by 'y := {u € G : u*(A) = A}.
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Indeed, Ker(p™V#) contains all infinitesimal deformations of A which preserve the anti-
selfduality condition and Im(V*#) determines all instantons gauge equivalent to A. If A € A*
then HE[ = 0. If in addition HfL = 0 then the connection is called regular. Thus the
dimension of the moduli space of regular, irreducible instantons is equal to the virtual
dimension given in (D.15). We end this section by describing how the AHS complex can
be used to prove (3.27). Indeed, note that the classical saddles of ¥ come from the term

Xaﬂ'audavmﬁg and nV%,4. In the coordinate basis
XagT" Vbl — XMV iy (D.17)

Here x,,, = (6W)O"B X4p is @ selfdual 2-form. This term in the action can be written as

[ dteva Vi, = - [ (o)== [ (0 ax=— [ sE0ax 0

where we used the fact®® that wAw’' = pt(w)Aw’ for a selfdual 2-form «’. Thus the classical

saddles for 1) are solutions to
pH(VAY) = 0. (D.19)

In addition to this, the equation of motion for n gives another constraint that the classical
saddles for 1 satisfy:
VvVt = 0. (D.20)

Note that solutions to (D.19) gives us elements of Ker(p™(V#)) and (D.20) is the familiar
gauge fixing condition. Since we only care about gauge-inequivalent classical saddles, thus
the dimension of the space of gauge-nequivalalent classical saddles for 1 is dimH}L.
Similarly, since x is selfdual 2-form, the dimension of the space of gauge-inequivalent
classical saddles for x is dimeq. Thus for irreducible, regular connections, index theorem
immediately proves (3.27).
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