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Monstrous Moonshine



Finite simple groups

Finite groups with no nontrivial normal subgroups.

YAARN

Classification of finite simple groups

> 10000 Pages

> 1000 Papers

~ 100 Mathematicians

1832 — 2012

Galois, Cayley, Mathieu,

Aschbacher,...,Gonthier.

..., Conway, Fisher, Griess, ...,Gorenstein,




Finite simple groups




Monster group

0°3.

M: Largest sporadic group of the order ~ 8 x 1



Monstrous Moonshine: 196884 = 1 + 196883

1
J(q) = ~ + 196884¢ + 21493760¢> + 8642999704> + 20245856256¢" + - - -
q

Dimensions of irreps of M: r, = 1, 196883, 21296876, 842609326, ...
1=mnr
196884 = r1 + ry
21493760 = r1 + ro + 13
864299970 = 2ry + 219 + 13 + 14

McKay-Thompson conjecture

There exists an infinite dimensional graded representation
Vi=@> _, Vi of M such that

n=-—1

o0




The Moonshine Module

o Frenkel-Lepowsky-Meurman constructed V' using the theory of
vertex operator algebras.

e Physical interpretation: Zg orbifold of a holomorphic CFT (the
Leech torus theory) [Harvey (1985)]



Beauty and the Beast

Beauty and the Beast: Superconformal Symmetry
in a Monster Module

L. Dixon"*, P. Ginsparg®** and J. Harvey™ ***
3 Physics Department, Princeton University, Princeton, NJ 08544, USA
2 Lyman Laboratory of Physics, Harvard University, Cambridge. MA 02138, USA

Abstract. Frenkel, Lepowsky, and Meurman have constructed a representation
of the largest sporadic simple finite group, the Fischer—Griess monster, as the
automorphism group of the operator product algebra of a conformal field
theory with central charge ¢ =24. In string terminology, their construction
corresponds to compactification on a Z, asymmetric orbifold constructed from
the torus R?*/A, where A is the Leech lattice. In this note we point
out that their construction naturally embodies as well a larger algebraic
structure, namely a super-Virasoro algebra with central charge ¢ = 16, with the
supersymmetry generator constructed in terms of bosonic twist fields.

b non-local Zg-cover\
7

1%4 BB

Virasoro — Super-Virasoro

Ts(z) — Tg(2),Tr(2)



Construction of the Moonshine module



Leech torus theory

integral
even
selfdual

AL2):={NeAL: N =2}=0

24 0
Ay = {Zn,az TN GZ} CR24 0 O

n=1

o Leech torus theory is a theory of 24 chiral bosons X(z) with
target T?4 := R?4/Ap.

. A A J
X'(2)=q" +ip'lnz+1 Z n —n
n#0 n
[qi’pj] = i(sijv [aiaafﬁ] = n‘sij5n+m,0-
o Fock space: a’,|\) = 0 for n > 0 and p’|\) = A!|)\). Hilbert space
H(AL).



Leech torus theory

1 1
wr = §G_1 ~a-1|0), V(wp,2) =T(z) = D) 10X - 0:X

M
AL 91/} (Ha > hw:%)\2+zma.
a=1

c=24

Zp (@) = Trg" ™ = J(q) + 24, T(z) =) Lnz "%

neL
o Zo symmetry:
X007 = —X', falfl=—dal, G\ =]|-N)

n’

H(Ar) = H*(Ar) @ I (Ar)



7+ orbifold

Gauge Zo
Untwisted sector Twisted sector
HT(Ar) Hi(Ar)

o Twisted sector fields R(z)
Ri(e*™2) = —R'(2) (mod Ap), R'(z)=¢ +i Z %z_k
k€Z+3

e Translation symmetry X — X + A, A € Ay, breaks to
To(AL) := A /2AL.



7+ orbifold

Quantum theory realises broken symmetry via a central extension of
To(AL):
0— ZQ — J{(TQ(AL)) — TQ(AL) —0
H(TH(AL)) = {Fex : A € To(AL)}
. 1
exew = (~D)Meuen = e perrs 4 = (~1)2
Unique unitary 2'2-dimensional irrep S of H(T2(Ar)).

Hr(AL) = Spanc{F ® S}

N ) 3 M
X = (H Cj_aka> ‘O>T®X07 hX: §+Zka
a=1 a=1

0 action: 9026‘1 = —c};, Oxo=—xo0, Xx0€S.

V=3 (AL) @ HF(AL)




Superconformal symmetry

Conformal symmetry: stress tensor T with OPE
c/2 2
/ 1t 2
(z —w) (z —w)

c
[Lin, Lp) = (m —n) Lyt + ﬁm (m2 _ 1) Om,—n-

TB(Z)TB (U)) ~



Superconformal symmetry

Conformal symmetry: stress tensor T with OPE

3¢/4 2 1
/A

I~ o ey P e )
[Lon, L] = (m — 1) Linn + gm (m2—=1) 6

Superconformal symmetry: supercurrent Tr(z) of dimension % with
OPE:

Ty (2) T (w) ~ (z?i/i)QTF (w) + (Z_lw)apr (w)
Tr (2) Tr (w) ~ /4 3 1/2 Tp (w)




Gap in the Beauty and the Beast



Beauty and the Beast again

o VBB = 3((Ar) ® Hr(AL) [Dixon-Ginsparg-Harvey (1988)]
e “non-local” because OPE of fields in H{™(Ay,) with fields in
H; (Ar) has square root singularity.

o S C H,(AL) is a 212 dimensional subspace of weight 3/2 vectors.
DGH claimed that one of them is the supercurrent.

