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In this thesis, we study algebraic and topological structures that emerge from quantum field theories
in two and four dimensions. In four dimensions, we study the topological twisting of arbitrary 4d
N = 2 theories and show that the correlation functions of the twisted theory depend only on the
smooth structure on the 4-manifold, characteristic classes for background gerbe connection and a
generalized spin-c structure. We illustrate our proposal for topological twisting by working out
some Lagrangian and non-Lagrangian class S theory examples. In two dimensions, we study a class
of rational conformal field theories (CFT), called Wess-Zumino-Witten (WZW) models and their
gaugings. Algebraically, 2d rational conformal field theories can be described using vertex operator
algebras and their irreducible modules. We discover that this is not strictly true for gauged Wess-
Zumino-Witten models, it is related to the Goddard-Kent-Olive coset CFT, which is the algebraic
description of gauged WZW models, via the coupling of a 2d topological quantum field theory. We
also study the application of vertex operator algebras to Monstrous Moonshine. We show that the
spin lift of the Monster CFT, which is a ¢ = 24 holomorphic CFT, has superconformal symmetry by
explicitly constructing the superconformal current. We use classical and quantum error correcting

codes for this construction.
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Chapter 1

Introduction

Physics is the study of patterns in the observations of the external world in such a way as to formulate
a set of rules which could then be used to predict phenomena. For example, Newton’s second law,
F = ma, captures all observations pertaining to the acceleration of an object when a force is applied
on it, as well as it predicts the outcome of the experiment of applying a certain force on a body.
This amounts to a theory in physics. A spectacular example of this endeavor is the standard model
of particle physics. It explains observations of subatomic particles in the Large Hadron Collider as
well as predicts the existence of new particles. It is based on the framework of quantum field theory
(QFT). Unsurprisingly, QFT is one of the most important areas of theoretical physics. QFT is a
culmination of efforts to unify quantum mechanics with special relativity and it must be admitted
that it is still a work in progress.! As we keep uncovering new principles and new rules of QFT, we
need new mathematics to describe it. Naturally, ever-increasing sophistication in mathematics finds
a perfect spot in the description of QFTs. For a large part of the history of theoretical physics, this
has been a one way street, where mathematics played a pivotal role in formulating physical theories.
This started to change in the 1970s when some mathematicians, including Michael Atiyah, Vladimir
Drinfeld, Nigel Hitchin, Yuri Manin, Isadore Singer started using physics motivated equations to
prove new mathematical theorems [AHDM78, AW77]. This two way communication has become
stronger since then. We will explore some of the aspects of this relationship in this thesis. This
program of proving new results in mathematics using insights from physics has been called Physical

mathematics [Moolda, Mool4b]. This thesis is based on two such examples which we now describe.

The first example concerns the classification of smooth structures on 4-manifolds. Physics stud-
ies changes in systems, for example change in position, speed, acceleration and so on. These changes

are measured by taking successive derivatives. Thus, the ability to take derivatives is of fundamental

n a lecture titled “What is a quantum field theory?” (can be accessed on the link: https://uww.youtube.com/watch?
v=GZvs-ae4YRA), Nathan Seiberg explains that the signature of a mature field is that the books and courses on the
subject are more or less structured in a standard way. He concludes that “QFT is thus not only incomplete but also

an immature field because every university and every book has its own way of teaching the subject”.


https://www.youtube.com/watch?v=GZvs-ae4YRA
https://www.youtube.com/watch?v=GZvs-ae4YRA

importance in physics. This is of particular significance in four dimensions because we happen to
inhabit a four-dimensional spacetime. In mathematics, the ability to take derivatives is studied in
differential calculus and a space on which we can take derivatives is called a smooth manifold or
simply a manifold. Specifying a way of taking derivatives is specifying the smooth structure on
the manifold. Naturally, we want to consider spacetimes which are manifolds. Now the following
problem arises: typically there are many (sometimes uncountably many) inequivalent smooth struc-
tures on a 4-manifold. In mathematics, it is not clear how to differentiate between these smooth
structures. But in physics, particles moving on a spacetime may be able to distinguish two different
smooth structures on the spacetime. This indeed turns out to be true. There are solutions to the
nonabelian Yang-Mills equations, the same equations that govern the dynamics of particles in the
standard model, which detect this difference. These solutions are called instantons [BPST75|. In
1982, Simon Donaldson defined the Donaldson polynomial [Don90] for a given 4-manifold X, which
is a two variable polynomial with rational coefficients. The coefficients are computed by integrat-
ing certain differential forms on the space of instantons (the so called moduli space of instantons)
on X. These polynomials are invariants of smooth structures, meaning that they only depend on
the smooth structure of X and? can distinguish smooth structures on X. This was a major break-
through in mathematics. Many new results were proved using the Donaldson polynomials. At this
stage, it was clear that physics had a role to play in classification of smooth structures. Michael
Atiyah, speculating such a connection, asked if Donaldson invariants could be interpreted as phys-
ical quantities. Edward Witten answered the question in 1988 in a landmark paper [Wit88]. This
paper initiated two fields, both led to significant developments in physical mathematics as we will
explain below. First, he defined a topological quantum field theory (TQFT). Roughly speaking, a
TQFT is a theory which does not depend on the metric on spacetime®. Atiyah then axiomatized
the essential features of the definition given by Witten in [Ati89]. Getting back to the story, Witten
also discovered topological twisting, a procedure of constructing a topological quantum field theory
from certain supersymmetric field theories. He discovered that applying topological twisting to four

dimensional N/ = 2 supersymmetric Yang-Mills (SYM) theory with gauge group SU(2), which can

2This is true only for some special 4-manifolds, see below (1.1.6) below.
3Technically speaking, Witten defined, what are called TQFTs of cohomological type. These theories admit a symmetry

generated by a nilpotent scalar supercharge Q with the property that the stress tensor is Q-exact. The relevant

observables of the theory are correlation functions of Q-closed operators. We give some more details in Section 1.1.3.



only be defined on a certain class of 4-manifolds called spin 4-manifolds,* we get a theory (called
twisted SYM theory) which can be defined on any oriented Riemannian 4-manifold. The remarkable
achievement of [Wit88] was that it showed that Donaldson invariants are the correlation functions
of certain operators in the twisted SYM theory. This equality motivated Witten to use equations
much simpler than instanton equations, the so called Seiberg- Witten equations or monopole equa-
tions, to define new 4-manifold invariants [Wit94]. These new invariants were called Seiberg- Witten
invariants. They can also be computed from twisted SYM theory with matter with gauge group
U(1). Computing Seiberg-Witten invariants is much easier than computing Donaldson invariants.
Many new results were proved using Seiberg-Witten invariants.

In physics, the basic object for computing correlation functions is the path integral. Path integrals
are usually not mathematically well defined but physicists have learned to work with it in a way
which can be used to produce sensible results. Many physical principles, for example dualities and
renormalization group flow, relate the path integrals of two completely different theories. This opens
up the possibility of using physical ideas to compute the Donaldson invariants or even construct new
invariants. Moore-Witten realized this dream in [MW97]. Under renormalization group flow, the
SYM theory with gauge group SU(2) is related to the SYM theory with gauge group U(1). Physics
then tells us that we can write Donaldson invariants in terms of Seiberg-Witten invariants and
this was precisely what was shown in [MW97]. This physical result was then rigorously proven by
mathematicians [FLO1, FL02, FL15]. This was a major contribution of physical mathematics. We
give some more details of this story in Section 1.1 below.

It turns out that there is an infinite class of 4d N' = 2 supersymmetric field theories and one can
apply topological twisting to all of them. Potentially, they can lead to new 4-manifold invariants. In
this thesis, we study the first step in this program. We study the topological twisting of an arbitrary
4d N = 2 field theory and determine what extra structures are needed on the 4-manifold X to define

the twisted theory.

We now discuss the second application of physical mathematics. Conformal field theories (CFTs) have
been an immensely important area of physics owing to its application to critical phenomena. These

theories are scale-invariant, meaning that the observables are invariant under scaling of lengths.

4The traditional viewpoint is that since 4d A" = 2 SYM has fermions, the theory can only be defined on 4-manifolds
which admit spin structure, i.e., on spin manifolds. We also need a metric to write the action of the theory. As
we argue in Chapter 4, this is not the correct viewpoint. We show that 4d A/ = 2 theories can be defined on any
oriented Riemannian 4-manifold by choosing appropriate background fields. Topological twisting then amounts to

specifying the background field in a specific way.



Conformal field theories describe phase transitions, for example the water to vapor transition. In
1984, Belavin-Polyakov-Zamolodchikov (BPZ) discovered that in two-dimensional conformal field
theories, the scale and Lorentz invariance symmetry actually enhances to an infinite-dimensional
symmetry algebra, called the Virasoro algebra |[BPZ84]. This led to a flurry of work which devel-
oped ways to solve the theory exactly. Deep algebraic structures, like vertex operator algebras, and
number theoretic functions, like modular forms, were discovered in 2d CFTs.

A few years before the BPZ paper, mathematicians had completed the classification of finite
simple groups. The conclusion was that there are 18 infinite families and 26 sporadic groups which
do not fit into any of the infinite families. The largest of the sporadic group, which is called the
Monster group [Gri82], exhibited some peculiar features [Tho79a]. The dimension of the irreducible
representations of the Monster group was related to the coefficients of a certain modular form,
called the J-invariant [Tho79a, Tho79b]. Since this observation seemed to be coincidental and an
explanation seemed far-fetched, it was dubbed Monstrous Moonshine [CNT9]. Due to conformal
symmetry, the torus partition function of a 2d CFT is modular invariant [DFMS97]. Moreover, the
torus partition function in a 2d CFT counts states. This means that the coefficients of the torus
partition function of a 2d CFT are the dimensions of certain subspaces of the vector space of states
of the theory. This indicates that 2d CFT might have a role to play in the explanation of Monstrous
Moonshine. Indeed, it was shown by Frenkel-Lepowsky-Meurman [FLMS88a| that there is an infinite-
dimensional representation of the Monster group with the structure of a vertex operator algebra. The
full Monstrous Moonshine conjecture was later proved by Borcherds [Bor86a, Bor92a]. In physics,
we interpret it as a 2d CFT with the Monster group as the symmetry group and whose torus partition
function is the J-function. This CFT was called the Monster CFT. This gave a conceptual explanation
for the Monstrous Moonshine phenomena. Some more details of this aspect of physical mathematics
have been reviewed in Section 1.2. In 1988, Dixon-Ginsparg-Harvey [DGH88| observed, based on
the physical description of the Monster CFT given by Harvey [Har85|, that the conformal symmetry
of the Monster CFT can in fact be enhanced to a larger symmetry, called superconformal symmetry.
The essential aspect of this symmetry is the existence of a superconformal current. While they gave
compelling evidence for the existence of a superconformal current in the Monster CFT, an explicit
construction was missing. In this thesis, we will give an explicit construction of a superconformal
current.

Another class of 2d CFTs studied in this thesis are the Wess-Zumino-Witten (WZW) models
[Wit84]. These models are specified a compact semisimple Lie group G and a level k. They belong
to a class of 2d CFTs which can be constructed completely using algebraic data of vertex opera-

tor algebras. Algebraically, in WZW models the Virasoro symmetry gets enhanced to the affine



Kac-Moody algebra. Now, given a subgroup H of G, one can construct another CFT from WZW
models called gauged WZW model. These CFTs are denoted by WZW(G/H). These models are
important because they give the explicit construction of many of earlier CFTs, minimal models for
example, constructed completely using the algebraic data of vertex operator algebras®. The alge-
braic construction of these vertex operator algebras goes by the name Goddard-Kent-Olive (GKO)
coset construction [GKO85, GKOS86]. It was believed that gauged WZW models are algebraically
described by GKO coset construction [BRS88, ABR88, GK8&9]. In this thesis, we explore the rela-
tionship between the two in more detail. Topological quantum field theory makes an appearance in
this relationship. We argue that the precise relationship between gauged WZW models and GKO
coset construction is by coupling to a 2d TQFT.

In the rest of the chapter, we will give a more technical summary of the topics discussed above.

1.1 Topological twisting and 4-manifold invariants

1.1.1 Basics of 4-manifold topology

Recall that a topological n-manifold is a topological space® M, which is locally homeomorphic to
R", i.e., for every point p € M, there is an open set U C M, with p € U and a homeomorphism”
ov : U = @u(U) € R™. On overlapping charts (Us, py,) and (Uj, ou,;) with U; NU; # @, the

transition map

¢ij = pu, o ey, v, (Ui NU;) — ¢u, (Ui NT;) (1.1.1)

is required to be a homeomorphism. A pair (U, ¢y) is called a chart and a set of pairs {(U;, ou,)}
such that U;U; = M, is called an atlas. We usually choose a maximal atlas, which is a maximal
collection of charts such that the transition functions are homeomorphisms, and denote it by A.
Two topological manifolds are equivalent if they are homeomorphic as topological spaces. In many
subfields of Physics, we are interested in smooth manifolds®.

A smooth n-manifold or simply an n-manifold is a topological n-manifold such that all transition
functions are smooth i.e., infinitely differentiable. The choice of a maximal atlas with smooth

transition functions is called a smooth structure on M,,. A smooth structure allows us to differentiate

5Up to a caveat that we will see below.

6There are some technical requirements, namely M,, must be paracompact and Hausdorff [Mun00].

7A map between topological spaces is called a homeomorphism if it is bijective, continuous with a continuous inverse.
8For example, Kinematics which studies the motion of objects. Many quantities quantifying motion of object, for

example velocity, acceleration, jerk, is measured by derivatives. But there are also quantities which are not measured

by derivatives, for example static and kinetic friction.



functions on a manifold or study the notion of smooth maps between two manifolds. Two n-manifolds
are said to be equivalent if there exists a diffeomorphism between them, i.e., a smooth bijective
homeomorphism such that the inverse is also smooth. Note that two manifolds may be equivalent

as topological manifolds but not as smooth manifolds. We now ask the question

Question 1. Given a topological manifold, can it be endowed with a smooth structure? If yes, how

many inequivalent smooth structures are there?

In dimensions other than four, any compact topological manifold has a finite number of inequiv-
alent smooth structures [KS77, Sco05]. For example, there are 28 inequivalent smooth structures on
the 7-sphere S [Mil56, KM63]. These 7-spheres equipped with various smooth structures are called
exotic spheres. In contrast, any compact 4-manifold can have countably infinite number of inequiv-
alent smooth structures. For noncompact 4-manifolds, the situation is hopeless. A typical example
of noncompact case is R* itself which admits uncountably many inequivalent smooth structures’
[Gom85, Tau87|. We will thus restrict to compact 4-manifolds. In addition, we will assume that it
is closed, oriented and without boundary and denote it by X.

Simon Donaldson in 1983 [Don83b] used gauge theory motivated equations to define new invari-
ants of 4-manifolds, now called Donaldson invariants [Don90]. These are polynomials with rational
coefficients defined using the homology cycles of X. The significance of these invariants is that it
can distinguish between smooth structures on a 4-manifold: if the Donaldson invariants computed
using two smooth structures are different, then the two smooth structures cannot be equivalent. In
the next section, we give an overview of the construction of Donaldson invariants and its relation to

physics.

1.1.2 Donaldson invariants

In 1975, Belavin-Polyakov-Schwartz-Tyupkin [BPST75] found a localized, finite-energy solution to
Yang-Mills equation on R* and called them instantons. Their realization was that if the field strength

F of a gauge field A is (anti) selfdual, i.e., (F'T =0) F~ =0, where
4 1
F* = S(F£4F), (1.1.2)

where xF' is the Hodge dual of F', then F' automatically satisfies the Yang-Mills equation. Conse-

quently,

Ft =0, (1.1.3)

90n R™ with n # 4, there is a unique smooth structure up to equivalence [Sta62].



is called the anti selfdual instanton equation. Mathematicians then started studying the instanton
equation [AW77, AHDM78, AHST77]. The space of solutions to the instanton equation modulo gauge
transformations is called the moduli space of instantons, and denoted by Mg, ,. The notation
involves dependence on the gauge group G, which we take to be a compact connected semisimple
Lie group, k,u(b), called the instanton number and 't Hooft fluz'® respectively, are topological
invariants of the principal G-bundle on which the gauge fields and field strength are defined. In
general, the moduli space of instantons is noncompact but it was shown that it can be compactified
and made into a smooth manifold [AHS78]. Moreover, its dimension can be calculated using index
theory [AS68a, AS68b, AS68c, APST5].

Donaldson invariants are defined as integrals of certain cohomology classes on the (compactified)

moduli space of instantons. The cohomology classes are defined by the Donaldson map

po : Hy(X) — HY (Mg i) - (1.1.4)

On simply connected 4-manifolds, we only need to consider Hy(X), H(X). For p(® € Hy(X),S? ¢

H>(X), we define the Donaldson invariants by

o' ;:/ 1o () (S (1.1.5)
Ma ko
The Donaldson polynomials are then generating function of the Donaldson invariants [Don90]:
¢ Qr
S ner r
ZD[gvpa S] = Eﬁmg ) ‘Bé € Q ) (116)
S e

where g is the metric on X, p, S are formal variables corresponding to p(®) € Hy(X), S® € Hy(X)
respectively. The rational numbers ‘pé’r are independent of the metric on X as long as the dimension

by (X) of the space of selfdual 2-forms on X is greater than 1.

1.1.3 Topological twisting and Seiberg-Witten invariants

Physics made a reentry into the scene in 1988 when Edward Witten showed that Donaldson invari-
ants can be understood as correlation function of certain operators of a topologically twisted theory
[Wit88]. More precisely, Witten showed that topological twisting of the 4d A/ = 2 supersymmetric
Yang-Mills (SYM) theory with gauge group G leads to a topological field theory of cohomologi-
cal type. What this means is that after performing topological twist, the theory admits a scalar

supercharge Q which is nilpotent

Q*=0, (1.1.7)

10Tn Chapter 4, we will see that the 't Hooft flux can be thought of as background field for “1-form symmetry”

corresponding to a subgroup of the center of G.



and the stress tensor of the theory, which is the response of the theory to variation of the metric on

X, is Q-exact, i.e.,
rf;w - {QvA;w} . (1'1'8)

The resulting theory is called Donaldson- Witten theory. This has profound consequences:

1. The partition function of the theory is independent of the metric. Let Ssypm be the action of

the twisted 4d N' = 2 SYM theory. Then

55 Zw = / [DVM] ¢~ 5svm
Guv
- / (VM) 225 S
09juv (1.1.9)

x /[DVM] Ty e~

= /[DVM] Q- Ay, e 5m

t'1. The construction of Q comes from

Here VM is the notation for fields in the vector multiple
the supercharges and it acts as a differential operator on the field space. Moreover, since the
action Ssyp is invariant under Q, we can write

0

09

Zwox [[DVMQ: (A e 5)
(1.1.10)
= /[DVM] (Total derivative) =0 ,

assuming that fields vanish on the boundary of the field space'2.

2. The same argument shows that the correlation function of Q-exact observables are identically

Z€ero.

This means that the correlation function of observables in the Q-cohomology:

Ker Q

o= o (1.1.11)

are metric independent and hence potential invariants of smooth manifolds. The theory admits
a Q-closed point observable O (p(®) p® € X. Witten constructed Q-closed surface observable
0@ (S@)) for S?) C X a closed surface in X, using the so called descent equations. These observables

only depend on the homology class of p(®) € Hy(X) and S?) € Hy(X) up to Q-exact terms which

Vector multiplet is a supermultiplet of the 4d A/ = 2 super Poincaré algebra. It contains a gauge field, a complex

scalar and two Weyl fermions.
12Sometimes this is not true and the partition function depends on the metric. This is the reason for metric dependence

of Donaldson invariants for b;’ X) <1.



decouple from the theory [KMMN19]. On simply connected 4-manifolds, these are the only nontrivial
observables in .75. We can then formally write the path integral for the generating function of the

correlation function for these observables as

Zulo.p. )= [PVMJexp (5000 + SO (S)) 5o

¢ gr . . (1.1.12)
— S5 (00 (4O 25
= > 52 (0069) (0®(s®)" .
£,r>0
The remarkable result of [Wit88] is that up to a constant'?
Zplg,p, S] = Zwlg. p. 5] - (1.1.13)

This story gets even better. In 1994, Seiberg and Witten found the exact low energy effective theory
(LEET) of the 4d N = 2 SYM with gauge group SU(2) [SW94]|. This UV theory admits a moduli space
of vacua labeled by a complex parameter u. The LEET at a generic point u is a U(1) SYM theory
completely determined by a prepotential. Seiberg and Witten determined the exact prepotential
using an auxiliary Riemann surface called the Seiberg- Witten curve. There are some singular points
on the moduli space of vacua at which there are additional massless degrees of freedom. More
precisely, there are singularities at u = +Ag, where Ag is the dynamically generated scale of the
theory, called the monopole and dyon singularities and there is another singularity at u = oco. At
the monopole and dyon points, there is a U(1) SYM theory with a massless hypermultiplet'* coupled
to the U(1) gauge group with fixed electromagnetic charge. Looking ahead, Witten generalized the
topological twisting to the U(1) SYM with a massless hypermultiplet coupled to it [Wit94]. The
twisted scalar field in the hypermultiplet was called the monopole field. The equations of motion of
this abelian theory is called Seiberg- Witten equations or monopole equations. Witten then used the
moduli space of solutions to the Seiberg-Witten equations to construct new 4-manifold invariants
[Wit94]. These new invariants were called the Seiberg- Witten invariants. Since these invariants
were constructed using the theory on the moduli space of vacua of SU(2) SYM theory, Witten also
conjectured that Donaldson invariants can be written in terms of Seiberg-Witten invariants. This
was a remarkable statement because Seiberg-Witten invariants are easier to compute owing to the
fact that the gauge group is abelian. Later in [MW97], Moore and Witten gave a more precise
relation between Donaldson and Seiberg-Witten invariants using renormalization group flow. The
precise form of the relation is

Ip=Z,+ Y Zi, (1.1.14)

u==xAg,00

13See [Sin22] for a review.
M Hypermultiplet is another supermultiplet of 4d N = 2 super Poincaré algebra. It contains a complex scalar and

two Weyl fermions.
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where Z, is the contribution from the generic points on the moduli space given by an integration
over the u-plane away from the singularities, and is called the u-plane integral, and Zg,, is the
Seiberg- Witten contributions from the singularities given in terms of Seiberg-Witten invariants and
some universal couplings obtained from the Seiberg-Witten curve [MW97|. Later, mathematicians
gave a rigorous proof of the Witten conjecture relating Donaldson and Seiberg-Witten invariants
[FLO1, FL0O2, FL15, FL18, FL19, GNY11]. This is one of the greatest successes of the program
physical mathematics. Many old known results in 4-manifold theory were given new simpler proofs

using Seiberg-Witten invariants [Don96, Moo17].

1.1.4 New 4-manifold invariants from physics?

The physical theory used in the above discussion is the 4d A/ = 2 SYM theory with gauge group
SU(2). But the process of topological twisting described in [Wit88] only uses the features of 4d
N = 2 supersymmetry algebra and there is an infinite class of such theories. Many of them are
Lagrangian theories but a large class of them are non-Lagrangian, the so called theories of class S

[Wit97, GMNO09, Gai09]. The natural question is

[ Do we get new 4-manifold invariants from any 4d A = 2 theory? ]

These computations have been done for SU(N) SYM theory [MM98|, the minimal Argyres-
Douglas theory [MN17] but have not led to new 4-manifold invariants. The computation has also
been done for Lagrangian theories with matter with gauge group SU(2), again without new invariants
[LMn95, HPP95, AFM22, AFM23, MM21]. But not all hope is lost because it is not yet known if
class S theories also lead to old invariants. The first step to answer this question is to understand
the topological twisting of a general 4d A/ = 2 field theory.

Let us first discuss the original notion of topological twisting in context of 4d N' = 2 SYM theory.

The symmetry group of the theory is

I'=GxSU2)_ xSU(2), xSUQ2)r , (1.1.15)

where G is the gauge group, Spin(4) = SU(2)_ xSU(2)__ is the Lorentz group (in Euclidean signature)
and SU(2)g is the R-symmetry group. The basic idea of topological twisting in [Wit88] is to replace

the symmetry group by

I" = G x SU(2)_ x SU(2)’ (1.1.16)

where SU(2)" = diag(SU(2) . x SU(2)r). Then fields of the vector multiplet are then considered

as representation of IV. It turns out that as representation of I", all fields of the vector multiplet
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are bosonic (see (D.4.95) for details). The theory can thus be defined on an arbitrary oriented
Riemannian 4-manifold X. The twisted action on an arbitrary oriented Riemannian 4-manifold X
can be obtained by minimally coupling the SYM action in terms of twisted fields to gravity (see
Chapter 4 for the precise description). This gives us the twisted theory. If we now follow the same
procedure to a theory with hypermultiplets, then we run into an issue: the fields in the twisted
hypermultiplet (see (D.4.98) for details) are all fermionic as representation of I'V. Thus, it seems
that the twisted theory with hypermultiplets can only be defined on spin 4-manifolds. It was realized
that the twisted theory with hypermultiplets can be defined on arbitrary 4-manifolds by turning on
background fields [HPP95, LMn97, Wit94, MW97|. This procedure requires a Spin®(4)-structure on
X which exists on any oriented 4-manifold X. In this view of topological twisting, we can twist any
Lagrangian 4d A/ = 2 theory by introducing background fields and choosing appropriate topological

structure on X.

1.1.5 Contributions of this thesis

The view of topological twisting described above is not appropriate for non-Lagrangian theories. In
[MSS24], we developed a more geometric view of twisting using the functorial definition of quantum
field theory. We then applied the procedure to some non-Lagrangian class S theories and determined
the necessary topological structure needed on X to define the twisted theory. A result of this analysis
is the distinction between the physical theory and the twisted theory. We explain that any 4d N = 2
field theory can be defined on an oriented Riemannian compact 4-manifold by appropriately choosing
background fields. Then the topological twisting of the theory amounts to changing the symmetry
group of the theory by using the notion of transfer of structure group. For Lagrangian theories,
by using the Q-symmetry of the path integral, we show that formally the correlation functions of
the twisted theory are independent of the metric and background fields and only depend on the

orientation and smooth structure on X.

1.2 Moonshine, 2d conformal field theory and 2d topological quantum
field theories

1.2.1 Moonshine and 2d conformal field theories

Moonshine phenomena have played an important role in the history of string theory. The explanation
of Monstrous Moonshine by Borcherds, Frenkel, Lepowsky, and Meurman [Bor86b, Bor92b, Bor97,
FLM88a| played an important role in the development of vertex operator algebra theory and string

compactification on orbifolds [DFMS87, DHVWS85, DHVWS6]. For a nice recent review see [HHP22].
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We now briefly review the first example of Moonshine phenomena, called Monstrous moonshine.

The classification of finite simple groups'®

in pure mathematics was completed in a long series
of papers over several decades by several mathematicians'®. There are 18 infinite families of finite
groups and 26 sporadic groups which do not fit into any of the 18 infinite families. Out of the
26 sporadic groups, the largest finite simple group is called the Monster group, denoted by M.
The number of elements in M is of the order of ~ 8.08 x 10°3. The existence of the Monster
group was predicted by Bernd Fischer (unpublished) and Griess [Gri76] and later proved by Robert
Griess in 1982 [Gri82]. Griess gave the explicit construction of M as the automorphism group of a
196883-dimensional commutative nonassociative algebra [Gri82]. The character table of M, which
is a 194 x 194 array was calculated by Fischer and Livingston in 1979. The smallest dimensional
nontrivial complex irreducible representation of M is a 196883-dimensional representation. In 1979,

John McKay, in a letter to John G. Thompson [Tho79a, Tho79b|, made the following intriguing

observation:

196884 = 1 + 196883 . (1.2.1)

This might seem a triviality, but the crucial observation is the following: 196884 is the first nontrivial
coefficient of the Fourier expansion of the J-function, which is the unique modular-invariant function
on H with zero constant coefficient:
J(1) = é 4 196884q + 21493760¢> + 864299970¢° + ... , q:=¢e*™7, rcH:={x +iy:y >0} .
(1.2.2)

Modular invariance means that

a b
J (“T i b) = J(r), €SL(2,Z), (1.2.3)
ct+d c d

where SL(2, Z) is the group of 2 x 2 integer matrices with determinant 1. The systematic observation
is the following: let 7, denote the dimension of the n'" (in the increasing order of dimension)

irreducible complex representation of M and ¢, be the coefficient of ¢™ of J(7). Then
c.1 =1
cL =11 +7re
co=T1+7T2+T3 (1.2.4)

c3=2r1+2ry+1r3+73

15 A finite group is called simple if the only normal subgroups are either trivial or the entire group.
16The Wikipedia page (https://en.wikipedia.org/wiki/Classification_of_finite_simple_groups) on classifica-

tion of finite simple groups is a very good summary of the subject along with the history.
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Later, this observation was made precise into a conjecture'” by Conway and Norton in 1979 [CN79],

what is called the Monstrous-Moonshine conjecture, which is now a theorem as we will explain below.

Theorem 1.2.1. [Conway-Norton Monstrous Moonshine,1979| There ezists a natural infinite-dimensional
graded representation of M
b byl i i
v —QéV(m—Vw)@V(l)@V(z)@“' ) (1.2.5)

such that each V(EL) is finite dimensional and for each conjugacy class [g] of the Monster M, the
McKay-Thompson series Ty(T), defined by

Ty(7) == Tryugg™ ", (1.2.6)

where Lo is the grading operator, Lo|,s = n, is a normalized Hauptmodul for a subgroup T'y C
(n)

SL(2,R) commensurable with SL(2,7Z).

Some terms require clarification. The normalized Hauptmodul for a subgroup I' C SL(2, R) is the
unique generator of the function field on the modular curve Y (I') := H/I" with no constant term and
first coefficient in g-expansion equal to 1. This requires the Riemann surface Y (T") to be genus zero.
In other words, the Hauptmodul for I' is the unique modular invariant function for T, i.e., satisfies
(1.2.3) for I', with no constant term and first coefficient 1. Two subgroups G, H of SL(2,R) are said
to be commensurable to each other if the group G N H is finite index in both G and H. To connect
to the observation of McKay and Thompson, the conjecture states that the graded dimension of the

representation
o0

To(r) = Tryegho ' = 3 (dimv(“n)) ¢l = J(r) (1.2.7)

n=0

or more succinctly, I'. = SL(2, Z).

The first major achievement towards the proof of the Monstrous Moonshine conjecture was
announced in the celebrated work of Frenkel, Lepowsky and Meurman (FLM) [FLM85, FLMS&9]
in which they introduced the notion of wverter operator algebras'® (VOAs). The notion of vertex
operators was motivated from conformal field theory and string theory, see Appendix B for details of
the definition. FLM constructed the natural representation V¥ and showed that it has the structure of

a vertex operator algebra whose automorphism group is precisely the Monster M. Their construction

7There is a generalization of the Conway-Norton conjecture, called the generalized Monstrous Moonshine conjecture,
formulated by Queen [Que81] and Norton [Nor87] in 1987 and proved by Carnahan in a series of papers in 2010

[Car10, Carl2a, Carl2b|. A more thorough discussion is beyond the scope of this thesis.
18The notion of vertez algebra was introduced by Borcherds in 1986 [Bor86a] which was not motivated by physics.

Vertex operator algebras, on the other hand, introduced in [FLM88a] was motivated by string theory.
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was generalized to general lattices by Dolan, Goddard and Montague [DGM90, DGM94]. Borcherds
then used the Monster module V¥ and introduced the notion of generalized Kac-Moody algebra
to finally complete the proof of the Monstrous Moonshine conjecture [Bor86a, Bor92a]. Since then
many different Moonshine phenomena have been observed but the conceptual understanding of most
of them remains elusive [EOT11, CDH14, DMC14, Dun05, DMO20, DGO15].

Monstrous Moonshine raises two conceptual questions:

1. (Modularity) Why are the McKay-Thomspson series T, modular?

2. (Genus zero property) Why are the modular curves Y (I'y) genus zero?

A conceptual explanation for the first question is provided by physics. VOAs and its represen-
tation theory can be understood as the algebraic formulation of rational conformal field theories™®
(RCFTs), the precise dictionary has been summarized in Appendix B.3. In the language of CFTs,
the Monster VOA V' is a holomorphic CFT with central charge 24. Its physical construction was
given by Harvey as the orbifold of the holomorphic CFT described by strings moving on the Leech
torus [Har85]%°. In 2d CFT, the torus partition function is modular invariant owing to conformal
invariance of the theory?!. The torus partition function of the Monster CFT is precisely J(7). This
explains the modular invariance of J(7). Other McKay-Thompson series T, have the interpretation
of partition functions with twisted boundary conditions and hence they must be invariant under
subgroups of SL(2,7) which commutes with g. A conceptual explanation of the enhancement of the

invariance groups of T, to subgroups of SL(2,R) as well as the genus zero property®? of the Monster

was attempted in [PPV16, PPV17].

19Roughly, a rational conformal field theory is defined by the finiteness of the number of primary fields in the theory.
Mathematically, this means that there are finitely many isomorphism classes of irreducible representations of the

VOA, see Appendix B for precise definitions.
20The Leech lattice A, is the unique 24 dimensional even selfdual lattice with no vectors of length squared 2. The

Leech torus is then the space R24/27wA, see Chapter 2 for more details.
21 More precisely, the torus partition function must only depend on the conformal class of the torus. Since the moduli

space (equivalence class determined by conformal equivalence) of tori is H/SL(2, Z), the partition function must be

invariant under SL(2, Z).
22 A more rigorous approach to the genus zero property comes from the interpretation of the Monster CFT as the

boundary dual of a 3d gravity theory [Wit07] combined with the Rademacher series expansion of [DF09]. To

complete the discussion, one needs to prove the duality of 3d gravity with the boundary CFT.
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Contributions of this thesis

Soon after the announcement of the work of FLM, Dixon, Ginsparg and Harvey (DGH) observed
that the Monster VOA could be extended to a vertex operator superalgebra (SVOA) with a subsector
containing a representation of the A/ = 1 superconformal algebra [DGH88|. We will call this module
the Beauty and the Beast module following [GJF18] and [MS23]. It was noted in [DGHS8|] that
the extended symmetry in the Monster CFT can shed some light on the genus zero property of the
Monster. As discussed in [GJF18], the analysis of [DGHS8S8| has an important gap, it did not explicitly
construct the superconformal vector. The SVOA structure of the module considered by DGH was
rigorously proven by Huang in [Hua94] but the explicit construction of the superconformal vector
remained open. Finally, a new method of constructing superconformal vectors appeared in the work
of Harvey and Moore [HM20]. They used quantum error correcting codes to give the construction
of superconformal vectors in many of the known superconformal field theories including the Conway
supermoonshine SVOA of Duncan [DMC14]|. One might then naturally wonder if the superconformal
vector in the Beauty and the Beast module can be written using quantum error correcting codes.
One of the contributions of this thesis is to give an explicit construction of a superconformal vector in
the Beauty and the Beast module using the ideas from [HM20]. This construction first appeared in
[MS23] and has also been used to construct superconformal vector in the entire class of holomorphic
CFTs with central charge 24 [FEH25]. We give the construction using the formalism of vertex
operator algebras and extensions in the sense of Dolan-Goddard-Montague [DGM94] in Chapter 2.
In Chapter 2.6, we recast the proof in the more standard language of VOAs in the sense of Borcherds
and Frenkel-Lepowsky-Meurmann [Bor86a, FLM88a|. We show that although there are more than
one superconformal currents, the supersymmetry does not enhance beyond ' = 1. We also define
the notion of spin lift of a CFT and show that the Beauty and the Beast module is the spin lift of

the Monster module.

1.2.2 WZW models and 2d TQFTs

Another aspect of this thesis deals with a large class of RCFTs constructed from a compact semisimple
Lie group G and a level k € ZZ%,, where n is the number of simple components of G. These are
the so called Wess-Zumino-Witten (WZW) models, denoted by WZW(G). It is described by the
following action principle [Wit84]: for simplicity assume G to be simple and simply connected, then
the action is given by

Sa.k(g) = —% ZTr [(g7"dg) Ax(g"dg)] — ik Twz(Z;9) , (1.2.8)



16

where the Wess-Zumino term T'wz(X; g) is given by

Twz(Z;9) ;:% BTr [(g7'dg) A (g7 dg) A (G 1dg)] (1.2.9)

where

e ¥ is a closed Riemann surface without boundary,

g : % — G is a smooth map called the WZW field,

B is a 3d manifold with boundary X,
e §: B — G is an extension of g to B, i.e., gl = g.

The quantization of the theory results in the representation theory of affine Kac-Moody algebra.

More precisely, the action has a global (G x G)-symmetry:

Sck(9099%") = Sk, (90.9r) €G X G . (1.2.10)

The generators of the affine Kac-Moody algebra are the modes of the conserved currents for this
symmetry. In particular, the Hilbert space of the theory on the circle is given by the direct sum
of finitely many irreducible representations of the affine Kac-Moody algebra at level k [GWS86].
Algebraically, the theory is described by the representation theory of affine vertex operator algebra
based on g = Lie(G) [FZ92, LL12]|.

In 1984, Goddard-Kent-Olive (GKO) [GKO85, GKO86| described the algebraic construction of
a new VOA starting from an affine VOA based on a Lie algebra g and a subalgebra h C g. Roughly,
the construction can be described as follows: given the stress tensor 79, T of the affine VOAs based

on g, h respectively, the difference
78/0 =19 _TH (1.2.11)

is also a valid stress tensor for a 2d CFT, i.e., it satisfies the expected properties. The central charge

of the resulting GKO coset VOA is

/b =8 b (1.2.12)

)

where 8, ¢ is the central charge of 79, T" respectively. Other generators of the GKO coset VOA are
those generators of the VOA based on g which commutes with all generators of the VOA based on
h. Using the representation theory of the GKO coset VOA, we can construct the minimal modular

invariant RCFT, which we denote by GKO(g/h).
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The natural question is whether this algebraic RCFT GKO(g/h) can be given a Lagrangian de-
scription. The obvious guess would be to consider gauged WZW model: let H < G and gauge H
diagonally embedded in the global G x G symmetry of WZW(G). The gauged action can be written in
the standard way by coupling the theory to H-gauge fields. The resulting theory will be denoted by
WZW(G/H). Strong evidence was given in [BRS88| that WZW(G/H) provide a Lagrangian descrip-
tion for the GKO coset theory GKO(g/h) based on the embedding Lie(H) =: § C g := Lie(G). Indeed,
it was shown in [BRS88, ABR&8| that the G/H-WZW model path integral correctly reproduces the
coset central charge. Finally, in [GK88, GK8&9], the path integral of gauged WZW model was used to
compute the torus partition function and some correlation functions of the GKO(g/h). In one part
of this thesis, we will explore the precise relationship between gauged WZW model and GKO coset
construction. Among other things, we will give a mathematically precise description of GKO coset
construction using the notion of commutant of a VOA [FZ92]. According to our definition, the coset
theory GKO(g/g) is trivial, i.e., the VOA is isomorphic to C and there are no nontrivial irreducible
representations. Consequently the torus partition function is 1. On the other hand, analysis of the
path integral of WZW(G/@G), one can show that the partition function is independent of the metric
[Spi90, SY92, Wit92a, Wit93]. Consequently, WZW(G/Q) is a 2d topological quantum field theory
(TQFT), not only in the sense of being metric independent but also in the sense of Atiyah [Ati89],
i.e., it satisfies the axioms of a 2d TQFT. This observation should make it plain that gauged WZW

model is not identical to the GKO coset theory.

Contributions of this thesis

One of the central results of Chapter 3 is that under certain assumptions, we have the following

relation

WZW(G/H) = GKO(g/h) @ End(B) , (1.2.13)

where End(B) is the algebra of endomorphisms of an algebra object in a modular tensor category.
We explicitly construct a Frobenius algebra structure on End(B) turning it into a 2d TQFT. Another

interpretation of the topological degeneracy in generic cases is the following relation

WZW(G/H) = GKO(g/b) ©z WZW(H/H)? | (1.2.14)

where Z = Z(G)NZ(H) is the common center of G, H, WZW(H/H)# denotes the equivariantization
of the 2d TQFT WZW(H/H) with respect to the Z-symmetry, and the subscript ®z means that
GKO(g/h) and WZW(H/H) are coupled in a precise way via the common Z-action on the two theo-

ries. We also clarify the relationship between three ways of describing the identification of modules
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in GKO theory, i.e., we discuss the relationship between identification via outer automorphism group
action |Gep89], identification via simple currents [SY90b] and identification via the Chern-Simons
theory [MS89d]. We also clarify the categorical coset construction by building on the results of
Frohlich-Fuchs-Runkel-Schweigert [FFRS03b, FFRS03a]. We also include an Appendix B on the

rigorous construction of a modular tensor category from a VOA.

1.3 Outline of the thesis

This thesis is based on the following papers:

[MS23] G. W. Moore and R. K. Singh, Beauty and the Beast Part 2: Apprehending the Miss-
ing Supercurrent, Commun. Math. Phys. 406 (2025) 303, arXiv:2309.02382 [hep-th].

[MSS24] G. W. Moore, V. Saxena, and R. K. Singh, Topological Twisting of 4d N = 2 Super-
symmetric Field Theories, arXiv:2411.14396 [hep-th], , To appear in Adv. Theor. Math. Phys.
[MRS26b] G. Moore, E. Rabinovici, and R. K. Singh, Comment On Topological degeneracy in
gauged WZW models, In preparation, 2026.

[MRS26a] G. Moore, E. Rabinovici, and R. K. Singh, Gauged WZW models vs. the GKO con-

struction, In preparation, 2026.

e In Chapter 2, which is based on [MS23], we describe the explicit construction of (more than 1)
superconformal current in the spin lift of the Monster module, also called the Beauty and the
Beast module. We use the formalism of Hermitian vertex operator algebras and its extensions
of [DGM94]. We also show, using the functorial definition of gauging finite group symmetries,
that the Beauty and the Beast module is a spin lift of the Monster module. We also explain
the construction of the supercurrent in the standard formalism of vertex operator algebras of

Frenkel-Lepowsky-Meurman [FLM8&8a).

e In Chapter 3, we discuss the relationship between gauged WZW models and GKO coset con-
struction. We give a precise definition of GKO theory and explain the construction of the
category of modules of the GKO vertex operator algebra using the results of Frohlich-Fuchs-
Runkel-Schweigert [FFRS03b]. We compute the Hilbert space of the gauged WZW model on

the circle and compare it with the Hilbert space of the corresponding GKO theory.

e In Chapter 4, we discuss the topological twisting of 4d A/ = 2 field theories using the functorial
definition of quantum field theory. We show that the correlators of the twisted theory only

depend on the smooth structure on X, ’t Hooft flux and a generalized spin-c structure. We



19

apply it to Lagrangian theories and discuss the localization of the path integral to the moduli
space of non-abelian monopole equations. Finally, we discuss the topological twisting of class

S theories.

e Appendix A complements Chapter 2 and introduces some of the definitions and results required

in Chapter 2. One of the main results of Appendix A is the proof of the locality of twist fields.

e Appendix B is a summary of the rigorous construction of a modular tensor category from a
vertex operator algebra. The material in this Appendix is well known in mathematics literature
but not usually discussed in the physics literature. Appendix B.2.1 is a dictionary between
physics and math literature, which again is well known to experts but not exactly spelled out

in literature.

e Appendix C complements Chapter 3 and introduces notations and definitions used in Chapter
3. We prove the equivalence of various ways of explaining field identifications in GKO coset

construction and also explain the degeneracy of 4 observed in [ABRSS|.

e Appendix D complements Chapter 4. We define and give some examples of generalized spin-c
structure. We give a detailed derivation of the twisted action of Lagrangian theories and the
proof of its Q-exactness. We also record the topological twisting of trinion theories with full

and simple punctures.

1.4 Other works not included in this thesis

During the PhD, the author also worked on the following projects which are not included in this

thesis.

