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Monstrous Moonshine



Finite simple groups

Finite groups with no nontrivial normal subgroups.

Galois, Cayley, Mathieu, ..., Conway, Fisher, Griess, ...,Gorenstein,
Aschbacher,...,Gonthier.



Finite simple groups



Monster group

M: Largest sporadic group of the order ∼ 8× 1053.



Monstrous Moonshine: 196884 = 1 + 196883

J(q) =
1

q
+ 196884q + 21493760q2 + 864299970q3 + 20245856256q4 + · · ·

Dimensions of irreps of M: rn = 1, 196883, 21296876, 842609326, ...

1 = r1

196884 = r1 + r2

21493760 = r1 + r2 + r3

864299970 = 2r1 + 2r2 + r3 + r4

McKay-Thompson conjecture

There exists an infinite dimensional graded representation
V ♮ =

⊕∞
n=−1 V

♮
n of M such that

∞∑
n=−1

dim(V ♮
n)q

n = J(q).



The Moonshine Module

Frenkel-Lepowsky-Meurman constructed V ♮ using the theory of
vertex operator algebras.

Physical interpretation: Z2 orbifold of a holomorphic CFT (the
Leech torus theory) [Harvey (1985)]



Beauty and the Beast

V ♮ non-local Z2-cover−−−−−−−−−−→ V BB

Virasoro −→ Super-Virasoro

TB(z) −→ TB(z), TF (z)



Construction of the Moonshine module



Leech torus theory

Leech torus theory is a theory of 24 chiral bosons Xi(z) with
target T24 := R24/ΛL.

Xi(z) = qi + ipi ln z + i
∑
n ̸=0

ajn
n
z−n

[qi, pj ] = iδij , [ain, a
j
m] = nδijδn+m,0.

Fock space: ain|λ⟩ = 0 for n > 0 and pi|λ⟩ = λi|λ⟩. Hilbert space
H(ΛL).



Leech torus theory

ωL =
1

2
a−1 · a−1|0⟩, V (ωL, z) = T (z) = −1

2
: ∂zX · ∂zX : c = 24

H(ΛL) ∋ ψ =

(
M∏
a=1

aja−ma

)
|λ⟩, hψ =

1

2
λ2 +

M∑
a=1

ma.

ZΛL
(q) = TrqL0−c/24 = J(q) + 24, T (z) =

∑
n∈Z

Lnz
−n−2.

Z2 symmetry:

θXiθ−1 = −Xi, θainθ
−1 = −ain, θ|λ⟩ = | − λ⟩

H(ΛL) = H+(ΛL)⊕H−(ΛL)



Z2 orbifold

Twisted sector fields Ri(z)

Ri(e2πiz) = −Ri(z) (mod ΛL), Ri(z) = q̃i + i
∑

k∈Z+ 1
2

cik
k
z−k

Translation symmetry X → X + λ, λ ∈ ΛL breaks to
T2(ΛL) := ΛL/2ΛL.



Z2 orbifold

Quantum theory realises broken symmetry via a central extension of
T2(ΛL):

0 −→ Z2 −→ H(T2(ΛL))
−−−−→ T2(ΛL) −→ 0

H(T2(ΛL)) = {±eλ : λ ∈ T2(ΛL)}

eλeµ = (−1)λ·µeµeλ = ε(λ, µ)eλ+µ, e2λ = (−1)
1
2
λ2 .

Unique unitary 212-dimensional irrep S of H(T2(ΛL)).

HT (ΛL) = SpanC{F ⊗ S}

χ =

(
N∏
a=1

cja−ka

)
|0⟩T ⊗ χ0, hχ =

3

2
+

M∑
a=1

ka

θ action: θcikθ
−1 = −cik, θχ0 = −χ0, χ0 ∈ S.

V ♮ := H+(ΛL)⊕H+
T (ΛL)



Superconformal symmetry

Conformal symmetry: stress tensor TB with OPE

TB(z)TB (w) ∼ c/2

(z − w)4
+

2

(z − w)2
TB (w) +

1

(z − w)
∂wTB (w)

[Lm, Ln] = (m− n)Lm+n +
c

12
m
(
m2 − 1

)
δm,−n.



Superconformal symmetry

Conformal symmetry: stress tensor TB with OPE

TB(z)TB (w) ∼ 3ĉ/4

(z − w)4
+

2

(z − w)2
TB (w) +

1

(z − w)
∂wTB (w)

[Lm, Ln] = (m− n)Lm+n +
ĉ

8
m
(
m2 − 1

)
δm,−n

Superconformal symmetry: supercurrent TF (z) of dimension 3
2 with

OPE:

TB (z)TF (w) ∼ 3/2

(z − w)2
TF (w) +

1

(z − w)
∂wTF (w)

TF (z)TF (w) ∼ ĉ/4

(z − w)3
+

1/2

(z − w)
TB (w)



Gap in the Beauty and the Beast



Beauty and the Beast again

V BB = H(ΛL)⊕HT (ΛL) [Dixon-Ginsparg-Harvey (1988)]

“non-local” because OPE of fields in H−(ΛL) with fields in
H−
T (ΛL) has square root singularity.

S ⊂ H−
T (ΛL) is a 212 dimensional subspace of weight 3/2 vectors.

DGH claimed that one of them is the supercurrent.

Z2-cover?



Question: Z2-cover?

Solution: Spin lift



Spin lift of a QFT

Given a bosonic 2d QFT Q with nonanomalous Z2 symmetry, one can
construct a spin QFT via spin lift.
Arf theory: On a Riemann surface Σρ with spin structure ρ

ZArf[Σρ] := eiπArf[ρ], Arf[ρ] = ind2Dρ = Dim(Ker(Dρ)∩(γ = +1)) mod 2.