@ Zs-cover?



Question: Zs-cover?

Solution: Spin lift



Spin lift of a QFT

Given a bosonic 2d QFT Q with nonanomalous Zs symmetry, one can
construct a spin QFT via spin lift.

Arf theory: On a Riemann surface ¥, with spin structure p

Zaxt[E,] = ™AL Arf]p) = indo D, = Dim(Ker(D,)N(y = +1)) mod 2.

Arf(Skg) = CHO Arf(SE) = CO,

Q with Zs Arf theory with Z,

~

0 ® Arf

l/ Gauge diagonal Zs

Spin lift of QO




Spin lift of Moonshine module

1 .
2Us)=1 Y ZolBlex(in Arilp+1).
teH(X,Z2)

HOL(Skg) = HE & Hr, HOL(SE) = Ho & Hf.
When Q is a CFT

Trsep g™ 50 = Zig (~1/7),  Zieo () = Trscqug™ 31, g =&,

o V% has a Zy symmetry
H*(AL) & HF(Ar)
t=4+1, 1=-1

o Spin lift associated to this Zs is VBB = H(AL) ® Hp(Ar)
[Lin-Shao (2021)]



Question: Where is the supercurrent?

Solution: Beauty and the Beast Part 2



Beauty and the Beast Part 2

Recall: hy, = % for all xp € S.

Goal: find x, € S such that V(xs, 2) is a supercurrent. OPE of

V(xs, z) with itself.
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Beauty and the Beast Part 2

Dolan-Goddard-Montague formalism: physical restatement of VOA
and its modules.

’U{(AL) is a VOA ‘ ’fHT(AL) is a module of H(Ar,) ‘

Vertex operators for ¢ € H(Ay)
V(g,2) : H(AL) — H(AL), Vr(¢,2) : Hr(AL) — Hr(AL).
Intertwiners of the module: for ¢ € Hp(Ar)

W(¢, Z) : J{(AL) — fHT(AL), W(¢, Z) : g‘fT<AL) — fH(AL>
W, 2)¢ = L1 Vi(¢, —2)y, WX, 2) = 2 W (e 1x, 1/2)T.

VBB = 3{((Ar) @ Hp(Ar) with vertex operators

o= ("G vgn) 7= (g 8



Beauty and the Beast Part 2

1
Tp(z) =V(wp,z), wp= 50-1- a—1|0).

DGM gives the general form of OPE of V(xs, z) with itself.

Pou o) ~ 20 4 S ) 4 3 205,
A2=4

Real payoff of DGM formalism: choose an orthonormal basis of &

alx)* = —isls*, |ka(x) = —16isTyxs|, ~» = matrix of e).

Goal: choose s € S such that a(ys) = 1 and xy(xs) = 0 for all \?> = 4.
Then

Tr(z) =2V (xs,2) with €= 16

First requirement is easy. Take y1 = e “"/4y for any unit vector y € S.



Quantum error correction codes
Brute force is hopeless: there are 196560 vectors with A% = 4.

Moonshine, Superconformal Symmetry, and Quantum
Error Correction

Jeffrey A. Harvey,' Gregory W. Moore?

1 Enrico Fermi Institute and Department of Physics
University of Chicago
5620 Ellis Ave., Chicago IL 60637

2NHETC and Department of Physics and Astronomy, Rutgers University
126 Frelinghuysen Rd., Piscataway NJ 08855, USA

A quantum code on n qubits for a set of errors {E;} is a certain
subspace Cy C F?".

ECy C Cy.

Recall ky(x) = —16isTyys.  Want to find a QEC for the set of errors
{7x : A2 = 4}. Then take x5 € C,.



Superconformal sublattices — codes

2A1, C Asc C Ay,
912 912

2001 - Az, 4102 A2 >4, A A, A\ € Agc

Choose a rep of Ha(T(Ar)) using 2'2 x 2'2 Dirac gamma matrices ;
in 24 dimensions.
24

weFs, y=]]%" Yo =e(w, )y,
i=1
Cclz{w€F§4:’y)\:’yw,)\€Asc}, |CC1’ :212
is a classical code. Choose b: C.; — U(1) such that lf((;u)iw = e(w,w’)
[Freed-Moore-Segel (2007)] . Then

Tr(y) =0, w # 0|

1 ~ _
P = 912 Z Yws  Yw = (W)Y, pP? = P, rank(P)=1.
weccl

o (., =ImP is a quantum code for error operations {~s = \2 = 4.



Examples of Agc

—im/4

Unit vector y, € ImP = Tr(z) = 2V (e Xs, Z) I8 a supercurrent

V2AL =% A; - [Dong-Li-Mason-Nortan (1996)]

@ One can construct explicit embeddings using Z4 codes
[Harada-Kitazume (1999)]

Image of V2Ay, is an example of Agc.

e We constructed two distinct embeddings using pseudo Golay code
and Quaternery Golay code.

Atleast two distinct supercurrents in VBB




Final Comments

@ No N = 2 SUSY because all dimension 1 currents are non-local
with respect to supercurrents.

@ The subspace H*(Ar,) & H;(Ar) is a superconformal VOA [G.W.
Moore, R.K.S (2023)]. What is its Automorphism group?
Possibly larger than 21724 . Coy.

e Genus zero property of Monster? Recent progress [Duncan-Frenkel
(2009), Paquette-Persson-Volpato (2017)]
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