[FS26] E. Furrer, and R. K. Singh, Virtual SU(N) Segre Numbers from Seiberg—Witten Theory, In
preparation, 2026.

[Sin26] R.K. Singh, Generating Function of single-centered Black Hole Index in CHL Models,
arXiv:2606.19479 [hep-th].

[ABB*25] G. Andrews, A. Banerjee, R. K. Singh, and R. Tao, Macdonald index from a refined
Kontsevich-Soibelman operator, Phys. Rev. D 113 (2026) 105011, arXiv:2511.07521 [hep-th].
[BSS25] A. Bhand, A. Sen, and R. K. Singh, Generating Function of Single Centered Black Hole
Index from the Igusa Cusp Form, arXiv:2510.05219 [hep-th], To appear in Adv. Theor. Math. Phys.
[ABST25] G. Andrews, A. Banerjee, C. Bhargava, R. K. Singh, and R. Tao, Argyres-Douglas The-
ories, Macdonald Indices and Arc Space of Zhu Algebra, arXiv:2507.06294 |[hep-th].
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[BBS25| N. Banerjee, V. Bhutra, and R. K. Singh, Mock modularity of twisted index in CHL mod-
els, JHEP 10 (2025) 008, arXiv:2505.17182 [hep-th].

[BS25] A. Bhand and R. K. Singh, Generalisation of the Asai-Kaneko-Ninomiya identity to higher
level, Journal of Mathematical Analysis and Applications 542 (2025) 128849.

[SST24] R. K. Singh, M. Sinha, and R. Tao, Rationality of Lorentzian lattice CFTs and the asso-
ciated modular tensor category, Lett. Math. Phys. 115 (2025) 134, arXiv:2408.02744 [hep-th].
[Sin24] R. K. Singh, Algebraic structures in closed superstring field theory, homotopy transfer, and
effective actions, Phys. Rev. D 110 (2024) 126007, arXiv:2405.08063 [hep-th].

[SS23] R. K. Singh and M. Sinha, Non-chiral vertex operator algebra associated to Lorentzian lat-
tices and Narain CFTs, SciPost Phys. 17 (2024) 047, arXiv:2312.16296 [hep-th].

[BSS23] A. Bhand, A. Sen, and R. K. Singh, Mock modularity in CHL models, Res. Math. Sci.
12 (2025) 8, arXiv:2311.16252 [hep-th]

[BRS22a] N. Banerjee, T. Rahnuma, and R. K. Singh, Asymptotic symmetry algebra of N=8 su-
pergravity, Phys. Rev. D 109 (2024) 046010, arXiv:2212.12133 [hep-th].

[BRS22b] N. Banerjee, T. Rahnuma, and R. K. Singh, Soft and collinear limits in N = 8 super-
gravity using double copy formalism, JHEP 04 (2023) 126, arXiv:2212.11480 [hep-th].
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Chapter 2

Superconformal symmetry in the Monster module

The contents of this chapter appeared in the paper [MS23] written jointly with G.W. Moore. In this

chapter, we will explain the explicit construction of superconformal current in the Monster module.

2.1 Introduction

As discussed in the Introduction, in [Har85] Harvey sketched out a clear physical interpretation of
the construction of Frenkel, Lepowsky, and Meurman and a few years later, in a beautiful paper
[DGHS8], Dixon, Ginsparg, and Harvey elaborated on the construction and suggested that there is an
underlying superconformal algebra in the FLM construction. But reference [DGH88|, as was recently
emphasized in [GJF18], did not provide an explicit construction of the underlying supercurrent.
Although it was proved in [Hua96| that the Beauty and the Beast module does contain a vertex
operator superalgebra (see Theorem 2.5.1 for the precise statement) but the problem of constructing
a supercurrent remained open. The aim of this chapter is to provide explicit construction of a
supercurrent. The key idea is to construct superconformal currents using the theory of (quantum
and classical) error correcting codes, following ideas from [HM20]. When those ideas are applied to (a
spin lift of) the Moonshine module' one is obliged to compute the operator products of bosonic twist
fields. Such computations are technically difficult. Indeed the first such computation was a tour-de-
force [DFMS87]. In our computation we make heavy use of the formalism of Dolan, Goddard, and
Montague [DGM90, DGM94| (which differs slightly from the standard formalism of vertex operator
algebras) and arrive at sufficiently precise formulae that we can carry out the general ideas of [HM20]
and reduce the construction of a superconformal current to the existence of certain error correcting
codes related to sublattices of the Leech lattice. Along the way, we clarify the notion of spin lift of
a CFT and show that the CFT in [DGHSS] is a spin lift of the Monster CFT.

IThere are several terms used in the literature (and in this chapter) for the Moonshine module, for example, FLM
module, FLM Moonshine module, FLM VOA, Monster CFT, Monster module, Monster theory, Monster VOA,
Moonshine CFT.
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2.1.1 Summary for physicists

We give here an abbreviated technical summary of the chapter aimed for physicists. We start with
the Leech torus theory - the holomorphic conformal field theory (CFT) described in Subsection
2.3.1 based on the Leech lattice. Let Aj, be the Leech lattice, considered as a subset of R?4, with
quadratic form inherited from the standard R?* inner product (-,-) (see Subsection A.1.3 for the
detailed construction). Consider 24 free chiral bosons X7(z), j = 1,...,24 with target space the

Leech torus T?* := R?4/Ay,. The quotient R?* /Ay, is defined by the equivalence relation
r~z = z—z =27\ (2.1.1)
for some A € Ar,. The field X7 is expanded as

. - o
X =g +iplnz iy nyn, 2.1.2
(2) = ¢’ +ip nz+@§ 2z (2.1.2)

The modes satisfy the commutation relations

n»-'m

[¢7,p*] = i07%, [l ak] = néT%6, 1m0 (2.1.3)

We also require that a/f = al - For each A\ € Ap, we construct the Fock space %) over the highest
weight vector |\) defined by a|\) = 0 for n > 0 and p?|\) = M|)), see Subsection 2.3.1 for details.

The Hilbert space 52 (Ar,) is then spanned by the Fock spaces. The stress tensor is given by
1
T(z) = —5 0, X -0,X : (2.1.4)
where the dot indicates contraction of ¢ index using J;;. The Virasoro modes are given by

Ln:%Zan_mem, n#0

mEZ

1
Ly = §p2 + Za,n Q-
neN

(2.1.5)

They satisfy the Virasoro algebra with central charge 24. The torus partition function is then given
by
S} 1 .
Zng(q) = Trghoe/2t = O _ Loy yo6880g 4 = J(g) +24, g=¢*  (216)
g«
with J(q) = j(q) — 744 where j(q) = 1/q+ 744+ ... is Klein’s famous weight-zero modular function

generating the field of modular functions and 7 is the complex moduli of the torus. In particular

J(g) has no constant term.
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One can give a field theory description of the theory as follows: Consider fields X7(z, z) satisfy-

ing the half lattice periodicity
X~ XTI 2N /2), A= (L. ) € AL (2.1.7)

Let {e,}”L, be a generating set of A, so that A = n'e, with n* € Z for A\ € Ar. We then start with

the field theory action

1 o _ 1 _ _
S=5- / d*z (0X79X7 + B;,0X70X%) = o / d*z (9, 0X X" + B, 0X"0X"),  (2.1.8)
where g,,, = (e, €,), X7 = (e,) X", Bjy, is a constant antisymmetric B-field and B, = Bjx(e, )’ (e,)".
In general, the partition function for this field theory depends on both the holomorphic and anti-

2miT g = e~ 2™7  If we require

holomorphic coordinates g = e
B, = (eu,e,) mod 2, (2.1.9)

then the partition function takes the factorised form

1 AN
n(q)** Z “"

AEAL

2

Z(q,9) = ; (2.1.10)

where 7 is the Dedekind eta function. The Hilbert space of the theory also decomposes as a tensor
product of holomorphic and antiholomorphic sectors. The restriction to the holomorphic sector gives
us the Leech torus theory in the field theory description. We can relate the on-shell fields to the
field X(z) of the algebraic description above via X'(z,2) = $(X'(z) + X'(2)).

The Monster CFT is constructed as a Zs-orbifold of the Leech torus CFT. To construct this

orbifold CFT, we gauge the global Z, symmetry defined by:
0X707' = —X7, al0~' =—al, O\ =|-N\) (2.1.11)

where 6 is the generator of the Zs automorphism. This defines an action on the Fock spaces and
extends linearly to the Hilbert space. Now gauge it. The result is a theory of fields X7 on the
orbifold T?*/Zy where Zy acts on T?* as « +— —x. The fixed points of this action, %AL /AL, form a

group isomorphic to To(Ayr) := Ar,/2A1. The B-field defines a bilinear form € on T5(Ar,):
€()\1,A2) = eﬂizj<k Bjko\l)j()\z)k. (2112)

From eq. (2.1.9) we see that
5()\1, )\2)

A A2) _ o ua) 2.1.13
5()\27)\1) ( ) ( )
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Following the standard rules of gauge theory, the Hilbert space of the orbifold theory is a direct
sum of spaces associated with the trivial and nontrivial Zs bundles over the circle. The subspace
associated with the trivial bundle is the § = 1 subspace s (AL) of S (AL), called the untwisted
sector. The subspace associated with the nontrivial bundle is known as the twisted sector.
To construct the twisted sector we start with fields X7 (z) on T?*/Z, satisfying the antiperiodic
boundary condition
XI(e*™z) = —XI(2) (mod Ap). (2.1.14)
These fields have mode expansion of the form
X(z)=¢ +i Y Lz (2.1.15)
keZ+1

where the modes satisfy the same algebra as eq. (2.1.3):
(], 7] = k8 jmOnie0- (2.1.16)

Classically, the Zs-orbifold breaks the translation symmetry on the torus to the order two points
T5(Ar). The unbroken translational symmetry is realised in the quantum theory via the represen-
tation of a central extension of T5(Ayr), as is often the case in quantum theory. In the present case

the central extension is the Heisenberg extension and fits in an exact sequence:
0—Zo —T(AL) —— To(Ar) — 0 (2.1.17)

where — is the surjective homomorphism. This central extension is characterised by a cocycle ¢
which is provided by the B-field (see eq. (2.1.12)). We may choose a section T : To(Ar) — T'(Ar)

such that

T(MDT([N2]) = e(A1, A)T([A1 + A2) (2.1.18)

The commutator function is given by eq. (2.1.13). There is a unique unitary irreducible real
representation of the Heisenberg group I'(Ar) up to isomorphism. Let us denote it by S. Since
ITo(AL)| = 2%, S = R2" as a vector space and can be constructed using gamma matrices (see the
discussion below eq. (2.5.87) for detailed construction). Let %1 be the Fock space constructed using

the half-integral moded oscillators ¢/. Then the twisted Hilbert space is
%T(AL) = Span(c{fT (1293 8} (2.1.19)

Note that .#r is complex and hence .7 (A1) is a complex vector space. One can extend the action

of the involution 0 to J#(AL) by defining

0cl0~t = —cl, Oxo=—x0, Xo0€ES. (2.1.20)
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Thus 47 (Ay,) also decomposes as a direct sum of § = £1 subspaces which we denote by %”Ti(AL).
The total Hilbert space of the Monster CFT is then

i = ST (AL) ® S5 (AL). (2.1.21)

The vertex operators are defined precisely in Subsection 2.3.2 where the space %\ is also denoted

' (A1). This theory has the famous property that the automorphism group of the operator product

algebra is the Monster group. The partition function for the theory is

Z e (@) = J (@) (2.1.22)

In section 2.4 below we give a careful explanation of a result of [LS19] that the theory studied in
[DGHSS] is a spin lift ? of the Monster CFT corresponding to an involution ¢ of the Monster which
acts as the identity on J#+ (A1) and as multiplication by —1 on % (Ar,). The Hilbert space of the
theory is

Hop = A (AL) ® A (AL). (2.1.23)

The main claim of [DGHS88] is that this theory is superconformal. As we will discuss, some care must
be taken here since #%p is not actually a vertex operator superalgebra (SVOA). As in [DGHS8S8|, we
decompose

Mg = 0 © Ay (2.1.24)

where

AR = A (AT @ (ML) ™, AR = A (AL)” @ A (A)T . (2.1.25)

We will show in Theorem 2.5.1 that the subspace

Hgy = A (ML) @ Hp(AL)” (2.1.26)

is an SVOA. Then we will show that there exists a conformal dimension % vertex operator that

can serve as a supercurrent, thus making (2.1.26) a superconformal VOA (SCVOA). The remaining
space g = (ML)~ @ 7 (AL)T is a module for this SCVOA.

In some more detail, the construction of the superconformal current proceeds as follows. The
spinor representation S, which was projected out in the Monster CFT, contains states with conformal
weight 24 - % = % These are the twist fields in the theory and have the correct conformal dimension
of a supercurrent. The main new observation of the in this chapter is that there does in fact exist a

spinor ¥ € § such that the corresponding vertex operator V (¥, z) can be identified with Tx(z) in the

?Reference [DGHS8| uses the term “Za cover,” without giving a precise definition. We make this notion precise by

explaining the spin lift of a CFT, see Section 2.4.1.
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OPE eq. (2.4.3). It is not difficult to see that for any ¥ € S the vertex operator V (¥, z) is a Virasoro
primary of weight 3/2. With more effort, and making use of the formalism of [DGM90, DGM94|,

we show that the vertex operator V(U, z) satisfies the OPE

VAV W) ~ (fﬁés * é iqi_lqg Tw) + ﬁ > ma(w)et (2.1.27)
<§,§\3\24
where
wA(V) = (PIT ()W), T([A]) € T(Ar). (2.1.28)

The problem of constructing a supercurrent then reduces to finding a spinor ¥ such that ) (¥) =0
for every A of norm-squared 4. Given such a non-zero vector we can normalise it so that (U|¥) =4

and then V(¥, z) is a supercurrent with central charge ¢ = 16.

Note that for any Abelian subgroup £ C I'(AL), the operator
P(L):=N > T(]N) (2.1.29)
Nel

is a projection operator for a suitable normalization factor A" = |£|~!. Moreover if £ is a maximal

Abelian subgroup then P(L) is a rank one projection operator. We will show that there exist
maximal Abelian subgroups £ such that, for a suitably normalized ¥ € ImP(ﬁ), the vertex operator

V (¥, z) is a supercurrent. Our proof relies on the existence of sublattices Agc C Ay, such that:
1. For every A1, Ao, A € Agc, (A1, A2) =0mod 2 and (A, \) = 0mod 4.
2. Agsc does not contain any vector of norm-squared 4.
3. 2A1, C Agc with index 212,

Hypothesis (1) and (3) implies that I'(Agc) := {T([A]) : [\] € Agc} is an order 2'2 Abelian sub-
group of I'(Ar,), where /N\SC := Agc/2A1. Hypothesis (2) is a technical requirement crucial for the
construction of the supercurrent. We call such sublattices superconformal sublattices. We define a
specific isomorphism® Th (A1) =2 F3* using the representation of I'(Ar) in terms of the Dirac gamma

matrices (see (2.5.95) and the discussion below it). Then the chain of maps
I'(Ap) — To(Ay) — F2? (2.1.30)
determines a [24, 12] binary code Csc when restricted to I'(Agc). Finally we show that

D) =4 = 5y (T) =0 (2.1.31)

3Note that there is an obvious isomorphism between the two spaces once we choose a generating set for Ar,.
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it ¥ € Im P(I"(Asc)) because of the error-correcting properties of Cgc.

An example of a superconformal lattice is given by an embedding of v/2Ay, into Ar. In fact
there can be several embeddings which cannot be rotated into each other by an element of the
automorphism group Cog of the Leech lattice. We investigate the different supercurrents that can
be constructed in this way in Section 2.5.3. We give an explicit construction of two inequivalent
superconformal sublattices using the theory of Z4 codes. One of these superconformal lattices gives
rise to the binary Golay code, so that the corresponding supercurrent can be considered analogous
to the Duncan spinor in Conway supermoonshine [DMC14]. In principle there might be further
superconformal sublattices of Ay, not obtained by embeddings of v/2Ar,, but we have nothing to say
about these. Since there are inequivalent supercurrents one naturally asks if there is N' > 2 super-
symmetry in the BB module. Unfortunately, the answer appears to be no, since there is no suitable
U(1) R-symmetry current. Nevertheless, there is an unusual algebraic structure in this model. A

deeper understanding would most likely turn out to be fruitful.

We comment here on some related recent literature. Vertex operator superalgebras (SVOAs) of
central charge ¢ = 24 were classified in [HM23]. The SVOA of equation (2.1.26) is entry 968 of
[HM23, Table 9]. Recently, it was also observed that most of the vertex operator superalgebras as-
sociated to the odd unimodular lattices of rank 24 have an N = 4 superconformal structure [HM18].
Moreover, one of the results of [GJF18] was that the vertex operator superalgebra obtained by an
orbifold of the VOA based on the odd Leech lattice has at least two inequivalent A" = 1 supercon-
formal structures. Indeed, [GJF18] also shows that the orbifold of the VOA based on odd Leech
lattice is isomorphic to the Beauty and the Beast SCFT, thus providing an indirect construction of
a supercurrent in the Beauty and the Beast SCFT. As far as we understand, the isomorphism of
their description to that used by [DGHS88] is non-explicit. Our construction, which deals with the
orbifold theory based on the even Leech lattice, gives a direct construction of the supercurrents in

the Beauty and the Beast SCFT and hence is different from the considerations of [GJF18, HM1§].

Here is a brief outline of the remainder of the chapter: In Section 2.2 we review the formalism of
[DGM94] for vertex operator algebras (VOAs) and their extensions by representations. In Section

2.3 we review the twisted and untwisted construction of lattice VOAs. We discuss the Monster
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VOA as the prime example. In Section 2.4 we review the notion of a superconformal vertex operator
algebra (SCVOA) and the spin lift of CFTs and apply it to Monster CFT in Subsection 2.5.1 to show
that the theory in [DGHS8] is a spin lift of the Monster CFT. Finally in Section 2.5 we show how
superconformal lattices give rise to supercurrents. In Section 2.5.3 we construct two inequivalent
supercurrents by constructing two inequivalent superconformal sublattices. There are two technical
appendices. In Appendix A.1 we review some aspects of binary and quaternary codes and their
associated lattices that are used in this chapter. A second Appendix A.2 gives a detailed proof of a

crucial locality relation satisfied by twist fields.

2.2 Vertex Operator Algebras And Their Extensions

In this section, we review vertex operator algebra in the formalism of [DGM94]. See [FLM88a] for
the mathematical definition of vertex operator algebras. We refer the reader to [DGM94| for more

details and the proofs of the results in this section.

2.2.1 Definition Of A Vertex Operator Algebra
We begin with the definition of a vertex operator algebra.

Definition 2.2.1. A vertex operator algebra (VOA) is a tuple® (#,.%,V,|0),4) where 7 is a
Hilbert space of states, .% a dense subspace called the Fock space and V a set of linear operators
on JZ called vertex operators V (i, z) which are linear in ¢ and depend meromorphically on z €
C. They in one-to-one correspondence with the states ¢ € #. The product of vertex operators
V(t1,21)V (2, 22) - -+ is defined, a priori, only in the region |z1]| > |22| > .... There are two special
states in .#, the vacuum |0) and a conformal state 1. The first five properties listed below must
be satisfied. If in addition the last property (6) is satisfied, we call it an Hermitian vertex operator

algebra

4 What we call a vertex operator algebra is called a conformal field theory in [DGM94]. In the physics literature,
a VOA is the chiral part of a CFT and the full CFT is constructed from the irreducible representations of the
VOA, see Subsection 2.2.2 for the definition of representation of a VOA. It is in this sense that we will use the
word vertex operator algebra and conformal field theories in this paper, see [MS89c, MS89a| for more details on this
viewpoint. For the Monster VOA, there are no other irreducible representations other than itself. So we can (and
do) use Monster CFT synonymously with Monster VOA. An attempt to formalize the full CFT in terms of the full
non-chiral algebra and its modules was made in [HK07, Mor20, SS23|. Finally, we use the term spin CFT to mean

a CFT whose state spaces on circle (a time slice of the cylinder) depends on the spin structure on the circle.
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1. The moments of the vertex operator of vy, is given by

V(r,z) =Y Lpz """ (2.2.1)

neEZ

and satisfies the Virasoro algebra

[Los Ln] = (m — 1) Ly + %m (m2 = 1) 6. (2.2.2)
with LI = L_,, and L,|0) = 0,n > —1. The vertex operator T(z) = V (11, 2) is called the

stress tensor.
2. The vertex operators satisfy

(i) V¥, 2)|0) =1y (i) V(y,2)V(d,w) =V($,w)V(¢,2) (2.2.3)

The relation (ii) is called the bosonic locality relation and is interpreted as follows: the left
hand side is a priori well defined for |z| > |w| and the right hand side is well defined for
|w| > |z|. The locality relation means that the analytic continuation of the matrix elements of
both sides to the whole (z,w) plane must be equal except for poles at z = w and z,w = 0, .
A vertex operator is said to be local with respect to V if it satisfies the bosonic locality relation

with every vertex operator in V.

3. The operator w0 := efom® acts locally with respect to V, that is w0V (1, 2)w™ %0 is local

with respect to V.

4. Ly is diagonalizable and the spectrum of Lq is bounded below. The eigenvalues hy of eigen-

states 1 of Ly are called conformal weights.

5. The vacuum is the only su(1,1) invariant state in the theory, i.e. the only state annihilated

by LO and L:I:l'

6. For all ¥ € %, the vertex operator V(ez*le*_MUw, 1/2*)T, where z* is the complex conjugate

of z, is local with respect to V.

Definition 2.2.2. 1. A state ¢ € S is called a quasi-primary state if L11p = 0. It is called a
conformal primary state if L, = 0 for n = 1,2 (and hence for all n > 0 by Virasoro algebra).
The corresponding vertex operator V (v, z) is called quasi-primary field and conformal primary

field respectively.

2. The moments of a vertex operator corresponding to an eigenstate ¥ of Ly with conformal

weight hy are defined to be the modes in the Laurent expansion around zero:

V(h,2) =Y Va(ep)z e (2.2.4)

ne”Z
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where z # 0, co.

The following properties can be proved as a consequence of the definition of an Hermitian VOA (see

[DGM94] for proofs):

Proposition 2.2.1. Let (,%,V,|0),vr) be an Hermitian vertex operator algebra. Then the
following statements hold:
1. We have that

a

dZV(w,z) =V(L_1v,2). (2.2.5)

This is called the translation property.
2. The conformal weights of an Hermitian VOA are non-negative integers.

3. Any conformal primary field V (v, z) with ¢ an eigenstate of Lo with conformal weight hy

satisfies the commutator
nf d
[Ln, V(¢,2)] =2 <zdz +(n+ 1)h¢> VW, 2). (2.2.6)
Equivalently, the moments satisfy
(L, V()] = ((hyy = 1)m = 1) Vi (). (2.2.7)
For a quasi-primary field, (2.2.6) and (2.2.7) is true only for Lo, L11.

4. The operator product expansion (OPE) of any two vertex operators V(i,z) and V($,w)

corresponding to eigenstates of Lq is given by

V(@ 2)V(dw) =Y (2= w) " "V (g, w)
o (2.2.8)
n=0
where
Equivalently, °

5The left hand side of (2.2.10) is defined in the domain |z| > |w| while the right hand side of (2.2.17) is defined in
the domain |w| > |z — w|. So the equality in (2.2.10) must be understood in the sense of analytic continuation of the

matrix elements of the two sides as in the bosonic locality relation (ii) in (2.4.4).
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5. For each 1 € F, the locality of V(e* F1z*=2Loq) 1/2*)t implies that we have an antilinear

map
b — P, (2.2.11)
where
V(ez*L1Z*72L0¢’ I/Z*)T — V(a’ Z) (2212)
so that
P = lim V(e* L1277 2Logy 1/2%)1)0). (2.2.13)

z—0

6. For a quasi-primary vertex operator, the moments satisfy Vy, ()" = V_,, ().

Remark 2.2.1. We would like to put the definition above into perspective. The notion of vertex
(operator) algebras was introduced by Borcherds in [Bor86b| and Frenkel-Lepowsky-Meurman in
[FLMS88a|. The notion of vertex operator algebra in [FLM88a] differs from ours in the sense that
[FLM88a] uses formal calculus to define vertex operators and the locality axiom is replaced by Jacobi
identity. In [FHLI3b], it has been shown that locality (called commutativity in [FHL93b|) and OPE
(2.2.10) (called associativity in [FHL93Db]) of vertex operators is equivalent to the Jacobi identity.
The lower boundedness of the spectrum of L in item 4 corresponds to a grading-restriction condition
on the VOA. Moreover, the Hermiticity axiom in item 6 above is equivalent to the statement that

the VOA is isomorphic to its contragradient as modules for itself, see [FHLI3Db| for more details.

Remark 2.2.2. Usually primary fields in a VOA are defined based on their OPE with the stress
tensor. A field ¢(z) is called a primary field of conformal dimension h if it has the following OPE

with T'(2):
B g+ D00

(= —w)

T(z)p(w) ~ (2.2.14)

z—w
Using the standard contour integral manipulations, one can show that this definition is equivalent

to commutator (2.2.7).

Definition 2.2.3. A sub-vertex operator algebra (sub-VOA) of a VOA S is defined to be a subspace
4 C € such that

1. . is an invariant subspace for all the vertex operators V (¢, z) for ¢ € F 5 := F N L.
2. .7 is invariant under the su(1,1) algebra spanned by Ly1, Lg.
3. 4 ={¢p: 0 Fys}t=Fy.

One can show that the sub-VOA contains a conformal state and that a sub-VOA of a (Hermitian)
VOA is itself a (Hermitian) VOA.
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Definition 2.2.4. We say that two VOAs 57 and .’ with Fock spaces .% and .#’ respectively and
corresponding vertex operators V (v, z) and V'(¢’, z) are isomorphic if there exists a unitary map
u: 0 — A such that

V'(up,z) = uV (i, 2)u™t, o€ .Z. (2.2.15)

An isomorphism u : # — S which preserves |0}, is called an automorphism. The group of all

automorphisms of a VOA 7 is called the automorphism group of the VOA.

If w: 5/ — 5 is an isomorphism then
ul0) = [0") ,uppr, = Y7, (2.2.16)

where |0), |0') are the vacuum states and ¢, ¢} are the conformal states in ¢ and .7’ respectively.

2.2.2 Representation Of A Vertex Operator Algebra

Definition 2.2.5. A representation (U, %) of a vertex operator algebra (2, V, % |0),v¢) is a
Hilbert space J# and a set of linear operators U (v, z) : £ — J£ meromorphic in z and linear in

1 for ¢ € F and for all ¥, ¢ € .F, we have:

with U(]0), z) = 1. The equality is understood as in (2.2.10).

One can show that the operators U(v), z) are local in the sense of bosonic locality relation.
Moreover, the modes of U(wy,z) satisfies the Virasoro algebra and U(vy,z) also satisfies the
translation property as in (2.2.5). For x € % let us define a meromorphic family of operators
Wi(x,z): 9 — & by

W(x,2)¢ = e*1U(p, —2)x. (2.2.18)

Then we have the following proposition.

Proposition 2.2.2. [DGM94, Proposition 3.4] The existence of a representation is equivalent to
the existence of “intertwining” operators W(x,z) : £ — K for x € K (or a dense subspace of
A ) satisfying

U, )W (x.0) = WOV (1, 2) (2.219)

and

lim W (x, €)10) = x- (2.2.20)
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2.2.3 Extension Of A Vertex Operator Algebra By A Real Hermitian Representation

Definition 2.2.6. A representation U is said to be Hermitian if

U(p,z) = U(e* Lrzr72log 1/t (2.2.21)

for every ¢ € .7%. Here L, is the Laurent mode of U(+r, z). The representation is said to be real if

there is an antilinear map x — X in % satisfying

X=X L—ly = _L—].Xa

(2.2.22)
Faoxe = (_1)hX1+h¢+hX2 X1hX3
where
Fraoxe = (XalU(¢, 1)Ix2)- (2.2.23)
Moreover if Lox = h,x then LoX = hyX.
Remark 2.2.3. The above condition (2.2.21) is equivalent to
U(d,z) = 2z 2hoUU(e* L1, 1/2%)F (2.2.24)

for ¢ € % with conformal weight hg.
Definition 2.2.7. Define the conjugate W of the operator W (y, z) : 5# — % by the relation:
W(x,2) = 2" W (e Fry,1/2%)1. (2.2.25)

Proposition 2.2.3. [DGM94, Proposition 4.3] The operator W : ¥ — # satisfies the following
intertwining relations
WX, QUW, 2) = V(¥ 2)W(x, ()

W(X17 C)W(X27 Z) = W(X2a Z>W(Xla C)

(2.2.26)

We have the following important theorem:

Theorem 2.2.1. [DGM94, Proposition 4.4] Suppose that the operator W (x, z) satisfy the additional

locality relation

W(x1,)W(xsa, z) = W(xz, 2)W(x1,¢) (2.2.27)

and the spectrum of Lo in the representation is strictly positive, then we may extend the vertex
operator algebra € to a Hermitian vertex operator algebra H = H & X with Fock space F =
F ® X and vertex operators defined by

Vi, z) = v(¥.2) 0 . Vix,z) = 0 Wi2) (2.2.28)
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where we used the notation ¢ = (v,0) and x = (0,x) for v € H and K and the definition

is extended to all of F by linearity. The vacuum and conformal states are (|0),0) and (¢r,0)

respectively.

Remark 2.2.4. The extended vertex operator algebra J has an automorphism ¢ which acts as

identity on 4 and multiplication by —1 on 7 .

2.3 Lattice Vertex Operator Algebras And Their Orbifolds

In this section, we study VOAs associated to lattices, first studied in [Bor86b, FLMS88a] Let A be
an even Fuclidean lattice of dimension r. We can construct a VOA using this lattice. We can
construct two types of VOAs, the untwisted or straight VOA and the twisted VOA. We describe

this construction in this section. We follow [DGM94] for this construction.

2.3.1 Untwisted Vertex Operator Algebra

Consider the r-torus T" := R"/A where the equivalence relation is
x~z = x—o =213 (2.3.1)
for some 8 € A. We consider r fields
. , , al
X (z)=¢ +1ip’ ] ; Sz 2.3.2
=0 s i 3 232

which we can view as in correspondence with the coordinates on the torus T". We impose the

commutation relations on the modes:

[¢7,p*] = 07", [ad,ak] = néT* 6, 1m0 (2.3.3)

n»-'m

We then introduce a family of orthogonal lines Ly, one for each A € A. We require that a/, for n > 0
annihilates Ly and p’ acts on L, as scalar multiplication by A7. We may choose a family of basis
vectors |A) for Ly which are orthonormal: (A|X) = /. Any two choices are related by a uniform
multiplication by a phase. With this inner product, we have the Hermitian conjugates a’l = a’ "
For each A € A, we then construct the Fock space .7y by creating states using a/,. Thus a basis is

of the form:
M .
) = (H af_“ma> A, (2.3.4)
a=1

where m, and j, are positive integers 1 < j, < r and M € Z, with the understanding that ¢ = |A)

when M = 0. The Hilbert space of states is then the (completion of the) span of the Fock spaces
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Z for A € A. The Fock space of the VOA is defined as

7 =P 2. (2.3.5)
AEA

We denote the Hilbert space by 2 (A). For ¢ € %, given by (2.3.4), we define the vertex operator

V (4, z) by the expression

M

V(z/J,z)—:(H ! dmaXJa(z))exp{i)wX(z)}:U)\, (2.3.6)

(mg — 1)1 dzme

a=1

where :: denotes normal ordering and is defined as follows:

k .J <
ad al m<n
ik k _j mn -
ralay =a,, al = _
al ak, m >n,
gk kG Gk 2.3.7
cal p®i=1p%al, == al p”, ( )
s al =rakgd = ak g,
Lgpt = =gt
In particular
cexp {iX- X(2)} :i=exp {id- X (2)} e Pexp {id - Xo(2)} (2.3.8)
where
Xi(z) =i 3 Y 2.3.9
§(Z)JZFZ . (2.3.9)
ns0
The operator o) is a cocycle operator such that
G\Gu = (—1)MG 5y (2.3.10)
with &y = ¢*0,. Also the operator ¢ acts on the states |\) only via the exponential
e UN) = [N+ pu), A p €A (2.3.11)

This cocycle is introduced to ensure the mutual locality and associativity of the operator product

expansion. The vacuum state is |0) corresponding to 0 € A and the conformal state v, is defined as
1
’Q/JL = 5(171 . a,1|0>. (2312)
It can be shown that the energy momentum tensor T'(z) is given by
1
T(z) =V (¢, z) = -3¢ 0. X -0,X : (2.3.13)

and the Virasoro modes are given by

(2.3.14)
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One can also show that the Virasoro generators satisfy the Virasoro algebra with central charge

¢ = r. The partition function of the theory is given by

), q =€, (2.3.15)

ZA(T) = ¢~ Tropayg" =

where

Oa(r) = ¢ (2.3.16)

A€EA
is the theta function for the lattice A and 7 € H := {z = z +iy € C: y > 0}. The partition function

is said to be modular invariant if it is invariant under the modular action of SL(2,Z):

at +b a b
=Z SL(2,7Z). 2.3.17
(&) =m0 | ) ese) (2:3.17)

The partition function (2.3.15) is modular invariant if and only if the lattice A is selfdual.

Remark 2.3.1. In physics, (2.3.15) defines what is called the torus partition function and is the
partition function of a conformal field theory on the torus. In general, partition function can be
defined on any general Riemann surface via a path integral. Due to conformal symmetry, the path

integral on the torus simplifies to the above expression involving trace over the Hilbert space.

Theorem 2.3.1. [DGM94| If A is even, self-dual with dimension r = 0( mod 24), then the Hilbert
space F€(N) with the vertex operators and structures defined above forms a Hermitian vertex operator
algebra with central charge ¢ = r and modular invariant partition function. Moreover the Hermitian

structure is given by

¢ =e"00¢ (2.3.18)

where ¢ is a real linear combination of states of the form (2.3.4) and can be extended to complex

linear combinations using the antilinearity of the above map and 6 is an involution given by
0al 0t = —al, O\ =|-N\), 0X9'=-X" (2.3.19)
Remark 2.3.2. It can easily be checked that the basis states (2.3.4) have conformal dimensions
1 M
_ 1y
hy = 5N + ;ma (2.3.20)

which is an integer since A is even.

2.3.2 Twisted Vertex Operator Algebra

Given a modular invariant vertex operator algebra with a discrete subgroup G of the automorphims
group, one can construct a new vertex operator algebra by “modding out” or “twisting” or “orb-

ifolding” by G given that G satisfies certain restrictions. This simply corresponds to gauging the
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symmetry, and the restriction is simply the condition that G is not anomalous. For the lattice vertex
operator algebra constructed above, the automorphism group Zs, consisting of the involution 6 in
Theorem 2.3.1 satisfies all the restrictions given that V2A* is even. Thus we can construct the
twisted vertex operator algebra. The essential idea is to construct a representation of a sub-vertex
operator algebra which satisfies the hypotheses of Theorem 2.2.1 and then consider the extended

vertex operator algebra given in Theorem 2.2.1. We now describe the construction in detail.

Let A, (A) and 6 be as in Theorem 2.2.1. Then 6 is an involution of J#(A). We have the
direct sum decomposition

H(N) =T (N) @2 (A) (2.3.21)

where

HEN) = {p € H(N) : 0 = £}, (2.3.22)
Lemma 2.3.1. [DGM94| 521 (A) is a sub-vertex operator algebra of 7 (A).

Note that . (A) is not a modular invariant VOA. To get a modular invariant VOA, we construct
a representation of this VOA and then extend it as described in Section 2.2. To construct the
representation of the VOA 7t (A), we first construct a Hilbert space .#7(A), known as the space
of twisted states. To do so, we consider the bosonic oscillators cg indexed by ¢ € Z + % satisfying
the same algebra as al:

(c), k)] = £67% 604 m0- (2.3.23)

To construct the space over which these oscillators can act, we start with the Zs extension of
the (abelian group) lattice A with commutator function (A, i) — (—1)*#. We choose a 2-cocycle

€(A, p) = £1 which the describes the extension:
0—Zog—3A—3A—0 (2.3.24)

where — denotes the projection map. Consider the subgroup® K of A given by

2

K ={a*(-1)% :a e A}. (2.3.25)
Then [FLMS88a, eq. 10.3.18]
K =~ 2A (2.3.26)
and we get the central extension
0—Zy — AJK —— AJ2A — 0 (2.3.27)

61t takes a few lines of algebra to verify that K is a subgroup. It helps to choose (as one may) € to be a bihomomor-

phism.
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with commutator map ([A], [u]) = (—=1)**. Clearly the commutator map does not depend on the

choice of representatives.
Lemma 2.3.2. The extension (2.3.27) is a Heisenberg extension.

Proof. We want to show that the commutator map of the extension is nondegenerate [Moo22, Section
15.5]. Consider the bilinear form

b:A/2A X AJ2A — Zs
(2.3.28)

([Al, [1]) — A+ pmod 2.

Pick a basis {\;} of A and the corresponding basis {[\;]} of A/2A. Then the matrix of the bilinear
form b in the basis {[\;]} is the mod 2 reduction of the gram matrix of the basis {\;} of A. Then
since A is unimodular, the determinant of the latter matrix is +1. Hence the determinant of b is 1
and hence b is nondegenerate. This implies that the commutator map is nondegenerate, that is for

every [\] # 0, there exists [u] such that (—1)M* = —1. O

We denote by I'(A) the Heisenberg group A/K. Let [A] — epy be a section of this extension.
For a function u : A/2A — {£1}, [A] = €[5 := u([A])e[s) defines another section of the extension.

Moreover the cocycle changes by a coboundary:

g[)\]g[u] = g()\, ,u)g[)\+u] (2.3.29)
where
=y oy = w(ADu(u])
e\ ) = ms()\,u). (2.3.30)

Using this “gauge freedom” we can choose’ £(0,\) = 1 for all A and e = 1 € I'(A). To simplify
notations, we write ejy) =: ex. We can then write
T(A) ={£ex: A€ A}
(2.3.31)

142
Exen = (_1))\#3#6)\ = (A, wertp, ex = (-1)2*,

The last relation e3 = (—1)*2/ 2 comes from the fact that K is modded out in the Heisenberg group
I(A). Note that these relations do not depend on the choice of representatives of [A],[1] when

calculating A - p.

Lemma 2.3.3. The cocycle ¢ satisfies

>
N‘M

(2.3.32)

"Note that (2.3.26) implies that efo] = 1.
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Proof. To prove this, we use a result of [FLM88a|. For a central extension of an elementary abelian
2-group® E by Zs

0—Zy—E—>E—0 (2.3.33)

with commutator map (z,y) — (—1)°®¥), the squaring map s : E — Zs is defined by
a?=(-1)*  qeckE. (2.3.34)
The bilinear form corresponding to s is the commutator map:

c(z,y) = s(x+y) — s(x) — s(y). (2.3.35)

Then by [FLMS88a, Proposition 5.3.3], for any central extension E of an abelian 2-group F by Zs

with squaring map s, the cocycle satisfies
(=1)*@ = ¢(z, z). (2.3.36)

Moreover, by (2.3.30) cohomologous cocycles do not change this relation. For the central extension
(2.3.27) at hand, it is easy to check that the squaring map is
)\2
[A] — 5 mod 2. (2.3.37)

The required relation thus holds. O

Let S(A) be the carrier space of the unique (up to isomorphism) 27/2-dimensional irreducible
unitary representation of I'(A). Such a representation can be constructed using Dirac gamma ma-
trices, see [DGM90, Appendix C] for an explicit construction. When the representation is real we
choose it to be a real vector space of dimension 2"/2. The vector space S of the introduction is
S(Ay) in our present notation.

The algebra of oscillators {cé} is represented on a Fock space %1 with a unique vacuum line
spanned by |0)r, so cZ\O)T =0 for £ > 0. Then the twisted sector Hilbert space is the (completion
of):

Hr(N) = Fr e S(A) . (2.3.38)

A general Fock space state is a linear combination of vectors of the form:

N
X = (H cl“ka) |0)7 ® Xo, (2.3.39)
a=1

8For a prime number p, an elementary abelian p-group is a direct product of cyclic groups of order p.
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where N € Z, and k, = mgy + % with mg € Zy and 1 < j, <7, and x¢ € S(A). We endow 7 (A)
with an Hermitian structure such that (¢’ )L = w- The Virasoro modes are given by
T _ ) T
Li=3 Do ok en: 100 (2.3.40)
keZ+1
In particular, the ground states S(A) have conformal weight /16 and the conformal weight of the

state x given by (2.3.39) is
hy=—+ ka. (2.3.41)

To construct the vertex operators corresponding to states in 7 (A), we start with the an expression
analogous to the untwisted vertex operator (2.3.6). We will then need to modify the naive expression
in order to satisfy the translation property (2.2.5) and the conformal transformation property (2.2.6).

Thus, we consider the fields '
, cl
Ri(z)=i Y ?kz_k (2.3.42)
kez+i
and we first define the naive vertex operator V.2(1, z), corresponding to the state v in (2.3.4), to be:
M ) ;
i d™a RIa )
<H T doe (z)> exp {iX- R(2)} : ey, (2.3.43)

a=1

VE(3,2) =

where the normal ordering :: is defined analogous to the untwisted case. This operator fails to
satisfy the L1 commutator (2.2.6). Including a factor of (42’)_g rectifies the commutator with LT
[DGM90] but now the translation property (2.2.5) is not satisfied. To remedy this, we introduce the
vertex operator

Vi (), 2) i= VR(e' "2y, 2), (2.3.44)

and try to solve for A(z) demanding the required properties. The constraints imposed on A(z) by the
LT commutators and the translation property (2.2.5) is solved by the operator [DGM90, FLM88a|

1 1
1 32 2 | (=2 1
Alz) = 5 ————— - Gy, — =g - ap In(—42), (2.3.45)
2 n;o m n m+n 2
m+n>0

. . 2
where afy = p'. Note that the last term corresponds to the factor (42)_% which is needed for the

LT commutator (2.2.6).

Remark 2.3.3. The definition of the vertex operator Vi (v, z) depends on the choice of the section
in (2.3.31). Indeed if we pick a different section A — €}, then the new cocycle ¢’(A, p) is related to
the old cocycle by a coboundary b: A/2A — {+1}:

g\ p) = 5()\,p)m. (2.3.46)



41

The unitary operators €, and ey acting on S(A) are related by a unitary operator S [DGM94, eq.
6.10]
Seh ST =b(N)ey. (2.3.47)

For the conformal weights (2.3.41) to be integers, we need both the terms to be either strictly
half-integers or integers simultaneously. This immediately implies that r has to be a multiple of
8 [Ham17, Chapter 6],[Moo18]. When the second term is an integer (half-integers), the state x is
obtained by acting an even (odd) number of oscillators on a twisted ground state. To quantify this,

we extend the action of the C-linear involution 6 to #(A) ® 57 (A) by
0o~ = —ci, Oxo=(—-1)"%x0, ORI =—R. (2.3.48)

It is now clear that when r is a multiple of 16, in which case the first term is an integer, h, can be
integer only when y is obtained by acting an even number of oscillators on a twisted ground state.
Since the twisted ground states are even under # for r a multiple of 16, the state x is also even under
f. On the other hand if r = 8 mod 16, the twisted ground states are odd under 6 and if we take x
to be an odd number of oscillators acting on a twisted ground state, x will be even under 6. In this
case the two terms in h, in (2.3.41) are strictly half-integers. Thus we see that the only way the

conformal weights can be integers is when the following two conditions are satisfied:

1. The dimension r is a multiple of 8.

2. The state y € % (A) where 7 (A) is @ = 1 subspace with the action of § as defined in
(2.3.48).

We now need to put an Hermitian structure on the twisted sector, see Definition 2.2.6. Choose an
orthonormal basis of S(A) and let 5 be the matrix of ey with respect to this basis. Let M be a
symmetric, unitary matrix satisfying

M~yi = y\M. (2.3.49)

Such a matrix M exists because the unitary representation of the Clifford algebra is real in dimensions
divisible by 8 and the unique (up to isomorphism) unitary representation of the Heisenberg extension
(2.3.31) can be constructed using Dirac gamma matrices. Moreover one can choose M such that
M? =1 when r = 0mod 8, see [Kuul9, Table 1] for more details and [DGM90, Appendix C]| for an

explicit construction. Define the action of M on 77 (A) by:

N N
M:x= (H C‘ﬁ}q) Xo — M(x) = (H cjfka> Mxg5,  xo € S(A) (2.3.50)

a=1

where x{ is defined with respect to the chosen basis of S(A). We now have the following theorem.
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Theorem 2.3.2. [DGM90, DGM94| Let A be an even lattice and v/2A* be even. Then the following

statements are true.