Arf(S1
NS)

∼= C1|0, Arf(S1
R)

∼= C0|1.



Spin lift of Moonshine module

ZSL[Σρ] =
1

2

∑
t∈H1(Σ,Z2)

ZQ[Pt] exp (iπArf[ρ+ t]) .

HSL(S1
NS) = H+

Q ⊕H−
T , HSL(S1

R) = H−
Q ⊕H+

T .

When Q is a CFT

TrHT
qL0− c

24 = ZιHQ
(−1/τ), ZιHQ

(τ) = TrHQιq
L0− c

24 , q = e2πiτ .

V ♮ has a Z2 symmetry

H+(ΛL)⊕H+
T (ΛL)

ι =+ 1, ι = −1

Spin lift associated to this Z2 is V BB = H(ΛL)⊕HT (ΛL)
[Lin-Shao (2021)]



Question: Where is the supercurrent?

Solution: Beauty and the Beast Part 2



Beauty and the Beast Part 2

Recall: hχ0 = 3
2 for all χ0 ∈ S.

Goal: find χs ∈ S such that V (χs, z) is a supercurrent. OPE of
V (χs, z) with itself.



Beauty and the Beast Part 2

Dolan-Goddard-Montague formalism: physical restatement of VOA
and its modules.

H(ΛL) is a VOA HT (ΛL) is a module of H(ΛL)

Vertex operators for ϕ ∈ H(ΛL)

V (ϕ, z) : H(ΛL) → H(ΛL), VT (ϕ, z) : HT (ΛL) → HT (ΛL).

Intertwiners of the module: for ψ ∈ HT (ΛL)

W (ψ, z) : H(ΛL) → HT (ΛL), W (ψ, z) : HT (ΛL) → H(ΛL)

W (ψ, z)ϕ := ezL−1VT (ϕ,−z)ψ, W (χ, z) = z−2hχW (ez
∗L1χ, 1/z∗)†.

V BB = H(ΛL)⊕HT (ΛL) with vertex operators

Ṽ (ϕ, z) =

(
V (ϕ, z) 0

0 VT (ϕ, z)

)
, Ṽ (ψ, z) =

(
0 W (ψ, z)

W (ψ, z) 0

)
.



Beauty and the Beast Part 2

TB(z) = Ṽ (ωL, z), ωL =
1

2
a−1 · a−1|0⟩.

DGM gives the general form of OPE of V (χs, z) with itself.

Ṽ (χ, z)Ṽ (χ,w) ∼ α(χ)

(z − w)3
+
α(χ)/8

(z − w)
TB(w) +

∑
λ2=4

κλ(χ)

z − w
Ṽ (|λ⟩, z),

Real payoff of DGM formalism: choose an orthonormal basis of S

α(χ)∗ = −is†s∗, κλ(χ) = −16is†γλs , γλ = matrix of eλ.

Goal: choose χs ∈ S such that α(χs) = 1 and κλ(χs) = 0 for all λ2 = 4.
Then

TF (z) = 2Ṽ (χs, z) with ĉ = 16

First requirement is easy. Take χ1 = e−iπ/4χ for any unit vector χ ∈ S.



Quantum error correction codes

Brute force is hopeless: there are 196560 vectors with λ2 = 4.

A quantum code on n qubits for a set of errors {Ei} is a certain
subspace Cq ⊂ F2n .

EiCq ⊂ C⊥
q .

Recall κλ(χ) = −16is†γλs. Want to find a QEC for the set of errors
{γλ : λ2 = 4}. Then take χs ∈ Cq.



Superconformal sublattices → codes

2|λ1 · λ2, 4|λ2, λ2 > 4, λ, λ1, λ2 ∈ ΛSC

Choose a rep of H2(T2(ΛL)) using 212 × 212 Dirac gamma matrices γi
in 24 dimensions.

w ∈ F24
2 , γw :=

24∏
i=1

γw
i

i , γwγw′ = ε(w,w′)γw+w′ , Tr(γw) = 0, w ̸= 0

Ccl = {w ∈ F24
2 : γλ = γw, λ ∈ ΛSC}, |Ccl| = 212

is a classical code. Choose b : Ccl → U(1) such that b(w+w′)
b(w)b(w′) = ε(w,w′)

[Freed-Moore-Segel (2007)] . Then

P =
1

212

∑
w∈Ccl

γ̃w, γ̃w = b(w)γw, P 2 = P, rank(P ) = 1.

Cq = ImP is a quantum code for error operations {γλ : λ2 = 4}.



Examples of ΛSC

Unit vector χs ∈ ImP =⇒ TF (z) = 2Ṽ (e−iπ/4χs, z) is a supercurrent

√
2ΛL

isometry
↪−−−−−→ ΛL [Dong-Li-Mason-Nortan (1996)]

One can construct explicit embeddings using Z4 codes
[Harada-Kitazume (1999)]

Image of
√
2ΛL is an example of ΛSC.

We constructed two distinct embeddings using pseudo Golay code
and Quaternery Golay code.

Atleast two distinct supercurrents in V BB



Final Comments

No N = 2 SUSY because all dimension 1 currents are non-local
with respect to supercurrents.

The subspace H+(ΛL)⊕H−
T (ΛL) is a superconformal VOA [G.W.

Moore, R.K.S (2023)]. What is its Automorphism group?
Possibly larger than 21+24 · Co0.
Genus zero property of Monster? Recent progress [Duncan-Frenkel
(2009), Paquette-Persson-Volpato (2017)]
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