1. The vertex operators Vi (1, z) and the Hilbert space 7,5 (A) define a real, Hermitian represen-
tation of the vertex operator algebra ST (A) with the conjugation map on the twisted sector

K5 (N) given on states of the form (2.3.39) by
X = e "L M (y), (2.3.51)

with extension to all states of the twisted sector defined by antilinearity.

2. The extended vertex operator algebra J(A) := A+ (N) ® ;5 (A) is a real, Hermitian vertex

operator algebra and is modular invariant if A is self-dual. This is called the Zs-orbifold model.

Remark 2.3.4. The extended vertex operator algebra 2 (A) is independent of the choice of section
ex used to define the operators Vip(v,z) in (2.3.44) up to isomorphism. Indeed, if we choose a
different section A — e} of the Heisenberg extension and denote the operators in (2.3.44) with ey
replaced by €} by V7.(1, z), then the VOA (j,iZ(A), V) is isomorphic to the VOA (ﬁ(A), V') where
for ¢ € S+ (A), and x € AT (A)

‘7(¢ 2) = V(y,2) 0 V(X 2) = 0 W(x,2)

0 VT(¢72) W(X,Z) 0 (2 3 52)
Pl (V@D 0 P 0 Ted

0 Viw2) Wies) 0

and W/(X, z) is defined as in (2.2.18) using VJ.. The explicit isomorphism w : J?j(A) — H(A) is

given by
A) b(A)[A)
—

IX) S1x)

where b()), S is as in Remark 2.3.3 and u commutes with a’,, ci.

, ) esSA), (2.3.53)

Applying this theorem to the Leech lattice defines the Monster module, also known as the FLM

module Sy = 2 (A), see (2.1.21) above.

Remark 2.3.5. Note that we can take M = 1 in (2.3.49) by choosing the spin representation S(A)
of the Heisenberg group I'(A) to be real. In that case the representation matrices v, for ey acting

on the twisted sector Hilbert space
Hr(A) =2 Fr @r S(A) (2.3.54)

are real, i.e., vy = yx. We will use this to simplify the discussion in Subsection 2.5.2.
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2.4 N =1 Superconformal Vertex Operator Algebra And Spin Lifts

We now describe a superconformal vertex operator algebra (SCVOA). Roughly speaking, an A" = 1
SCVOA is a super-VOA with, in addition, N' = 1 conformal supersymmetry.

Definition 2.4.1. An N = 1 superconformal vertex operator algebra (SCVOA) is a tuple (57, %, V, |0}, )
where S = 5 @ 74 is a super Hilbert space of states, # = %5 & %7 with F#, C , a dense
subspace called the Fock space and V a set of linear operators called vertex operators V (1, z) which
are meromorphic in z and linear in 1. They are in one-to-one correspondence with the states ¢ € Z.
We will denote the degree of ¢ € S, with respect to the Zs-grading by || and call it the parity
of 1. There are three special states in %, the vacuum |0) € Fg, the conformal state ¢y, € F5 and
the superconformal state g € F;. The theory must satisfy the properties listed below, and is said

to be a Hermitian N = 1 superconformal vertex operator algebra if it satisfies in addition the last

property (7).
1. The moments of the vertex operator V (1, z) and V (1g, z) are given® by

Tp(z) ==V (Yr,2) = Zan_"_2
= (2.4.1)

3

Tr(2) =V (g, 2) =Y Gpz "2

and satisfy the N' = 1 superconformal algebra

o~

(Lo, L] = (m — 1) Lyngn + gm (m2=1) 6

[Gra Ln] = (T -

n

5) Gren
- ] (2.4.2)
— et 2_ -
{Gra G@} =2Lp + 5 <T 4> 57“,—3
[Lnua = [Graa =0

with LI = L_,, and L,|0) = 0,n > —1. Equivalently, the operators Tz and Tr satisfy the
OPE

3¢/4 2
Gow o w)
(z?:/fu)QTF (w) + #610TF (w) (24.3)

c/4 1/2
LR

Tp () + —— 0, T ()

TB(Z)TB (’U)) ~ (Z — w)

Tp (2) Tr (w) ~

Tp (2) Tr (w) ~ G oW Tp (w)

9Whenever we have strictly half-integral powers of a complex number, we will choose the principal branch of square
root to define it: in the principal branch, we choose v/—1 = €?™/2, the square root of a complex number in the upper

half plane is mapped to the first quadrant and the lower half plane is mapped to fourth quadrant.
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where ~ denotes that the relation is true up to a holomorphic term. When the operators G,
are integer moded, i,e r € Z, the superconformal algebra is called the Ramond (R) algebra and
for half-integer moding, r € Z + %, the superconformal algebra is called the Neveu-Schwartz

(NS) algebra.

2. For homogenous 1, the moments of vertex operators V (1, z) are linear operators of parity ||,

where |9 is the Zs-grading of ¢ € 7.

3. The vertex operators satisfy

(i) V(,2)|0) = ey (i) V(,2)V(w) = (-D)"1V(g,w)V(y,2), (244

The relation (ii) is defined for vertex operators corresponding to homogeneous states and is
called the locality relation, see Definition 2.2.1 for details. We say that the vertex operator

V (v, z) is local with degree |1)| with respect to V.

4. The operator wko := efoIn® acts locally with respect to V, that is wXoV (1, z)w=0 is local

with parity |¢| with respect to V.

5. Ly is diagonalisable and its spectrum is bounded below. The eigenvalues hy, of eigenstates 1

of Ly are called conformal weights.

6. The vacuum is the only su(1,1) invariant state in the theory, that is the only state annihilated

by LO and L:I:l'

7. For all Y € .7, the vertex operator V(e* F12*=2Log) 1/2*)1 is local with parity || with respect
to V.

Remark 2.4.1. If we only require the existence of a conformal vector and the associated Virasoro
algebra in the above definition, it is called a vertex operator superalgebra (SVOA). So an SCVOA is

in particular an SVOA.

Definition 2.4.2. We say that two SCVOAs 7 and 5#" with Fock spaces .# and .7’ respectively
and corresponding vertex operators V (1, z) and V(¢ z) are isomorphic if there exists a unitary

map u : # — ' such that
Vi(up, 2) =uV (@, 2)u™t, ¢ e€.F, upg=1v5, (2.4.5)

where ¢, 1, are the superconformal states in . and %" respectively. An isomorphism v : & —

A which preserves |0), 1, ¢ is called an automorphism of 7.
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Note that an isomorphism u : 7 — 5’ of SCVOAs (or simply VOAs) automatically satisfies
[DGM94, Proposition 2.14]

ul0) =10"), wir =y, (2.4.6)

where |0), |0) are the vacuum states and 1, ¢} are the conformal states of the two SCVOAs.
As will be shown in the proposition below, the conformal weights of an N' = 1 superconformal
vertex operator algebra are elements of %Z. Note that the locality relation forces the singularities

in the OPEs of vertex operators to be integral powers of (z — w).

In superconformal field theories in physics, one often encounters OPEs with half-integer power sin-
gularities. This clearly violates the locality relation. Indeed, the meromorphic function (z — w)*%
defined on |z| > |w| when analytically continued to |w| > |z| picks up a fourth root of unity and vi-
olates the locality relation above which only allows £1 factor. Such fields are called non-local fields.
A superconformal field theory is a spin CFT (see Footnote 4). The states in the spin CFT associated
to the nonbounding circle'” are called the Ramond (R) sector states while the states associated to
the bounding circle are called the Neveu-Schwartz (NS) sector states. The subspaces of R and NS
states in JZ is denoted by S and J#\gs respectively. The corresponding vertex operators are called
the R fields and NS fields respectively. Consequently the R fields have square root singularity in
their OPE with the superconformal field 7% and the NS fields have integer power singularities in
their OPE with the superconformal field Tr. We will show that the “Beauty and the Beast” SCFT
has a subspace which forms an SCVOA while the full space is a non-local superconformal field theory

in the sense that it contains non-local fields.

The vertex operators can be Laurent-expanded as before
V(p,2) =Y Va(yh)z™" " (2.4.7)
n

where the summation index is such that n 4+ hy € Z for R vertex operators and n 4 hy € Z + %
for NS vertex operators. Note that if V(v z) is an NS vertex operator then ¢ € . The moments
again satisfy

Vo, (0)I0) =, Voa(@)[0) =0, 1> hy. (248)

A state ¢ € # with conformal weight h is called a superconformal primary if

Loty = hp, Lpb=0, Gup=0, n,r>0. (2.4.9)

10 Spin structures on a circle are classified by H'(S',Z2) = Zs. The circle with spin structure corresponding to the
trivial class is called nonbounding circle while the circle with the spin structure corresponding to the nontrivial class

is called bounding circle.
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Proposition 2.4.1. 1. IfU(z) satisfies U(2)|0) = e*L-1¢ and is local with degree || with respect
to V, then U(z) = V (¢, 2). In particular

d

@V(zp, z) =V (L_19, 2). (2.4.10)
2. The duality relation V (¢, 2)V (p,w) = V(V (¢, 2 — w)p,w) is true.
3. Skew-symmetry: V (1, 2)¢ = (=1)1¥I1¢le2L1V (¢, —2).

4. For each ¢ € F, the locality of V(e* “12*=2Log), 1/2*)1 implies that we have a grading-

preserving antilinear map

),
where
Vie* Frpe=2loy 1/ =V (4, 2) (2.4.11)
so that
¢ = lim V(e By =2log 1/2%)|0). (2.4.12)

Moreover, for a quasi-primary vertex operator, the moments satisfy Vi, ()t = V_,,(4)).
5. The conformal weights are non-negative.

6. For any ¢, € F, the following holds:

(a) Zf Low = hww then Lo@ = hw@

(b) L_1¢p = —L_19.
(¢) & =
(d) fordats = (_1)‘¢1"¢2‘+|¢2H¢3‘+|¢3H¢1|€_iﬂ-(h¢1+h¢2+h¢3)('f$1$2$3)* where ¢1, ¢o, 5 € F
with Log; = hjp; for 1 <7 <3 and
for1620s = <$1 [V (¢2,1)] ¢3> . (2.4.13)

(¢) L1t = —Ly3.

(f) the spectrum of Lo is non-negative half-integers %Z.
(9) (V1) = (dlv).

7. The operator product expansion of any two vertex operators V (i, z) and V (¢, w) corresponding
to eigenstates of Lg is given by
V(. 2)V($w) = D (2 = w)" "7V (o, w)

" (2.4.14)
=Dz —w) eV (6, w)



47

where

bn = Vig—n(¥)0. (2.4.15)

Proof. We will only prove (1), (3) and (6) since the proof of others is similar to the VOA case and
can be found in [DGM94].
(1) We have

U(z)ett=1yp = U(2)V (1,0)|0) = (=1)11¥1V (3, U (2)[0)
= (=) (g, Q)1 ¢ = (—1) VIV (3, )V (¢, 2)]0)
=V(¢,2)V(1,0)|0) = V (¢, z)e "1

Thus, taking ¢ — 0, we deduce U(z) = V/(¢, z). The second part follows from the fact that LV (z,v)

is local with respect to V and satisfies

d __zL_4
£V(2;¢)|0> =" 1L 1. (2.4.16)

(3) Using duality and (3)(i) of Definition 2.4.1, we have
V(1 2)V(¢,w)[0) = V(V (¥, 2 — w)$, w)[0) = e 1V (0, 2 — w)p. (2.4.17)
Using the locality (3) (ii) of Definition 2.4.1 first, we obtain
V (1, 2)V(¢,w)[0) = (=1)*WIV (¢, 2)V (¢, w)[0) = (=1)*Wle* =1V (4,2 —w)y.  (24.18)

Taking w — 0 in both expressions and comparing, we get the claimed skew-symmetry.

(6) The proof of (a), (b), (c), (e) and (g) is exactly as in [DGM94, Proposition 2.9]. We now
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prove (d). We have
for16065 = (01 |V (92, 1)| 63)
= (=1)1%2119s1(3, | "1V (¢3, 1) [¢2)  (by skew-symmetry)
= (—1)lzll¢sl <¢2 ‘V(%,fl)TeLl $1>*
= (—1)I%=l9sl=2Ras (g, |V (e7H1 65, —1) "] 61)" (by (4) and (b),(c) of (6))
= (—1)l#2ll¢s]=2ho; +lenlI 03] (¢ |e—L-1V (€L1$17 1) e~ L1 ’ 53>* (by skew-symmetry)
b))

= (—1)l9218al=2hsq +l0nl19s]+ (@112 <¢1 (v (e~ ¢n, 71)T‘ 53>* (by skew-symmetry)

= (_1)|¢2||¢3|—2h¢3+|¢1||¢3| <¢2 ‘G_L*1V(¢1’ 1)T oL

— (_1)|¢2||¢3|—2h¢3+|¢1||¢3|+|¢1||¢2|—2h4>2 <¢1 }V ($2, _1)|$3>*

= (—1)l¢2lIal=2hoq +1¢1]16al+191][d2]~2hsz gim(—hoy +hoy hog) (falazag)*

_ (_1)|¢>1||¢2|+|¢2||¢3|+\¢3H¢1\e*iﬂ(hm+h¢2+h¢3)(f(51¢;2q;3)*

where in the last step we used
whoV (¢, 2w Lo = wh V (i, zw)  for w = —1. (2.4.19)
This is proved using the axiom (4) of Definition 2.4.1 as follows: we have
WhV (i, 2 0]0) = whoet -y,
since Lo|0) = 0 and V (1, 2)|0) = e*L-11). We now use the following version of the Baker-Campbell-
Hausdorft formula:

Theorem 2.4.1. If [X,Y] = sY, where s is a complex number with s # 2mwin for all integers n,

then we have

XY = gop(s)Y X (2.4.20)

We can write

wLoezL,l —_ eL(] lnwezL,l .

Using the fact that [Lg, L_1] = L_1, we see that the above theorem implies

eLo In wezL,l _ 6exp(ln w)zL,leg )

Thus we get

L062L71 ZU)Lfle()'

w =€

Thus we get

wL"V(ilz, z)wiLO |0) = e*WE-1qph gy,
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Part (1) of this proposition then gives
wlov (i, 2wl = whv v (y, zw). (2.4.21)
To prove (f), we follow [DGM94, Proof of Proposition 2.9 (vi)] to get
(P iletrp) = (~)Me IR eh et = (-1)PherIvT =1,
If 4 is Fermionic then |¢)| = [¢)| = 1 and hy € Z + 5. In other cases hy, € Z. Thus hy € 37. O

Isomorphisms of SCVOAs and SVOAs is defined analogous to those for VOAs. A consequence
of the definition is that isomorphisms also preserve the superconformal vector in addition to the

conformal vector and the vacuum.

2.4.1 Spin Lifts Of A Conformal Field Theory

Given a modular invariant holomorphic conformal field theory .7 with a non-anomalous Zy automor-
phism, there is a natural way to construct a spin CFT. The essential idea goes back to the GSO pro-
jection applied to string worldsheet superconformal field theories to obtain a consistent string theory
[GSO77] and played an important role in discussions of bosonization on arbitrary Riemann surfaces
[AGBM 87, AGMN'86]. More general versions of the construction of [AGBM 87, AGMNT86|
have been discussed in the recent literature [GK15, JSW19, KT17, KTT19, LS19, Sha23|. This
spin-conformal field theory is called a spin lift of 5#. The idea is to couple the non-anomalous Z,
automorphism of the CFT to an invertible topological field theory sensitive to spin structure known
as the Arf theory [DG18|, and then gauge the diagonal global Zy automorphism of the product
theory. The resulting theory depends on the spin structure and in general the vertex operators do
not satisfy the standard locality conditions of a super-vertex operator algebra. Nevertheless the
GSO projection of the spin lift reproduces the original CFT. The spin lift also has an emergent Zo
symmetry which we will identify with the fermion number symmetry (—1). Let us describe the

construction in more detail.

Formal Description Of Gauging A Discrete Symmetry

Let us recall some well-known general facts. We are following [MS06, Section 7.1]. Let F be a d-
dimensional quantum field theory, that is, a functor F : Bord; — Vect from the bordism category,
whose objects are (d—1)-dimensional manifolds (possibly with extra structure) and whose morphisms
are d-dimensional oriented bordisms, to the linear category of vector spaces and linear maps. We say

that F has global symmetry G when, for every (d —1)-manifold Y, the vector space 52(Y) := F(Y),



50

called the space of states, is a representation space of G and for any bordism X : Y7 — Y5, the
linear map F(X) : (Y1) — H(Y2), called the transition amplitude, is G-equivariant. Gauging

the symmetry group involves two steps:

1. Construct the “equivariant theory” by enlarging the number of fields. In the present example
our new fields are a principal G-bundle with connection. In our case G is a finite group so the

bundle has a unique connection. !

2. “Sum” or “integrate” over the principal G-bundles with connection with a suitable measure.

To construct the equivariant theory, we define a new bordism category Bordg whose objects are
(d — 1)-manifolds Y equipped with principal G-bundles P — Y with connection and morphisms
are d-dimensional bordisms X : Y; — Y5 also equipped with principal G-bundles with connection
P’ — X such that the restriction of P’ — X to the ingoing boundary is isomorphic to P, — Y;
and the restriction to the outgoing boundary is isomorphic to P, — Y5. Note that Bord, can be
regarded as a subcategory of Bordg with trivial bundles associated to the objects and bordisms.
Now, the equivariant theory F°9 : Bordg — Vect assigns to every object P — Y a vector space
H°YP) := (P —Y) and for every bordism (P’ — X ) between P; — Y7 and P; — Y] a transition
amplitude

FeUP) 1= FUP! — X) : A (Py) — H°(Py) (2.4.22)

such that when P — Y is the trivial bundle Y x G, 7°U(Y x G) = #(Y) and for trivial bordism
X X G between trivial objects Y1 x G and Y1 x G, F°4(P’) reduces to the original transition amplitude
F(X). The automorphisms of the bundle P — Y must act on J#°4(P). For the trivial bundle, this
corresponds to the original global symmetry G-action on .#(Y). The amplitudes are equivariant
maps.

Once we have the equivariant theories we can perform the second step of gauging, that is sum over
bundles with connection. We need to take into account the fact that the isomorphic bundles have the
same space of states. More precisely, if we have a bundle isomorphism f : P — @ of bundles P — Y
and Q — Y then we have an isomorphism f : #°4(P) —s #°9(Q) such that f(¢(P)) = (Q) for
states Y(P) € s°(P). In particular, when f: P — P is a bundle automorphism of P — Y then
f (¢(P)) = 4(P). This is the mathematical equivalent of gauge invariant states. The gauged theory

thus contains only gauge invariant states. The space of states of the gauged theory is then defined

1We use the term “field” in the generalized sense explained in Section 3 of [FH13]. This step is the mathematical

version of “coupling the theory to background gauge fields” in physics.
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as a direct sum over isomorphism classes of principal bundles:
a\Y) = P p)r) (2.4.23)
[P]€Pring (V)

where s#°9(P)A"(F) is the subspace of Aut(P)-invariant states of .#°4(P) and Pring(Y) denotes
the set of isomorphism classes of principal G-bundles over Y. For a a d-dimensional bordism without
boundary, the partition function Z(X) of the theory is the complex number Z(X) := F(X). We also
have partition function Z°4(P’) for equivariant theories corresponding to principal bundle P’ — X.

The partition function of the gauged theory is defined as

1
78X = [Pl]epzﬁ;lc(x) WZGQ(P’). (2.4.24)
We now want to apply the above general procedure to (1 4+ 1)d quantum field theory. We take
the spatial slices to be disjoint unions of circles to determine the gauged space of states. We start
by noting that any g € G we can construct a principal G-bundle P, — S whose isomorphism class
only depends on the conjugacy class of g, and moreover there is a 1-1 correspondence of conjugacy

classes of G and isomorphism classes of principal G-bundles over the circle. More explicitly we have
P, =R xzG— S* (2.4.25)

where the equivalence relation is

(s+1,9") ~ (s,99). (2.4.26)

The projection map is [s, g'] — €>™* and the right action of G is given by [s, ¢'] - " = [s,¢'¢"]. The
automorphism group of this bundle is the centraliser Z(g) of g in G. Thus for each [¢g] € Conj(G) we
have an equivariant space of states #7°1(P,) which is a representation of the centraliser Z(g) and
the space of states of the gauged theory is
HE(SY) = P (PP (2.4.27)
[g]€Conj(G)
Using the structure (2.4.27) of the gauged space of states, we obtain the partition function on the

torus

Z5(7)(T?) = Tr ypea(grye TN He2miRe(n) P (2.4.28)
where 7 is the complex moduli of the torus and H and P are the Hamiltonian and momentum
operators generating time and space translations respectively. By expanding the sum, one can also
write the partition function as

2T = g S L)) (2.4.29)

[91,92]=1
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where

Zcq(Pgth)(T) — Trﬁfeq(Pgl )g2e—2ﬂ'lm(~r)H€27riRc(r)P (2430)

The g action on 57 must be extended, in a consistent way, to an action by g» on the spaces
H°Y( Py, ). How this is done is part of the definition of the gauged theory, but it is constrained by,
e.g. modular invariance. On the left hand side of (2.4.30) Py, 4, denotes the bundle over 7% with

monodromy g1, g2 around the two cycles. To be explicit, we have

Pgl,QQ = RQ X 7@ G (2.4.31)

and the equivalence relation is given by
(s+1,t,9) ~(s5,t,919), (s,t+1,9) ~ (5,1, 929) (2.4.32)

A standard fact is that when the gauge group G is Abelian, the gauged theory has a global
symmetry isomorphic to the Pontrjagin dual G := Hom(G, U(1)) of G. An element x € G acts on
the equivariant Hilbert space s¢°4(P,) by multiplying x(g) € U(1). Note that this action is well
defined since y being a group homomorphism only depends on the conjugacy class of g € G. This

defines the action of x on ##24(S'). We can write the action schematically as:

x-S = P xlg) AP, xeG. (2.4.33)
lg)€Con(G)

For a conformal field theory, the partition function takes the form

1 c 7 e . -
ng(TQ) — @ Z ’I‘r%eq(Pgl)gquo—ﬂqLo—ﬂ7 qg= eQTrz‘r'7 q= 6—271'17' (2434)
[91,92]=1
after recognising that
- c c -
H=Ly+Lo— — ——, P=i(Ly— Lg). 2.4.
o+ Lo o1 91 i(Lo 0) (2.4.35)

For vertex operator algebras (chiral algebra of conformal field theories), we only have ¢ dependence
in the partition function. We will be mostly interested in the case when G = Zs. In this case, we
only have two isomorphism classes of principal bundles since we only have two conjugacy classes.

The space of states corresponding to the conjugacy class of —1 is called the twisted sector.

The Arf Theory

The Arf theory is a 2 dimensional spin topological quantum field theory (spin TQFT) defined on a
generic Riemann surface 3. See [MS06, Page 14| for a discussion on spin TQFT and the Arf theory
as an example ([MS06, Page 17]), see also [DG18] for a nice discussion of this theory. Recall that all

orientable Riemann surfaces have vanishing second Stiefel-Whitney class [Nak03] and hence are spin



93

manifolds. Moreover the set of spin structures on ¥ is in 1-1 correspondence with H' (3, Zy) = Zgg
[Ati71] where g is the genus of 3. In fact, the set of spin structure on X is an H*(X, Zs)-torsor over
Zs. Thanks to a beautiful paper of M. Atiyah [Ati71] we can define the Arf invariant [Arf41] of a

spin structure to be the mod-two index of the Dirac operator:
Arflp] = inda(D,). (2.4.36)
Thus there is a dichotomy of even and odd spin structures:

1 podd
Arflp] := (2.4.37)

0 p even.
On a genus g orientable surface 3 there are 2971(29 — 1) odd and 2971(29 + 1) even spin structures.
Using the Arf invariant, one can define a 2 dimensional invertible topological field theory ' called
the Arf theory, see [DG18] for the detailed definition. The partition function of the Arf theory on a

closed oriented Riemann surface ¥ with spin structure p is:
Arf(S,) == Zay[,] = ei™Artlel, (2.4.38)

Note that the partition function is topological in that it does not depend on the conformal structure
of the Riemann surface but it is sensitive to the choice of spin structure on 3. To describe the Hilbert
space of the Arf theory, we consider the Arf theory on a cylinder R x S' where R is the time direction.
The (complex) Hilbert space of the Arf theory on the spatial circle is one dimensional. In fact, the
Hilbert space is Zs-graded and the grading is defined by the action of the spin automorphism on
the space. In the physical literature this operator is denoted (—1)¥. The Hilbert space for the
NS (bounding) spin structure has (—1) = 1 and for the R (nonbounding) spin structure has
(—1)¥ = —1. Thus, as supervector spaces we have '* Arf(Skg) = C'° and Arf(S%) = C' and

(—1)F is just the parity operator.

Coupling A CFT To The Arf Theory

Let € be a modular invariant CFT (i.e. a functor from Bords to Vect) with statespace on a circle
€(S') :=  and suppose € has a non-anomalous Zs automorphism o. We start by taking the
tensor product of the o-equivariant lift of 4" with the (—1)¥-equivariant lift of the Arf theory. The

product theory has as domain a bordism category Bordgz’Spin consisting of 1-manifolds and their

12The notion of an invertible TQFT is discussed in [Frel4, FH16, FMO04].
13For any field F we denote by FPle the supervector space FPI4 := FP @ F4 where F? is the even subspace (Zo-parity

0) and FY is the odd subspace (Zz-parity 1).



o4

bordisms equipped with a spin structure and, independently, with a principal Zs-bundle. Let Fj
and Pj be the trivial and nontrivial principal Z, bundles over the circle corresponding to the trivial
and nontrivial double-covers, respectively.

We need to define the “equivariant lift” of the Arf theory on the category Bord§2’Spin. We do
this as follows: Isomorphism classes of principal Zs bundles over any manifold X are in 1 — 1 corre-
spondence with cohomology classes H!(X,Zy). '* For each t € H*(X,Zs) choose a representative
bundle 7 : P, — X. As noted above, the set of spin structures on X is a torsor for H'(X,Z,).
If p denotes a spin structure and t € H'(X,Z,) we write the action as p — p +t. We define the

equivariant lift of the Arf theory to be
Arfeq [Pt, Xp] = AI‘f[Xp+t] (2440)
where X, is the manifold X with spin structure p. In particular,

Arf9[Py, S{g] = C'1°

Arf*I[Py, Skg] = CO1
(2.4.41)

Arf*[ Py, SE] = ¢l

Arf*9[Pp, Si] = CH°

We define the lifted global symmetry (—1)% q on Arf°® again to be the parity operator.

The equivariant theory %°? inherits a Zo symmetry 6 from the action of o on ¥. The action
of 6 on S = €°UD;) is just the original action of o. The action of & on %4 := €°U(Py) is
part of the definition of the gauging. In our case, as we will see presently, the action is constrained
by the modular covariance of the torus partition functions when combined with the Hilbert space
interpretation of torus partition functions. '° Now, the product theory €°% ® Arf*? has a Zo
automorphism given by the diagonal o4 := & ® (—1)§ ea. The spin lift €5% of € is the spin theory,
dgpin

with domain category Bor , obtained by gauging the group of automorphisms generated by 4.

Thus, the Hilbert spaces on the two spin circles (SI{IS is the circle with bounding spin structure and

M Recall that for a discrete group G, ismorphism classes of principal G-bundles over a connected space X are classified

by Hom(m1 (X, z0),G)/ ~ where the equivalence relation is given by conjugation. For G Abelian we have:
H'(X,@) = Hom(H1(X),G) = Hom(m (X, z0),G)/ ~ . (2.4.39)

Taking G = Z2, an alternate way to prove this result is to observe that the classifying space of Zz is RP*° and the

set of homotopy classes of maps from a space X to RP™ is isomorphic to H(X,Zs2).
151n topological theories this action must be the identity. See Theorem 4 of [MS06]. But in general CFT this need

not be so.
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511% is the circle with nonbounding spin structure, see Footnote 10) are

oqa=+

oq=+1
= (Skg) = (#(5H) @ ') )

1
® (%eq ® COl
S A=W A

— (2.4.42)

A" = (Sg) = (%(51) ® (CO“)U ' ® (jfeq ® (Cl\o)gd:+1

>~ D %e%-‘r’
where ##°%% is the 41 eigenspace of .#7°4 under the action of 5. Now, whenever we gauge a theory
by an Abelian group A the gauged theory has a global symmetry group isomorphic to the Pontryagin
dual A. In our case A is generated by o4 so the Pontryagin dual is A =~ Z,. We denote the nontrivial
element by &4. From eq. (2.4.33) we see that the action of 54 on the spin lift is given by

+1 on St @~
G4 = (2.4.43)

—1 on T @ L.

Now we turn to the partition functions of the spin-lifted theory. As we remarked above, the
principal Zo bundles over a Riemann surface . are in 1-1 correspondence with H'(3,Zs). When ¥
is connected the automorphism group of these bundles is isomorphic to Zy. When we consider the
og-equivariant lift of 4 @ Arf there are a total of |H (X, Zz2)| = 229 equivariant partition functions
indexed by “background Zs-connections” T'. The partition function for the equivariant lift of the

product theory is given by (see eq. (2.4.38) and eq. (2.4.40))
Z°4Pr,%,] i= Zgea|Pr)Zasea|Pr, ¥, = ZgeaPrlei™Arr+T], (2.4.44)

Next, we gauge the equivariant theory, so we promote the background connection T to a dynamical

connection ¢t. That is, we sum over isomorphism classes of principal Zs-bundles over ¥. Applying
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(2.4.24) the partition function of the gauged theory is given by '6

1
ZSL[ZP] = 5 Z Zeq[Pt’zp]
teH(5,Z2) (2.4.45)
] 4.
=5 Z Zegea|Py] exp (im Arf[p + ) .
teH(3,Z2)

Now we would like to check compatibility of (2.4.45) with the Hilbert space description (2.4.42)
by examining the special case where X is a torus. There are four spin structures on the torus and
we can denote them by T, T3, 1%, T where 0 and 1 denotes the bounding and nonbounding spin
structure on a cycle of the torus. The corresponding partition functions of the spin-lifted theory are
denoted by Z5%[00],.. ., Z5%[11], respectively. Interpreting the first circle factor of 72 = S x S! as
the spatial circle we can expect that the partition functions (2.4.45) can be interpreted as the NS
and R partition functions with and without &4 insertion:

Z3%100) = Tr s g™ 21,
ZSL[OI] = TrijLéquo_i,
NS (2.4.46)
ZSL[10] = TrijSLqLO_ﬁ,
Z3U1) = Tr s Gag™0 "%, g =¥
We now verify that the relations in eq. (2.4.46) is consistent with eq. (2.4.45) and eq. (2.4.42).
From (2.4.45) we have

1
Z%100] = 5 (Z°U Py 5) + Z°9(Py 1) + Z°UPrg) — Z°9(Pr )]
1
Z%01] = 3 [Z°U Py 5) + Z°9(Py 1) — Z°UPrg) + Z°9(Pr 1))
. (2.4.47)
Z9V110] = 2 [Z9(Pog) = Z2°(Po) + Z9(Pro) + 2P )]
1
ZSU11] = L [~ Z%(Pyg) + 2 (Pos) + Z9(Pro) + 2Py )

16 A version of (2.4.45) appeared as equation (2.5) of [LS19], but our (2.4.45) differs from equation (2.5) of [LS19] in
a few minor ways. First we have chosen S = 0 relative to that paper. This is inconsequential since spin structures
form a torsor for H'(%,Z2). Second, there is no factor of explimArf[p]] in our version. This is merely a choice
of “gravitational counterterm,” making our formula more in line with the description in terms of gauging the Z»
symmetry (og4). Finally we have an overall factor 1/2, again because in the description in terms of gauging the
automorphism group of a principal Z2 bundle over a connected surface is simply Z>. Equation (2.5) of [LS19] has a
factor of 279, giving a factor of 21 ~9 relative to our normalization. Again this can be interpreted as coupling to a
background invertible TQFT (an Euler character theory) so the difference is not essential. The choice 279 made in
[LS19] has the nice property that if the original bosonic theory couples trivially to the background Zs gauge theory

then the spin lift has the same partition function.
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Using (2.4.30) we see that
1
Z5H[00] = 5 [2°9(Po0) + 2°(Po1) + Z°(Pro) — Z°(P11)]

= Trp <1JQFJ> g5 4 T ppea (1_0> glo % (2.4.48)

= Tr‘%a+qL°_ﬁ + Tr ypea— qLO 2 = TrjfﬁquLo_i.
Similarly one can check all other relations in (2.4.46).

We now review how modular invariance helps us determine the equivariant Hilbert space 5#°1(P;)

as a (d)-module. To this end, note that since g1, g2 are involutions
Z°Y Py, (1) = Z°4(Py.,)(=1/7) (2.4.49)

since exchanging the two cycles on the torus changes 7 — —1/7 and Py, 4, — P, 4,. Note that
this in particular implies that Z°4(P, ,)(7) is invariant under 7 — —1/7. For g = 0, this is obvious
since it is the partition function of the original theory. But for g # 0 we obtain a nontrivial identity.
Taking go = 0, we see that the trace over'” J#°4(P,, ) can be obtained from the trace over the original

Hilbert space ¢ with the insertion of g; and performing the modular transformation 7 — —1/7:

Trypea(p,, 7"~ % = Z9,(—1/7) (2.4.50)
where
Z9(1) = Trppgrg™o 2. (2.4.51)

This relation for g; = 1 in principle can be used to determine the nontrivial equivariant Hilbert

space with the understanding that
ZYpea(T) = Trppeadgho= 31, (2.4.52)
where ¢ acts on the equivariant Hilbert space. Moreover modular invariance also implies that
ZYPy1)(1) = Z°Y(P1p)(T + 1). (2.4.53)

Using the equivariant Hilbert space, one can determine the 54 = £1 R and NS sectors as follows:

—-= 1 e e
Zxg- (1) = T ppenq™0 ™% = S [2°99(Py) = Z°9(Pry)]

1 (2.4.54)
ZRs (1) o= Tr psurge ™3 = o [2°9(Pro) + 2°(Pr1))
where %ﬂl\%i is the 64 = £1 subspace of %NSSL and so on. More explicitly
S = T DAy, AR = AT @ A (2.4.55)

"In modern terminology, J#°4(Py,) is called the defect Hilbert space corresponding to the Zs line defect inserted

along the longitude of the cylinder [HLS21, PS20].
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One can also check that
(2.4.56)

As we will show with the explicit example of the Monster CFT, these relations determine the action

of o on J#*4,

Finally, if we gauge the ¢4 symmetry of the spin conformal field theory we just obtained, we
recover the original theory. Let Z, denote the gauged torus partition function of the resulting
bosonic theory. By eq. (2.4.29) we have

1
P S SRR
g1,92€2L2 (2457)

= Trop+q"™ 3 + Tryp- 73 = Trppqhom
where we used eq. (2.4.54) and (2.4.56) in the second equality and eq. (2.4.43) and eq. (2.4.42) for
the final equality. Thus we obtain the partition function for the original theory. On the other hand
using eq. (2.4.46) we see that

1 1404 s 14354 _ e
3 Z ZSL[p] = Tr%h% ( 5 ) qLO 21 | Tr%oRsL < 5 ) qLO 24
pEH(T?,Zs)

(2.4.58)
= Tr,}fl\?é“*'ql/()ii —+ Tr%RSL-#qLoiﬁ = ij

This is the usual GSO projection which involves summing over spin structures with the insertion

of H% in the traces over NS and R sectors [GSO77]. From this trace formula for the partition

function, we see that the gauged Hilbert space is the ¢4 = 1 space of the spin theory but without

the spin dependence, i.e. we forget the supervector space structure of the RHS below:

ST AT 2 T o =2 (2.4.59)

In mathematical terms, the spin lift of a CFT is an abelian intertwing algebra, see Remark 2.5.1
below. In general the spin lift of a holomorphic CFT defined by a VOA is not an SCVOA or even
an SVOA. But in some cases, one might be able to identify a subspace of the spin lift which forms
an SVOA and view the spin lift as a non-local extension of the SVOA. Suppose such an SVOA

subsector exists in a spin lift of a CFT, then from Proposition 2.4.1, the SVOA contains vertex
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operators of half-integral conformal dimensions. It is possible that the SVOA contains a conformal
weight 3 primary which satisfies the OPE (2.4.3) and hence is in fact an SCVOA. Our goal in this
paper is to show that the Monster CFT carries precisely that structure. In Subsection 2.5.1 we will
show that the “Beauty and the Beast” SCFT is the spin lift of the Monster CFT with respect to a Z,
automorphism of the Monster CFT and has a dimension 3 primary satisfying the OPE (2.4.3). We

will also identify a subsector of the “Beauty and the Beast” SCFT which has an SCVOA structure.

2.5 Superconformal Symmetry And The Moonshine Module

In this section, we will first review the Monster VOA J# (A1) as the Zs-orbifold model of the Leech
lattice Ay, and then, following [LS19], interpret the “Beauty and the Beast” theory of [DGHS8] as a
spin lift of the Monster theory. We next identify a SVOA subalgebra of #5p and then, in section
2.5.2 we proceed to the main result of the paper: The explicit construction of a dimension % primary

inside that SVOA which can serve as a superconformal current.

2.5.1 The Beauty And The Beast Theory As The Spin Lift Of The FLM VOA

The FLM Moonshine module is constructed, as we have reviewed, by applying Theorem 2.3.2 part
(2) to the Leech lattice. The construction can be interpreted as gauging the Leech torus theory
using the Zs automorphism group generated by 6. The value of the gauged theory on the bundle Py
is the # = +1 subspace of #7(Ar). The quantum automorphism group dual to (6) (see discussion
around (2.4.33)) is the Zy automorphism group of A (AL) generated by ¢, where ¢ is the identity on
the untwisted sector 5+ (A1) and acts as —1 on the twisted sector 4 (Ar).

Following [DGHS88] the FLM Moonshine module can be extended by considering the Hilbert

space

Hpp = %(AL) D %T(AL)- (2.5.1)

The spin lift of the Monster VOA with respect to the quantum symmetry ¢ of the Monster theory
gives #pp [LS19] and we will now review why this is so. '® The &4 = +1 NS and R sector of the

spin lift corresponding to ¢ is simply given by eq. (2.4.42):

s = AT (ML), A5 = A5 (AL). (2.5.2)

18Incidentally, there is another nontrivial Zs automorphism o of the Monster module called the triality involution in
[FLM88a, DGM94]. The involution o mixes the untwisted and twisted sectors. It is also shown in [LS19] that the
spin lift of the Monster VOA with respect to o gives the tensor product of the Baby Monster VOA [H07] and a
Majorana-Weyl CFT.
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The twisted sector corresponding to the gauging of ¢ can be determined using (2.4.50). The right
hand side of (2.4.50) is the McKay Thompson series

Lo—1 -1 L -1 LY
:Trjfi;(A )Lq T =q Trrand —4q Tr%;(AL)q 0

_ 9AL - 212¢3 | nly_
-3 1H1+ ] 5 [Ha—q )~ -

n=1 n=1

2 (™)

0l
—12
=
_|_
=)
3
N

- G?L)( ) - (1) [(9590)" — (9203)"% + (9294)"?]
- ( (r)+24) — ;(J(T)—24)+(?7?f;2)4

_ L)M

= 27 + 24

1
i 276q — 2048¢° + 11202¢> + O (¢*)

(2.5.3)
where we used the infinite product expansions for the Jacobi theta functions:
Ua(q) = 27:72((72)7) —2qéf[1(lq ) (1+4")
U3(q) = o (;j)(;)g@T) = ﬁ (1—-4q") (1 + qn7%)2 (2.5.4)
RIS, PR

along with numerous identities such as 95939, = 213 and 19§ = 93 + 9;. Now we can take the

modular transform [LS19]:

912 77(7')24

= 24 4 40964"/% 4 98304q + 1228800¢°/2 4 10747904¢> 4+ O ((f/ 2) (2.5.5)

= Tr%aeq(pi) qL07

= Zﬁfeq(Pj) (T)a
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On the other hand, we have

— T_
Tr%a—(AL)qLO 1—|—Tr%_(AL)qLU !

:% GALT 7 711_‘[ 1+¢")~2 élﬁlqn )2 ﬁ(1+q"2)24]
- ;(?;1(\ )( ) (1)24 [(9295) (9294)" — (9394) "]
_ n( ) 24 +24 — 4—44447[2(ﬁ2ﬁ3) 2(@3@4)1?
n(27)24 2n(7)24
24
212n?£;;)24 + 24

= 24 + 4096¢"/? + 98304q + 1228800¢%/% + 107479044 + O <q5/ 2) .

(2.5.6)
Thus we identify the nontrivial equivariant Hilbert space of the Monster module as
JC°NPy) = (ML) & 27 (AL). (2.5.7)
Next by eq. (2.4.53) we have
Z;feq(Pi)(T) = T‘r(;feq(Pi) [,qLo_l = Z%eq(Pi)(T + 1) (25.8)
Note that we must have
Zlpea(py)(—1/T) = Zypea(ppy (T) (25.9)

for consistency. It is true and can be checked using the fact that the McKay Thompson series

Zj’g(AL)(T) is a Hauptmodul for I'g(2). Indeed

L 1 L T L
Zseea(p)(ZY/T) = Zogeacey) <_T + 1) 2% ) ( T— 1> = 2% ( o1 1)

. 1 .
= 270 ( > = Zwea(p) (T = 1) = Zopea(pr) (T + 1) = Zipea(py) (T)

T—1
(2.5.10)
where we used the fact that Z'_ Zn )(7) is invariant under 7 — 7 + 1 and Z peq(p;)(7) is invariant
L
under 7 — 7 4 2. From eq. (2.4.54) we see that
T Lo-% = L[y Z
r‘%NEq - 5 3209‘1(131)( ) %(AL)( )
22 [ g g
2 | n(r/2)% 124
: n(57) (2.5.11)
212,45 0 o
n=1 n=1

Lo—33

= Trjf;(AL)q ,
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where we used the infinite product expansion of the Dedekind eta function:

n(r) =g [ (1 —q")*. (2.5.12)
n=1
Thus we identify
Hig = A5 (ML) (2.5.13)

This also confirms that ¢ acts as —1 on % (Ar,). Similarly one can check that
S = (AL) (2.5.14)

which also implies that ¢ acts as +1 on 52~ (Ar,). This completes the demonstration (at least at the
level of state spaces) that the spin lift of the Monster CFT with respect to ¢ is the Beauty and the
Beast SCFT (2.5.1).

To summarize, we have

s = AT (ML) @ H(AL), I = %+(AL) @ (AL) (2.5.15)
in agreement with (2.5.2) and (2.5.13). The superscripts on the RHS refer to the 6 eigenvalue. These
formulae can be refined to:

G =2 AT (M), g =2 A (N, A =2 A (AL, Ay =4 (AL), (2.5.16)

F
q

F

where the superscripts on the LHS refer to the (—1) p

eigenvalue. Here (—1);" is the emergent
automorphism 4 (see discussion around (2.4.43)).

As an aside note that a corollary of the above discussion is that the (-symmetry of the Monster
theory is the quantum Zs symmetry of the 6-gauged Leech torus theory, and if we gauge the ¢-
symmetry of the Monster theory we recover the Leech torus theory, as expected on general grounds.
Similarly, if we apply the GSO projection to the BB theory we obtain the Monster theory.

Let us now begin the search for a SVOA structure within ##5p. We stress that this space is not
itself a SVOA.

As a preliminary, note that the vertex operators on #%p can be described using the block form

relative to the direct sum:

~ V(y,2) 0
VW, 2) = . e A (ML), (2.5.17)
0 VT(djuz)
where V (1, z) and Vp(¢,z) for homogeneous states are defined in eq. (2.3.6) and eq. (2.3.44)

respectively and the extension to general states is defined by linearity. Vertex operators for twisted

states take the form:

Vix,z) = : , X € 7 (AL). (2.5.18)
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Here W and W are the intertwiners associated to the representation .7 (Ar) of the VOA s+ (Ar)
(see Theorem 2.3.2) defined by the relations in eq. (2.2.18) and (2.2.25). The stress tensor is defined

as
T(2) := V(¢r,2) = V(r2) 0 . (2.5.19)

0 Vr(¢r, 2)
Proposition 2.5.1. The OPE of a vertex operator corresponding to a state in 7 (Ar) with a
vertex operator corresponding to ¥ € H~(AL) or x € %TJF(AL) has square root singularity and

the OPE with vertex operator corresponding to ¢ € T (AL) or x € H#7 (AL) has integer power

singularity.

Proof. Consider the vertex operator ‘7()(,2’), X € J (AL). We first analyse its OPE with an
untwisted vertex operator V (1, z) for 1) € #~(Ar). Note that any vector in = (Ay) is a linear

combination of states of the form:

Ty = (aﬁ_l aj“ma> (W) (2.5.20)

where we choose + sign when M is odd and — sign when M is even. It is easy to see that the Laurent
expansion of Vp(¥y, z) contains Z + % powers of z. Indeed when M is odd, the derivatives of the
fields R’ in the expression (2.3.44) gives Z +  powers of z while the exponential factor in (2.3.44)
combines to give cosh(i) - R) which still contributes integer powers of z and hence the final vertex
operator contains Z + % powers of z. Similarly when M is even the derivatives of the fields R’e
contains integer powers of z while the exponentials combine to give sinh(iX - R) which contributes
7 + % powers of z and hence the final vertex operator contains 7 + % powers of z. Thus we can
expand as

V(W z)= > (Vp(¥y)), 2 " (2.5.21)
ne€Z+i
Now the duality of this vertex operator with YN/(x, z) implies

V(U )Vew) = > (2= w)" "V (xn, w)

n€Z+%

(2.5.22)
_ Z(z _ w)nfh\p/\ 7hxx7(%n’ w)
neL
where
Xn = (Vr(¥r))p, _n X (2.5.23)

Noting that h, € Z + % and hy, € Z, we see that the OPE has square root singularity. Similarly
if V(x,z2), X € 5T (ML) is a twisted vertex operator then x’ has the form (2.3.39) with M even.
The duality now gives

Vi, 2)Vi,w)=V(W(', 2 —w)x,w), (2.5.24)
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where we used the fact that

VX z—w)x =W z—w)x. (2.5.25)

The Laurent expansion of W (y/, 2) is of the form

WX, 2) =Y Wa(x)z" " (2.5.26)
n
Thus we get
V2V Gw) = Y (2 = w)" " V(R (), w) (2.5.27)
where l
X(n) = W, (X)x. (2.5.28)
Now using (2.2.7), we have
LoWn(x) = Wa(x)Lg = —nWn(x) (2.5.29)

This implies that W,,(x’)x = 0 for n € Z since the untwisted sector has integer conformal weights.

Thus we see that

V2V ow) = (2 —w)" "V (X(n), w) (2.5.30)
neE”Z

Again since h,» € Z and h, € Z + %, we see that the OPE has square-root singularity. The second

part of the statement follows by similar arguments. O

We will now identify a subspace of #%p which forms an SVOA. To get an SVOA, we anticipate
that we need to include the § = —1 subspace of the twisted sector. But then from Proposition 2.5.1,
we see that we can neither have the § = +1 subspace of the twisted sector nor the § = —1 subspace
of the untwisted sector. Thus we are led to the following theorem which was first proved in [Hua96|

in the standard formalism of VOAs.
Theorem 2.5.1. The subspace

Hsc = s = AT (A1) & 5 (Ar) (2.5.31)
of the “Beauty and the Beast” SCFT possesses the structure of an SVOA.

Proof. We first put a super-vector space structure on J#%¢ by declaring 52+ (A1) to the even space
and s (Ar) to be the odd space. We will call them respectively the untwisted (bosonic) and

twisted (fermionic) sector. The Fock space of #%s¢ is
Fsc=F & Ty (2.5.32)

where .# and %r is the untwisted and twisted Fock spaces respectively and the superscript +1

indicates the 8 = +1 subspaces of %, #r. The conformal and vacuum vector is as in the BB module
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Fpp and the vertex operators are also defined analogous to the BB module. We now need to prove

the locality relation
V(, 2)V(g,w) = (~)VIV(6,w)V (¥, 2), ¢ € Ho. (2.5.33)
For bosonic states 1, ¢, the locality relation eq. (2.5.33) is equivalent to the locality relations

V(%Z)V@aw) = V(¢aw)v(¢az)» VT(waz)VT(¢vw) = VT(¢7w)VT(¢7Z)' (2534)

The first relation is proved in [DGM90, Section 5, 6] and the second follows from [DGM94, Propo-

sition 3.2 (1)]. This implies the duality of the untwisted vertex operators
V(,2)V (¢, w) = V(V($h, 2 — w)d, w). (2.5.35)
The locality of an untwisted and a twisted vertex operator is
V(, 2)V(x,w) = Vx,w)V (¢, 2) (2.5.36)
This follows from the locality relations
V()W (x,w) = W, w)Vr (s, 2), V(. 2)W(x,w) = W(x, w)V (¥, 2). (2.5.37)

The first relation is proved in [DGM90, Section 6] while the second follows from Proposition 2.2.3

and Theorem 2.3.2 (1). This implies the duality of the twisted-untwisted vertex operators

Vi, 2)V (x,w) = V(V(%, 2 — w)x, w). (2.5.38)
The locality relation for twisted vertex operators with x, x’ € - (Ar) is

Vi, 2)V(, w) = -V, w)V(x, 2). (2.5.39)
For this, we need to prove the locality relations

W(X? Z)W(X/a w) - *W(X/a w)W(X, Z),
(2.5.40)

W(Xv Z)W(X/a w) = _W(X/a w)W(X7 Z)a

for x,x" € 7 (AL). These relations, especially the second, are highly nontrivial. It is proven in
Appendix A.2 that the locality relations are satisfied if the conjugation operation on %”; (Ay) is
extended to 7 (Ay) as follows:

X = e Lo M (x), (2.5.41)

where x is a general homogeneous state as in (2.3.39) in 72 (A1) and the conjugation is extended
to all other states by antilinearity. It is easy to check that this modification still satisfies ¥ = x
using the fact that Zy = 2*Y for a complex number number z. All other axioms in Definition 2.4.1

follows from the results of [DGM90, DGM94]. O
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Remark 2.5.1. Let us give a broader context on Theorem 2.5.1. The first proof of Theorem 2.5.1
in the standard formalism of super vertex operator algebra appeared in [Hua96]. Alternatively, the
existence of the SVOA structure on .#%c¢ follows in general from Theorem 3.9 in [CKL19|. This
requires the simple current property of the odd module, which was worked out by Dong in [Don94].
This construction of (super) vertex operator algebras can be generalized vastly using the general
theory of abelian intertwining algebras. Given a nice (called strongly rational in VOA literature)
holomorphic vertex operator algebra V' and an automorphism g of the VOA one can consider the
fixed-point vertex operator algebra V9. Then one can show that VY again satisfies the niceness
assumptions [DM97, Miy14, CM16, McR21]|. Then one can determine the representation category
of V9, which is a twisted Drinfeld double [M&21, vEMS17] (see also [MT04, DRX17]), essentially
proving a conjecture in [DPR91]. In particular, all irreducible V9-modules are simple currents,
which translates into the statement that on the direct sum of irreducible V9-modules one gets the
structure of an abelian intertwining algebra in the sense of [DL93]. What this entails is that the
extensions of V9 to larger vertex operator (super)algebras (with the same conformal vector) can
be fully described in terms of isotropic subgroups of discriminant forms (again, this is described in
[M621, vEMS17] and essentially a special case of [HKL15]). Specializing to order 2 and assuming
that g is anomaly-free, the structure of the representation category (and hence of the extensions)
of V9 is described by the abelian group Zs x Zs with quadratic form 0,0,0,1/2. The situation is
now very simple: VY has three non-trivial extensions, all of which are holomorphic. One is the
original vertex operator algebra, one is the orbifolded vertex operator algebra and the third is a
vertex operator superalgebra. When we apply this general result to the Monster VOA, then the
two holomorphic vertex operator algebras are the Leech lattice vertex operator algebra .7 (Ar,) and
the moonshine module z},ﬁAL) (usually denoted by V# in literature), and the holomorphic vertex

operator superalgebra is the SVOA of Theorem 2.5.1.

In the next section, we will finally construct a superconformal vector inside #5¢ making it into
an N =1 SCVOA.
2.5.2 Constructing The Supercurrent

Our supercurrent will be a vertex operator associated to a twisted sector ground state S(Ay,), which
is the 2'2-dimensional representation of the Heisenberg group '° I'(Ar,) defined analogous to (2.3.31).

For any x € S(AL), the corresponding vertex operator (see Theorem 2.2.1 for notations) has the

19 Also known in the finite group theory literature as an extraspecial group and denoted by 2}{"24.
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block diagonal form relative to the direct sum decomposition S35 = 7 (AL) ® 7 (AL):

V(x.z) = ’ Wi 2) , X E€S(AL) (2.5.42)
Wi(x, 2) 0

are well-defined and are present in the extended theory #pp. We Laurent expand the vertex

operators ‘7()(, z):

V(x,2) =Y Valx)z "2, (2.5.43)
where
Tuw=| " Wl (2.5.44)
Wn(X) 0
and
W,2) =Y Walx)z""%, Wx2)=> Walx)z "2 (2.5.45)

Proposition 2.5.2. The twisted vertex operators \7()(, z) are conformal primary operators of weight

3/2.

Proof. First note that the states y are of conformal weight 3/2. We now compute the OPE of
V(X, z) with the energy momentum tensor ‘7(1/JL, z). From the locality of all vertex operators and

intertwiners and using the general form (2.2.8) of the OPE of vertex operators, we get

Vi, )View) = > (2 —w)" 232V (y(n), w) (2.5.46)
ne€Z+i
n>0
where
x(n) = Lij - (2.5.47)
We easily see that
~ ~ 3/2 = 1 ~
Vi W o) = 2LV u) + L 0uP () + e (25.48)
O

For any xa,x» € S(Ar), we now compute the OPE of ?(Xa,w) and V (s, w). We have
f/(xa, ,z)‘w/(xb7 w) = Z(z - w)"_?’f/()zab(n), w) (2.5.49)
n>0
where we can identify

Xab (1) = Wi a_n(Xa)Xb (2.5.50)
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because the formalism identifies

%ab (’fl) ind 0 0 W?} 2—n(Xa) 0
— Vi n(xa) = / . (2.5.51)
0 Xb Ws5/9-n(Xa) 0 Xb

Note that using (2.2.7), we have
LoWn(Xa) = Wa(Xa) Lo = —nWa(xa) (2.5.52)
and hence:
Lo (Wan(xa)xs) + 1 (Wa(xa)xs) = 3/2 (Wn(xa)xs) (2.5.53)
which immediately implies that W, (x4)xs = 0 for n € Z since the untwisted sector has integer

conformal weights. In particular, the OPE of any two twist fields V(Xa,z), V(Xb,w) is local. We

now restrict to the case a = b.

Lemma 2.5.1. The states W5 (x)x is su(1, 1)-invariant and the states W1 ,2(x)x and W_1 5(x)x

are of conformal weights 1 and 2 respectively.
Proposition 2.5.3. We have that

W3/2( )x = a(x)|0),

Wi(x)x =0, (2.5.54)
W_12(x)x w + > kalx
AZ—4
where?®
alx) = (XIx),  malx) = 16{(xlex|x)" (2.5.55)
and

Proof. By uniqueness of an su(1, 1)-invariant state we have

W/2(x)x = a(x)|0). (2.5.56)

Taking the inner product with (0| and using the fact that Wg/Q(X)T = W_3/2(X) (see Proposition
2.2.1 (3)), we get

a(x) = (XIx)- (2.5.57)

Next, we prove the third relation of (2.5.54). Since W _1 /5(x)x has conformal dimension 2, we can

expand it in a complete basis of states of conformal dimension 2 as:

W_1/2(x Z/—i”a a’ 10 +anja a’110) Jrz,%]a 5]0) + Z Ex(X)]A) (2.5.58)

1<J 2=4

20The sign of k() depends on the choice of lift of A to the Heisenberg group. Given such a lift, () depends only
on the class [A] € Ar,/2Ap,.
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Under the Zs-orbifold action (see [DGM90, eq. (3.11), eq. (3.27)])
OV (x, 2)V (x, w)8~ " = 6V (x,2)0 "0V (x, w)0 " = V (0, 2)V (O, w) = V(x, 2)V (x,w) . (2.5.59)

Thus the LHS of (2.5.49) is even. Thus the invariance of RHS of (2.5.49) under 6 implies that
W,.(x)x must be invariant under @ for all n. Observing that a, is anti-invariant under 6 we conclude

that x; = 0. Next using (2.2.7) for m = 2 and n = —1/2, we get

_ 3
LoW 1 /5(x) =W _12(x) L3 = §W3/2(X)- (2.5.60)

Applying it on x, we get
— 3

LaW—1/2(0)x = a(x)350) (2.5.61)
Using the above expansion of W_; /2(X)x, we get
S S 3
> iilaalyaly]0) + Y hijLaalal1]0) + ) ma(x)L2lA) = a(x)5]0). (2.5.62)
i i<j A2=4
Using the fact that
Loa’ ja’ 1|0) = 610), Lg|)\) =0, (2.5.63)
we get
3
> ki = 5000 (2.5.64)

We now find the explicit form of and r;; and ;;. Taking inner product of (0]aa} with W _1 5(x)x

and using the expression (2.5.58) for W_l/g(x)x, we get

OlaT"ayW_1,5()|X) = bnm; n#m

(2.5.65)
= 2Kmm; N =m.
where we used the fact that
(OlaTatal ja’ |0) = 676" 4 ™6™, (0]aT"ata’ ,|0) =0, ai|A) = 0. (2.5.66)
Note that
OlaTat W _1 2(x)1x) = (x[Wh2(x)aa”1|0)*. (2.5.67)
Using eq. (2.2.18), we get
W (X, 2)a™ a™, [0) = e*2 51 Vi(a a” 1[0), —2)X. (2.5.68)

To compute Vy(a™a",|0), z), we need to calculate eA(=*)a™ a™,|0) (see eq. (2.3.44)), we have (see
[DGM94, Page 92])
1
A2 am|0) = a™a™,|0) + §2_26"m|0>. (2.5.69)



This gives

dR™(—z) dR"(—2)
dz dz

W (X, z)a™a"]0) = —eE (

=l Z (=)™t i 2

r,s€Z+3

| Yy Ree

t!
7‘,SEZ+%
teNp

Thus we have

o Wi a0y = | Y (-7

reZ+3 r,s€Z+1
teNy

which on comparing the powers of 272 gives

+ 8226nm)

—r—s—2 4 }5mn272

mn

8

(Lﬂ)t Loty

s t—r—s—2

t!

Wis2(X)a™a”,|0) = Z

rEZ-i-%
teNp

This implies that
1

= TGQ(X)

Rmn = 07 Riq

for all 7.

“X

gmn (LTl)t

thrfsf2 + ? Z

teNy

r C

z

UL o

Note that this result is consistent with eq. (2.5.64). To compute s (), note that

rA(X) = (AW _1 (X)|x)-

Next using (2.2.18) we get

W (T, 2)]A) = eF V(A 2)X.

Since

A2 = (—42) 7 |V,

we get

W (T, 2)|A) = 251 (—42)~ % - exp(id - R(—2)) : exx

X

t!

)

t—

2
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(2.5.70)

(2.5.71)

(2.5.72)

(2.5.73)

(2.5.74)

(2.5.75)

(2.5.76)

(2.5.77)

Thus using the fact that A> = 4 and comparing the coefficient of 2=2 on both sides of (2.5.77) we

obtain

2

16
W1 (X)|\) = coefficient of z=2 in Z—QeZLil :exp(iA - R(—2)) : exX.

(2.5.78)
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Because of the factor 16/22, the only contribution to =2 on the RHS comes from the product of

terms with z¢ in e*“71 and 2~ in : exp(iA - R(—z)) : with £ > 0. Note that £ must be an integer

since e*L%1 only has integer powers of z in its expansion. The quantity e*L%1 contributes (LT )e!

but : exp(iA - R(—z)) : may have nontrivial contributions. Write

n

s exp(iX - R(—2)) ::1+Z%; iy A'kc’“(—,z)*’c . (2.5.79)

kez+i

When ¢ = 0, only the constant term 1 in (2.5.79) contributes. When £ > 0, to get a term with z—*
from the sum, we have to consider n > 0 terms in the sum. This involves the product of at least
two oscillators ¢ since £ is an integer and the summation index k runs over strictly half-integers.
But then the normal ordering annihilates e)Y. So the only nontrivial contribution from the sum is

1 when £ = 0. When ¢ > 0, there is no nontrivial contribution. So we finally have

Wi (X)|A) = 16exX. (2.5.80)
Thus
ra(x) = AW _1 () Ix) = (XIWL (X)IN)* = 16{x]exlx)" (2.5.81)
Thus, we have
W_1/2(x)x = %m + > maAlA). (2.5.82)
A2=4

It remains to prove the second equation in (2.5.54). By (2.2.7) we have
LiW_15(x) = W_12() L] = Wija(x) (2.5.83)
Applying this on x and using the fact that LTy = 0, we obtain

Wl/Q (X)X = L1W71/2(X)X

= %Lﬂh + Z kL1|N).
A2=4

(2.5.84)

L,] = ma’

Using the commutator [a M

m>

which is easy to check using the expression (2.3.14) for

Virasoro generators, we see that Lyt = 0. Moreover, L1|\) = 0. Thus we obtain
Wi2(x)x = 0. (2.5.85)
This concludes the proof of (2.5.54) above. O

We use the OPE (2.5.49) and the expression (2.5.54) to get:

(2.5.86)
Z—w 0 ei)vR(w)e)\
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Our goal is to provide a superconformal current. This will be achieved if the third term above
vanishes. Therefore we now search for a twisted ground state x such that a(x) =1 and kx(x) =0

for every A € A, with A\? = 4. Choose an orthonormal basis of S(A). Then we have
a(x)* = (xIx) = —is"Ms", (2.5.87)

where s is the column vector representing x in the chosen basis and and M is as in (2.3.49). We
have also used (2.5.41) here. As discussed in Remark 2.3.5, we will take the representation matrices

v to be real and M = 1.

We next construct an explicit matrix representation of the Heisenberg group I'(Ar,), defined analo-
gous to (2.3.31). Let {7;}?2, be (2!2 x 2!2) real gamma matrices in 24 dimensions satisfying 72 = 1

and v;v; = —7v;% for i # j. Let I' denote the group generated by the 24 Dirac gamma matrices. It

has order 2 - 224 and is a Heisenberg extension of Z3*. Introduce the notation:
w' w?? 1 24 24
Yw =7 ey forw=(w,...,w*") e F3". (2.5.88)
Then clearly
[ = {47, :wc F3*}). (2.5.89)

As is well-known, there is a unique irreducible representation of the Heisenberg group, up to isomor-
phism. Since T is a group of matrices it has a canonical representation, we take S(Ar) to be this
canonical representation. See [DGM90, Appendix C] for one choice of ;. The group I'(Ar) is also
a Heisenberg extension of Z3* and hence is isomorphic to I'. To construct an explicit isomorphism,

pick a Zs-basis {[a;]}?2, for Ap/2A;, using Leech lattice vectors «; with the property that
;-0 = (1 — (51'.7‘) mod 4. (2590)

An explicit demonstration of the existence of such a basis is given in (2.5.140) et. seq. Because of
the property (2.5.90),

plea;) =i, pl—€a;) = =7 (2.5.91)
defines a group isomorphism p : I'(Ar) — TI'. Here {e,,, —€q,;} is the fiber above [o;]. For any

A€ Ap with [A] = Z?i1 w'[oy] with w® € Zg, we get

ex = v([A]) H e (2.5.92)

where v(A) € {£1} is determined using the value of the cocycle € on the basis vectors. We can then

easily check that

24
plex) =v(A) [T = v(A)rw (2.5.93)
i=1
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1

where w = (w!...w?*) € F3*. As mentioned in Remark 2.2.3 we will often write

T = plen) . (2.5.94)

Remark 2.5.2. A choice of basis {[o;]}7%; for Ar/2A;, with the property (2.5.90) is equivalent
to a choice of representation of the Heisenberg group I'(Ay), the representation being specified by
the group isomorphism (2.5.91). The choice of representation gives the action of ey on S(Ar). A
difference choice of such a basis and hence a distinct isomorphic representation of I'(Ay,) gives another
isomorphic realization of the Beauty and the Beast SCFT. The explicit isomorphism is identical to

the one in Remark 2.3.4. Throughout the paper, we choose one such basis and fix it.

The choice of basis {[c;]}?4; of AL/2Ar, with the property (2.5.90) gives us a map

fiAp — FH

(2.5.95)
+ A= (wl...w24)
where
24 '
N =D wlei], w'eTF,. (2.5.96)
i=1

This map is well defined, surjective and an Fo-module homomorphism. It is easy to see that Ker(f) =
2A1,. We denote the induced isomorphism of Fa-modules Ay, /2A;, and F2* by the same symbol f.

We now have the following lemma.

Lemma 2.5.2. Let I'i5 C T be an Abelian subgroup of order 212 consisting of elements of the form
Eww, with w € F2* and &, € {1} such that —1 & T'15. Then the image C1o of T'12 under the map

I — F3* given by v, — w is a [24,12] binary linear code.

Proof. Since T'j5 is a subgroup, 1 € I'15 and hence (00...0) € C13. Moreover since vy Yw = tVatw’
we see that Cjo is a linear subspace of F3%. Since —1 ¢ I'15, we cannot have both 7, and —v,, in

I'1o. It is thus clear that |C12| = 2'2. The statement now follows. O

Lemma 2.5.3. Let I'15 and Cyo be as in Lemma 2.5.2 with the additional property that v2 =1 for
all vy € T12. Then the cocycle € is trivialisable on C1 by a U(1) coboundary b : F3* — U(1). That
18

b(w1 + ’wg)
b(w1)b(wa2)”

Proof. The isomorphism class of U(1) central extensions is determined by the commutator function

e(wr, wz) = (2.5.97)
[FMS06, Proposition A.1]
(W1, W2) = Ya, Yeos Vioy YVaog - (2.5.98)

Since elements of I'15 square to identity, v,,1 = 7, for all w € C15 and since I'15 is abelian, it is clear

that x(wq,ws) =1 for all wy,ws € Cya. O
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Lemma 2.5.4. Let b:F3* — U(1) be the coboundary from Lemma 2.5.3. Define ¥, = b(w)v,, for

w € F3%. Then the operator

P12 = 27]1‘2 Z iw

weECqa

is a rank one projection operator acting on S(Ar).

Proof. Observe that

Yooy Ywy, = b(w1)b(w2)e (W1, W2 )Yy 4wy = b(W1 + W2)Vaoy 4wy = Vawy +uws -

Thus
1 - 1
AR DI SRR
w€ECia w ECya weCq2

Moreover using the identity

T (Vg -+ Viaw) = Opirgr T (Vaas -+ Yirn) = s T (Vg Y -+ Vo) + -+

+5H1Hn Tr (7/12 e fyﬂnfl) )
it is clear that

Tr(v,) =0, V w € F3\{0}.

Thus
TYP12 =1.

Since the only eigenvalues of P are 0 and 1, it is clear that P, is rank one.

(2.5.99)

(2.5.100)

(2.5.101)

(2.5.102)

(2.5.103)

(2.5.104)

O

Definition 2.5.1. A sublattice Agc C Ay is called a superconformal sublattice if the following

properties are satisfied:
1. For every A1, Ao, A € Agc, (A1, A2) =0mod 2 and (A, \) = 0mod 4.
2. Asc does not contain any vector of norm-squared 4.

3. 2Ap, C Agc with index 212,

Hypothesis (1) and (3) implies that ['(Agc) := {ex : [A] € Agc} is an order 2!2 Abelian subgroup of

I'(Ar), where Asc := Asc /2A1,. Hypothesis (2), as we will see below, is crucial for the construction

of the supercurrent.

We can extend the map f, defined in (2.5.95) to a homomorphism f : I'(Ar,) — F3* as follows:

f:T(AL) — F#

+ey— (wl...w24)

(2.5.105)
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where w' is defined as in (2.5.96). We then claim that for any superconformal sublattice Agc
Csc = f(T(Asc)) (2.5.106)

is a [24, 12] binary code. It is clear that the group p(f(Asc)) satisfies all hypotheses of Lemma 2.5.2,
where p : I'(Ar) — T is the group isomorphism described in (2.5.91). Indeed using Property (1) of
Definition 2.5.1

exey = (—1) e en = e en V[N, [ € Asc/2AL. (2.5.107)

Thus f(ASC) is abelian. By the same property, we have

2

N‘y

= (-1)71=1, VI[N e€Asc/2AL. (2.5.108)

Finally —1 ¢ p(I'(Asc)) since otherwise if ey € I'(Agc) then so does —ey € ['(Agc) and ‘f(Asc)‘ =

|Asc/2A1| = 211 contradicting the index of 2A1, in Agc. Hence Csc := f(f(Asc)) is a [24, 12] binary

code.

Theorem 2.5.2. Let Asc C A be a superconformal sublattice and let Csc = f(f(Asc)) be the
[24,12] binary code with corresponding projection operator Psc. Then there exists xsc € ImPsc
such that a(xsc) =1 and kx(xsc) = 0 for all X € Ay, with norm squared 4, where a(x), kx(x) is as
in (2.5.55).

Proof. Choose a normalised vector x; (i.e., scaled such that its norm is 1) in ImPsc and extend it

to a basis {x1, X2, .., X212} of S(Ar). We have

Psc = [x1)(xals (2.5.109)

where |x) (x| denotes the outer product of vectors. By (2.5.87) a(x1)* = —i. So we scale x1 by
eim/4.
xsc = e "4y, (2.5.110)
then we have
alxsc)” = —ile ™ xale™x1) = (xalxi) = 1 = a(xsc)- (2.5.111)
We now prove that x(xsc) = 0. Since Agc does not contain vectors of norm squared 4, we see that
if v\ = v with w € F3* and ) € [\] with A2 = 4, then w & Csc. Thus if vy = v, with w’ & Csc,

we have

—im/4

rx(xsc) = 16(xsclex|[Xsc) = —16i(e xileale™ *x1)

= 16(x1lexlx1)

16
= o > bw) v (2.5.112)

weCsc
16
= o2 Z b(w) Tryw Yo,

weCsc
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where we used the property of outer product:
(U|P) = Tr(|T)(D|) . (2.5.113)

Now since w + w’ & Csc for any w € Csc and w’ € F3*\Csc, we have that w + w’ # 0 and hence

Tryyvw = 0 since w € Csc and k) (xsc) = 0. The proof is complete. O

Thus the existence of a superconformal vector reduces to the existence of a superconformal
sublattice. We now prove that such a superconformal sublattice exists completing the proof of

superconformal symmetry in the (spin lift of the) Moonshine module.

Theorem 2.5.3. There exists a superconformal sublattice of Ay,.

Proof. Tt is proved in [DLMN96, Lemma 4.3] that for any Niemeier lattice L, the lattice v/2L, the
lattice isomorphic to L with all norms doubled, can be isometrically embedded?! in Ar,. We denote
this embedded sublattice by v2L* C Ay, where ¢ : /2L — Ay, is the emebedding map. Moreover, it
is also true that 2A;, C v/2L* and v/2L*/2Ay, is a Lagrangian subspace of Ay,/2Ay,. In particular, if
we choose the Niemeier lattice L to be the Leech lattice itself, then we have the following properties
(i) A2 e4N, e V2A:\{0}
(3) A -Ay €27, X\ € V2AL (2.5.114)
(iii) A2 #4 Ve V2AL.
The last property follows from the fact that Leech lattice has minimal norm 4. Since \/§Ai /2Aq, is

a Lagrangian subspace of Ap,/2Ar, it is clear that the subgroup of I'(Ayp): 22
T(V2AL) = {ex : [\ € V2AL /2AL} (2.5.115)
has order 2'2. By (2.5.115) v/2A} is a superconformal sublattice. O

Theorem 2.5.4. Let xsc be the twisted ground state of Theorem 2.5.2 for a choice of a supercon-

formal sublattice Agc. Then Tp(z) := 2V (xsc, ) is a superconformal current.

Proof. From (2.5.86), the OPE is

V(xsc, 2)V(xsc, w) ~ ( 1 1/8

—wp T e Tp(w). (2.5.116)

Any potential supercurrent for J#sc must have central charge ¢ = 16. This is obvious since the
Monster VOA has central charge ¢ = 24. It is now clear that Tr has the required OPE of a

supercurrent with central charge ¢ = 16. O

21For an explicit embedding, see [HKO00].
22Recall that we can choose a cocycle that is trivial on this subset
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2.5.3 Classification Of N =1 Structures Obtained From Codes

Our construction of the supercurrent crucially depends on a choice of superconformal sublattice Agc
of the Leech lattice. If there exists one such choice of superconformal sublattice Agc, then for any

R € Coyp, where Cog is the Conway group, R - (Agc) is again a superconformal sublattice.

Definition 2.5.2. Two supercurrents constructed from superconformal lattices are said to be equiv-
alent if the superconformal lattices are related by an automorphism of the Leech lattice or the codes

associated to the two superconformal lattices are isomorphic.

This terminology is motivated by the fact that the A/ = 1 structures obtained from Agc and
R - (Asc) (i.e., the SCVOA #5¢ with superconformal states obtained from Agc and R - (Agc)) are
isomorphic (see Definition 2.4.2). Similarly N = 1 structures obtained from two isomorphic codes

is isomorphic. We now explicitly demonstrate the isomorphism.

Proposition 2.5.4. Let xsc, xsc be two supercurrents obtained from either two isomorphic codes
or from two Conway equivalent (i.e., related by a Conway rotation) superconformal sublattices. Then
there exists vertex operators V' (1, z) such that the SCVOAs (5, V, |0), ¢, xsc) and (#sc, V', 10), Y1, X5¢)

are isomorphic.

Proof. Let us first suppose that

Ixsc) = Plxo), Ixsc) = P'lxo) , Ixo0) € S(AL), {xolx0) =1, (2.5.117)
where
1 1
P .= 2? Z’Yw 5 P/ = ﬁ Z Yw (25118)
wee wec!

and C,C’ are isomorphic [24,12] codes such that P, P’ are rank 1 projectors. Let S : F3* —s F24 be

a permutation such that C’ = CS. Note that
I = {+v,5 : w € F3} | (2.5.119)

is defines another unitary irreducible representation of the Heisenberg extension of Z3* acting on

S(Ap). By uniqueness of the representation, there exists a unitary matrix S such that??
SvwST = s, weFH. (2.5.120)
Now define the map ug : #3g — HBB by
uga%ugl = ai'” ugciugl = c,i

~ (2.5.121)
us|A) = [A),  uslx) = Sh) -

23Note that there is no &1 factor because S preserves the cocycle e(w,w’) = e(Sw, Sw’).
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Define V' as in (2.5.17), (2.5.18) with V. defined as in (2.3.44) with ey replaced by e(s-1550f)([r))-
Then one can check that ug satisfies ugV (1, 2)ug’ = V'(ugt), z) for all 1) € #5p and preserves the

vacuum and conformal vector. We now show that

us|xsc) = [xsc) - (2.5.122)

It is clear from (2.5.120) that SP = P'S. Thus we have
uslxsc) = SP|xo) = P'S|xo0) = Ixéc) - (2.5.123)

Next suppose that ysc and x§o =: ch be the superconformal vectors constructed from supercon-
formal sublattices Agc and R - (Agc) respectively for some R € Cog. Notice that {+ygy : A € AL}
is another unitary representation of the Heisenberg group I'(Ar). Thus by uniqueness of unitary

representation of the Heisenberg group, there exists a unitary matrix S such that

SyaST = vr(MRa (2.5.124)
for some vp(A) = £1 which satisfies
UR(/\)UR()‘/) / ’
———————c(M,A) =¢e(RA\, RX) . 2.5.12
on O N e(AM, X)) =e(RA RN) (2.5.125)

Define the map ugr : A5 — Hpp by

6, -1 _ pl j 6—1 _ pl
ura,up = R .al, ugpcyun = R .c)
f ’ B o (2.5.126)
ur|A) =vr(N)|RA), urlx) = Slx) -
One can check that up satisfies uRV(w,Z)u;il = V(ugv, z) for all ¥ € H%Bp and preserves the

vacuum and conformal vector. We now show that

ur|xsc) = [x&) - (2.5.127)

Observe that if b(\) = +1 trivializes the cocycle on I'(Agc) then b(A)vg()) trivializes the cocycle
on T'(R - (Asc)). Indeed, using (2.5.125) we have

b(MB(N) vr(Nvr(N)
BN+ N) vr(A+ )

vr(A\)vr(\)
vr(A+XN)

=e(\,\) =¢e(RN\,RN) . (2.5.128)

Let Psc and PS% be the projection operators corresponding to the superconformal sublattices Agc

and R - (Agc) respectively. Then we have

1 1
SPseS'= g5 D dSnS =5 Y bNur(Nma = PG - (2.5.129)
AEAsc/2AL A€Asc/2AL
Since |xsc) € ImPsc we have
S|xsc) = 8Psclxsc) = PsoSIxsc) = Ix&c) » (2.5.130)

where we used the fact that PS% has rank 1. O
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In the previous section we used the existence of an embedding of v/2Ay, into Ay,. In fact, there
can be different embeddings not related by the action of the Conway group. In our language, these
give inequivalent supercurrents as long as the resulting codes are also non-isomorphic. We will
now show that there can be at most 9 inequivalent supercurrents constructed using embeddings
¢ 1 V2A1, — Ar. Moreover we construct two such inequivalent supercurrents explicitly. Since there
are several supercurrents in the Beauty and the Beast SCFT, a natural question to ask is whether
supersymmetry can be enhanced to N' > 1. At the end of this section we show that there cannot be

N > 1 supersymmetry in the Beauty and the Beast SCFT.

Suppose that we can find another sublattice A’ of the Leech lattice with the properties listed in
(2.5.114), then we can construct another supercurrent using the code f(A’/2A1) and the associated
projection operator. Our construction is based on the isometric embedding of v/2Ay, into Ay, which
provides such a sublattice. Now there are many inequivalent embeddings of v/2Ay, into Ar,. We now
want to classify all the supercurrents that can be constructed using these embeddings. As before,
let us denote the image L(\/iAL) of an embedding ¢ : V2AL, — AL by \/QAi We need the following

proposition.

Proposition 2.5.5. Let ¢ : v/2A, — Ay, be an embedding and {[oy] 24, be the basis of Ap/2AL
chosen in (2.5.90). Suppose further that

24
> lai] € V2A1 /21 (2.5.131)
i=1
Then the code
Cly = {w € F3* : 4, = va = plen) for some ex € T(V2A%)} (2.5.132)

where f(\/iAi) is defined analogous to (2.5.115), is a self-dual, doubly even code.

Proof. Let {a;}?2, be a set of Leech vectors representing the basis cosets {[a;]}?4; in the hypothesis.
Then we have

-0y = (1 — (5”) mod 4 . (25133)

Then condition (2.5.131) on an embedding implies that

f (Z[%]) —(11...1) e F2*. (2.5.134)

i=1

This implies that (11...1) € C%,. Next note that for any w,w’ € F3* [Moo22],

YwYw! = (71)Wt(w)Wt(w,)+w.w/7w/7w~ (25135)
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Now since I'(v/2A%) is abelian, using (2.5.135) with w’ = (11...1), we conclude that wt(w) is even

for every w € Ci,. Since 72 = 1 for every w € C!y and

A (2.5.136)
we must have wt(w) = 4k or 4k + 1 for k a non-negative integer. But since wt(w) is even for every
w € Ciy, we see that the code Cf, is doubly even. The fact that it is self-dual follows by the fact
that (11...1) € C4s. O

We now show that for any embedding ¢ : VoA — Ay, there is an equivalent embedding R o ¢,
for some suitable R € Cog, such that the hypotheses in Proposition 2.5.5 are satisfied for R o «.

We start by constructing 24 Leech lattice vectors {a; }?4, such that ;- = 38;;+ 1. (Reference
[Bas| contains some useful information for this construction.) Recall that the Mathieu group May acts
on Ap, by permuting the coordinates. In particular, Moz acts by permuting the first 23 coordinates.

Now start with the norm-squared 4 vector [CS99]

V8

o = ( -1,1,1,1,1,-1,1,-1,1,1,-1,-1,1,1,-1,-1,1,-1,1,~-1,-1,-1,—1, -3 )

(2.5.137)

Obtain 22 more vectors as, . . ., aa3 by acting on this vector by the order 23 permutation (12...23) €
Mos3 < Sp3 < Sa4, where Sa3 — Sy is the embedding by the action on the first 23 coordinates.
Notice that in these 23 vectors, the +1s and —3 is supported on dodecads which intersect at 6 places
pairwise. This will be very important. Choose the last vector to be another norm squared 4 vector

[CS99]
1
=g ( 1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,-3 ) : (2.5.138)

It is easily checked that these 24 vectors «; have mutual inner product 1 and hence are inequivalent
modulo 2Ay,. This is because if [o;] = [e;] then o; = a; + 2 for some A € A, and «; - o = 0mod 2
contradicting the fact that «; - @; = 1. Thus we conclude that {[c;]} with «; constructed above is
a basis for Ar,/2Ay,. ?* Alternatively, the Gram matrix for the 24 classes [o;] has 1 on off diagonal
and 0 on diagonal and hence is invertible implying that [c;] is a basis for Ar,/2A1,. Next, note that
the norm squared of each of the 24 vectors «; is 4 and hence any representative of [a;] will also have
norm-squared divisible by 4. Finally it is easily checked that

Z[ai] = Ug(o,o,...,—?z)} = Ug(o,o,...,—s) . (2.5.139)

24We remark that the a; do not form a basis for the Leech lattice. Rather, they span a sublattice of index 3'3.
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Note that %(0, 0,...,—8) is a norm-squared 8 vector.

Now consider an arbitrary embedding ¢ : V2A;, — Ar. Of course \/§Ai contains norm squared
8 vectors. Choose one. Since the Conway group Coyg is transitive on norm-squared 8 vectors [CS99,
Theorem 29, Chapter 10] we can postcompose the embedding map ¢ by an automorphism of Ay, to
obtain an equivalent embedding containing the vector % (0 0---—8). This means that [%(0 0---—
8)] € f(\/iAEOL) and we have satisfied the key condition (2.5.131) of Proposition 2.5.5.

This proves the following proposition.

Proposition 2.5.6. Fvery equivalence class of embeddings®® contains a representative ¢ : v/2A1, —

Ay, such that Ci, is a self-dual doubly even [24,12] code.

Theorem 2.5.5. Embeddings of V2AL into Ay give rise to at most 9 inequivalent supercurrents in

the “Beauty and the Beast” SCFT #3p.

Proof. By Proposition 2.5.6, the code generating the supercurrents obtained from equivalence classes
of embeddings is self-dual and doubly even. There are only 9 such codes up to equivalence [PS75].
Moreover, by Porposition 2.5.4, equivalent codes give rise to equivalent supercurrents. Hence the
supercurrents constructed from such embeddings can only be one of the 9 constructed from the 9

selfdual, doubly even binary linear codes. O

We now explore some explicit examples of the codes in above theorem. We pick the following
representation of the Heisenberg group: for the basis [a;] of A, /2Ar, constructed in (2.5.137) and
(2.5.138), assign

plea;) = Yo, =V, 1=1,...,24 (2.5.140)

where ; are the standard Dirac gamma matrices. This is well defined because «; - a;; = 3d;; +1 and

hence is compatible with {v;,7;} = 2d;;1. For any other A, we first write

24
N = mifos], i €{0,1} (2.5.141)
=1
and then we have
A=t (2.5.142)

where the choice of sign is fixed by the cocycle € of the Heisenberg extension.

Proposition 2.5.7. With the above representation of the Heisenberg group T'(AL), if wt(w) = 4 with
Yo = YA for A € \/iAi for any embedding v : \/2A, — Ay, then there is a representative X of [\]

with norm-squared 12 and of the shape %(:I:ZS, +44012), %(:Iﬁl?, +43.0%) or %(:I:Qw, +42,09).

25Two embeddings ¢1, 12 are equivalent if there exists R € Cog such that 1o = Ro 1.
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Proof. Observe that for wt(w) = 4, if 5 = 7, then there is a A € [A] such that
A= Gy + Oy + 0y + gy, (2.5.143)

for some i1, ...,44 € {1,...,24}. Notice that since the dodecads on which the —1s of o;,i =1,...,23
are supported intersect at 6 places pairwise, for any 1 < 41,49 < 23, a;, + «;, has the shape
8_1/2(257 —26,012, —6) with the nonzero coordinates supported on a dodecad. Moreover, for any
i + ay for i = 1,...23 has the shape 81/2(2!1 02, —6). This moreover implies that A has the
shape 8~ 1/2(£2k1 f4k2 (23—F1—k2 _19) Next, using the fact that a; - aj = 30; + 1, we see that
A2 = 28. Thus the norm squared of 8_1/2(:|:2’“1,:|:4:’€2,0127 —12) being 28 implies that

k1 + 4ko = 20. (2.5.144)

The integral solutions to this equation are (ki, k2) = (20,0), (16,1), (12,2), (8, 3), (4,4), (0,5). More-

over, the only possible choices of k1 are 8,12, 16 in which case ko = 3,2,1. Other choices can be ruled

out using the fact that +4 appears only where the dodecads in o, + o, and o, + «;, intersect and

the fact that dodecads can only intersect in 0,4,6, and 8 places. Adding 8~1/2 (0%3,16) to A\ does not

change the class, so we have another representative of [\] of the shape 8 1/2(£2k1 f4kat+1 (23—F1—k2)

Thus [A] can have representative of the shape 8 71/2(428, 444, 012), 87 1/2(£212 443 %) or 871/2(4+216, 442 05).
O

Using the construction of [HK00], we will now explicitly construct two embeddings of v/2Ay, into

Ay, which will give rise to inequivalent codes and hence inequivalent supercurrents.

To construct an embedding, we start with a Zs-code € which is generated by codewords g € Z32*
such that the following holds: for each generator g of %, there is a vector § € Z* such that % € AL
and g = g(mod 4). In simple terms % e Ap if % is considered as an element of R?* under the
map Z4 — R which sends 0 — 0,1 — 1,2 — 2 and 3 — 3. Pseudo Golay codes and the Harada-
Kitazume codes are examples of such Z4-codes, described in Appendix A.1.2. A typical element of

the associated lattice A(%) (see Theorem A.1.4) is of the form

4
I+ rez (2.5.145)
279
This implies that
4x g 8x
\/§<g+)+e 2.5.146
9 9 \[ 2\[ L ( )

since % € Ap and 28\’/% € Ap for any z € Z**. Hence v2A(%) C Ap which gives an explicit

embedding if we choose % such that A(%) = Ap. To explicitly construct the embedding, recall
that v2Ar, = (Ar,2(-,-)) where (-,-) is the Euclidean inner product in R?*. This means that
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V2A1, = \/2A(%) isometrically. The inclusion map i : v/2A(%) — Ay, then provides the embedding
Lg . \/QAL — AL-

Duncan’s Spinor Defines A Supercurrent In The BB Module

Recall that pseudo Golay codes € are Z, codes such that Res(4’) = G. From [Rai99, Theorem 9|, we
see that every pseudo Golay code is Type II with minimum Euclidean distance dg (%) = 16. Thus
by Theorem A.1.4 and the uniqueness of Leech lattice, we see that A(%) = Ay,. We now show that
the generators g of the code satisfy % € Ar. Indeed since g (mod 2) € G, the positions of 1 and 3
in g must be an octad in the Golay code and there are even number of 2s in g. So the shape of %
is

(2%, 65—F, 42¢ (16-2¢)

] (2.5.147)
(88—k: 42@ 016-"—/47—2@)
V8 T '

_ 29 _
2v/2

Sl
Sl =5l

(2/6’ _28—/67 016) +
octad

Moreover k is even for all the 13 pseudo Golay codes [Rai99]. Clearly from the list of vectors in the
Leech lattice given in [CS99, Table 4.13, Chapter 4], we see that \% € Ar.

Proposition 2.5.8. Let 1; : \/iA(%) < Ap, i = 1,...,13 be the embedding of V/2A1, into Ar,
obtained from the 13 pseudo Golay codes €;. Then

ci=g, i=1,...,13 (2.5.148)
where Cy} is defined as in (2.5.149).

Proof. By Proposition 2.5.5, the code Cj5 is a self-dual, doubly even binary [24, 12] code. It suffices
to prove that for every w € Cjy, wt(w) # 4. We prove this computationally using Mathemat-
ica. In view of Proposition 2.5.7, it suffices to prove that the (244) = 10626 vectors of the shape

%(ng,iZﬁ,Ou),%(1212,i43,09) and %(1216,i42,06) does not belong to v/2A(%;). This is
equivalent to proving that the 10626 codewords of the form 2¢ (£18 424 0'2), (£1'2,£23 0°) and
(£116,4£22.0%) does not belong to ;. This was explicitly checked using Mathematica for each of

the 13 pseudo Golay codes and we indeed found that this is true. O

Remark 2.5.3. Recall that the Harada-Kitazume code €y i is another Z, code satisfying all prop-
erties required to construct an embedding \/§A(C€H k) C Ap. Using similar Mathematica calculations

as in Proposition 2.5.8, we found that C{1X defined by

CHE .= {w e F2' : v, = v = pley) for some ey € D(V2A(Guk))} (2.5.149)

26Note that —1, —2 are considered mod 4 in the code.
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is isomorphic to the Golay code G.

The above results imply that one of the supercurrent is generated by the projection operator
constructed out of the Golay code as is the case for Conway supermoonshine elucidated in [HM20].
It was called the Duncan spinor in [HM20] as it was first constructed by John Duncan in [Dun05,
DMC14]. Thus one of the supercurrents in the “Beauty and the Beast” SCFT is based on the Duncan

spinor.

Supercurrent From Quaternary Golay Code

Using the quaternary Golay code, we now construct a supercurrent which is inequivalent to the
Duncan spinor, see (A.1.12) and Table A.1 for the definition of quaternary Golay code. We first
show that the quaternary Golay code @4 gives rise to an embedding of v/2Ay, into Ar,. Depending

on ny € {0,8,12,16,24}, it is clear that any element of the code Q, is of the shape
g = (17, 3n+(9)=k (24=ns(9))y 4 (92 (24-26), (2.5.150)

where k is even since otherwise the Euclidean norm of g would be odd and hence it cannot form an
even lattice. This implies that

2g 1

929 L ok gnato)—k g2i-ns(e)) 4 L

NG
_ 7(2k7 _2ni(g)—k7 024—"1(9)) +

— —
Golay codeword

(42f’ 024—2@)

&
5
-%

1
Sni(g)—k, 024+k—ni (9) 4+ — 2267 024—2€ )
( )+ (2,072

S
Sl

(2.5.151)

It is now clear that % € Ap. Finally, by [BSC06, Theorem 4.3] we see that A(Q4) = Ar. Thus
using (2.5.146) this code gives us an embedding of v/2Ay, into Ay,

Theorem 2.5.6. The code C%‘ defined as in (2.5.149) is not isomorphic to the Golay code.

Proof. It suffices to show that the code C%‘ contains a weight 4 codeword and hence cannot be the
Golay code. Indeed from Lemma A.1.1, we see for any dodecad w € G, the code @4 contains the
codeword (£112,23 0%) for any choice of position of the three 2s with 1 supported on w. From
the proof of Proposition 2.5.7, we see that there exists a vector of the shape 8_1/2(i212,43,09)
which map to a weight 4 codeword under the homomorphism f. But then this means that \/§A(@4)
contains Leech vectors which under the homomorphism f of (2.5.95) map to weight 4 codewords.

Thus the code 61@24 cannot be the Golay code. O

Thus we see that the code C* thus gives rise to a new supercurrent different from the Duncan

spinor.
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We have now shown that there are at least two inequivalent supercurrents in the Beauty and the
Beast module. Let us now calculate the OPE of the supercurrents with dimension 1 primaries in
the theory since they are required for N’ > 1 supersymmetry. There are 24 linearly independent

dimension 1 fields: V(a’|0),2). In terms of the fields X?, R’ it is given by

~ . 10, X%(z2) 0
V(a']0),2) = _ (2.5.152)
0 0, RY(z2)

Let V(xs, z) be a supercurrent. By (2.5.22) and (2.5.23) we have the OPE
(i 7 1 T 1
Vi(a'4]0), 2)V(xs,w) = mV(C—I/QXSaw) + O((z — w)?), (2.5.153)
where we used the fact that ciy = 0 for k > 0 and x € S(Ar). Thus the dimension 1 primaries have
a square root singularity with the supercurrents. Therefore there is no mutually local dimension one
U(1) R-symmetry current and therefore we cannot have extended supersymmetry in the BB mod-
ule. It might be possible to define an N = 2 supersymmetry algebra by passing to suitable covering

spaces. In any case, there is a novel symmetry structure here which might be worth understanding

more deeply.

We also note that similar calculations as in Section 2.5.1 give us the OPE of two vertex opera-

tors V(xa, z) and V(xs, z) corresponding to twisted ground states ya, x5 € S to be

- - aab aab 8 Hab ei)"X(w)O')\ 0
V(Xa> 2)V (X, w) ~ = + _/ Tp(w)+ »  —> ‘ (2.5.154)
(z —w) (z —w) o 0 eINR(w) gy
where
a® = (Xalxe), w3 = 16i(xalexXs)- (2.5.155)

Thus any two supercurrents are local with respect to each other. For the two supercurrents con-
structed above, it may be possible to calculate the coefficients a® and K‘}\b explicitly. But we will

leave this calculation for future. This suggests that there is a novel chiral algebra in the BB module.

2.6 Mathematical construction of the Beauty and the Beast module
In this section, we will explain the construction in Chapter 2 in the language of vertex operator
algebras (VOAs). VOAs have been reviewed in Appendix B. To be precise, we prove the following

Theorem 2.6.1. aLet Vgp be the Beauty and the beast module. Then Vg has the structure of an

N =1 superconformal vertex operator algebra with central charge ¢ = 16.

See Section 2.6.1 for the precise definition of an A/ = 1 superconformal vertex operator algebra.
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2.6.1 Superconformal Vertex Operator Algebras

We start by defining the notion of an A/ = 1 superconformal VOA, we refer the reader to Appendix

B for the definition of vertex operator superalgebra and related notations.

Definition 2.6.1. An SVOA (V, Yy, 1,w) is called an N = 1 superconformal vertex operator algebra
with central charge denoted by ¢ if there is a superconformal vector T € V(3,5) with corresponding

vertex operator

=Y naT =Y G (2.6.1)

resZ resZ

such that the operators L, and G, furnish a representation of the A/ = 1 superconformal algebra:

[Lin, Lp) = (m —n) Ly + 8m (m2 1) Om,—

n
Gt ( B 7) Crin (2.6.2)

1
(G Gy} = 2L + g (rz _ ) 5y s
(L, ] =[G ] = 0.

where {-,-} is the anticommutator. We denote an N’ =1 SCVOA by the tuple (V, Yy, 1,w, 7).

Remark 2.6.1. If the modes G, of the vertex operator Yy (7, ) are zero for r € Z, the the algebra
(2.6.2) is called the N = 1 Neveu-Schwartz algebra. If G, = 0 for r € Z + 5 then the algebra (2.6.2)
is called the N' =1 Ramond algebra.

The commutation relations for the superconformal algebra of central charge ¢ is equivalent to

the operator product expansion:

3¢/4 ; 2Yy (w7m22) 1 iYV (0, 22)
(1 — z2) (1 — x2) (z1 — 22) doo

3 Yy (7, 1 d
o V(TCL’Q)Jr

Yv (w,21) Yy (w,22) ~

Yy (w,z1) Yy (1, 22) ~ 2 (21 —2)? | (w1 —2) deng (1,22) (2.6.3)
YV (7'7 x1) YV (T, .132) ~ (xl é_/t2)3 2();‘/1' (iu;zj) .

This gives us another definition of an N’ =1 SCVOA which we record as

Proposition 2.6.1. Suppose (V,Yy,1,w) is an N' =1 SVOA with central charge c. Then T € V(32

is a superconformal element for the N =1 SCVOA V with central charge ¢ = %c if

2
ToT = 301, =0, 77 =2w. (2.6.4)

2.6.2 The Monster Vertex Operator Algebra

A large class of VOAs can be constructed using even, positive definite lattice equipped with a

symmetric nondegerate bilinear form. The lattice used to construct the Monster VOA is the Leech
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lattice A (see [FLM89, Chapter 7,8] for the construction). In this section we review the construction
of the Monster VOA which will be useful in later sections. This complements the discussion in

Section 2.3.

The untwisted vertex operator algebra

Let A be the Leech lattice. Define

viewed as a finite dimensional C-vector space with a nonsingular, even, symmetric, nondegerate form
(-,). Let {a;}#2, C b satisfying
<Oéi,()éj> = 25ij~ (266)

We can write thus write

h = Spanc{aq, ..., a}. (2.6.7)

An orthonormal basis for h can then be constructed using «; by defining

hi = —ai, i=1,...,24. (2.6.8)

V2
Considering h as an abelian Lie algebra, we construct the Heisenberg algebra of § as:

bz :=EPhet"oCe (2.6.9)
neEL
n#0

where c is a central element of the algebra and the Lie bracket is given by

[T@t", y@t™] = (@, y)MOmn,0C. (2.6.10)
Let
by =EPoet (2.6.11)
neL
n<0

and S(h;) be the symmetric algebra of h;. We will consider the Z-grading on S(h) obtained
by extending the Z-grading on bz to the tensor product in the usual way. S (f)i ) is an induced
hz-module (see [FLM89, Section 1.7]). Let A be the central extension of A by a cyclic group (KY,
k2 =1,k # 1 of order 2:

0— (k) — A — A —0. (2.6.12)

For any subgroup L C A we define

L:={achA:acL) (2.6.13)
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Let C, be the 1-dimensional space on which (x) acts according to x : (k) — C, x(k) = —1. That

is k-1 = —1. Let us denote by C{A} the induced A-module of C, by the subgroup (k) < A:

C{A} :=C[A] ®c[(x)] Cy (2.6.14)

where C[G] denotes the group algebra of G. The elements of C{A} are linear combinations of
elements of the form a ® 1 where a € A. Using this, we put a Z-grading on C{A} by defining the
weight?”
(a,a), a€Al (2.6.15)
Form the untwisted vector space

Vi == S(h;) ® C{A}. (2.6.16)
VA inherits the Z-grading from that of S (62 ) and C{A}. We consider S (62 ) as a trivial A-module
so that Vj is a tensor product of A modules and hence again a A-module. Similarly we consider
C{A} as a trivial hz-module. Let us denote by a(n) the element o ® t" € bz, for a € b and for any
« € b define

a(0) : C{A} — C{A}, a(0)(a®1)={(a,a)(a®1). (2.6.17)
Also for any a € A and = a formal variable, define
2% € (EndC{A})[z,27'], 2%(a®1) =z (a®1). (2.6.18)
For a € b, put
a(z) =Y a(n)z " (2.6.19)
V) is generated by elements of the form
v=ai(—n1) - as(—n2) - ap(—ng) - tla) := a1 (—n1) - aa(—n2) - - ap(—nk) @ t(a) (2.6.20)

where 1(a) =1® (a®1) € V) and a € A. For a € A define the untwisted vertex operator associated

to t(a) as

= o exp ( 3 a(”)x”> o ( > &(n)mn> e (2.6.21)

n<0

where the normal ordering is defined as

|
Q
V)
2
S
5
2
Il

a1 (m)az(n)

(2.6.22)
ca(m)a® = Saa(m)° = aa(m),

o o o

°x%a = cax®° = ax®

2"The notation @ denotes the image of the projection map ~— : A — A.
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for a1, a0, €h,mm € Z,a € Aja € A. To extend this to all of V we define the vertex operators

for the generating set

k
1 dvitag(x)
YVA(’U,LU) = H ° <(nz —1)! dpni—1

i=1

> Yv, (a,2)° (2.6.23)

where v is as in (2.6.20) and extend it to all of V), by linearity. This gives us the map

Yy, : Vo — (EndVy)[[z,27']], v+ Yy, (v, ). (2.6.24)
To construct a conformal element pick an orthonormal basis {hi, ha, ..., has} of h and define
1 &
- (_1)\2
wi=y Zhl( 1)% (2.6.25)

Then we have the following theorem

Theorem 2.6.2. [FLMS89, FLMS85| The quadruple (Va, Yy, ,t(1),w) is a vertex operator algebra with

central charge 24.

The twisted module

Let us now construct the Vy-module V. We consider the Z + %—graded twisted Heisenberg algebra

bz = P bet"®Ce (2.6.26)
7’€Z+%
and its subalgebra
b, =EPhet. (2.6.27)
r<0

The symmetric algebra S (62 L1 ) is %Z—graded and as before an irreducible GZ +1 -module.To construct

the twisted module, we need the A-module 7' which we describe below. Set
K :={a®k@%/% . g € A}. (2.6.28)

Then K is a central subgroup of A and

K =2A. (2.6.29)

Moreover A/K is a finite subgroup and is a central extension of A/2A:
1— (k) — AJK — AJ2A — 1. (2.6.30)
One can show that A/ K is an extraspecial 2-group with
IA/K| =22, (2.6.31)

The space T is then characterized as follows:
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Proposition 2.6.2. [FLM89, Proposition 10.3.1] The extraspecial group A/K has a unique (up to

equivalence) irreducible module T' such that
kKK — —1onT. (2.6.32)

Moreover, the corresponding representation of [\/K is the unique faithful irreducible representation

and

dim T = 2'2. (2.6.33)
To construct T, let ® be any subgroup of A such that

2N C O C A,
|®/2A] = 2'2, (2.6.34)

1
§<a,a> € 2Z, for any a € ®.

Then & is a mazimal abelian subgroup of A and i‘/K (cf. (2.6.13)) is an elementary abelian 2-group.
Let
Y P/K — C* (2.6.35)

be any homomorphism such that

b(rK) = —1 (2.6.36)

and denote by Cy the one-dimensional d-module with the corresponding character. Then viewed as

a A—module,

T = C[A] ®cje) Cy (2.6.37)
~ C[A/®] (linearly).

From (2.6.37) we see that T is generated by elements of the form #(a) := a ® 1 where a € A. We
then define the module V| as

VE=S8 ,)oT. (2.6.38)

wt(t) =2, teT (2.6.39)

Then VI has a %Z—grading induced from the tensor product gradation. Let us again denote a ® t"

by a(r) for « € h and r € Z + § and also define

alz) = Z alr)z™"t, ach. (2.6.40)
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Let us now define the twisted vertex operators. For any a € A, define
Yyr(a,z) = 9= (@a) o exp (/a(m)) © gz (@a)/2

e a(n+ 3 . a(n + % aa
— 2_<a7a‘> 2 eXp Z 7( 2):1;_77’—"_5 . exp (Z 7( 2)$_n+é> gax<aaa>/2

1
"0 n+;

where the normal ordering is defined as

ai(r)as(s) r<s
can(r)az(s)e = san(s)ai(r)e = (reals) (2.6.42)

o

az(s)aq(r) r>s

for ay,a0 € b,1r,s € Z + % For a general v € V, of the form (2.6.20) we define

Yyr(v,z) =Yo | exp Z f: Cmnhi(m)hi(n)z™™™ " | v, (2.6.43)
m,n>0 i=1

where i
Yo (v, x) = H1 ° ( o i o d"d;;%@) Yyr(a,2)e, (2.6.44)

im
{h1,...,ha4} is an orthonormal basis of h and ¢;,,, are complex numbers determined by the relation
Z Cmnx™y" = —log <(1 o) ;_ (1+ y)1/2) . (2.6.45)

n,m>0

This defines the vertex operator map

Yyr(sz): Vi — (EndV)[[z?,27 2], (2.6.46)

The Monster module

To define the Monster module, we define an involution 6 on Vi and V{. Let v € V), be as in (2.6.20)

and w € VI be of the form

1
w=ay(=r1) oap(—rg) -t =a1(—r1) - ap(—ry) @t, teT, rl,...,rk€Z+§. (2.6.47)

Define
6(0) = (—1)*an(—ma) - a(—mg) - s(a™ )

O(w) = (=) ag(=r1) - ap(—rp) - t

(2.6.48)

and extend it as a map 6 : Vy — Vj and 0 : VI’ — VI by linearity. Clearly 6% = 1. Let Vf and

(VI)* be the £1 eigenspaces of §. We then define the Moonshine module V? as

vi=vie vt (2.6.49)
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V' has a Z-grading given by the weight gradation on Vi and Vi

Vi = @ Ve (2.6.50)
nez
n>0
In particular
VE=Cu(1), Vi=0, Vi=tadp (2.6.51)
where
t:=S5%h) @ @ Czt, xf:=1u(a)+t(a™), (2.6.52)
GEA4
and
p=hHeT. (2.6.53)

To match this with (1.2.5), we define the degree of a vector by
1 ..
deg(v) = —wt(v) + ﬂdlmf) =1—wt(v). (2.6.54)

We now want to construct the vertex operator map

Vi — (EndV?)[[z?,272]). (2.6.55)
For v € VXF we define
Yy, (v, x 0
Yis(v,2) = v (v ) . (2.6.56)
0 Yyr(v,z)

To define vertex operators for v € (V)™ we first introduce a bilinear form on V{'. On T there is a

unique positive definite hermitian bilinear form (-, )7 such that

0, ad #bd
(t(a), t(b))r = (2.6.57)

This can be extended to a unique bilinear from (-, )= on VI as follows:

(1@t(a), L@ Hb))yr = (t(a), t(b))r
(2.6.58)
(a(n) - u,v)yr = (u,a(~n) - v)yr

where a(n) - u is the module multiplication in the 62+%-m0dule V& Now for v € (V)T we define

Yii(v,x) = (2.6.59)
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where Z(v,z) : Vi — (VI)*[[x2,272]] is defined as
Z(v,x)u = eIL(*l)YVAT (u,—z)v, weVy (2.6.60)
and Z(v,z) : (V)T — (V{)[[z#, 2 7]] is defined by

(w,Z(v,z)u),, = <YVAT (w, —z~ 1) e (—g2) L0y, emflL(l)u> , forallweVy. (2.6.61)

Va V/;T
Theorem 2.6.3. [FLMS89| The quadruple (V*,Yy4,1(1),w) is a vertex operator algebra of central

charge 24 with automorphism group the Monster M.

2.6.3 N =1 Neveu-Schwartz algebra in the Beauty and the Beast module

In this section, we explcitly construct a superconformal vector in the meromorphic extension of
the Monster module called the Beauty and the Beast module in [MS23]. We will show that the
superconformal vector is contained in the image of a rank 1 projection operator acting on the

module T'.

The Beauty and the Beast SVOA

In this section, we recall the SVOA structure of the Beauty and the Beast module. We consider the
extended space

Vg :=Vyo VY. (2.6.62)

Clearly Vpp is %Z—graded. Let us write

Vs = P (Ves)n = | PVes)n | © | @ (Vas)n (2.6.63)

’I’LE%Z neZ nEZ+%
n>0 n20 n>0

and define

(VBB)o := @(VBB)n , (VBB)1 = @ (VeB)n | - (2.6.64)

ne”Z nezZ+1
n=0 n>02

This defines a Zs-grading so that Vpp has a super vector space structure. Let us now define the
vertex operator map

, X

Nl
W=

Yvos : VB @ VB — VEB[[Z

II-

For v € V) we define
Yv, (v, x 0
Yi,, (v, 2) = v (o) . (2.6.65)
0 Yyr(v,z)
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For v € V' we define

Yvipp (v,z) = ’ &) (2.6.66)
Z(v,x) 0

where Z(v,z) : Vy — (VI)[[z2,272]] is defined as
Z(v,x)u = ezL(fl)YVAT (u,e™z)v, u€Vp (2.6.67)

and Z(v,z) : VI — (Vy)[[x2, 2~ 2]] is defined by

<w, Z(v7x)u>VA _ <YVAT (w7em‘x—l)exL(l)(em'x2>—L(0)v7ea:*lL(l)u> o for all w € Vi (2.6.68)

Va

and then extend to all of Vpp by linearity. We thus have the following theorem.

Theorem 2.6.4. The quadruple (Vpp,Yv,,,t(1),w) is a super vertex operator algebra of central

charge 24.

Sketch of Proof: The statement follows from general theory of logarithmic tensor category [HLZ10a,
HLZ10b, HLZ10c, HLZ10d, HLZ10e, HLZ10f, HLZ11a, HLZ11b|. To be specific, one can use [CKL19,
Theorem 3.9] with the odd module (Vpp); as a simple current for (Vzp)g. Note that the fact that
(Vep)i is a simple current for (Vpp)g follows from the results in [Don94]. See also Remark 2.5.1.
Alternatively, one can also prove it in the formalism of [DGM90, DGM94] as done in [MS23| by taking
the formal variable to be a non zero complex number and using analytic continuation. The only
nontrivial part of the proof is the Jacobi identity for the vertex operators Yy, , (u, 1) and Yy, , (v, x2)
with u,v € (Vgp)7. For other cases, the Jacobi identity follows from similar calculations as in the
proof of the same for the Monster VOA [FLM89, DGM90, DGM94]. This has been reviewed in
Appendix A.2. |

2.6.4 Superconformal vector in the Beauty and the Beast module

The superconformal vector 7 is a weight % vector, this means that 7 € T — Vgp. To construct
7 we must show that Yy, , (7, z) satisfies the OPE in (2.6.3) or equivalently show that 7 satisfies

Proposition 2.6.1 with ¢ = 16.

Lemma 2.6.1. Suppose we have

Yvp(v,z) = Z v v, € End(Vag). (2.6.69)

nG%Z

Then for v € VXF we have v, =0 whenn € Z + % and

vy = . n€7Z,0, €End(Vy), v, € End(V{). (2.6.70)
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ForveV,

Uy 0 0 0 1

vy = nEL, wv,= MELH+ —. (2.6.71)

0 0 0 i, 2

Proof. We expand the vertex operator as
S Tt 0
Yvpp (v, @) = Z vpz = [ € . v € Vp, by € End(Vi), 0, € End(VY).
el 0 Z {}nx—n—l
2 neiz

(2.6.72)
We want to see when the sum in the formal series for Yy r (v,) runs over Z and Z + 4. Using the

action of 6 on V) we see that VAi is generated by elements of the form
ar(—n1) - ag(—ng) - (v(a) £la™)) (2.6.73)

with (k, &) = (odd, —), (even, +) for V,f and (k, &) = (odd, +), (even, —) for V. Using the defini-
tion of the vertex operator Yy (v,z) in (2.6.40)~(2.6.45) the result follows. O

Lemma 2.6.2. Lett € T and write the corresponding vertex operator as

YBB(t,l‘) = Z tnl‘_n_l, t, € End(VBB). (2674)

nE%Z
Then we have

wt(tet) =0, wt(tit) =1, wt(tot) = 2. (2.6.75)

Proof. Using (B.1.30) and (B.1.29) for v =t we get

(Lo, tn] = (3 S 1) tn (2.6.76)

and the result follows. O

Proposition 2.6.3. For anyt € T, we have that

tat = (1@, 1@ tu(t), tit=0 (2.6.77)
and
ot = é<1 ©1,1@ thw + 16 EA: U@t 1@ H((a)+la) (2.6.78)

where [a] - t denotes the action of the image |a] of a under the map A — A/K (see Proposition

2.6.2) onT.
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Proof. By Lemma 2.6.2 and (2.6.51) we can write

24

tot = k(t)e(1), tit = Z ki(t)oi(—=1) - o(1), £(i),ki(t) € C. (2.6.79)
i=1

Next since t € T C V|, we have®®

Y, (ta)t = Z(t, )t € (Va)2)[[z2,272]). (2.6.80)
Using (2.6.51) we can write
24 24
tot = _Si(t)oi(—1)i(—1) - o(1) + > kij(H)ai(—1)a;(—1) - (1)
i=1 ij=1
i (2.6.81)
24
+ Y RiDai(=2) (1) + Y ra(t) (@) +ela™),  8i(t), ki (1), £5(1), Ka(t) € C.
1=1 a€f\4
Using the relation
<w’ Z(t,l‘)t>vA _ <YVAT (w, e‘n’ix—l)el'L(l)(eﬂi$2)—L(O)t7 ew’lL(l)t>VAT , w € Vj. (2.6.82)
from (2.6.68) and performing similar calculations as in Chapter 2 we get the required result. O

We now want to show that there exists a t € T" such that for every a € Ay
(1I®t,1®]a]-t) =0. (2.6.83)
We will explicitly construct such an element. Let {t! 12;21 be an orthonormal basis for 7', that is
Aethleth =467 4j=1,...,2"2% (2.6.84)

Let 7, be the matrix representing [a] € A/K. Then it easy to see that

(a,a)
Ta=(-1)"3

(2.6.85)
Let us choose a section e : A —3 A. Then since the commutator map for the central extension A is
cola,B) =(a,B) +2Z, a,feA (2.6.86)

we see that (see [FLM89, Chapter 5] for details)
Yot = (1)@, = e0(a, b)Ye(ats)- (2.6.87)

where g¢ is the cocycle defining the central extension. It is known that the matrix representation
of this algebra is unique upto unitary equivalence. It is constructed recursively using the standard

Dirac gamma matrices (see [DGM90, Appendix C]). This means that

Try, =0 for a#1. (2.6.88)

28We have abused notation a little to write a the vector (0,t) € Vgp simply as t.
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Let us define a superconformal sublattice Agc C A to be a sublattice of the Leech lattice with the

following properties:

(1) (a,a) € 4N, a € Agc\{0}
(17) {a,B) €2Z, a,B€ Asc (2.6.89)
(ZZZ) <Oé,04> 75 4 Vac Asc.

The proof of the following lemma is immediate from [FMS06| and the assumptions in (2.6.89).

Lemma 2.6.3. The cocycle ¢q is trivialisable over Asc by a coboundary b: Asc — U(1). That is

b(a + B)
eola, B) = ———=. 2.6.90
N TOVE) (2:6:90)

Define the operator

1 ~

Piy = o > A (2.6.91)
ae[\sc
where 7, = b(a@)7,. It is easy to check that Pjs is a rank 1 projection operator, that is

PL = Py, TrPp=1. (2.6.92)

This means that ImP;5 is one dimensional.

Theorem 2.6.5. Let 7/ € Im Py be the unique vector such that (1@ 7, 1®7') =1. Then
lor:=2(1®71") (2.6.93)
is a superconformal vector with central charge ¢ = 16.

Proof. Tt is clear from Proposition 2.6.3 that

r=(1®71,17)=4. (2.6.94)
It remains to show that
1on1®a-7)=0, VY acA,. (2.6.95)
Let us write
212
7= Zsiti, s, €C (2.6.96)
i=1
where
212

D lsi? =1 (2.6.97)
=1
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The matrix for the projection operator can be written as Pjo = ss' where s = (s1,.. ., 8912)"" and f

denotes conjugate-transpose. Then we see that

212

(lor1@-7) = si(a)is;

i=1
= Trvy, P12
1 -
= 5T D e (2.6.98)
a/GAsc

1 o _
= ﬁTr Z go(a + a/)b(a/)%(a+a)
b€[\sc

=0

where we used the fact that since a ¢ Asc, a+a #0 for any a’ € Asc and hence each of the 212

terms in the above sum is 0 because of the fact that Trvy, = 0 for each a € A/K. O

Thus the problem of constructing a superconformal vector is equivalent to constructing super-
conformal sublattices of the Leech lattice. For this we use the important theorem of Dong-Li-Mason-

Nortan:

Theorem 2.6.6. [DLMN96, Theorem 4.1] Let L be any Niemeier lattice and let /2L be the same
lattice with the bilinear form scaled by a 2. Then there is at least one (and in general many) isometric

embedding V2L < A.

If we take L = A in this theorem, then we get an isometric embedding of v/2A into A and this
embedding satisfies all the properties of a superconformal sublattice. This finishes our proof of the

existence of a superconformal vector in Vgpg.

From the above construction, it is clear that there can be more that one superconformal vectors
in the Beauty and the Beast module. One just needs to construct a superconformal sublattice, but
all such sublattices do not give rise to inequivalent superconformal vectors. It is proved in [MS23]
that there can be atmost 9 inequivalent such superconformal vectors using the classification of bi-
nary linear codes. Explicit construction of Ag¢ using certain Z4-codes corresponding to inequivalent
superconformal vectors is shown in Section 2.5.3. It turns out that one of the superconformal vector

is same as that in the in the Conway supermoonshine module of Duncan [DMC14].
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Chapter 3

Topological degeneracy in gauged WZW models

The contents of this chapter is based on an upcoming paper written joinitly with E. Rabinovici and
G.W. Moore. In this chapter, we discuss the relation between gauged Wess-Zumino-Witten (WZW)
models and Goddard-Kent-Olive (GKO) algebraic coset construction. We give a precise categorical
construction of GKO coset theory. We present evidence that the spectrum of gauged WZW model
differs from that of GKO coset theory via coupling with a nontrivial 2d topological quantum field

theory (TQFT).

3.1 Introduction

WZW models are an important class of Lagrangian conformal field theory from which several rational
conformal field theories can be derived [Wit84, GWS86, KZ84|. Algebraically, given any semisimple
Lie algebra, one can construct a vertex operator algebra associated to it, called the affine VOA.
Then the modules of this affine VOA at integer level can be organized into a modular invariant
CFT [DFMS97, FZ92, LL12]. WZW models give a Lagrangian description for the diagonal modular
invariant algebraic CFT!.

Goddard-Kent-Olive described a procedure to construct a new VOA from any affine VOA based on
a Lie algebra g and a subalgebra ) C g. This new VOA was called the algebraic GKO coset VOA. One
can study the modules of this VOA and organize them into a Hilbert space on S!' with a modular
invariant torus partition function from this the coset VOA. We will only consider the diagonal
modular invariant theory. Let us denote the algebraic GKO coset theory by GKO(g/h). On the other
hand, given a WZW model based on a semisimple Lie group G, it has a global (G x G)-symmetry
arising from the left-action of G x G on G where (g1, g2) maps g — glgggl. For any subgroup H < G,

we can choose the diagonally embedded H < (G x G). Gauging this subgroup H, we obtain a gauged

The WZW field g(z, %) is in the representation V ® V'V if we try to separate into left- and right-moving degrees of
freedom. Here V is a “fundamental” representation of G (considered as a matrix Lie group). If p, is a representation
of G we can make fields px(g(z,%)) and some of these will be primary fields. But again these fields are in the
representation V) ® VA\/' So for the primaries we always have the “same” representation on the left and right leading

to diagonal modular invariant.
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WZW model often called the G/H-WZW model. > We will denote it by WZW(G/H). As discussed
in Chapter 1, [BRS88] gave some evidence that gauged G/H-WZW models provide a Lagrangian
description for the GKO coset CFT based on the embedding Lie(H) =: h C g := Lie(G). Indeed, it
was shown in [BRS88, ABR&8| that the G/H-WZW model path integral correctly reproduces the
coset central charge and the various modular invariants of the torus partition function of the ¢ < 1
unitary minimal models. Finally, in [GK88, GK89], the path integral of gauged WZW model was
used to compute the torus partition function and some correlation functions of the coset CFT. 3

It is known from [Spi92, Spi90, SY92, Wit92a, Wit93| that the G/G-WZW model is a 2d topolog-
ical quantum field theory (TQFT)®. The Frobenius algebra® describing this 2d TQFT is the Verlinde
algebra® Vi (G) of the Gx-WZW model. Schematically, we write

WZW(Gr/Gr) = Vi(G) . (3.1.1)

On the other hand, the algebraic GKO coset construction for this case gives a trivial ¢ = 0 theory.
Thus, the gauged WZW and GKO models have long been known to be different. In this chapter,
we address the more general question of the relation of the gauged G/H-WZW model to the related
GKO coset construction. Under certain assumptions on the GKO theory, we argue that they are
related via a 2d topological quantum field theory described by the algebra of endomorphisms of an

algebra object in a modular tensor category:

G/H-WZW = GKO(g/h) ® End(B) , (3.1.2)

?The condition for a subgroup of (G x G) to be nonanomalous is presented in (3.4.30). In particular, the diagonally
embedded subgroup H is non-anomalous and hence can be gauged. Anomalous 2d gauge theories have been studied
in [HRSC86], and an example of anomalous gauged WZW model has been studied in [RS11]. Interestingly, anomalous
gauged WZW models have been used in [Wit92a, Wit93] to prove holomorphic factorization of WZW models and to

relate the conformal blocks of gauged WZW models to nonabelian theta functions.
3In [GK88, GK89], various constant factors were ignored or absorbed in the path integral measure. Thus the path

integral of gauged WZW model on torus agrees with the torus partition function of the coset CFT only up to a

multiplicative constant factor.
4The first evidence of G/G-WZW model being a TQFT was given in [Spi90, Spi92, SY92] where it was shown that

the correlation functions of G/G-WZW models are the fusion rules of G-WZW model. It was then explicitly proved

from path integrals in [Wit92a].
5The folklore that specifying a 2d TQFT is equivalent to specifying a Frobenius algebra goes back to ideas of Daniel

Friedan, Graeme Segal, and Robbert Dijkgraaf. It was stated by Dijkgraaf in his PhD thesis [Dij89] and made
mathematically precise in [Dub94, Qui91, Abr96], see also the book [Koc04] for a nice exposition of this result. A full
mathematical proof of the assertion was first given by Moore and Segal using Morse theory and appeared in [MS06]

and [Koc04].
6The Verlinde algebra of an RCFT is the formal C-span of the irreducible modules of the chiral algebra with the chiral

algebra being the identity element and the multiplication being the fusion product [Ver88|. It is a commutative

associative algebra.
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see (3.3.63) for the precise definition of the algebra object B. Our argument is based on the explicit
computation of the Hilbert space of G/H-WZW model on the circle. In many cases, there is an

isomorphism

End(B) =~ C[Z] , (3.1.3)

of Frobenius algebras, where Z := Z(G)NZ(H) is the common center and C[Z] is the group algebra of
Z which can be endowed with a natural Frobenius algebra structure. When the isomorphism (3.1.3)
holds, we have another interpretation of the topological degeneracy relating the gauged WZW models

and GKO coset theory. In these cases, we also argue that

WZW(G/H) = GKO(g/h) ®  WZW(H/H)% | (3.1.4)

where WZW(H/H)# is the Z-equivariant H/H-WZW model and the subscript on ® 7 indicates that
WZW(H/H)? and GKO(g/h) are intertwined via the Z-action.

One of the important aspects of this chapter is to give a precise definition of the GKO coset theory.
To do this, we employ the notion of commutant of a VOA, studied mostly in the VOA literature. In
Section 3.2, we define the notation of commutant of a VOA and prove a general categorical theorem
regarding the category of modules of the commutant of a VOA under reasonable assumptions. In
Section 3.3.1, we then define the GKO vertex operator algebra as the commutant of the h-subalgebra
in the g-affine VOA. We then define the GKO theory to be the diagonal modular invariant theory
obtained from the irreducible modules of the GKO vertex operator algebra. Applying then the
general theorem of Section 3.2, we prove a general result about the category of modules of the GKO

vertex operator algebra, essentially complementing the results of [FFRS03a]. We also recover some

of the known results from [CGS23, CGS24].

3.2 Commutant Of A Vertex Operator Subalgebra

In this section, we collect some basic facts about the commutant of a sub-VOA of a VOA. We also
discuss the category of modules of the commutant VOA. We will assume some basic definitions and
results about VOAs, we refer the reader to [FHL93a, LL12| for details.

3.2.1 Commutant VOA And Its Modules

Let us begin by recalling the general notion of a coset VOA. We will expand the vertex operators as

Y(v,2) = v,z "L (3.2.1)

nezZ



Let (V,Y,w",1) be a VOA.

Let (U C V,Y,wY) be a sub-VOA with possibly a different conformal vector
w’ e UNVy .

Set
Y (WY, z2) = Z LY(n)z"""%,

nez
acting on all of V. Define the commutant of U in V by [FZ92, LL12]

CyU)={veV:[Y(v,21),Y(u,22)] =0 foral weU}
={veV:v, -u=0 foral uweUn>0}
={veV:iu, -v=0 forall weUmn>0}.

If we set

v/U 1% U

w =W - W

Then we have the following result [FZ92, LL12].
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(3.2.2)

(3.2.3)

(3.2.4)

(3.2.5)

Proposition 3.2.1. Let V = (V,Y,1,w") be a VOA and U = (U,Y,1,wY) be a sub-VOA such that

LY (1)wY = 0. Then the following is true:

1. We have
LY(n)=LY(n), n>-1on U.

(3.2.6)

In particular, the gradings of U and V are compatible in the sense that LY (0) = LY (0) acting

on U.

2. We have
Cy(U) = Kery LY (—1) .

In particular, 1 € Cy (U).

3. On any V-module, the action of U,Cy (U) commutes, i.e.,

Y(u,21)Y(v,22) =Y (v,22)Y (u,21) , weUwveCyU).

4. Cy(U) = (Cy(U),Y,1,wY/Y) is a vertex operator subalgebra of V with central charge

and

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)
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5. We have
UcCv(Cv(l)), Cv(Cv(Cy(U))=Cv(U). (3.2.11)

Moreover
Cy(Cy(U) =T , (3.2.12)
if and only if Oy (U) is maximal in the sense that if (U',Y,wY) is another sub-VOA of V, then

U cCu.

6. U® Cy(U) is a vertex operator subalgebra of V' with the same conformal vector as the VOA
V.

It is expected that if U, V are both rational” then so is Cy (U). Let M be an irreducible V-module

which is completely reducible considered as a U-module. Then we have
M = @ Homy (W, M) @ W* (3.2.13)
i
where W; are irreducible U-modules occurring in M and Homy (W?* M) is the space of U-module
homomorphisms. Then we have the following result [DRX24]:
Lemma 3.2.1. Let M, W' be as above. Then the following is true:

1. For any homogeneous vector 0 # x € W', the map (¥ : Homy(W' M) — M given by

f = f(x) is an injective homomorphism.
2. Homy(W* M) is a Cy (U)-module such that
(v - f)(w) = v, - f(w), v€CY(U),n€Z,fecHomy(W' M),weW. (3.2.14)
In particular, (3.2.13) is the decomposition of M as a (Cy(U) @ U)-module.

3. The image M of Homy (W M) under % is a Cy(U)-submodule of M and (¢ is a Cy(U)-

module isomorphism.

Assuming the V' is completely reducible U-module and considering V as a (Cy (U) ® U)-module,
we can decompose
V@ U)eU =CcyU)eUaPCvl) U, (3.2.15)
i i#0
where U? are the U-modules occurring in V and Cy (U)? is the multiplicity space of U’ in V, and
we have used the notation Cy (U)? ® U° = Cy(U) ® U. In favorable cases, all simple modules of
Cy (U) can be obtained from the (Cy (U) ® U)-module decomposition of some simple V-module as

the following theorem asserts.

"See (3.3.44) for some examples.
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Theorem 3.2.1. [KM15, Theorem 2| Let V = (V,Y,1,w") be a VOA and U = (U,Y,1,wY) be a
sub-VOA. Assume that Cy(Cy(U)) = U and that U,V,Cy (U) are simple, reqular®, CFT-type, that

18,

Vip=Cl, Vuy=0 n<0, (3.2.16)

and self-dual. Then all simple U-modules appear in some simple V -module.

Remark 3.2.1. In the setting of Theorem 3.2.1, replacing U by Cy (U) and using the fact that
Cy(Cy(Cy(U))) = Cy(U), we conclude that all simple Cy (U)-modules appear in some simple

V-module.

3.2.2 Commutant Of Conformally Embedded Sub-VOA

A particularly interesting example if the commutant of a U C V with the property that ¢ = ¢V.

Definition 3.2.1. Let (V,w") be a VOA. An embedding of a VOA (U,w") C (V,w") is called
a conformal embedding if ¢V = ¢V or equivalently ¢"/V = 0. We say that (U,wY) is conformally

embedded in V.

The following proposition shows that under suitable conditions, the commutant of a conformally

embedded sub-VOA is trivial.

Proposition 3.2.2. Let (V, wv) be a unitary selfdual’ VOA and (U,wU) be a conformally embedded
unitary selfdual sub-VOA. Then

WU — . (3.2.17)

~

Moreover, Cy (U) is a commutative associative algebra independent of U in the sense that Cy (U) =
Cy(U'") for any U, U’ satisfying the above hypotheses. If, in addition, V is a simple vertex operator
algebra then

Cy(U)=C1. (3.2.18)

In particular, Cy (V) = C1.

8A VOA V is called rational if every admissible V-module is isomorphic to the direct sum of (finitely many) admissible
irreducible modules, and is regular if every weak V-module is isomorphic to the direct sum of (finitely many)

admissible irreducible modules. See [DLM95| for details.
9A VOA is said to be selfdual if it is isomorphic to its contragredient. See [FHL93a] for the definition of contragredient

of a module.
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Proof. We begin by noting that

CV/ U

<1,LV/U(2)LV/U(—2)1>: —=0. (3.2.19)

Unitarity of the VOA U,V implies sesquilinear form (-, -) is non-degenerate and positive-definite and

selfduality implies that

LV(n) =LY(-n), LYm)f=LY(-n), nez. (3.2.20)

In particular,

LYYt =LV/V(=n), nez. (3.2.21)

Then non-degeneracy implies that
LYV (=21 =w"/Y =0. (3.2.22)
This implies that
W =W (3.2.23)
[LL12, Proposition 3.11.2] implies that

Cy(U) = Kery LY (~1) (3.2.24)

which also indicates the independence of Cy (U) from U. Then for any v € Cy(U), the L(—1)-

derivative property

%Y(U,z) V(LY (“1)0,2) = 0, (3.2.25)

implies that all vertex operators of Cy (U) are z-independent. Then we define the multiplication on

Cy(U) by
vou =Y, 2)u=v_q1u . (3.2.26)
This product is easily seen to be commutative:
vou=v_qu=v_1u_11l=u_qv_l=u_qv=u-v, (3.2.27)

where we used the fact that the vertex operators have regular OPE (since they are independent of
z). Associativity follows from Jacobi identity for vertex operators. Finally, when V' is a simple VOA,

we apply [LL12, Proposition 3.11.4] to conclude the result. O
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An Explicit Example: The Lattice VOA

We now present an explicit example of the commutant of a sub-VOA using lattice VOAs. We will
follow the exposition in [LL12, FLM88b] Let L be an even lattice with respect to some nondegenerate
positive definite bilinear form (-,-). Let h = L ®z R and extend (-,-) bilinearly to . Let h =
h® C[t,t71] ® Ck be the Heisenberg algebra associated to b equipped with the bracket

[a@t™ Bet"] =m{a, BY0minok, a,BEh, mnez,

(3.2.28)
[a®@t™ k]=0.
Consider the central extension
1—5Zy—L—L—1, (3.2.29)
with commutator map
c(a, B) = (o, B) + 27 (3.2.30)

and let e, be a section of the extension. Let € : L x L. — Z be a cocycle for this central extension.
Then e,ep = (—1)5(@Fe, 5. Let C[L] be the group algebra of L and we will write a ~ e® for the
embedding of L < C[L]. Define the action

o - = (=1)F@PeatB 9. .6F =P | a,BeL, 0. (3.2.31)

This makes C[L] into an L-module. Let us decompose

h=htoh @h°, (3.2.32)
where
bT=bhotCl], b =hat'Ct '], P =hat"®Ck. (3.2.33)
Then we define the vector space
Vi :=S(h")eC[L], (3.2.34)

where S (6_) is the symmetric algebra. Let us introduce the notation
aln) =a®t", ach neZ. (3.2.35)
Then V7, is spanned by elements of the form

a1 (—n1)- "ak(*nk)eﬁ =ai(—ny) - ag(—ng) @e?, nieN,q;ehpel. (3.2.36)
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Let bt act as 0 on C[L] and h° act on C[L] as

(@®t%) e =(a,8)e", k-e’=¢”, achpel. (3.2.37)

V7, is an h-module. The action of a(n) for n < 0 is defined by

a(n) - (a1(—n1) - ap(—ng)e?) = a(n)a(n)ar (—n1) - - - ag(—ng)e” | (3.2.38)

and the action of a(n) for n < 0 is defined by commuting it past a;(—n;) using the bracket (3.2.28)

and then acting it on C[L]. We also define vacuum and conformal vector by
1 dim(h) 4
Li=e, whi=o )" cuf(-Du'(-1)z, (3.2.39)
i=1
where {u'} is an orthonormal basis of h and the normal ordering is defined by putting operators

a(m) to the right of operators 3(n) whenever m € N and n € Z<q. Define the operator z® by

2 (uwef) =P (uwe’), a,Bel,ucS{H). (3.2.40)

Let z be a formal variable. Define vertex operators

Y (e%,2) = exp <— Z a:l)z_”> exp (— Z agln)z_”> eqz”

n<0 n>0

(3.2.41)
(e} o 1 dniil (o] o
Y (a1(—n1) ... ap(—ng)e*, z) = © H WW%(Z) Y(e*, 2)°,
i=1 " )
where
a(z) =Y am):z"""t, ach, (3.2.42)
nez
In particular, note that
Y(a(-1)1,2) = a(z) . (3.2.43)

Recall that for formal variables, we define

(21 — 22)° = i (Z) s (3.2.44)

where

(S> _ssze(smntl) (3.2.45)
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In particular, the series has positive integral powers of zo. With this notation, one can prove that

[a(21), B(22)] = (., B) ((21 — 22) > — (=22 4+ 21) %)
[a(z1), Y (e”, 22)] = (a0, B) ((21 — 22) 7' = (=22 + 21) ") Y(e*, 22) ,

[Y (e, zl>7Y(eB, z)] = ((21 - Z2)<a’ﬂ> — (=224 Z1)<a”8>>
X €xp (- Z aEln) z1"> exp (— Z ng)zl">
n<0 n<0
X exp (— Z a;n) 21"> exp (— Z ﬂsj) 21"> a2zl .
n>0 n>0

Using these calculations, one can prove that (Vz,Y, 1,w’) is a VOA with central charge c” := dim(L).

(3.2.46)

Consider now a sublattice M C L of L. Then, we have a sub-VOA (Vi,Y,wM, cM) of V. We
would like to compute the commutant Cy, (Vas). The commutators (3.2.46) imply that a(—1)1 €
Cy, (V) if

[a(z1), B(z2)] = [a(z1),Y(e7,22)] =0

(3.2.47)
= (@, B)=(a,7) =0 forall fe M@zR=:hy,yv€M.
Similarly, e® € Cy, (Vi) if
[V(e*, 21),Y(e?,2)] =0 < (o, 8) =0 forall §¢eL. (3.2.48)

In fact using the general form of the vertex operator (3.2.41), we see that these conditions are enough
to ensure commutativity of a(z) and Y (e®, z) for a(—1)1,e* € Cy, (Var) with all vertex operators

in V)y. Using the commutators (3.2.46) repeatedly, we conclude that

Cv, (Var) = 8((h3;) ") @ C[M*] (3.2.49)

where

b i ={aeh:{a,B) =0V Bchy},

(3.2.50)
M+ :={acL:{a,)=0VY B€bhun}.
If we now take M to be a full rank sublattice, then we have M ®z R = h and hence
wM =l (3.2.51)

In particular, (Vas,Y,wM, cM) is conformally embedded in V. We claim that Cy, (Va;) = C1 in
this case. Indeed, since the pairing is nondegenerate, we conclude that hi, = M+ = {0}. Thus the

commutant is trivial.
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3.2.3 The Category Of Modules Of The Commutant VOA

In this section, we discuss the categorical commutant, see Appendix C.4 for notations relevant

definitions.

The Category Of Modules Of A VOA

Let V be a VOA and Cy be the category of V-modules with objects being V-modules and morphisms
being the set of VOA homomorphisms. Since the space of V-module homomorphisms is a complex
vector space, the V-module category is naturally an abelian category. In fact, Cy can be given
the structure of a modular tensor category for sufficiently “nice” VOA. This was first discussed in
[MS89c, MS89a] and later formalized in [HL95, Hua95a, HL93, Hua05|. The resolution is to define a
z-dependent tensor product, what is called a P(z)-tensor product. We will call a VOA a “nice” VOA

if it satisfies the following properties:
1. Vis CFT type i.e., Vi) = 0 for n <0, V{gy = C1 and V is selfdual V = V.

2. V is regular, i.e., every Ny-gradable weak V-module is completely reducible, i.e., isomorphic

to direct sum of finitely many irreducible V-modules.

3. V is Cy-cofinite, i.e.,

dimV/Cy(V) < o0 , (3.2.52)

where
Cy(V) = Spanc{u_g-v:u,v € V}. (3.2.53)

Then it was shown in [Hua05] that the module category Cy of a “nice” VOA V has the structure of
a modular tensor category. We give a detailed summary of the construction in Appendix B. We will
denote the tensor product of two modules Wy, Wy by W1 K W5, The unit object in the category is
the VOA V considered as a module over itself. The left dual VW and right dual WV of a V-module

W is the contragredient module

YWeWwY 2w, (3.2.54)

This requires the VOA to be selfdual. The construction of creation and annihilation morphisms
again requires the VOA to satisfy “niceness” properties. This makes Cy into a rigid braided tensor
category. The fusion structure of Cy requires the full “niceness” properties: the simple objects of

Cy are the (finitely many) isomorphism classes of irreducible V-modules. We will denote the set of
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isomorphism classes of irreducible V-modules by {W%},cz,, with W° = V. Complete reducibility
of V-modules implies semisimplicity of the category. An important feature of the tensor product is
the following decomposition
WeRW = Q) NoWe (3.2.55)
ceLy

where NG are the fusion rules of given by the dimension of the space of intertwining operators of

type (WI;V;VI,) The twist map on the simple objects is given by
0, i= Oa = 2mL(0) (3.2.56)

where L%(0) is the Virasoro zero mode acting on We. If W admits a grading of the form W* =
@nEZJrh W&) for some h, then the twist map is multiplication by phase 6, = >, The S-matrix is
of the MTC can be written in terms of the the S-matrix coming from the 7 — —1/7 transformation

of the characters.

Module Category Of The Commutant VOA

We would now like to understand the construction of the module category of the commutant of a
VOA in terms category theory. Let U C V be a sub-VOA. Assuming that U and Cy (U) are “nice”
VOAs, we have the modular tensor categories Cc,, () and Cy. The first question we ask is: under

what conditions do we have an algebra object A in C¢,, () Kp Cy such that

Cv = (Cop) B Cu) ') - (3.2.57)

Here C¢,, () Xp Cy denotes the Deligne product of categories, and CY denotes the category of local
A-modules in C, see Appendix C.4 for notations and definitions. Our starting point is a theorem

from [KJOO02, HKL15] adopted to our setting.

Theorem 3.2.2. [KJO02, Theorem 5.2|, [HKL15, Theorem 3.6] Let V be a “nice™” VOA with the
property that the conformal dimension of all irreducible V -modules are > 0 with equality only for V

itself. Let Cy be its module category, Then the following are equivalent:
1. An extension'! V — V. where V, is also a “nice” VOA.
2. An algebra object A with 04 = 1 4.

Under this correspondence, the category Cy, is equivalent to (Cy)Y.

10The “niceness” conditions on the VOA can be relaxed for this theorem to hold, see [KJO02] and [HKL15].
1A VOA V, is called an extension of V if V < V. is embedded as a sub-VOA.



111

The algebra object A in Theorem 3.2.2 is given by V, itself. More precisely, one first proves that
V. is in fact a V-module [KJOO02] and hence an object in the category Cy. The vertex operators of
V. can then be used to give V. the structure of an algebra. The fact that 64 = 14 follows from the
fact that the conformal dimensions of vectors in a VOA are integers.

The physical interpretation of equivalence of MTCs in Theorem 3.2.2 is the following: given an
MTC, one can construct a 3d TFT [Tur94]. The simple objects of the MTC map to anyons in the
3d TFT. The algebra object A corresponds to gaugeable anyons and the fact that the twist map is
trivial means that we consider V-modules of integer conformal dimensions, i.e., bosonic anyons. The
category (Cy)Y is then obtained by gauging'? the bosonic anyons corresponding to A. Consequently,

the notation

Cy, = CV/A , (3258)

is common in physics literature.

The following theorem gives us a description of the module category of the commutant VOA'.

Theorem 3.2.3. Let U, V,Cy (U) be as above. Assume that U,V and Cy(U) are “nice” VOAs. Then

V' is an algebra object in Coy, vy and

~. Cov ) Mo Cuy

Cv v

= (Ccy () ®p Cv)Y . (3.2.59)
If in addition, the only simple subobjects of V' of the form W Rp U is Cy(U)Xp U, then there exists
a special symmetric commutative Frobenius algebra object B in Cy Mp CJF® such that

Cv B PP
C'Cv(U) = % = (CV Xpb C?]pp)% , (3260)

where CPP is the opposite category' of Cy .

Proof. By Proposition 3.2.1 (5), Cyv(U) ® U can be embedded in V as a sub-VOA. This means that
V is an extension of Cy(U) @ U. Since both Cy (U) and U are “nice” VOAs, the tensor product
VOA Cy(U) ® U is also a “nice” VOA. Thus, by Theorem 3.2.2 there exists an algebra object A in

Ccy vy Wp Cy with trivial twist such that

Cv = (Coy @y Mo Cu)% - (3.2.61)

12This procedure of gauging of bosonic anyons has been called non-abelian anyon condensation in [BS09]. Reference
[BS09] provides a heuristic procedure for such a gauging which was formalized in [Konl4| in terms of the local

A-modules.
13 A rough version of this result was presented in [FFRS03a].
14The opposite category has been called the dual category in [FFRS03b, Section 6.2].
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By the discussion below Theorem 3.2.2, we conclude that the algebra object is simply A = V. For
the next part, we can use a version of the main theorem of [FFRS03b] (reviewed in Appendix C.4).
We first show that V' is a special symmetric commutative Frobenius algebra object. The algebra
structure on V' is given as follows: considering V' as a (Cy(U) ® U)-module, the vertex operator
map Yy : V ®V — V[[z,271]] is an intertwining operator of type (VVV). By the universal property
of the P(z)-tensor product [HL95], we get a (Cy (U) ® U)-module homomorphism py : VRV — V.
Since Cy(U) ® U is embedded as a sub-VOA in V| the inclusion map ny = ¢ : Cy(U) @ U —
Vis a (Cy(U) ® U)-module homomorphism. Then [KJO02, HKL15] shows that (V, uy,ny) is a
commutative associative algebra object in Coy, (r)gu = Coy (v) Wb Cy. The vacuum vector in V' is
the unit of the algebra. The coalgebra structure on V can be obtained using the construction in
[Kon06]. Since V is selfdual, we have a V-module isomorphism ¢y : V = V’. Then we can define
the comultiplication as a (Cy (U) ® U)-module homomorphisms Ay : V' — V ® V in the category

Coyw)y®p Cy and ey : V — Cy(U) ® U by the following composition of maps

Aa:V S VRGO R ) " vRVRY) S (vRV)EV S vy,
(3.2.62)
where ry, iy, ay,y,y are right unit isomorphism, creation morphism, associativity isomorphism re-
spectively in the tensor category Cc, () ®p Cy. The counit morphism ey : V' — Cy(U) ® U is given
as follows:

—1 —1
v Poy 1 Bovy
—

v VESY s Oy (U)Y Rp U Cy(U)Ep U, (3.2.63)
where " is the contragredient of the inclusion map ¢ : Cy(U) @ U — V and ¢¢, (1) : Cv(U) —
Cy(U),py : U — U’ are isomorphisms. Then, the computations in [Kon06, Proof of Theorem
4.15] shows that (V,uv,nyv,Av,ev) is a commutative Frobenius algebra object. Moreover, since

0y = 1y, by [FFRS03b, Proposition 2.25], V' is a symmetric Frobenius algebra object. Finally, we

show that V is special in the sense that

evony = Bi(le, )Xo ly), pvolAy =pyly, (3.2.64)

for nonzero complex numbers S, fyy. We will use [FRS02, Lemma 3.11]: we will show that there

exists a nonzero constant § such that

ev = Bey , (3.2.65)

where ey is defined by the following chain of compositions

—1

e VS (CyU) B U)RY 5 (VRVIRYV 25 VRWEY) Y VY RY 5266)

5 Cv(U)Rp U,
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where ¢y is the left unit isomorphism and ey is the annihilation isomorphism. Now since the only
subobjects of V' of the form W Kp U is Cy(U) Kp U, we conclude that Hom(V,Cy (U) Kp U) is
one-dimensional. This means that there exists 8 € C such that ey = Be;. From construction, we
see that both ey, ey # 0 and hence 3 # 0. Thus by [FRS02, Lemma 3.11], we conclude that V' is a
special symmetric commutative Frobenius algebra object. We now apply Theorem C.4.2 to conclude
the existence of B such that (3.2.60) holds. We can use [FFRS03b, Lemma 7.8] to give an explicit
description of the algebra object B in (3.2.60): Assume that U,V,Cy (U) are “nice” VOAs and let
{U%aezy, {W?}aez, be the set of (finitely many) isomorphims classes of irreducible representations.

Then we have

B= B dim [Homccww@ocv (W, Cy(U) Kp Ub)] (W Rp (U*)") (3.2.67)
a€Zly ,bely
where (U°PP)® denotes the object corresponding to U? in the opposite category. O

We will give some examples where we can apply Theorem 3.2.3 in the next section.

3.3 Goddard-Kent-Olive (GKO) Coset Construction

In this section, we discuss commutants of affine VOA which give rise to the Goddard-Kent-Olive
(GKO) coset construction. We also discuss the Lagrangian representations of affine VOA in terms
of Wess-Zumino-Witten (WZW) models and the putative Lagrangian description of cosets of affine
VOA in terms of gauged WZW models.

3.3.1 Affine VOA

Let us begin by briefly recalling the construction of the affine vertex operator algebra and refer the
reader to [LL12] for more details.
Let g be a finite dimensional simple Lie algebra equipped with a nondegenerate symmetric

invariant bilinear form (-,-). Consider the affine Lie algebra

a=goC[t,t @ Ck, (3.3.1)

equipped with the Lie bracket
[a®t™ b®t"] = [a,b] @ "™ + m{a, b)dmin.ok , (3.3.2)
[a®@t™ k=0, abcg, mnez. (3.3.3)

The vector space § can be decomposed as

g=0-®90 Do+, (3.3.4)
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where

gr =g tTIC[tE], Go=g@t°®Ck. (3.3.5)

We will identify the subspace g®t° of § with g. Let Cj, be the one-dimensional vector space on which
d+, 9 acts trivially and k acts by scalar multiplication by k. This makes Cy, into a (g @ go)-module.

Then by the induced module construction, we get the g-module
Vg(k> O) = U(@) ®U(@+EB@0) (Ck ) (336)

where U(g) denotes the universal enveloping algebra of §. By the Poincaré-Birkhoff-Witt (PBW)
theorem, we have

Vy(k,0) 2 U(§-) ® Cy . (3.3.7)

Let us denote by a(n) the action of a ® t” on Vy(k,0). Thus, Vy(k,0) is spanned by elements of the
form

ar(—n1)...ap(—ng)1 | (3.3.8)

where 1 is the element 1 € C considered as an element of V;(k,0). We endow V;(k,0) a grading by

declaring that the weight of the above vector is

¢
wt(ai(—n1)...ae(—ng)l) = Z n; . (3.3.9)
i=1
We now define the vertex operator map

Y(2) ¢ Va(k, 0) @ Vy(k, 0) — V(k, 0)[[z, =1

3.3.10
(u,v) — Y (u, 2)v = Z(un )2 ( )
nezZ
where
un, =a(n), for w=a(-1)1. (3.3.11)
We will often write
Y(a(-1)1,2) =Y a(n)z """ =:a(z) . (3.3.12)
nez
For u = a1(—n1)...ae(—ne)1, we have
: 1 dmila(z)
Y =2 ° 3.1
wa) =]l gy gt 2 (3:3.13)

where, for any a,b € g and m,n € Z, the normal ordering is defined as

calmp(ny: = | U <O (3.3.14)

b(n)a(m) ifm>0.
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The conformal vector is defined using the Sugawara construction:

dim(g)
1 a a
Yo = S0 RY) ; ut(—1)u (1)1, (3.3.15)

where hy is the dual Coxeter number (see Appendix C.1 for definition) of g and {u’ } " (g) is an
orthonormal basis of g with respect to the nondegenerate symmetric bilinear form. One can show

that L%(n) € End(Vg(k,0)) defined by

T9(z) =Y (wg,2) = »_ LI(n)z " (3.3.16)
nez

satisfies the Virasoro algebra with central charge

kdim(g)
= . 3.3.17
O Tt hy (3:3.17)
An explicit formula for L#(n) is given by
dim(g)
L® E E ° . 3.3.18
(n) k 4 h\/ — m)o ( )

Theorem 3.3.1. [LL12, Theorem 6.2.18] The tuple (V4(k,0),Y,1,wq) is a VOA of central charge

Cg-

In general, Vg(k,1) as a module for itself is not simple. We thus mod out by the largest proper

ideal I4(k,0) C V4(k,0) to obtain a simple vertex operator algebra
Ly(k,0) := Vy(k,0)/I4(k,0) . (3.3.19)

One can show that 1,wy & I4(k,0). Lg(k,0) along with the vertex operator map, vacuum vector
and conformal vector is a simple vertex operator algebra which we call the affine vertexr operator
algebra associated to g.
Let
PH(g):={Xe A7 <)\,ai> >0, i=1,...,rank(g), (\,0) <k} , (3.3.20)

where AY is the weight lattice of g, a' are the simple roots of g and @ is the highest root of g,
denote the set of dominant integrable weights of g. Our Lie algebra conventions have been reviewed
in Appendix C.1. Corresponding to every dominant integral weights of g is a simple module of
Ly(k,0). The construction goes as follows. Let us denote the irreducible module of g corresponding
to A € AY by Lg(A). We let g4 act on Lg(A) trivially and k act as multiplication by k. Then Lg())

is a (g4 @ go)-module. By induced module construction, we get a Vy(k, 0)-module

Va(k, A) == U(8) Qs ma0) La(N) (3.3.21)
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where now \ is the corresponding weight in the affine Lie algebra g, see Appendix C.1 for conventions.

It is spanned by elements of the form
ai(—n1)...ae(—ng) @ my, a; € g,n; > 0,£>0,mx € Lg(N) . (3.3.22)

The grading on Vy(k, 5\) is given as follows: let

dim(g)
08 = Z uu® € U(g) , (3.3.23)
a=1

be the Casimir element associated to g and (-, -). It commutes with every element of ¢(g) and hence

by Schur’s lemma it acts as a scalar on Lg(A). Let us write

1

2(Thg)ﬁg(k) =:hy, on Lg(A), (3.3.24)

where Q9(\) = Q9 on Ly(A). The grading on the space Vy(k, M) is defined by declaring the weight

as
14

wt(ay(—n1) ... ag(—ng) @ my) =hy +» _n; . (3.3.25)

i=1
Extend the action of Y defined in (3.3.13) to Vg (k, A). To get a Lgy(k,0)-module, we need to mod
out by the direct sum of all proper g-submodules of Vy(k, ) [LL12]. Let I,(k, \) C Vy(k, A) be the

direct sum of all proper g-submodules of V;(k, 5\) Then one can show that

Lg(k,A) == Vy(k, ) /T4 (k, A) (3.3.26)

is an irreducible Lg(k,0)-module [LL12]. In fact, we have the following classification theorem,

originally due to Frenkel-Zhu [FZ92].

Theorem 3.3.2. [LL12, Section 6.6] Let Ly(k, ) be as above. Then (Lg(k,j\)ﬂ/') is an irreducible
module for the simple vertex operator algebra Lg(k,0). Moreover, every irreducible Ly(k,0)-module

is isomorphic to Lg(k, \) for some A € Pl (g).

This theorem tells us that the affine VOA is rational in the physics language'®. In fact Lgy(k,0) is
a rational vertex operator algebra even in mathematical sense [FZ92]. Actually, a stronger statement

holds: Lg(k,0) is a regular VOA [DLM95].

The construction above is readily extended to a semisimple Lie algebra. Let

a=Pui. (3.3.27)
i=1

15See [DLM95] for the mathematical definition of rational VOA. The physics definition is a consequence of the math-

ematical definition.
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with g, simple. Then the affine VOA Ly(k,0) is isomorphic to the tensor product of the affine VOAs

of the individual factors:

Ly(k,0) = Q) Lg, (k:,0) , (3.3.28)
=1
where
k= (ki,... ko) €Z2 . (3.3.29)

The conformal vector is given by

N . dim(go) (3.3.30)
- ; 30+ ) a; u® (—=1)u® (1)1,
where we have embedded
Ly, (ki0) 3wy, m1® - Qug, ®---®1 € Ly(k,0) . (3.3.31)
The central charge is given by
_ kdim(g) <= kidim(g;) (3.3.32)

Cqg = =
k+ hy P ki + hy,
The irreducible modules of the affine VOA are in one-to-one correspondence with the dominant

integral weights of g given by
Pl (a) =P Piw) (3.3.33)
i=1

where P (g;) is defined as in (3.3.20). We will denote the module corresponding to the highest
dominant integral weight A = (Ay,...,\,) with!® \; € P,:'(gl) by

Ly(k, A) = (X) L, (ki, Ai) - (3.3.34)
i=1

By [DLM95, Proposition 3.3], Ly(k,0) is also a regular VOA.
Using these irreducible modules, we can construct modular invariant CFTs. We will denote the

diagonal modular invariant CFT by affine(g).

3.3.2 Goddard-Kent-Olive (GKO) Coset Construction

We now want to apply the consider the commutants of affine VOA.

Let b C § be a subalgebra. If k is the level of § then the level k of b is given by

k:=wx.k:= (zeiki,...,zenkn) , (3.3.35)

16 Throughout this chapter, we will follow the convention that quantities for semisimple Lie algebra will be written in

bold.
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where ©, = (2Ze1,...,%en) € (Z>1)" is determined by the embedding of h < §, see (C.1.51) for
the definition. Let us choose an orthonormal basis {u“/}ii,rl(lh) of h and extend it to an orthonormal
basis {ua/}ii,n;(lh) U {ua}ii:(gﬁz(h)_‘_l of g. We then consider the affine VOA corresponding to h and g
with their corresponding conformal vectors wy and wg as described above.

It is clear that Ly(k,0) is a sub-VOA of Lg4(k,0) with possibly a different conformal vector. We

can then consider the commutant VOA
V(g.b: k) := Cr, (0)(Ly(k,0)) . (3.3.36)

Then V (g, bh; k) is a VOA with conformal vector

w9V = w8 — W | (3.3.37)
and central charge
kdim(g) a.kdim(h) " [ kidim(gi)  weikidim(b;)
e _ — _ Ze, . 3.3.38
T T R hy T mk+ hy ; kit hy gkt hy, (3:3.38)

We will call V (g, b; k) the GKO coset VOA or simply coset VOA. The GKO coset VOA corresponding
to g = su(2) @ su(2) and h = su(2) realize the unitary Virasoro VOAs [GKO85, GKO86|. We now
define the GKO coset CFT.

Definition 3.3.1. We will call the minimal unitary modular invariant CFT obtained from the
irreducible modules of V (g, b; k) to be the GKO conformal field theory. We will denote the diagonal
GKO CFT by GKO(g/h).

We will also see that our definition differs from what is usually understood in literature. But

this is suitable for the relation between GKO CFT and gauged WZW model we want to study.

We now want to construct the modules of the VOA V(g, b; k).

Theorem 3.3.3. Let Lg(k,j\),Lb(E,ﬂ),V(g, bh; k) be as above. Then we have the decomposition

Lok, \) = €D Lasp(A 1) ® Ly(k, 1) | (3.3.39)
neP’ (b)
where
Lg/h(SVp’) = HOmLh(E’O) (Lh(Evﬂ)ng(kax)) ’ (3340)

is a module of the coset VOA V(g,b; k). In particular, V(g,b; k) is a simple VOA.

Proof. Since Ly, (E, 0) is a regular VOA, the Lgy(k,0)-module L (k, ;\) considered as a Ly, (E7 0)-module

is completely reducible. This gives us the decomposition (3.3.39). The fact that L /h(j‘v ) is a
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V (g, b; k)-module follows from Lemma 3.2.1. The simplicity of V (g, b; k) follows from the identifi-
cation

Vi(g,h;k) = Lg/4(0,0) , (3.3.41)

and [DRX24, Proposition 2.5]. O
The question that we want to ask is:
Question 2. Is the V (g, b; k)-module Lg/h(j\,ﬂ) irreducible?

In general, the answer to this question is not known but computational evidence suggests that the
irreducibility of L /h(j\, 1) is related to the issue of fized point resolution which we briefly describe
below. Irrespective of that, in view of Remark 3.2.1, Theorem 3.2.1 tells us that in favorable cases,
all irreducible modules of the coset VOA V' (g, b; k) occurs in some irreducible Ly(k, 0)-module.

Note that not all Lg/h(j\, ft) is nontrivial. More precisely, Lg/h(j\7 ft) is nontrivial if and only if
the irreducible module Lh(E, o) of Lh(E, 0) appears in the decomposition of the irreducible module
Ly(k, X) of Ly(k,0). The nontrivial modules Ly (X, f2) are determined by selection rules which is

briefly reviewed in Appendix C.2. Moreover, it may turn out that
Lgsp(A 1) = Lay(N, ') (3.3.42)

for (A, ) # (N, ). This leads to field identifications, also reviewed in Appendix C.2. These
isomorphisms are understood in terms of spectral flow isomorphism corresponding to the common
center of G x H [MS89d], where CNT', H is the unique simply connected Lie group with Lie algebra g, b
respectively. Algebraically, these identifications result from the action of outer automorphisms on the
dominant integral weights. Since the center of Gis isomorphic to the outer automorphism group O(§)
of g, the common center of G x H corresponds to outer automorphisms (A, 4) € O(§)x O(h) such that
A branches to A, see (C.2.6) for the precise definition. Then, one can show that [SY90b, DFMS97]

Lg/n(X 1) = Lyjp (AN, Aft) (3.3.43)

It is widely believed (and computationally supported) that the modules L /5(5\, [t) are irreducible if
(5\, ft) is not fixed by any branching outer automorphism. If (5\, [t) is fixed by some branching outer
automorphism, then L /b(5‘7 ft) is not irreducible and decomposes into other irreducible V (g, b; k)-
modules. A construction of these irreducible V (g, h; k)-modules was proposed in [FSS95b], and has
been reviewed in Appendix C.2.4.

An important class of examples of coset VOAs are the parafermionic cosets. Let g be a finite-

dimensional complex semisimple Lie algebra and h be its Cartan subalgebra. Let Lg(k,0), Lh(E, 0)
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be the affine VOA associated to g and § respectively. For the Cartan subalgebra, one can show that
the induced level k = k. The parafermionic coset VOA is then defined to be the commutant of the
Heisenberg VOA Ly(k,0) in Ly(k,0):

K(g,k) = CLg(k,O)(Lh(kaO)) . (3344)
It has been proved that parafermionic VOA K (g, k) are Ca-cofinite [ALY14, DW11]. The rationality
of parafermionic VOA obtained from sly and sl,, Lie algebras has been proved in [ALY19, JL13, JL14].
3.3.3 Characters And Partition Functions Of Affine VOA And Its Cosets
The characters Xg(’i') of the irreducible modules Lg(k, A) is defined as
g — T R LQ(O)f‘;% — 2miT 3 3 45
X5(7) : SMIENL , q:i=¢e . (3.3.45)

Under modular transformations, these characters transform as a vector-valued modular form:

B+ = > TEL(r (3.3.46)
XNeP(g)

XS(1m) = Y s, (3.3.47)
XePT(g)

where 719,59 are the modular T, S-matrices. The fusion rules are defined as

_ Lg(k, As)
NY = dim] ( ! . ) . 3.3.48
Aike PO\ Lok, A1) Lok, A2) (3345
Then the S-matrix satisfies the Verlinde formula:
< S5 555 ST .
Ag _ A1>\ Ag}\ ASA
N3 = A > B (3.3.49)
XeP (9)
The Hilbert space of the full theory is given by
2= P M*;MRLE,(k,XL) @ Lo(k,AR) (3.3.50)

AL AREP (9)

where Ly(k,Ag) is a copy of Lg(k, Ag). Then the partition function of the affine VOA Lg(k,0) is

given by
=\ .__ — _ 27 iT _ 2
Zy(1,7) = A Z M§L75\RX§L (T)X?\R(T) , g=e T g=¢e""" (3.3.51)
AL AreP!(9)
where /\/li 5. € Z>o is a matrix satisfying certain properties imposed by modular invariance.
LyAR -

There are several choices of the matrix M9 which give modular invariant partition function. We

will mostly stick to the diagonal modular invariant:

g = > ~
MS\L,XR B 5)\L7)\R : (3.3.52)
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Consider now the embedding of 6 C g. Then one can also decompose the characters Xg(T) in
terms of the characters XZ(T)I
A= > X X (3.3.53)
REPE (h)
a/b
(X )
of the module Ly, (A, ft) of the coset VOA V (g, b; k). Let £ be the set

The coefficient functions y (7) are called branching functions and are identified with the character

& ={(A i) € PE(@) x PE(0) : Lyy(A ) # 0} . (3.3.54)
Let ~ be the equivalence relation
i) ~ (N ) = Lo i) = Loy (N, ) - (3.3.55)

Then according to our definition, the torus partition function of the GKO coset CFT is given by

GKO[. =\ _ 9/b O
Zayy T = D X X (™) (3.3.56)
(Aiyee/~

One can construct non-diagonal modular invariants for the coset CFT using the modular invariants
M8, MDY for the affine VOAs Ly(k,0) and Lh(E, 0) respectively, but we will restrict to the diagonal
models. An interesting class of examples of GKO cosets are the conformal embeddings. Recall that

an embedding by C g is said to be a conformally embedding if
8 =ch. (3.3.57)

In this case, the GKO coset VOA is a central charge 0 VOA. Since the affine VOAs Ly(k,0) and
Lh(E, 0) satisfy the hypotheses of Proposition 3.2.2, we conclude that the GKO coset VOA is trivial:

V(g bik)=C. (3.3.58)

In particular, according to our definition of GKO coset CFT in Definition 3.3.1, we have

Z;;/r%o(ﬂ =1, (3.3.59)
for conformal embeddings. This is in contrast with the usual partition function of the GKO coset
theory corresponding to conformal embedding, for example in [ABI90, KORS20, CGS23, CGS24].
3.3.4 Categorical Coset Construction

As we discussed in Section 3.2.3, under some assumptions the category of modules of the commutant
VOAs can be obtained from the category of modules of U and V using the notion of nonabelian

gauging. In this section, we give some concrete examples of Theorem 3.2.3 using affine VOAs.
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As already noted, affine VOAs Ly(k,0) are “nice” in the sense that they satisfy the properties
item 1-item 3. Thus the category of modules of L4(k,0), denoted by C(k,g), is a modular tensor

category.

Corollary 3.3.4. Assume that V(g,b; k) is a “nice” VOA and denote the category of V(g,b;k)-

modules by C(g,h). Then we have

0

C(k,g) = (C(g,b) Xp C(E’h))Lg<k,0) : (3.3.60)
Let {(0,0)} be the set:
10,0} = {(A i) € € :ns ) += dimHom (Ly(k, A), Vg, b:k) @ Ly(R ) # 0} . (33.6)
Then
Clg,h) = C(k,9) X’[‘)Bcopp(ka h) — (C(k,g) b COPP(E, h)); 7 (3.3.62)
where
B= @@ nsap (Lg(k75\) ® L;PP(E@) , (3:3.63)

(A )€{(0,0)}

where szp(%, [v) denotes the object corresponding to Lb(%,u) in the opposite category C"F’F’(E7 h).

Proof. By assumption, V (g, h; k) is a “nice” VOA, the category C(g, h) is a modular tensor category.
The Deligne product C(g, h)@DC(%, h) corresponding to the tensor product VOA V (g, h; k)® Ly, (E, 0),
with the objects being vector space tensor product of modules is then also a modular tensor category.
Since Lq(k,0) is also a V (g, h; k) ® Lh(E, 0)-module, Lg4(k,0) is an object in the category C(g, h) Xp
C (E, b). The decomposition

Lo(k,00= €D Lg(0,2) ® Ly(k, i) , (3.3.64)
nePT(p)

makes this fact evident. Thus, by Theorem 3.2.3, we conclude that

0

C(k,g) = (C(g,b) Mp C(Tc,b))L w0 (3.3.65)

From the decomposition (3.3.60), we see that the subobjects of Lq(k,0) are Lg,,(0, f1) ® Lg(E, ).
Thus, the only subobject of Ly(k,0) of the form W ® LQ(E, 0)is V(g,h; k) ® LE(E,O). Thus there
exists a special symmetric commutative Frobenius algebra object B in C(k,g) Xp C (E, b) such that
(3.3.62) is true. Using (3.2.67), we can give an explicit description of B. We look at the V (g, b; k)-
modules of the form Lg/h(j\, [t). Suppose first Lg/h(;\, ft) is irreducible then Lg/h(;\, ) Xp Lb(%, i)
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is a simple object in the category C(g, ) Xp C(E7 h) and

. . L Lejy(XA) 2 V(g,bik)
dim Hom (Lq(k, A), V(9. b; k) © Ly (k, 1)) = o/ (3.3.66)
0, otherwise .
If Ly (5\, ft) is not irreducible, then assuming that we can decompose it as direct sum of irreducible
V (g, b; k)-modules, we write

Lasy(A i8) Zngs Vi bik) & (3.3.67)

Note that we can have Nap) = 0. Then it is clear that
dim Hom (Lg(kz, A), V(g b: k) @ Ly (%, ,1)) = - (3.3.68)
This description of B allows for its easy computation as we will demonstrate in examples below. [

Remark 3.3.1. 1. In physical terms, (3.3.60) means that the chiral g theory can be obtained
gauging the nonabelian anyon corresponding to Ly (k,0) in the MTC of the tensor product of
the chiral coset theory and the chiral b theory. If we can now show that Lg(E,0) is a special
symmetric commutative Frobenius algebra object, then we can use Theorem 3.2.3 to get the

MTC C(g,bh) in terms of a nonabelian gauging of C(k, g) Xp C(%, h).

2. In principal, the algebra object B in (3.3.63) should have all the information about field

identifications, selection rules and fixed point resolutions.

We will now see this in some examples.

Explicit Examples
Unitary Minimal Models.

It is well known that the unitary minimal models are realized by the GKO coset CFT [GKOS85,
GKO86]'"

g=su(2)y®su(2);, b=su2)gy1, k>1. (3.3.69)

Explicit evaluation of branching rules and analysis of outer automorphism group action implies that
there are nontrivial selection rules and field identifications [DFMS97]. Let us denote the minimal
Virasoro VOA with central charge

Pl Vi (3.3.70)

Cpg: ,
D.q g

17"There are other coset realizations of unitary minimal models. In Appendix C.3, we review the coset realization of

[BRS88, ABRSS|.
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by Vir(cp.4,0). There are finitely many isomorphism classed of irreducible Vir(c,, 4, 0)-modules speci-
fied by the conformal dimension A, ¢ of the highest weight vector. These are denoted by Vir(cp. 4, Ar.s)
and the conformal dimension take the values

(pr —qs)* = (p—q)*
4pq

By s = 1<r<q¢g—-1, 1<s<p-1, (3.3.71)

b

with the isomorphism

Vir(cp.qs hrs) = Vir(cp.q, bg—rp—s) - (3.3.72)

Let us also denote the modular tensor category of Vir(cy 4,0) by Caq(p,q)- The unitary minimal
models correspond to p=k+3,¢g=k+ 2,k > 1. Here k = 1 corresponds to the Ising model.
Let us recall that su(2) at level k has k + 1 dominant integrable representations which we will

label by ¢ =0, ..., k. By abuse of notation, we will write

Pr(su(2)) ={0,1,...,k} . (3.3.73)
Then dominant integrable weights of s1(2) @ s1(2); are labeled as
P(su(2)) x P (su(2)) = {(4,7) : 0<i<k,0<j<1}. (3.3.74)

We have the decomposition [GKO86, GKOS85]

k+1

Lou@asu@) ((k:1),(0,5) =2 @D Vir(chesrsz hivr.e41) @ Louge) (b + 1,0) . (3.3.75)
£=0

i—0=j mod 2
In particular, we have

k+1

Lsu(2)€95u(2)((k’ 1)7 (Ov O)) = @ Vir (ck+3,k+2> hl,f-‘rl) ® Lsu(2)(k +1, E) . (3376)
£=0
£ even

By Theorem 3.2.3, we have

Cm(k+3.k+2) Mp C(k + 1,5u(2))

C((k,1),5u(2) @ su(2)) = 1 , (3.3.77)
k
where
k+1
A = @ Vir (cr43,k42, P1,eg1) Mp Layay (B +1,£) = Lay2yesu(2) (K, 1), (0,0)) . (3.3.78)
=0
£ even

We can use (3.3.62) and the isomorphism (3.3.72) to write

C((k,1),su(2) @ su(2)) Xp CPP(k + 1, su(2
Cr(r+3,h+2) = (k. 1), 5u(2) (gk o C*PP( @) (3.3.79)
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where

Bk = L5u(2)695u(2) ((/f, 1), (0, 0)) &D Lgﬁ?z)(k —+ 1, 0) @ Lgu(2)@su(2) ((k, 1), (]C, 1)) IED L:Elzz) (k+ ]., k + 1) .
(3.3.80)

Using the $u(2) fusion rules [DFMS97], we have the following P(z)-tensor products:

Lsu(2)®5u(2)((ka 1)7 (ka 1)) X Lsu(2)@5u(2)((k7 1)3 (k, 1)) = Lsu(2)®5u(2)((ka 1)7 (O, 0)) )

Ljﬁ‘(’Q)(k +LE+ 1)K LZEF(’2)(I<: +LEk+1) L;’g‘(’Q)(k +1,0) .

(3.3.81)

In the language of 3d TFT, A generates a Zs abelian anyon. We can thus schematically write

C((k,1),5u(2) & su(2)) Xp CPP(k + 1, s5u(2
CM(k+3,k+2) = ((k, 1), 5u(2) ()Z)2 & ( (2)) , (3.3.82)

which is in agreement with the proposal of [MS89d] for obtaining the GKO coset theory GKO(g/h)
from Chern-Simons theory for gauge group (Gy x H_;)/Z, where G, H are the unique simply con-
nected Lie groups with Lie(G) = g, Lie(H) = h and Z is the common center of G, H. See Appendix
C.2.2 for a quick review of the proposal.
For k=1,
At (11
Ay = Vir 5 0 Xp Lsu(2) (2, O) @ Vir 35 Xp Lsu(2) (2, 1) . (3383)

Using the fusion rules [DFMS97]|, we have the following P(z)-tensor products:

Vir (;, ;) X Vir (;, ;) = Vir <;,O> ,
(3.3.84)
Lsu(2)(27 1) X Lsu(2)(27 1) = Lsu(2)(27 0) .

We can thus schematically write

CM(473) Xp C(k + 1,5u(2))

C((1,1),5u(2) & su(2)) = Z (3.3.85)
2
This is in agreement with [CGS23]'®. From (3.3.62), we have
C((1,1),s5u(2) ® su(2)) Xp C°PP(k + 1, s5u(2
o = A DO (D) B O 4 en() s

where
By = Lsu(Z)@su(Z)((lv 1); (Oa 0)) Xp Lgﬁ‘&) (2» 0) @ L5u(2)695u(2)((17 1); (17 1)) Xp Lgff(’g)(l 2) . (3'3'87)

The k = 2 case is interesting because B is a direct sum of nonabelian anyons in this case. We have

Cr(s,4) Mp C(3, 5u(2))
Ao ’

C((2,1),5u(2) @ su(2)) = (3.3.88)

8In the notation of [CGS23] A = (0,0,0) + (1,1,2).
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with
(3 . (33
Ay = Vir 5, 0) Xp Lsu(2) (3, 0) @ Vir 5, 5 D) Lsu(2) (3, 2) . (3389)
This isomorphism has been demonstrated in [CGS23] using the heuristic rules for anyon condensation

of [BS09]'Y. We can also write

C((2,1),su(2) @ su(2)) Xp CPP(3,su(2))
B ’

Crm(s,0) & (3.3.90)

where

BZ = L5u(2)@5u(2)((2a 1)7 (07 0)) ED LZZF()Q)(Sv 0) @ L5u(2)@5u(2)((2» 1)7 (2a 1)) IED Lzz?z)(?’v 3) .
(3.3.91)

§ = (82); ,b = 5u(2)3, 5u(2)1.

The affine VOA for the exceptional Lie algebra®® gy at level 1 has two irreducible modules which we
denote by Lg,(1,1), Lg,(1,7) where 1,7 denotes the trivial and 7-dimensional representations of gs.
There is an embedding of su(2) & su(2) into go under which the level of su(2) & su(2) is (1,3). One
can check that this is a conformal embedding. We have the decomposition [CGS23]

ng (13 1) = Lsu(2) (1a 0) ® Lﬁu(2) (35 0) D Lsu(2)(17 1) ® Lsu(2) (37 3)» (3 3 92)

ng(la 7) = Lsu(2)(17 0) ® Lﬁu(2) (37 2) D Lsu(?)(L 1) ® Lsu(?)(37 1) .
Let us first understand the coset®' Lg, (2, (1,0). From the decomposition (3.3.92), it is clear that

Lg, si(2), (1,0) 22 Loy 2)(3,0). By (3.3.60), we have

C(3,5u(2)) Kp C(1,su(2))

C(1,92) = 1 , (3.3.93)
where
A = Loy2)(1,0) Mp Lay(2)(3,0) ® Lsua)(1,1) Kb Ley(2)(3,3) - (3.3.94)
Moreover
C(3,5u(2)) 2 C(1,g2) Kp CPP(1,5u(2)) , (3.3.95)

since B = Lgy(2)(3,0) which is the unit object. This agrees with [CGS23|. On the other hand

C (1, g2) Xp C°PP(3,5u(2))
B )

G(1,5u(2)) = (3.3.96)

19In the notation of [CGS23] Az = (0,0) + (¢/,2).
20The notation is unfortunate since the subscript in go is not the level!
21Here, we have differed from our usual notation Lg/h(O, 0) of coset VOA because we need to indicate with respect to

which level 51(2) we are considering the commutant. So Lg, /5u(2), (1,0) denoted the commutant of the affine VOA

Ly (2)(1,0) in the affine VOA Lg, (1,1).
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where
B = Lg,(1,1) Mp L7, (3,0) & Lg, (1,7) Mo Ly, (3,2) - (3.3.97)

This was again demonstrated in [CGS23] using heuristic rules of anyon condensation from [BS09]%.

Conformal embeddings.

As we have already proved in Proposition 3.2.2, if a unitary VOA U is conformally embedded in
a unitary VOA V, i.e, ¢V = ¢", then the commutant Cy (U) = C. Consequently, the category of

Cy (U)-modules is trivial. Theorem 3.2.3 in this case means that
Cy = Cy/V = (Cu)y . (3.3.98)

Or equivalently, by Theorem 3.2.2 V' provides an extension of U. This is the well-known result that

conformal embeddings lead to chiral algebra extension [DFMS97]. By (3.3.62), we see that

Cy Xp CFP
_— 3.3.99
B ) ( )
where
B= P (dimHom (W*,U")) (W*Rp (U*)") , (3.3.100)
a€ly
bely
is the trivial MTC. Let us now discuss some concrete examples.
su(N)g ® su(k)ny — su(Nk)y, N,k>2
This is an infinite family of conformal embeddings. By (3.3.60), we have
C(N,su(k)) Xp C(k, su(N
(1, su(Nk)) = S 5u(k)) Ko C(k, sulN)) - (3.3.101)
Ap N
where
Ak,N = @ Lsu(k)(Nv 5\1) Xp Lsu(N)(kv 5\2) = Lsu(Nk)(lv O) ) (33102)

(/\1,)\2)€K
and the set K C Py (su(k)) x P (su(N)) can be read off from [ABI90, Theorem 1]. This proves

[CGS23, Eq. (5.3)]. We can easily find Ay y for small values of k, N. For example, for N = k = 2,
we find that

Lsu(4) (L 0) = Lsu(2) (2a 0) ® Lsu(2) (27 O) D Lsu(2) (27 2) ® Lﬁu(2) (2a 2) : (33103)

From the fusion rules for C(2, s1(2)), one can show that the simple objects Lqy(2,0), Ley (2, 2) generate
a Z fusion group. Thus we can schematically write

C(2,5u(2)) Xp C(2,su(2))

C(1,su(4)) = - ,

(3.3.104)

221n the notation of [CGS23], B = (1,0) + (¢,2) which generates the Drinfeld center Z(Fib) of the Fibbonacci MTC.
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which agrees with [CGS23, Eq. (5.2)]. For N = 3,k = 2, we can use the isomorphism [ABI90,
Theorem 1]

Lsu(6)(17 1) = Lsu(3) (27 1) ® Lsu(2) (37 0) D Lsu(3) (2a 8) ® Lsu(2) (37 2) ) (33105)

where the bold numbers n indicate the n-dimensional representation of the algebra, to obtain the

isomorphism
2 X 2
e (1, su(6)) = {23 Mo (3 5u(2)) (3.3.106)
Az
with
A3,2 = Lsu(B)(za 1) Xp Lsu(2) (37 O) D Lsu(B)(27 8) Xp Lsu(2)(3a 2) : (3'3'107)

This again agrees with the computations in [CGS23, Section 5.1.1].
If we restrict the embedding to su(N)g < su(Nk);, then we expect that the coset VOA will be
the affine su(N) VOA:

Vvsu(Nk)/su(N) = Lsu(k)(Na 1) . (33108)

This can be proved using the character decomposition worked out in [ABI90, Theorem 1]. Then by

(3.3.62), we have

C(1,su(NEk)) Bp CPP(k, su(N))
B )

1%

C(N,su(k))

(3.3.109)
where the algebra object B can be obtained using [ABI90, Theorem 1]. We find that the weights

X € P (su(Nk)), € P (su(N)) such that

Law(wk)jsu(v) (A ) 22 Loy (N, 0) (3.3.110)

are in the orbit of a Zy-action on P (su(N)). This suggests that the fusion algebra of simple
subojects of B form the Zy group. This provides evidence for the level rank duality of [HS16]. A

detailed mathematical proof of this equivalence can be found in [OS14].

6 = 51(3)1, b = 51(2).
There are three dominant integral weights of 51(3);. We denote them by 1, 3,3 as in [CGS23]. Then
the decomposition of modules for this conformal embedding is given by

Lgu(3)(1,1) = Lyy(2)(4,0) & Lau(z) (4, 4)
Lou)(1,3) = Lay(2)(4,2) , (3.3.111)

Lsu(3)(17§) = Lsu(2)(47 2) .
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(3.3.60) then implies

1 ~C(4 2
C( 75u(3)) C( 75u( ) , (33112)
A
where
A= Loy (4,0) @ Lay(ay(4,4) . (3.3.113)
Moreover, since the coset VOA is trivial, the MTC
C(1,5u(3)) Kp CPP(4,5u(2)) (3.3.114)
B , .3.
with
B = Lgy3 (17 1) Xp L3 (470) ® Lsys (17 1) Xp L (47 0)
(3) su(2) u(3) su(2) (33115)

@ Lﬁu(3)(1a 3) Xp LEZ?Q) (47 2) D Lsu(3)(1»§) Xp LZE?Q) (4a 2) )

is the trivial MTC. This was argued in [CGS24, Eq. (4.4)].

Maverick Cosets.

These are a set of coset VOA for which the selection rules for L /h(j\, ft) to be nontrivial obtained
from algebraic considerations is not enough [DJ93b, PSW99]. Moreover, field identification method
also fails for such cosets [DJ93b, PSW99|. A list of all known Maverick cosets can be found in
[CGS23]. We now give an example of a Maverick coset for which our category theory methods still
works.

ﬁ = gﬁ(3)2,6 = gﬁ(2)8

From the explicit analysis of branching functions [DJ93a], one can show that the coset VOA in this
case is the chiral algebra of the critical three-state-Potts model [DJ93b, DFMS97]**. We want to

identify the algebra object such that

C(su(3), su(2)) Kp C(8, su(2))

C(2,5u(3)) = S

(3.3.116)

There are six dominant integral weights of 5u(3) at level 2 which we will denote by the dimension

(in bold) of the corresponding su(3) representation. From [DJ93b, Table 1], we find that

A= L5u(3)/5u(2)(17 O) Xp Lsu(2)(8> 0) D Lsu(S)/su(Q)(lv 8) Xp Lsu(2)(87 8)

S5 Lsu(S)/su(2) (]-a 4) Xp Lsu(2) (87 4) :

(3.3.117)

Inverting the coset using (3.3.62), we find

C(2,5u(3)) Xp C°PP(8, s5u(2))

Clou(3), su(2)) = > ,

(3.3.118)

231t is an extension of Vir (%, 0) by dimension 3 holomorphic field.



130

where, again using [DJ93b, Table 1], we find

B = Lau(z)(2,1)Bp L, (8,0) ® Lay(3)(2, 1) Ko LEP, (8,8) & Lay(s) (2, 8) Kp LEP, (8,4) . (3.3.119)

This is in agreement with the heuristic calculation of [BS09].
9= gﬁ("‘)laa = gl\l(2)10

From the explicit computation of branching functions, it was shown in [PSW99] that the coset VOA
for this Maverick coset is the Ising VOA Vir (%, O). Thus, by Corollary 3.3.4, we have

CM(4,3) Kb C(lO, 511(2))

C(1,5u(4)) = h 7 (3.3.120)
where [PSW99]
(1
A = Vir <2, 0) K (Lau(z)(10,0) & Lay(z(10,6))
L (3.3.121)
® Vir (23 2) Xp (Lsu(2)(10a 4) D Lsu(?)(loa 10)) = Lsu(4)(1a 1) .
By (3.3.62), we have
C(1,su(4)) X C°PP(10, su(2
Crugam = (1, 5u(4)) - (10,5u(2)) (3.3.122)
where [PSW99]
B = Loyay(1,1) Bp (L2%,(10,0) & L, (10,6) ) .

& Louy(1,6) Bo (L%, (10,4) & L%, (10,10)) .

This is in agreement with the analysis of [CGS23, Appendix C.3].

3.4 Review Of WZW Models And Their Gauging

In this section, we will review WZW models and their gauging from path integral as well as in the
algebraic formalism. We follow the conventions of [Gaw91, Ebel9]. Let G be a compact semisimple

Lie group of the form
G = (H Gl—> /7, (3.4.1)
i=1

where each G is simple, simply connected and Z is a subgroup of the center of [ [, G;. Fix a vector of
positive integers k = (k1,...,kn) € (Z=0)". Let (-, ) be the Killing form on g := Lie(G) extended
to the complexification g& := @;g% normlaized such that half the length-squared of long roots of g;
is equal to k; ! On any Riemann surface ¥ and a smooth map ¢ : ¥ — G, define the functional

i

Sak(g) = pp

/ A’z (g710.9,9710:9)k — iTwz(%; 9) , (3.4.2)
b
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where

1 g [l g~ 1
Fwz(X;g) == oA B(g 'dg, [¢7"dg, g 1dg]>k , (3.4.3)

is the Wess-Zumino (WZ) term, B is 3-manifold such that 9B = X and g : B — G is an extension’*
of the map g, i.e., glop = ¢g. The action is manifestly conformally invariant. We will denote the

corresponding CFT by WZW(G). The partition function of WZW model is given by

26k = / [Dgl exp(—Sc .k (9)) - (3.4.4)

The action has a (G x Gg)-symmetry which acts on g as

(92-9R) -9 = 9L99%" - (3.4.5)
Up to a constant multiple, the currents for these symmetries in complex coordinates are
J=g10.9, J = —g 10:g . (3.4.6)
Using the equations of motion, one can show that
0,0 =0:J=0. (3.4.7)

The conservation of these currents implies that the global (G x Gg)-symmetry of the action is

enhanced to a local symmetry: the action is invariant under the transformation 2°

9(z,2) = gr(2)g(z, 2)gr(2)" (3.4.8)

by an arbitrary holomorphic map?® g7, : ¥ — G and an antiholomorphic map g : ¥ — G®. On
the cylinder, parametrized by (o, 7) with o ~ o+27 being the spatial coordinate and 7 the Euclidean
time and related to the complex coordinate on the plane by z = e~9*+7 the local (G x GR)-

symmetry at a fixed value of the Euclidean time 7 = 77 is the loop group (LG, X LGR):

9(2,%2) — v(0)9(2,2)yr(0) 7, (3.4.9)

where v, g : S — G are arbitrary smooth maps from the spatial circle to G. Again, this symmetry
enhances to the loop group LG§ x LG% of the complexification G©.
Upon quantization, the loop group symmetry gets centrally extended to (/L\é L X LG R)-Symmetry.

To see this, let us expand J(z) and J(Z) in an orthonormal basis (with respect to the Killing form)

24When G is simply connected, then the existence of such an extension follows from 71 (G) = m2(G) = 0. For general

G, see [Gaw87, FGK88, ADPW91].

25Here 1 denotes the complex conjugation operation in g€ = Lie(G®) which leaves G C GT invariant. Note that our

convention is G = e'9.

26Note that the map must be valued in the complexification G to be (anti)holomorphic since there are no nonconstant

holomorphic maps from a compact Riemann surface ¥ to a compact group G.
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of g and denote the components by J%(z) and J%(2) respectively. Here a = 1,...,dim(g). Then one

can prove the OPE

klaalbL 3 aibi(;' Cq
Jai (Z)Jbl (’UJ) ~ + lf 1J (w)

(z —w)? (z —Nw) ’
jai (Z) jbi (@) ~ (kifaib;Q lfaL(blC'L_JCL)(w) 7 (3410)

J%(2)J% (W) ~ regular |
where a;, b;, ¢; are indices labelling a basis of g;, f® ¢, are structure constants of g;. Expanding the

currents as

Jz) =Y Jiam,

N ner (3.4.11)
Ja(z) = Z j‘#?_n_l )
nezZ
and using the OPE (3.4.10), we obtain the affine Kac-Moody algebra
[ngia Jvl:i] = kiméaibiém-&-n,o +if*" lcbjrcr:—&-n )
[T, T | = Bamo™® S 0+ i1 0, T (3.4.12)

[ T =0

The affine Kac-Moody algebra is the Lie algebra of the centrally extended loop group LG [PS86].

The Lagrangian is conformally invariant classically. The stress tensor is given by

TB(Z) = m : J‘l(z)]a(z) : Tg(z) — m . ja(z)ja(z) . (3.4.13)
where
1 i 1
2(k+hY) ; 2k + 1Y) (3.4.14)

and h) is the dual Coxeter number of g;. They satisfy the expected OPE with central charge

k dim(g Z k;dim(g;)

Tkt h k+hV Tt by

(3.4.15)

Consequently, if we expand

T9(z)=> L8z"7%, Tz =) L,z "7, (3.4.16)

nez nez

then the modes satisfy the Virasoro algebra. This is the Sugawara construction. The currents J¢, Ja
are primary fields of weights (1,0), (0, 1) respectively. The algebra above is thus two copies of the
affine Kac-Moody algebra g and the Sugawara construction shows that U (§x) contains the Virasoro
algebra. Thus the WZW model WZW(G) model at level k gives a realization of the affine vertex

operator algebra affine(g) discussed in Section 3.3.1.
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3.4.1 Gauged WZW Model

The GKO coset VOA described in Section 3.3.2 is an algebraic construction. It is not apriori clear
whether it can be given a Lagrangian description. It was proposed that one can gauge some subgroup
of (G x Gr)-symmetry of the G-WZW model to obtain the GKO coset CFT [ABR88, BRS88, GK88,
GK89]. The main goal of this chapter is to show that gauged WZW model indeed realizes GKO coset
VOA V (g, b; k) but only up to a 2d TQFT. In this section, we will set up the gauging procedure.
Recall that the action of G-WZW model has a (G x Gg)-symmetry. We would like to gauge
a subgroup F' C G x Ggr. To gauge the subgroup F, we introduce a principal F-bundle P — X
along with a connection A on P. Recall that for any F-space S, we have an associated F-bundle Pg
defined by
Ps:=PxpS:=(PxS5)~, (3.4.17)

where ~ is the equivalence relation
(ps)~(p-fhfs), feF. (3.4.18)

Moreover, any connection A on P induces a connection on Pg. In our case, we take S = G to be

the F-space. Let

WLIGLXGR—>G, 7TRIGL><GR—>GR, (3419)

be the projection to the left and right components of Gy, x Ggr. For h € H, we write

foi=m(f), fr:=7r(f), feFCGLxGpg. (3.4.20)

Consider the associated bundle Ps with F' acting on G as

g frafg', fEFCGLxGp. (3.4.21)

More explicitly,
Pe=PxpG:=(PxG)/~ (3.4.22)

where the equivalence relation is
(pg)~ (p-f~Y frgfg'), FEFCGLxGr. (3.4.23)

The WZW field g : ¥ — G is now replaced by a section of the bundle Pg. Since A is Lie algebra
valued, we have the embedding

A Ap® Ag (3.4.24)
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given by

A s Ap @ Ap = AY(tS ©1%) | (3.4.25)

where t* € b is embedded in g® g as t* — (1 & tlj%). We can also decompose these connections into

the holomorphic and antiholomorphic parts
A=ALD L AOD A0 — (40 (3.4.26)

where A(1:0) A1) is the dz and dz parts and we have also imposed a reality condition on the

27

connection®’. To write the gauged action, we promote the exterior derivative in the first term of

Sck(g) in (3.4.2) to gauge covariant derivative:
0=+ AL0 9§ g4 A0 (3.4.27)

where 0,0 are the (1,0) and (0,1) part of the exterior derivative respectively. Moreover, writing

ALY = A dz, AOD = Adz, (3.4.28)

we can write the action of A on the WZW field as

A 9= (Az)Lg - g(Az)R ) Az g = (Ag)Lg — g(Ag)R . (3429)

The Wess-Zumino term does not admit a straightforward gauge invariant extension. It turns out that
T'wz can be extended to a gauge invariant term if the subgroup H is anomaly-free in the following

sense [Wit92a, Wit93]: We embed t* € b into g & g by t* — (¢%,t%) and then demand
(¢, t1) = (o th) - (3.4.30)

Using the extension of the WZ term given in [Wit92a, Wit93|, the H-gauged WZW action is given
by

Sck(g,A4) == Sar(g) + i /2 d?z (<(Az)Ryg_1azg>k + <gazg_1u (AE)L>I<: (3.4.31)

+(9(A)rg " (A2)L), — (A2)R, (A2)L)E) -
Let Pring (X)) denote the isomorphism classes of principal H-bundles over X, o/p denote the space of
unitary connections on P and Gp be the group gauge transformations, and G* := Map(3, G). Then
the partition function of the theory on X is given by

ZYN (%) = [Dg] [DA] exp(—Sc.k(g, A)) . (3.4.32)
G/H [P]GFZH;H(E) /GZ g /Q{P/gp p G.k\g

2THere * is complex conjugation in §€ which leaves h invariant. We also use the convention that H = eif.
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The action Sg (g, A) transforms according to the Polyakov-Wiegmann formula [PW84| under the

gauge transformation: consider h: ¥ — H® C G x G§ and introduce the notation
hgi=hpghl,, ("A),:=hTA (WD) —nfa,(WH)™Y, ("A)z:=hAsh '+ hd:h™,  (3.4.33)
then we have [Wit92a, Wit93, GK89]
Saok(g,A) = Sax("g,"A) = Sy 3 (hhT,"A) (3.4.34)

where the second term on the RHS is the gauged H-WZW action with the diagonal embedding of
H in H; x Hr. When we take h to be valued in H, then SHﬁ(hhT, " A) vanishes and the gauged
WZW action is gauge invariant.

In the remainder of the chapter, we will be working in the following simplified setting: given any

subgroup H < G, the diagonal embedding of H in G x Gr given by

A:H— GL X GR
(3.4.35)
h+— (h,h) ,
is anomaly-free. Indeed, for diagonal embedding, we have t¢ = t%, =t* € h and (3.4.30) is trivially

satisfied. From now on, by G/H-WZW model, we will mean this particular H-gauged G-WZW
model. We will denote the resulting CFT by WZW(G/H).

3.5 H/H-WZW Model As A Topological Quantum Field Theory

In this section, we discuss some features of the H/H-WZW model and the relevance of a theorem of
Freed-Hopkins-Telemann [FHTO07] about the twisted equivariant K-theory.

The action of the H/H-WZW model is given by (3.4.31) with g replaced by the H-WZW field
h € Map(X, H). For H simple and simply connected, this theory was shown to be topological in
[Wit92a, Wit93]. More precisely, [Wit84] shows that under an infinitesimal change of the metric
and changing the path integral variable of the measure DA appropriately, the path integral for
the partition function remains invariant. [Wit84] also shows that the partition function Z / nr(®)
defined in (3.4.32) is equal to the dimension of the space of nonabelian theta functions on ¥. In
particular, the torus partition function Z

H/Hk (
VE(H).

TZ) is equal to the dimension of Verlinde algebra

As we have mentioned, it is a theorem that to give a 2d TQFT is to give a commutative Frobenius
algebra. Recall that a Frobenius algebra is a C-vector space A equipped with a nondegenerate
bilinear pairing  : A ® A — C, called the Frobenius pairing. In case the 2d TQFT is described by

a semisimple Frobenius algebra, the partition function of the 2d TQFT on any compact Riemann
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surface 3, of genus g takes a simple form. To describe the partition function, we note that for a

semisimple Frobenius algebra, there exists a basis {e; }.cx of idempotents of A such that

A =Spanc{e,} , ezey =05,1. (3.5.1)

Then there exists 6, € C such that

Ne, ®1) =0, . (3.5.2)
The partition function of the associated TQFT is given by

Z(%g) =Y 6,77 (3.5.3)

zeX

We now describe the Frobenius algebra structure emerging from H/H-WZW model. Recall that
the Verlinde algebra Vi (H) is isomorphic to the C-span of P{ (h):

Vi (H) = Spanc. {o,t pe Pg(h)} . (3.5.4)
The multiplication on Vi (h) is given by

Olh ’ Oll»z = Z Nh#ts OHa ’ (355)

K12
IL:sEPg(h)

where the NV l‘ll‘;f; € Z> are the fusion rules. Note that the product is commutative and Oy is the
identity of the multiplication. Then V% (H) can be endowed with a Frobenius algebra structure by

defining the Frobenius pairing to be
<OM1 ) Ou2> = 6;_:.27”1‘ . (356)

From the point of view of H/H-WZW, the Frobenius algebra structure can be obtained from H/H-

path integral as follows: the multiplication is defined as

H/H

3
N piss = <H Trhy, (Zi)> : (3.5.7)
i=1 Cp!
along with the identification
Nuspaps = '/\/'31’:‘32 . (3.5.8)
The Frobenius pairing is defined by the two-point function:
(Opr+ Opia) = (O, (21) Oy (22)) i (3.5.9)

where Oy, (21), Oy, (22) are the primary fields corresponding to the irreducible modules L, (E, i), i =

1,2. To write down the partition function of the theory, we need to find a basis of idempotents.
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From (3.5.5), we see that it is equivalent to diagonalizing the matrix [\

.43, - This is precisely done

by Verlinde formula. More precisely, Verlinde’s formula is equivalent to the fact that the S-matrix

diagonalizes fusion rules in the sense of the following equation:

_ . [S°]
D 1) e N (9 s = 08 2 (3.5.10)
+ [S ]HZO
p1,p3€PT (D)
Thus, the basis of idempotents is
ewi= D [$uol(8")unOw - (3.5.11)
vePT(h)
From (3.5.6), it follows that the partition function is given by
_ 1—
2 S = Y (1Swol(S") Mow) 7 (3.5.12)
rePT(b)
Using the fact that (S?)" = (S%)~! and Sgﬂ is real, we get
2—2g
W S = Y (1S"w)” (3.5.13)

nePI(h)

A theorem of Freed-Hopkins-Teleman [FHTO07] identifies the Verlinde algebra Vi (H) with the
twisted equivariant K-theory " K (H) where the twisting 7 is determined by the level k. A physical
interpretation for this result was provided by [Moo03| using symmetry preserving D-branes. More
precisely, using the description of D-branes as boundary conditions in target space H, it was argued
in [Moo03| that the D-brane charges in H-WZW models are valued®® in the K-theory "Ky(H). On
the other hand, symmetry preserving branes in the worldsheet description in H-WZW models are
integer linear combinations of the Cardy boundary states [Car89]. Since Cardy states are classified
by elements of V;(H), we see that the target space and worldsheet description of D-branes give a

physical perspective to the FHT theorem:
Vi(H)="Ky(H) . (3.5.14)

This is summarized schematically in Figure 3.1.

Freed-Hopking-Teleman

Verlinde Algebra V;(H) ‘ TKy(H)

Cardy States D-brane Charges

‘ Symmetry Preserving Branes

Figure 3.1: Schematic diagram illustrating the physical perspective to the FHT theorem.

28See also [MM97, Wit98, MW99] for earlier work on relation of D-branes charges with K-theory.
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This isomorphism induces a commutative Frobenius algebra structure?” on " K (H).

3.5.1 The U(1)/U(1)-WZW Model

In this section, we will discuss the U(1)/U(1)-WZW model. Naively, since U(1) acts trivially on itself
by conjugation, the currents are trivial and hence the gauged WZW action is simply the non-linear
sigma model action with U(1) target. Moreover, the WZ term vanishes. This is problematic since
we expect U(1)/U(1)-WZW model to be a TQFT. So, to write the U(1)/U(1)-WZW action, we will
take the general H/H-WZW model action (3.4.31) and then specialize to H = U(1) case. Let ¥ be a
compact Riemann surface with genus g. We will denote real coordinates on ¥ by (z,y) and complex
coordinates by z, Z with the relation z = z 4+ iy. We want to compute the path integral

Z3& oy () = Z / [Dg] [DA]exp(—Syq),k(g,4)) (3.5.15)

1 (P)er2(3,7)  Map(2.U(1) “p/Gp

where the sum is over isomorphism class of U(1)-bundles P — ¥ classified by the first Chern
class ¢1(P), @/p is the space of connections on P, Gp := Map(X,U(1)) is the group of local gauge
transformations and Sy, (g, A) is the gauged WZW action (3.4.31) specialized to G = H = U(1).
We will use the convention

Lie(U(1)) = iR , (3.5.16)

and U(1) = e®. We will parametrize the WZW field g(2,%) : ¥ — U(1) as
g(z,2) = =2 (3.5.17)

where ¢(z, %) : ¥ — R is a periodic field:

¢~ o+2m. (3.5.18)
Then
g 10.g = e (10.¢) ¢ = i0,¢ ,
(3.5.19)
dz99~" =i0:¢ .
Thus the gauged WZW action (3.4.31) is given by
ik [ kol
Suk(g,A) = —— | d°20.90:¢0 — -— | d°2(0:9A. — 0.¢Az). (3.5.20)
’ 47 » 2T »
The U(1)/U(1)-action can then be written as
S| ( A)—ﬁ/d¢/\*d¢+£/d¢/\A (3.5.21)
U(1),k\9; = 8 . o /s ) 0.

29[FHTO7] had their own way of deriving a commutative Frobenius algebra structure on ™ Ky (H).
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where we used the fact that
de A xde = (0,¢dz 4 9:¢d2) A (0.¢(—idz) + D:6(id%))
=10,00:¢ (dz AN dz) —10:¢0.¢ (dzZ A dz) (3.5.22)
= 2i0,¢0:6 (dz A dz) ,

and

dp A A =0¢AAOYD £ 5y A AT
(3.5.23)
= (az(bAz - 82¢)Az) dzNdz .

Before proceeding, let us notice that the correct way to write the d¢ A A term is by using differential
cohomology [MS25]. The reason is that A is not a globally defined 1-form. One may use Stokes

theorem and write it as

/dgb/\A:/F(A)/\d), (3.5.24)
b

where F'(A) is the curvature of the connection which is globally defined. But now ¢ is ill-defined
since it is defined only up to 27 period. The resolution is to treat the class ¢;(P) = [%} as an

element of H?(X), and the periodic scalar ¢!? as an element of H'(X) and use the pairing

H2(2) x HY(S) — H'(pt) = R/Z

(2]#) ')

see [MS25] for details of this pairing. When ¢ (P) = 0, then

/g [;ﬂ © e = exp (/E do A A> . (3.5.26)

When ¢ has no winding modes, then

/H B;r] © e = exp (/Z FA ¢) : (3.5.27)

Let us first integrate over the zero modes of ¢. To this end, let {p,}n>0 C C°°(Z,R) be a basis of

(3.5.25)

eigenfunctions of the Laplacian with eigenvalues \:

Acpn = )\ncpn , 0= Ao <A <A< (3528)
Write
¢=¢o+¢", (3.5.29)
where
o0
®o = appo , (b/ = Z nPn , Go,0n € R . (3530)

n=1
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Then the action is given by

k k k
Su).k(g,4) = 87/gd¢/ A *d¢’ + %/Edd NA+ %/EF(A) A ¢o , (3.5.31)

where we used Stokes theorem. Here F'(A) is the curvature of the connection and is nonzero for
a nontrivial bundle. More precisely, the cohomology class [%} = c1(P) € H3(%,Z) is the first
Chern class of the U(1)-bundle P — X. For a Riemann surface 3, H*(X,Z) = Z and the integer
corresponding to the first Chern class ¢;(P) is given by the Chern number defined by the integral

of F(A) on X:

n:= /ch(P) = %/EF(A) . (3.5.32)

The Chern number classifies the bundle. The integral over ¢ is given by

I(n)—/]R/quﬁoeXp (;T/ZF(A)/\%) . (3.5.33)

Notice that if we make a change of variable ¢g — ¢g + 7y for some constant -, since the measure is

invariant, we get

I(n) = /R/Z d(¢o +7) exp (;T /Z F(A) A (@0 + 7)> (3.5.34)

=e F1I(n) .
Thus, we have
I(n)=2md,0 , (3.5.35)

where the factor of 27 comes from the integral over ¢g because of the periodicity ¢g ~ ¢g + 2.

This collapses the sum over isomorphism classes of bundles in the path integral to the trivial bundle.

We now expand the field ¢’ in winding modes plus oscillators and also parametrize the connection

appropriately. Let us choose a symplectic integral basis {ai, Bj szl of H(X,7) and an integral
. Y9

basis {Ai,BJ}m, , of Hi(%,Z):

/0?/\0/207 /aiABj:(?;.
b)) 2

d¢' = n;a' +miB; +de¢”, ni,m'€Z . (3.5.37)

(3.5.36)

Then we can write

where ¢ is a globally well-defined scalar orthogonal to the zeromode. The affine space of connections

on a principal U(1)-bundle P — ¥ is given by

op = Ag +iQ' (T, R) , (3.5.38)
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where Ay is a reference connection whose curvature satisfies F/(Ay) = —2min vol(g) (this follows from
Donaldson’s Theorem [Don83a], which is reformulation of results of [NS65, AB83|), and Q!(%,R) is
the space of 1-forms on 3. Since we want to restrict to trivial bundles, we can choose Ay = 0. The

gauge group Gp = Map(X, U(1)) acts on «7p by
Ar—"A:=A+ido, h=¢"“ cMap(3,U(1)), (3.5.39)

We will fix the gauge to the Landau gauge

dxA=0. (3.5.40)
Then, the partition takes the form
288 (®) = 2 [106) [ [DAIS( % ) expl(=Sua) (6, 4) (3:5.41)
where Sy(1),1(¢', A) is given by
S (¢ A)-:ﬁ/d¢/A*d¢’+i/d¢’AA (3.5.42)
U(1),k ) . S . o . . 0.

We now need a convenient parametrization of @/p. The Hodge decomposition for Q(¥,R) states
that
QYZ,R)=Imda Imd' & H' (D) , (3.5.43)

where H!(X) is the 2g-dimensional space of harmonic 1-forms on ¥. So we can write a generic local

connection in &/p as

A =idw +idlws + iwhermenic (3.5.44)
where whamenic ¢ 271(¥) and w; € Q°(X,R) , we € Q*(X,R). By Hodge’s theorem, H1(¥) =
H'(X,R) and hence we can write

wharmonic — ¢Z_ai + 9.75]_’ sz ~ ¢z + 27, Qj ~ Qj + 27 . (3545)

Since Q°(%,R) = C°(3,R), we take w; = o0 € C*(X,R). Moreover, using d = — x dx, and the
fact that Q2(3Z,R) = Q°(X,R) = C°(X,R) we can write wy = a(dz A dy) and
diwy = —xd(ax (dz A dy))
= —xda
= —0,a(xdz) — d:a(xdZ) (3.5.46)
= —0,a(—idz) — 0z (id2)

=i0,adz —i0;adz .



If we write h = €97 : & — C* with o, € C*°(X,R) then we can write A as
A=igia’ +i678; — (h1) " OhT +h~'oh .
The path integral measure then factorizes as

A g
[DA] = W H [D;][D6]

where the Jacobian of the change of variables is given by [GK89):

O(A)  det'(~A)
a(h)

exp (Su(1)72 (hhT)) .

The action (3.5.42) in the variables (3.5.37) and (3.5.47) is given by
k ik - -

Sua)k(9',A) = 87/ d¢' A +d¢' + */ (nio® +m7B;) A (dea” + 0™ By
LA 2T »
k ) . 1 1z
+ ﬁ/z (nia +m?8;) A (= (n1) " onT + h'0n) .
Let us now perform the integral over ¢;,67. The relevant part of the action is

ik

21 Jy, (nia +mIB;) A (¢ea +67By) = o (ni' —migy;) .

2T

The integral is then

which again enforces

and evaluates to

g
/ H [D¢;][D67] exp k (7119Z —mjfb])] = (2m)%9 H 010,00mi 0 -

i,j=1 i,j=1

Using h = €'t we compute
dxA=d(ida+*ido) =d(d,0dz — 0;0dz) = —(0,0;0)dz A dZ .
Thus, the Landau gauge (3.5.40) is equivalent to ¢ being harmonic:

dxA=0 << Ac=0.
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(3.5.47)

(3.5.48)

(3.5.49)

(3.5.50)

(3.5.51)

(3.5.52)

(3.5.53)

(3.5.54)

(3.5.55)

(3.5.56)

We will take o to be orthogonal to constants. The ghost action for this gauge fixing is easily seen

to be

Sen(b,c) = / d®zbAc
b

(3.5.57)
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where b, ¢ are the anticommuting ghosts and also orthogonal to constants, see [MS25, Section 47|
and references therein for discussion on ghost zeromodes. Thus, the partition function takes the

form

det'(—A
258 (5) = @ 2 [10g) [1Daipo] [1080d 580
exp {—k/ de’ A xde’ + Su@),2 (hhT) — / d?z bAc} .
8T » ’ »
(3.5.58)
Remembering that h = ¢+ and using the WZW action (3.4.2) with g replaced by hh', we get
Suq.2 (hht) = / d2z (hnt) ' . (hhT) (hh') ™" 0: (hhT)
= —/ d*z (20.a) (20:a) (3.5.59)
2 »

1
:—/da/\*da
T J%

Thus we have

!/ / k / / 1
Z9E 0y (B) = (2m)*9det’ (—A) / [D¢'][Da] exp [_&r /E d¢/ A xdg' + — /2 da/\*doz}

X / [Do] / [DbDc] §(Ac) exp [— /E d2ZbAci| .

To compute the path integral over o, b, ¢, we expand them in a basis of eigenfunctions (3.5.28) of A:

T=> Onpn, b= buion, €= cnpn. (3.5.61)
n=1 n=1 n=1

Note that since o and b, ¢ are orthogonal to constants, the expansion does not contain the zeromodes.

(3.5.60)

Then the path integral becomes

/ [Do] / [DbD] 5(Aa)exp[ / d%bAc} = Hdan An0n) / H dbpden, exp(—bmAmCm)

n=1
lc_i[et / H doy, 6(oy)
=1.
(3.5.62)
Thus we get
Z5E ) (B) = (2m)*9det’ (—A) /[D¢’][Da] exp [_8]; /E d¢’ A +d¢’ + % /Z da A *da}
= (2m)*det’ (—A)det’ (—;;rA> e det’ (iA) o (3.5.63)

= constant.

This proves that the U(1)/U(1)-WZW model is a TQFT.
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3.6 State Space Of Gauged WZW Model

In this section, we will describe the finite-energy gauge-invariant states in the G/H-WZW model.
We will see that the Ishibashi states of H-WZW model naturally appear when we impose gauge
invariance. We will add the Maxwell term to the G/H-WZW action and then take the gauge coupling
to infinity to flow to the G/H-WZW model. We will then identify finite-energy gauge invariant states
of the theory. For simplicity, we asssume that G, H are compact, connected, semisimple and simply

connected. To this end, consider the action

S(A,g) = & /E Tr(F(A) A *F(A)) + Sex(g, A) | (3.6.1)

o2
where F(A) is the curvature of the connection A and Sg (g, A) is the G/H-WZW action (3.4.31).
The gauge coupling e? has dimensions of mass? and triggers an RG flow. To find the IR fixed point
states, we want to identify the lowest energy gauge invariant states of the theory governed by (3.6.1)

in the €2 — oo limit. The Hilbert space of the theory is given by [Wit91, Wit92b, CMR94]

)LH

ATV (L INIW @ [2( ) (3.6.2)

)

where %gvzw is the Hilbert space of G-WZW model and L?(A) is the space of square integrable

functions on the space of H-connections. The Hamiltonian of the theory is given by’

- ] 0
H = (L + L§) + € : 6.
( O+ 0)+€ /dméAa(x)(;Aa(;L‘) (363)
In the €? — oo limit, we look for functions f € L?(A) such that
lim eQ/deLf(AKoo (3.6.4)
€200 0A%(x) §A%(x) ' e
This requires
) 5
de —— A)=0. .6.
/ T () sae ()] A =0 (36:5)
This forces f(A) to be a constant as a function of A. We thus conclude that
AWM (%C\;NZW)LH ®C = (%C\;NZW)LH ) (3.6.6)

We will now determine the gauge invariant states. To do so, we will impose the Gauss law constraints
on the cylinder. We paramterize the cylinder by (o, 7) where o0 ~ o + 27 parametrizes the spatial
direction and 7 is the Euclidean time. The complex coordinate on the plane is given by z = ¢719F7,

Note that

0y =i (20= — 20.) . (3.6.7)

30We are considering the Hamiltonian on the cylinder with the circumference of the cylinder normalized to 1.
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We are gauging the symmetry H — G x G embedded diagonally and acts on the WZW field
g € Map(X, G) as
g— hgh™' . (3.6.8)

Let us write the gauged WZW action (3.4.31) for this diagonal gauging of H in terms of differential
forms. We have

. dim(h) dim(h)

1 ’ ’ 1 ’ ’ ’ ’
S A) =S — > [ AT AR, g7 — > [ (AT AAY) (gt gt
G’,k(ga ) G,k(g)_‘_ o0 ot /E < » g g>k + An L( )(g g >k

o’ b'=1

dim(h

+$ Z) /E(A“'AAZ")<t“',tb'>E ,

o' b'=1

(3.6.9)

where {t“/}ii,n;(lh) is an orthonormal basis of . We make the gauge choice A, = 0. The Gauss law

constraint is imposed on physical states as an operator equation of the field constraint

dSa k(g, A)

0. 3.6.10
A 0 (3.6.10)

Note that this constraint is to be imposed on the states in the Hilbert space at fixed Euclidean time
T =19. We will take 79 = 0. It is clear from (3.6.9) that the Gauss law constraint on physical states

is

Glphys) =0, (3.6.11)
where
o dim(h) ) dim(p) , / / , o
G:= >, <ta ,g‘laag>k+ 5 D (A7 —A7) ((gt“ AT N >k) : (3.6.12)
a'=1 al b=1

Note that the A-dependent terms annihilate constant functions on L?(.A) and hence the Gauss law
constraint becomes

dim(H)
Z <t“l,g_18,,g>k Iphys) =0 . (3.6.13)

a’=1
From (3.4.6) and (3.6.7), the Gauss law constraint takes the form

dim(b)

5= (2 T+ 2t () Iphys) =0 (3.614)
a’=1
We identify
dim(p) / B dim(b) .
Ty(2) = Y T2k Jy(2) = D (Y, Tk (3.6.15)
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with the Kac-Moody current for h. Expanding the h Kac-Moody currents into modes, the Gauss

law constraints at 7 = 0 takes the form

Z e (J% + J% Vphys) =0, o =1,...,dim(p) . (3.6.16)
neZ

Equivalently, the Gauss law constraints can be written as

(J¢ +J% Vphys) =0, neZ, o =1,...,dim(h) . (3.6.17)

Note that (3.6.17) imposes gauge invariance only for the infinitesimal gauge transformations. But
it is known that the image of the exponential map in LH is dense [PS86]. Thus (3.6.17) is also

sufficient for gauge invariance. All in all, we want to compute the following space:
AR = {16} € ALY+ T )W) =0} (3.6.18)

is the minimum energy configuration in the gauge sector.

3.6.1 Solution To (3.6.17): Ishibashi States And Equivariant H/H-WZW Model

We begin by noting that (3.6.17) are the well-known Ishibashi constraints for H-WZW model which
one solves to determine conformal boundary conditions of a CFT when studying the theory on the
upper half plane. The solutions to Ishibashi constraints in the diagonal H-WZW model are well
known — these are the Ishibashi states which lives in the bulk Hilbert space®!. But we want to solve

for |¢) € %C\;N ZW " To do so, we consider the diagonal G-WZW model. We have the decomposition:

XeP{ (a)
= @ (Lo s Ly(Ei) & (Lys(3ui) © Lok o)
(Amyee (3.6.19)
M p)ee
= @B (Lonhi) o Lyhi) o (Lol o Lo(hf))
(A p)ee
A p)eg
Now note that the action J% + J on the last line of the RHS of (3.6.19) is given by
JEL T s (1el)eYel)+(1el)e @) . (3.6.20)
So, the solutions to
(3 +TE)) =0, neZ, o =1,....dim®b), [¥)eHF™, (8.6.21)

31To be precise, Ishibashi states are elements of a bigger space, called rigged Hilbert space formulated in [GS64, GV64].
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can be written as

W= > ‘¢(g<?u)1(>‘1ﬁ)> @ lu ) (3.6.22)

(A p)eE
Ap)ee

where

e~ —~—

68 ) € L i) ® Lapy(Nf) o | i) € Ly (ks ) Ly (s i) (3.6.23)

such that |p, f1)) satisfies the Ishibashi constraint

[(J:g’ 1)+ (1@ J%)] | i) =0 (3.6.24)

We now show that a solution to (3.6.24) exists if and only if

p=j. (3.6.25)

This follows from the observation that any element v ® f € 4 ® 54’ of a tensor product of the

Hilbert space % and the dual 5% of the Hilbert space .7 corresponds to a linear map

ugy t Mo — IO
(3.6.26)

U — Ypef(u) == flu)v,
More generally, any finite (and possibly infinite subject to formal convergence) linear combination

of elements of 4 ® " can be treated as a linear map in Hom(5%,.74). In particular, if we

—_~—

identify Ly (k, t) with the dual Lh(E,/fL)V, then the state |u, 1)) can be treated as an element

k,
Oui € Hom(Lh(k,fL),Lh(E,ﬂ)). The condition (3.6.24) is equivalent to

’

T8 0 o = Pup o Adu(Js) (3.6.27)

where U is an operator satisfying

UJ® =-Ju, o =1,2,....dim(p) . (3.6.28)

Thus ¢, 4 is intertwiner of h-modules Ly(k, ﬁ), Ly(k, iv). By Schur’s lemma, we conclude that

Spu,ﬂ = C]]-ép,,ﬂ, 3 (3629)

for some nonzero constant C. This proves the desired result. The explicit solution

) = |, ) (3.6.30)

satisfying (3.6.24) are the Ishibashi states which we now describe.
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Let {|,4)}5°, denote an orthonormal basis of homogeneous vectors Ly (k, ft), then

) = Z p,1) @ Ujpas i) | (3.6.31)

is the Ishibashi state corresponding to the module L;,(E, p) and solves®? (3.6.17). We conclude that

any state of the form

(v@d)@|n), vELyy(N\p), € Lyy(Ap), peP(h)), (3.6.33)

is a solution to (3.6.17). The space of gauge-invariant states takes the form®?

A = @D (Lan i) Lys3i)) ol (3.6.3)
(A p)ee

Notice that for G = H,
SN = Vi (H) (3.6.35)

Examples

We now work out some simple examples. Let us look at the coset models of the Ising CFT.

G =5SU(2) x SU(2), H = SU(2).

H is embedded diagonally in G.

k=(1,1),k = 2. Let us label the chiral primaries of G-WZW theory by (4,j) with ¢,5 = 0,1 and

the primaries of H by ¢ = 0,1,2. Then from the decomposition (3.3.75), we have

&= {(<0’ O)’ 0)7 ((07 0)5 2>7 ((1’ 0)7 1)’ ((07 1)? 1)7 ((17 1)’ O)a ((17 1)7 2)} . (3'6'36)

—

32 A succinct description of Ishibashi states is as follows: idenitfy the right moving sector Ly (E, ft) with the dual
Ly (k, 1)V. Then the Ishibashi states |u)) is identified with the identity endomorphism

1, € End(Ly (K, ) 2 Ly (k, 1) ® Ly (k, f1)" . (3.6.32)

33Field identifications can be explained using gauge-invariance under a larger group of discontinuous loops Lz H
defined as LzH = {{ € C®(R,H) : {(z + 2m){(x)~! € Z} with Z = Z(G) N Z(H). More precisely, one can
show that a discontinuous loop ¢ € Ly H/LH = Z acts on Lg(k,\) and Lh(E, ft) by fusion with simple current
corresponding to ¢ € Z [TL99]. Consequently, we must identify Lg/h(j\,ﬂ) and Lg/q(C - X, ¢+ fu). As shown in

Appendix C.2.2 and Appendix C.2.3, identification by this action of Z is precisely field identifications.
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Using the decomposition (3.3.75), we find that
o (30) 5 () oo o (30) o (1) 1
i em(Dme (o) em()om o
) (3 ) oo () (1)

The partition function of the gauged WZW model is

ZX:V/ZXIV( T) =2 (|X0(T)|2 + \X1/2(T)|2 =+ |X1/16(T)\2) = 2Z16ing(T) (3.6.38)

where Zsing(7) is the partition function of the Ising CFT with unique vacuum. Note that the factor
of 2 is the order of the common center Z = Z(G) N Z(H) which in this case is Zs.
k = (2,1),k = 3. We have in this case

€ ={((0,0),0),((0,0),2), ((1,0),1),((1,0),3), ((0,1), 1), ((0,1),3), ((1,1),0), ((1, 1), 2),

((2,0),0), ((2,0),2),((0,2),0), ((0,2),2), (2,1), 1), ((2.1),3)} . o
Using the decomposition (3.3.75), we get
A = (Vir<170,0> @\%(170, )) (Cloy & C[3))
& <v<1702) © Vir (170 2)) ® (CJ2) & C[1))
& (Vir (170110) ®V|r<7 - )) ® (Cl1) & CJ2))
I X (3.6.40)
o (Vlr (10, 2) & Vi (10 2)) & (CP3) & Cloy)
o (Vir (1708?;)) ®V|r(70 8?;))) & (Cl) & Cp))
® (Vir (170176) (70 76>) ® (Clo) & CJ3)) .

X
wn
c

G = Spin(8), H = SU(2) x SU(2) x SU(2).

The embedding of H in G and the corresponding branching functions is discussed in Appendix C.3.
The level of G is 1 and the level of H is (1,1,2). There are four dominant integrable representations

of Spin(8) at level 1 which we will label by o,v,s,t. Then from [BRS88, Table 1] we have
€ ={(0,(0,0,0)), (0, (1,1,2)), (0,(1,1,0)), (0, (0,0,2))
(V7 (07 1’ 1))3 (Vv (1a O, 1))7 (S, (07 07 0)); (S, (Oa Oa 2)) (3641)

(s,(1,1,0)),(s,(1,1,2)), (¢, (1,0,1)), (t,(0,1,1))} .
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Looking at the Virasoro modules corresponding to these pair of G, H-weights from [BRS88, Table
1], we find that

HWNE = (Vir (;,o> ® Vir (;o>> ® (C[0,0,0%) @& C|1,1,2) & C|0,0,2) & C|1,1,0))
(v.r @ ;) @ Vir @ ;)) © (CJ1,1,0) @ CJ0,0,2) @ C|0,0,0) & C|1,1,2))
® (v.r <; 116) ( >) ® (C|0,1,1) ® C|1,0,1) & C|L,0,1) & C|0, 1, 1)) .

(3.6.42)

The partition function of the G/H-WZW model is thus given by

ZG i (1) = 4 (o (M + a2 (1)1 + Ixa16(7)*) = 4Zising (7) - (3.6.43)

Again the factor of 4 is the order of the common center Zs X Zs.

Parafermion: G =SU(2),H = U(1).

We have seen that the affine VOA Lgy(2)(k,0) has k& + 1 irreducible modules which we labeled by

i =0,...,k and denote by Lgy2)(k,i). The affine VOA Ly)(k,0) has®* 2k irreducible modules

which we label by n = —k+1,...,0,...,k — 1,k and denote by Ly(1)(k,n). Under the embedding

elf e: OAQ of U(1) in SU(2), the induced level of u(1) is same as the level of SU(2). We have
o—i

the following decomposition of irreducible Lgy(2)(k,0)-modules in terms of irreducible L,1)(k,0)

modules [DFMS97]:

k

Lﬁu(g)(k’ i) = @ Lg, 2)/u(1)(2 n)® L (1)(]€ n), (3.6.44)
n=—k+1

where the multiplicity spaces Lgy(2)/u(1)(é,n) are nontrivial as long as 2i +n = 0mod 2. Thus, we

have

E={(i,n):—k+1<n<k 0<i<k, 2i+n=0mod2}. (3.6.45)

Field identification by outer automorphism yields [DFMS97]

Lau2)/u(1)(4,m) = Lyy ) (k — i,k —n) = Loy ma)(k —i,n — k) . (3.6.46)

Note that when k& —n > k then the field identification identifies (i,n) ~ (k —4,n — k). This field

identification can be understood from simple currents as follows: the conformal dimension of the

34This is the extended chiral algebra of the rational Gaussian model, i.e., the compact boson at rational radius

R = +/p/q. See Section 3.6.4 for more details.
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respective irreducible modules are given by

i(i+2)

h; = ———=  for Lgyo)(k,1) ,
CoAR+2) “ (3.6.47)
2
n
hn = E for Lu(l)(k7n) .
From the S-matrix
R (3.6.48)

we see that all the irreducible Ly 1)(k, 0)-modules L,1)(k, n) are simple currents while only L, (2)(k,0)

and Lgy2)(k, k) are simple currents. From the conformal dimensions (3.6.47), we see that

Gia = {(0,0), (k,k)} . (3.6.49)

Using the fusion

Lyqy(k,n1) B L1y (K, n2) = Ly (k,n1 + n2 mod 2k) (3.6.50)

we see that G4 is isomorphic to the common Zs center of SU(2) and U(1). Using this fusion, the field
identification (3.6.46) is easily seen to be equivalent to (3.6.58). Let £/ ~ denote the equivalence

classes under the action of Giy. We then have

—_~—

%(}/yéw = @ (Lsu(2)/u(1)(i7 ’I’L) ® Lsu(z)/u(l)(i’ n)) ®Q ((Cl’fl>> b (CH:(k a TL)>>) ’ (3651)
[(,n)]€€/~

where + means that we choose the sign such that —k + 1 < £(k — n) < k. The partition function

of the G/H-WZW model is given by

2
WZW (2)/u(1) _ 9 7GKO
ZE =2 Y x| =22580(7) (3.6.52)
[(5,n)]€E/~
where X?:f))/u(l)(ﬂ is the character of the module Lgy(2)/u(1)(4,7). The factor of 2 is again coming

from the common center |Zs| = 2 of SU(2) and U(1).

A Maverick example.

We now consider a Maverick example: G = SU(3),, H = SU(2)g. There are six dominant integral
weights of su(3) at level 2, which will label by the dimension of their corresponding finite-dimensional

representation:

1,3,3,6,6,8 . (3.6.53)

The dominant integral weights of su(2) at level 8 will be labeled as usual by ¢ = 0,...,8. The

corresponding GKO VOA is the W3 algebra, which is an extension of Vir(%,O) by a dimension 3
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operator. The GKO theory is the three-state-Potts model (TPSM) and the irreducible modules of
the W3 algebra along with the corresponding pair of V (su(3), su(2); 2)-module is shown in Table 3.1.
The table is obtained by combining the computations of [DJ93a, BS09].

Module | Conformal dimension | V (su(3),su(2);2)-module
Vi 0 (1,0) = (1,8) = (8,4)
V. 2 (1,4) = (8,6) = (8,2)
Vi, 3 (6,0) = (6,8) = (3,4)
Vi, 3 (6,0)=(6,8) = (3,4)
V,, = (6,4) = (3,6) = (3,2)
Vs, = (6,4) = (3,6) = (3,2)

Table 3.1: Primaries and their conformal dimension of the three-state-Potts model

‘We thus find that
HNE 1su@), = (Vi® V1) ® (C|0) & CI8) & C|4)
a(V. ® Vo) ® (C4) & C|6) & C|2))

®(Vy, ® Vy,) ® (C0) @ CI8) © CJ4)

B (3.6.54)
BV, ® Vy,) ® (C|0) @ C[8) © Cl4})
&(Vy, ® Vs,) ® (Cl4) @ C[6) @ C|2))
B (Vyy @ V) @ (Cl4) & Cl6Y) & C[2Y) .
The partition function of the G/H-WZW model is thus given by
25 (1) = 3 (a()? + Ixe (M) + 2|xy, (1) + 2lxo, (7)[?) = 3Z7spm(7) - (3.6.55)

A conformal embedding example.

We finally consider the conformal embedding G = (Gz)1, H = SU(2); x SU(2)3. The GKO theory is

trivial and from the decomposition (3.3.92), we get

HBY < h2xsu), = Cl0,0) & C|1,3) & C|0,2) & C|1,1) . (3.6.56)
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Thus, the topological degeneracy is 4 which is again not the order of the center of Go, SU(2) x SU(2)

since the latter is empty.

3.6.2 2d TQFT relating WZW(G/H) and GKO(g/h)

In this section, we will show that under certain assumptions, the Hilbert space on the circle of
WZW(G/H) and GKO(g/h) are related by the endomorphism algebra End(B) of the algebra object
B in (3.3.63):

HWNEN = A5 @ End(B) . (3.6.57)

Recall that the identification group Giq is defined as the pair of simple currents (J, J') of Ly(k,0)

and Lh(E, 0) such that hy — hy € Z and the branching function x /

(thJ,)(T) # 0, see Appendix C.2.3

for details. One can show that

Loy 1) = Loy (JX,J'), (J,J) € Gig (3.6.58)

where Lg(k, JA) is isomorphic to the irreducible L4(k,0)-module J X Ly(k, A) and J'fu is defined

similarly. This also defines an action of Gy on £. We can thus write

A= D (Lg/b(j\aﬂ)®Lg/b(5\’ﬂ))® D crm| . (3.6.59)
(AN,p)eE/~ (J,J")EGH

Assumption 3.6.1. The set of isomorphism classes of irreducible V (g, b, k)-modules are in 1-1

correspondence with Gjg-orbits of £.

Remark 3.6.1. This is a reasonable assumption since a large class of GKO models satisfy this

assumption. For example, the unitary minimal model series Vo), 0su2), and V 55(an)y
su(2) 41 sp(n—1)1®5u(2)105u(2)n

satisfy the assumption. There also nontrivial examples where this assumption fails, for example,

the Maverick coset Viy(3), /su(2)s Or when there are fixed points of the outer automorphism action.
In principal, we know field identifications and selection rules from the categorical results discussed
in Section 3.2.3. To generalize the result discussed below to such examples, we need to precisely
understand what global symmetry the algebra object B in Corollary 3.3.4 corresponds to in the

(Gp x H 7,;)—Chern—Simons theory. We leave this for future investigation.

Under this assumption, it is easy to see from (3.6.59) and the fact that Giqg & Z (see Appendix
C.2.2) that the partition function of G/H-WZW and GKO theory is related by |Z|:

280 (1) = |2 Zg (7). (3.6.60)
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Let Ay, be the set of labels of isomorphism classes of irreducible V (g, b; k)-modules. Then, because

of our assumption, for each a € Ay, there are projection maps

m:0, — P(g), m:0, — Pg(b) , (3.6.61)

where O, is the corresponding Gjg-orbit. Then we have

AN =~ (D (W“ ® W“) © @ Cuyl . (3.6.62)
aEAg/h #GTVQ(Oa)
We can rewrite this as
A= @ |(vrewr)e @ Csi| (3.6.63)
a€A uem2(0a)

where S,, < Giq is the stabilizer subgroup of p and C[S,,] is the group algebra of S,,, since

ClSu]=Clu)®---&Clu) . (3.6.64)

S,.| times
©

Under our assumption, we see that

EI(BO )C[Su] = C[Gi] - (3.6.65)
pem2(0Oq

Consider now the algebra object B in (3.3.63). Under our assumption, we have

B= P (JRp(J)™) . (3.6.66)
(.],J’)EGid

Moreover, since Lg(k, A) Kp LEPP(E, ft) is a simple object in C(k, g) Kp C(k, ), we have

dim Home, ys0c(k.0) (Lﬂ(kv A) ®p Ly (k, 1), Ly (k, N') Ko L™ (k, ﬂ/)) =05 s 0aa - (3.6.67)

This gives us a basis for End(B)

Ende i gymoccin) (B) = End(B) = D Clur (3.6.68)
(J,J") eG4
where we defined
foy = waayorury (3.6.69)

where

L(J’J/) : J&D (J/)OPP — B 5

(3.6.70)
TJn B — J&D (J/)OPP s
are the inclusion and projection maps respectively. This implies that
ClGu] =End(B)= P Cfu - (3.6.71)

(J,J")€eGi

Combining (3.6.65), (3.6.71) with (3.6.63) we have

HWNEN = 75KO @ End(B) . (3.6.72)
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The Case of Conformal Embedding

The derivation of the space of gauge invariant states in gauged WZW model is modified when H is
embedded conformally in G. In this case, the decomposition the multiplicity spaces L /h(j‘v [) are
isomorphic to C"*.& for some N5 p) € Z>o defined in (3.3.68). The state space of WZW(G/H)

from the above discussion is given by

AW = @ (CromaCron) o). (3.6.73)
(Ap)eg

We can give a Frobenius algebra structure on ijV\/’éW and hence turn it into a 2d TQFT. We claim

that with

A5 = End(B) (3.6.74)

where B is the special symmetric commutative Frobenius algebra object defined in (3.3.63) and
End(B) denotes the space of endomorphisms which are also algebra morphisms. To see this, note

that since Lg(k, A) Xp LEPP(E, fu) is a simple object in C(k, g) Kp C(k, ), we have
dim Home g, ¢ soc i) (La(Fs A) B0 L2, ), L (e, ') Ko L (R, ') = b5 3, 0 - (36.75)

Clearly then for conformal embedding

End B) = End(B) , (3.6.76)

C<k,g>®oc<ﬁ,h>(

and we have

~ n.s ~ WZW
End(B) = (AE? ) End (C" i) = 02N (3.6.77)
)€

The Maverick coset G = SU(3),, H = SU(2)s

It was shown in [DJ93a, DJ93b| that the Maverick coset §u(3)2/5u(2)s does not satisfy the Assump-
tion 3.6.1. Indeed, from (3.6.54), we find that the topological degeneracy is 3, which is not the order

of the common center, since Z(SU(3)) N Z(SU(2)) = @. The vacuum degeneracy

W ® (C|o) @ C|8)) @ C|4)) , (3.6.78)
is still governed by End(B) since

End(B) = Cf1,0)® Cf1,8) © f(8,4)

=~ C|0) & CI8) & Cl4) ,

(3.6.79)



156

where we introduced the notation

f()\#) =l O TR (3.6.80)
where
Lis ot Lo(k,A)Rp L (k, 1) — B,
o) =78 ’ R (3.6.81)
Top) B — Lg(k, A) Kp szp(k,ﬂ) ,
are the inclusion and projection maps. They satisfy
"o © Lo = 03 a0 s ) = 65\,5\’511711']1Lg(k,X)&DLZPP(E,/fL) : (3.6.82)
As a vector space, we can still write
A5Gy 1502) = Han(s)a su(z)s © End(B) . (36.83)

Frobenius algebra structure on End(B)
We now describe the Frobenius algebra structure on® End(B). The multiplication map is given by
fr9:=ppo(fRg)oAp. (3.6.85)
The unit is given by
lengBy :=nBoCEE . (3.6.86)

Frobenius pairing is defined as follows:

(-,-) : End(B) K End(B) — C

(3.6.87)
fWRg—(f.g) =Trs(f-9) ,
where the trace
Tre(f-9) € EndC(kyg)goc(Eyh) (10(’6,9)@00("5,6)) =C, (3.6.88)
is defined by the following composition of maps
Trp(f-g9):=cpo(f-g)oAponp=cpoupo(f¥g)oApons. (3.6.89)

35There is an obvious algebra structure: the composition of morphisms and the unit element is the identity morphism.
But this Frobenius algebra structure is not consistent with the G/G case. Indeed, in this case it is easy to see that
WZW ~
%G/G = @ (C(ILLB(k:,}\) |X|D nL%PP(k’AQ 3 (3684)
XePH (0)
and the multiplication map can never involve the fusion rules of WZW(G) which arise when we consider the

WZW(G/G).
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Proposition 3.6.1. End(B) equipped with multiplication (3.6.85) and the pairing (-,-) is a commu-

tative Frobenius algebra.

Proof. First we prove commutativity. Since B is commutative and cocommutative, we have
f9=ppo(fH¥g)oAp=ppocppo(fBg)oAs
=upo (g f)ocppoAp
=ppo(gRf)oAp

=g-f.

(3.6.90)

Next, we show that 1g,q(p) is the unit. We have

Lenas) - f = (s oep) - f
=ppo((npoep)X f)oAp
=ppo((np®ig)o(IpMf)o(epWip))oAp (3.6.91)
=/lgo(1pR f)oly'
=r,
where in the second last step we used (C.4.6), (C.4.11) and (C.4.8) and in the last step we used the

fact that the left unitor map in Cy for a “nice” VOA V satisfies £y (1 X w) = w for any V-module W

and the vacuum vector 1. Next, we prove that the pairing (-, -) is a symmetric Frobenius pairing:

(f-h,g)={f,h-g9), f,g,h€End(B). (3.6.92)

The fact (-, -) is symmetric follows from the definition and the fact that f-g = g- f. For the Frobenius
condition, we calculate
(f-h.g)=epoppo((ppo(fRh)oAp)Kg)oApong
=epoppo((upWlp)o((fHh)oAg)Wg)oAgons
=cpoupo((npRlp)oapppoagppo(fBh)Kg)o(ApRlp)oAgons
=epopupo(lpWup)o(fR(hXg))o(lgXAp)oAgong
=epoupo(fW(upo(hXg)oAp))oAgong

<fahg>7

(3.6.93)

where we used the associativity isomorphism, (C.4.8) and (C.4.11). Finally, we prove the nondegen-

eracy. We want to show that

Trg(f-9g)=0 forall geEnd(B) = f=0. (3.6.94)
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We first show that egoug : BB — 1C(k )HoC(%,h) is invertible. To prove this, we use the fact

that the morphism ®; defined in (C.4.15) is invertible [FFRS03b, Remark 2.23 (iv)]. We have

(EB o /~LB) Xlgy =®P;0orgo (]lB X Zgl) o QE}B,BV . (3695)
This implies that ep o up is invertible. We can then write

Trp(f-9) = (epopp)o(fRg)o(epopun) ' o(epoun)oApons
(3.6.96)
= B1Be(epoup)o (fRyg)o(epous) ",
where (1, p are nonzero complex numbers for special Frobenius algebras, see Definition C.4.4. The

nondegeneracy is now clear. O

The space End(B) is thus a 2d TQFT.

The G/G Frobenius algebra from End(B)

It is instructive to work out the Frobenius algebra structure on End(B) for h = g. We expect that

End(B) =2 Vi (G) , (3.6.97)
in this case. Let us begin by noting that in this case

B= @ Lyk A Ep L (kA), (3.6.98)
XeP;! (g)

is a Frobenius algebra object in the category C(k;g) Xp C(k;g)°°. In fact, B is the trivializing
algebra discussed in [FFRS03b, Lemma 6.19]. The multiplication on B is defined as follows. From

the universal property of the tensor product Lg(k, ;\1) X Ly (k, ;\2) in the category C(k;g), a basis

Lg(k,Xs)

Lg(k,Xl),Lg(k,Xg)) implies the

. N3
{y;‘%‘ z} 2122 for the space of intertwining operator of the type (
1231 ) =1 )

NE3 . . .
‘ *11*2 for the space Home(.q)(Lg(k, A1), Lg(k, A2), Lg(k, A3)). The

multiplication morphism is given by

existence of a basis {eX*.
A12;i

9,33
Ao

. A A opp
=) > 0 (exfw Mo (exj’m) ) o(rs, ®rs,) (3.6.99)

AL, A3€P () =1

where

15 1 Lo(k,A) Bp LEP(k,A) — B ,

. . (3.6.100)
75 i B —> Lg(k,A) Kp LG (k, A) ,
are the inclusion and projection maps respectively. Clearly
7’5\ o Lj\/ = 65\,5\/]]-5\ = 55\,X']1Lg(k,5\)‘Z|DL;pp(k,5\) . (36101)



159

The unit map np is simply the inclusion map

nB = 1to . (3.6.102)
NG A3 a,X3
Let {f>‘1>‘2’ } 2122 1o the dual basis of { } A2 satisfying
A3 i=1 >\1>\2,l i=1
5\15\2’ >‘ — ) ~
f5\3 )\:Az = 5”]1%(,6,)\3) . (3.6.103)
The copoduct is given by
NS
A1A2
A Xoji A Agsi ) °PP
Bpm XY s B e (R () ers, . (36108

A2, AsEPT (g) =1
A basis for End(B) is {fﬁ}AeP,j(g) given by
fi=t15075 - (3.6.105)
Using (3.6.101) and (3.6.103), we find
! 2 N opp
fa T = > z; Z; L, © (egfx;;i Mp ( ifxz,l) )
AL AL =1 j=

3€PT (a)
A;I’A// Alsf

>\ '\ 5\//”//;» opp
0(7"5\’1®7"5\'2)°(f5\1gfj\z)o(tj\,l,ﬁaxg)o<f 12 R (fsl H) )OTS\;;

5L as (3.6.106)
NI N
= Z Z 6;\1’;\,16;\275\/26;\175\/1/55\2’;\56“(@\& OT;\é/)
CALN, i=1  j=1
NN
_ NG Xs
- R Z A1A2f>\3 :
Xs€P (a)
Finally, we compute the trace of f5. We have
Tre(fs) =€ o (Lendn) * f3,) © 1B
=€EBO° fj\ °"NB
' (3.6.107)
=03,05B 915
= 55\7053 onp -
One can now rescale the counit®® ep appropriately so that
Trp(fs) = 050 - (3.6.108)

This establishes (3.6.97).

36We will need to rescale the unit 1eng(B) appropriately so that (3.6.91) holds.
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The Frobenius algebra isomorphism C[G;q] = End(B)

For any finite group K, the group algebra C[K] has a natural Frobenius algebra structure. Let us
write an element z € C[K] as
z=y wk. (3.6.109)
keK
The multiplication is given by
s (T ) (3 k) = e 6110
kEK k€K k,k/

and the Frobenius trace is given by

0(z) = z. , (3.6.111)
where e is the identity of K. The Frobenius pairing is determined in terms of the trace as
(@,y) =0(x-y) = > opypr - (3.6.112)
kEK
We now show that the isomorphism (3.6.71) is an isomorphism of Frobenius algebras with the
Frobenius algebra on End(B) as described in Section 3.6.2. Under the Assumption 3.6.1, we have
B= @ (JRp(J)*). (3.6.113)
(J,J)EGH

We first describe the multiplication on End(B). Let eﬁ'ﬁ;, ej}'ﬁ be a basis for the space Home ) (/1 X
3 1272

Jv,Ji - J2) and Hom, ¢\ (J1 B J1, J7 - J3) respectively. Let fffj;, fJ],{j,é be their dual basis. Let us

(ksh)

also define

LB = @ UJ,Jgny s TB= EB Ty - (3.6.114)

(J,J’)EGid (J,J/)EGid

The multiplication and comultiplication morphisms on B are given by

. J’.J.\ °PP
up = Z LB © (eﬁﬁ D(5) (eﬁé) ) o (T(JI,J{) X T(J%Jé)) ,
(J1,J1),(J2,J5)€Gi
3.6.115
Ap: J1,J2 JL T\ °PP ( )
B-= Z (L(Jl"]{) IX' L(‘]2’Jé)) © ( J1-J2 ‘XD (f {Jé) ) orp -
(J1,J1),(J2,J3)€Gi
The unit is given by
B =t - (3.6.116)

It is now easy to check that

fenay  fonmy = fonmaga) - (3.6.117)
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Moreover, we have

TrB(f(J}J’)) = 5.]715J’,1’€B (@] ’I’]B . (36118)

Again, we can rescale the counit such that
Tre(fs01) = 6510510 - (3.6.119)

(G2)1/SU(2)1 X SU(3)3 TQFT

We discuss one more example: G = (Ga)1, H = SU(2)1 x SU(3)3. This is a conformal embedding

and the topological degeneracy is 4. For this case, we have
B = (LM(L 1) &D Lsu(Q)EBsu(Q)((la 3)7 (O, 0))) S5 (ng(la 1) gD Lsu(2)€95u(2)((17 3)5 (17 3)))

@ (ng(la 7) Xp Lsu(2)@5u(2)((1’ 3)7 (07 2))) D (ng(l’ 7) Xp L5u(2)®5u(2)((1’ 3)) (17 1))) .

(3.6.120)
Define
I:= fa,00), ¢:=faa3), ¥:=I[fr02), X:=/Ffra - (3.6.121)
Then we have
End(B) = Spanc{L, ¢, v, x} . (3.6.122)
Define
LB = 1(1,(0,0)) D L(1,(1,3)) D L(7,(0,2)) D L(7,(1,1)) »
(1,(0,0)) & 4(1,(1,3)) P £(7,(0,2)) W L(7,(1,1)) (3.6.123)
"B = T(,0,0) DT(,18) DT(7,02) DT(7,10)) -
Then the multiplication and comultiplication on B is given by
N Vi h oo
— bY i
KB = > . D o (exf;\2;i Xp (eﬂfﬂz;j) ) © (" (as,0) BT (Rai2)) >
A1 A2 As€PE () =1 =1
Ml,Mz,HsEPE(h)
(3.6.124)
N A
17N2 K12
AL A 3t (11 fr2;] °pp
Api= 3 DY i B ) (R 8o (75) ) ors
A2 As€P (g) =10 g=1
B1,p2,u3€PT ()
where the symbols have their usual meaning. Now, a calculation similar to (3.6.106) gives
(3.6.125)

Yy =I+9, Y- x=0+x,

xX-x=0+1.
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We thus find that

End(B) = V1(G2) @ V1(SU(2)) , (3.6.126)
with the map

I— 0100y, ¢— 010,
(3.6.127)

P00y, x—0rx0; .
3.6.3 Topological degeneracy in terms of Z-equivariant H/H theory

In this section, under Assumption 3.6.1, we show that the gauged WZW model Hilbert space (3.6.59)
can be understood as a coupling between the GKO Hilbert space and the Z-equivariant H/H-TQFT,

where Z as before is the common center of G, H.

As discussed in the introduction, we will now recast the key result (3.6.63) in terms of a coupling
of the GKO Hilbert space and the Gig-equivariant H/H-TQFT. First, we show that Giq is a global

symmetry group of the G/H-WZW model. Choose a V (g, b; k)-module isomorphism?”

Fra s Lapy (A, 1) — Lgsn (X, J'j1) (3.6.128)
and define the operator Oy ;; as follows:

Ogr s G — HH
—— ) (3.6.129)
Lo/ X ) @ Loy (A ) @ [W) 3 (v @ 0) @ ') = fu.0(0) @ fo.0 () @ |1

P e N

where nyJ/ : Lg/b(j\, o) — Lg/h(JS\, J' ) is another copy of fs j. Since f 5 is a V (g, b; k)-module

map, it commutes with L?n/ " and similarly, f 7,77 commutes with E?n/ b, Thus, we have

[0, L8 =[O0 5, L% =0 . (3.6.130)
Thus, Oy 5 is a global symmetry of the G/H-WZW model. In fact, O;; commutes with all
generators of V (g, h; k). It is also easy to check that the set of all such operators O ;- form a group
isomorphic to Gig.

Z-equivariant H/H theory

Recall that a group K is a global symmetry of a semisimple Frobenius algebra A (with idempotents
{ez}zex) if X is a K-set such that

0, =04,, geKareck. (3.6.131)

. ’
37Since N(((;]O)‘)’{)\“L) = 1, this isomorphism is unique up to scalar multiples.
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Then the K-equivariant 2d TQFT is described by a subspace of the algebra of little loops as described
in [MS06, Section 7.3.2]. K-equivariant TQFT is described by the Turaev algebra [MS06]

AK = Cep g = C[S.] ,
B =Dl (36.12)
g-r=x

where S, < K is the stabilizer group of x. This space can be equipped with a Frobenius trace, see

[MS06] for details. Now Gi4 acts on weights p as

(L T) - ) = 1" pe) - (3.6.133)

Moreover, it can be proved that (see (C.2.66))

53,“’0 = 52’0 , (3.6.134)

and hence Gjq is a global symmetry of the H/H-TQFT. The Gi4-equivariant H/H-TQFT is then

described by the Turaev algebra

Vi(H)% = P CISu] - (3.6.135)
HEPT (h)

It is now clear that (3.6.63) is a coupling of GKO Hilbert space to the Gig-equivariant H/H-TQFT
described by the Turaev algebra Vi (H ).

We now rewrite the two coset descriptions of Ising CFT discussed above in this language. Consider

first the SU(2)-coset description of the unitary minimal model. In this case,

Gia = Zo = {((0,0),0), (k, 1),k + 1)}, (3.6.136)

where ((4,7),£) represents the simple current pair (Lgy2)@su(2) (5, (4,7))), Lsu2)(k +1,£)). We find

that the nontrivial element of Gig acts on Vi1+1(SU(2)) as
(k,1),k+1) =k+1—0, 0<l<k+1. (3.6.137)
Writing Zy = {£1}, the Zs-equivariant SU(2)/SU(2) theory is given by

Do<r<ni1 Cern k even Ckt2 k even

IR

Vier1(SU(2))%2 = . (3.6.138)

Do<rcrsr Cor1 ®Cernn ; kodd CH1 @ ClZy) k odd

Thus we see that the dimension of Vj41(SU(2))%2 is k + 2 when k is even and k + 3 when k is odd.

In particular, we have

%(SU(Q))ZZ = C€071 &) (CELl D ng,l D ((:81,_1 =C ©® C S5 C[ZQ] . (36139)
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The Hilbert space (3.6.37) can be written as
WZW . 1 T 1
%”G/H = ( Vir 5,0 ® Vir 5,0 ® (Cep,1 ® Cegy)
11 11
<V|r <2 2) ®VI <2 2)> ((Cé"ol@(c&"g 1) (36140)

®
vir (1,2 (Ce11 6 Cey 1)
ir 316 Vir > 16 ® (Ce1,1 ®Cey,

Now, in the Spin(8)-description of the Ising CFT, we have

Gig = Zs x Zz = {(0,(0,0,0)), (0, (1, 1,2)), (s, (0,0,2)), (s, (1,1,0))} . (3.6.141)
We will write elements of Zy x Zy as (+1,+1) so that under the above isomorphism

(0,(0,0,0)) — (1,1), (0,(1,1,2)) — (—1,-1),
(s,(0,0,2)) — (1,-1), (s,(1,1,0)) — (—=1,1).

The action of Gig on V{1 2 2)(SU(2) x SU(2) x SU(2)) can be obtained by using the general fusion rule

(3.6.142)

min{¢1+42,2k—01—02}

Lou() (k, 1) B Loy (2) (K, £a) = D Lou) (K, 0) - (3.6.143)
£=01—05)
We find that
(1a 1) ) (Z7jak) = (i7ja k) ) (_17 1) : (i>j7 k) = (1 - Z.a 1 _]7k) )
(3.6.144)
(1, -1)-(¢,5,k) = (i,5,2— k), (=1,-1)-(i,5,k)=(1—1i,1—-j4,2—k).
We find that
(1,1), k#1
Stigok) = (3.6.145)
Zs, k=1,
where Zs = {(1,1),(1,—1)}. The Zs X Zs-equivariant theory is thus given by
Vie(SU2) x SU2) x SU@) 222 = () Ceyman® P Ceyung
wEy! PIEL0 ) 0c% (3.6.146)
~ C® @ C[Zo)*

The Hilbert space (3.6.42) is given by

o)
)l
)l

|
o
<

’VII’

(Ce0,0,0,(1.1) ® Ce(1,1,2),1,1) D Ce(0,0,2),1,1) © Ce(1,1,0),(1,1))

(Ce(0,0,0),1,1) @ Ce(1,1,2),(1,1) D Ce0,0,2),(1,1) B Ce(1,1,0),(1,1))

Y

DN =

N = N = o =

(Ce0,1,1),1,1) © Ceo,1,1),1,-1) © Ce(1,0,1),1,1) @ Ce(1,0,1),(1,-1)) »

[y

(3.6.147)
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where we introduced the notation
Vir (¢, )| := Vir (¢, h) ® Vir (¢, h) . (3.6.148)
Let us denote Gig = Zs = {£1}. The equivariant U(1)/U(1) theory is given by

PD_ ner Cen1 k odd C2?k k odd
Vi(U(1)% = Frisns = . (3.6.149)

_ Cepn1®Cex _, keven C?¢~1 @ C[Zs] k even
k+1<n<k : ko1

The G/H-WZW Hilbert space is given by

—_~—

A = D (Lsu@)/u(l)(i,”) ® Lsu<2>/u<1>(i’n)) @ (Cenn®Cerpyy 1) (3.6.150)
[(im)] €€/~

where

€1 (kon)1 k odd,
gt =4 (3.6.151)
€k _q keven,nzg

3.6.4 Hamiltonian Derivation Of U(1)/U(1) TQFT
The Gaussian Model

Let us begin by discussing the compact boson on a circle of radius R, also called the Gaussian model.

The action is given by
2

R
Su),r = E/dem*cw ) (3.6.152)

where ¢ : ¥ — U(1) with the identification ¢ ~ ¢ + 27. Then, on the cylinder ¥ = R x S!

parametrized by (o,t), and writing z = e~1°*7 with 7 = it, we can expand ¢ as

¢(2,2) = o1(2) + ¢r(2) ,

Zo . PL . an  _
z)=——1i Inz+1i —z ",
S NG T 7;) n (3.6.153)
— Zo . PR = . zin ——
or(z) = — —1i lnz+12—z".
2 V2R o
The periodicity ¢ ~ ¢ + 27 results in the quantization:
—i(ﬁﬂuR) —i(ﬁ—wR) nw e Z (3.6.154)
pL \/§ R y PR ﬁ R ) ) . <V

We have the OPE
d(z,2)p(w, W) ~ —1In |z —w|? . (3.6.155)
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Using this OPE, it is easy to see that the currents

J(z) =10,¢ = Z anz "l ag =

nez

pr
\/§ )

) (3.6.156)
J(z) = —i0:6 = — Y anz ", Gpi= =,
(2) == 0= 7
nez
satisfy the 1i(1) current algebra or equivalently the modes satisfy the Heisenberg algebra:
[a’ma an] = m6m+n,0 )
(3.6.157)
[amvan] = m6m+n,0 .
The chiral algebra is the Heisenberg VOA
o =2 S(H7), (3.6.158)
where
b= Spanc{a, :n€Z}, b~ =Spanc{a,:n€Zo} . (3.6.159)
We also have the right moving copy of the chiral algebra
PEE(BE (3.6.160)

where S(h) is spanned by a@,. The Heisenberg VOA has irreducible module corresponding to each
B eR:

M(@B)=S(h)@e, (3.6.161)
where e” is the highest weight vector annihilated by a,, for n > 0 and ag acts as
ap - e? = ge? . (3.6.162)

The Heisenberg VOA corresponds to 8 = 0 with the identification of ¢ as the vacuum vector. But

only the modules

M(pr(n,w)), pr(n,w)= % (% erR) , nwé€eZ, (3.6.163)

appear in the compact boson CFT. Similarly, only the irreducible modules

M(pr(n,w)) ,  prin,w) = % (%-wR) . nwez, (3.6.164)

of the right moving Heisenberg VOA appear in the compact boson CFT. The full theory is the gluing
of the left moving sector M (py,(n,w)) with the right moving sector ]Tj(pR(n, w)). The primary fields

of the full theory are given by
Voo o (2, 2) = SelPLor(2)Fiprdr(® o (3.6.165)

Clearly, this theory is irrational with infinitely many primary fields.
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The Rational Gaussian Model.
The rational Gaussian model corresponds to the radius squared being a rational number:

R:\/f, Pa€Zs, (pa)=1. (3.6.166)

In this case, if we put

p—— (3.6.167)

then the primaries V,, o(%) and Vj ., (Z) with

1 /p 1 /p
=— = R) =+V2k =—|(=—-¢qR) =V2k 3.6.168
pL \/i(R+q) s DR \/i(R Q) ) ( )
have conformal dimension
2k
(pi =5 = k’,0> , (0,pR =k) , (3.6.169)

respectively. Moreover, noting that

V2kpr = + w\/pg\/p/q =nqg+wp € Z,

n
\/PTI\/i

p/q (3.6.170)
V2kpr =ng—wp € 27,

the OPE of these primaries with all other primaries does not have branch cut:

Va0 (WVospr (w0, @) ~ (2 = w) VLV e (w,1) (3.6.171)
Vo var () Vor i (0, @) ~ (2 = @) VPFRV, L oe(w, @) (3.6.172)

Thus the left-moving chiral algebra can be extended by the vertex operators
Voro(2), pL€V2KZ, (3.6.173)

and the right-moving chiral algebra can be extended by
Vopr(2), pr€V2KZ. (3.6.174)
The extended chiral algebra is the lattice VOA
A 2Vy, L:=+2kZa, (3.6.175)
where « is a fixed vector with norm
(a,0) =1, (3.6.176)

see Section 3.2.2 for the precise definition. This is also called the (1), affine VOA by abuse of
terminology since the rescaled currents v/k.J, VkJ satisfy the affine (1) current algebra. Note that

in the notation of Section 3.2.2, we can identify a(—n) = a,, and the vertex operators

Y(a(-1)1,2) = i0,6(z) . (3.6.177)
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The right-moving chiral algebra is another copy of the same lattice VOA which we will denote by

g 2V . (3.6.178)

The irreducible modules of the lattice VOA V, have been completely classified [Don93, LL12|. They

are in 1-1 correspondence with elements of LV /L. In the present case, we have

(V2kZa)" | (V2kZa) = (\/;kza) J(V2kZa) = Ly, . (3.6.179)

The irreducible modules are given by Vs, where

Vesr =S )oCB+1L], [flelV/L, (3.6.180)
and the action of the vertex operators (3.2.41) is specified by defining*®

ey (u@e’)y =M weSHhT) 4 el
X (3.6.181)
oueef)=2"uwe’), yeL,ueShH).
The full theory is obtained by gluing the left and right moving sectors so that the correlation

functions are single-valued. This corresponds to a choice of an even Lorentzian lattice

1

1
'c —Za® —7Za,
N V2k

(3.6.182)

with signature®” (1,1). For each factorization k = pq of k into relatively prime factors p, q, there is

such a lattice

Tyt = {<(ij2i;‘~’)a7 (_wi’/;Lk"q)a) W e Z} . (3.6.183)

This is consistent with the classification of modular invariants of u(1), in [MS89b|. The full Hilbert

space of the theory is given by

T(L)r _ V,
(e @ Varr @ Vgir - (3.6.184)
[(a,B)]ery ! /(LeL)

Spectrum Of The U(1)/U(1) Theory

We now want to compute the Hilbert space of U(1),/U(1), model. To do so, we shall impose
the Gauss law constraint corresponding to the gauged symmetry. The immediate issue is that the

conjugation action of U(1) on U(1) is trivial and hence the corresponding current vanishes. This was

38Notice the absence of the cocycle ¢ in this action compared to (3.2.31). The reason is that we are allowed to pick

the trivial central extension of Za/v/2k since the commutator map (3.2.30) is trivial on L.
39This theory can also be understood as a Narain CFT based on the Lorentzian lattice Fi’l, see [SS23, SST24]| for

more details.
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overcome in Section 3.5.1 by considering the gauged WZW model action (3.4.31) for generic compact
group G, H and then restricting to G = H = U(1). Here we will impose the Gauss law constraints
coming from the action (3.5.21). Let us parametrize the cylinder S! x R by (o, 7) as before. Then

the action can be written as

k k
Sua)k(9,A) = §/2d¢A*d¢+§/Ed¢/\A

3 1 (3.6.185)
— 7/ dodr ((050)* — (0:9)?) + —/ dodr (0,04, — 0,0A,) .
47 » T™J%
The Gauss law constraint at a fixed Euclidean 7 = 7y is given by
Glo, o)) =0, |v) € A" D, (3.6.186)
where
0.5 JA
G(o,79) = %@5) (3.6.187)
T A=0,7=7¢
The Gauss law constraint can be written as
Do) =0, [¢p) € "D (3.6.188)

We will impose the Gauss law constraint at 7 = 0. Using the relation (3.6.7) and the expansion

(3.6.153), the Gauss law constraint can be written as

(o — @)y =0, [)e"Vr, nez. (3.6.189)

For n = 0, we see that the constraint on highest weight state implies

(wptng)a (—wptnaa
(ao—&o)(e Vel 2 ):0:>w:0, (3.6.190)

This kills the winding modes and the solutions only depends on the momentum modes ng/v2k =
n/v2R. To find the exact solution, we notice that these are precisely the Ishibashi constraints
corresponding to the Dirichlet boundary condition on the free Boson [RS13]. The solutions are

given by [RS13]

oo
1 ~ na ___na
In/V2R) = exp (Z ~ar ® o¢_r> (eﬁ ® e\/ﬁ) , ne7z. (3.6.191)
r=1

We have only imposed the infinitesimal gauge invariance. As we have seen, the chiral algebra is
extended to the lattice VOA Vp,, thus there is more symmetry that we need to consider. We need
to impose the constraints coming from all generators of the chiral algebra V. More precisely,
in addition to the constraint (3.6.189), we must also impose the following constraint: assume the

notation of Section 3.2.2, then

(8,8)
2

((eﬁ)n —(-1) (Eﬂ),n) Wy =0, BelL, [W)e*D nez, (3.6.192)
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where

Y(e?z)=> (P)nz" (3.6.193)

nez

In other words, we are trying to find solution to the Ishibashi constraints corresponding to the
extended chiral algebra V7. Note that the standard solutions to the Ishibashi constraints are known
for diagonal gluing of the left and right moving chiral algebras, the solutions are precisely the
Ishibashi states (or Cardy states). The rational Gaussian model at radius R = \/1% is not a diagonal
theory and hence we explicitly need to construct the solutions. We claim that the solutions to the
Ishibashi constraints (3.6.189) and (3.6.192) are in one-to-one correspondence with the irreducible

modules of V7. To construct the solutions, let us first choose the following representatives of F,lc’l /(LD

L):
Fl’l/(LEBL)—{Kea m)]-k+1<£<k} (3.6.194)
g VoK' Vak )| i O
Let
e Vs 4 — P Vs iy (3.6.195)
I=—k+1 I=—k+1

be an operator on the total antichiral sector acting as

P

~ (8,8) = 1
U- (u@dP)=(-1)"2 wed®), ueSH),fel’ =—Za, 3.6.196
(wed) = () @wed) (h).Bel’=—= (3.6.196)
Then it is easy to see that U satisfies
Sl = (1) Uey , BeL=2kZa. (3.6.197)

Then the solutions are given by

=1 (e+2mk)a ~ (t+2nk)a
V) == 3 exp (Z Toz_r®&_r> (TVF " ol ET) L k1< 0<k. (36.198)
r=1

m,neZ

The Ishibashi constraint (3.6.189) is clearly satisfied. Noting the form (3.2.41) of the vertex operator
Y (e, 2) for B € L = \/2kZa, we see that to prove (3.6.192), it suffices to prove that

(B

(ep — (—1) %7 5) - |¢/V2EY) =0 . (3.6.199)

To prove this, we note that eg commutes with a, for all o, 3 € V2kZ. Then we have

o 1 _ La+2k(ma+(8/V2k)) ~ (£4+2nk)a
ep- [(/V2E) = > exp (Z rar®ar> <e Vi QU Ve ) . (3.6.200)

m,neZ r=1

Noting that Sa/+v/2k € Za, we can shift the summation variable m to get

es - |0/V2EY = |¢/V2E) . (3.6.201)
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Similarly, using (3.6.197), we have

(—1) %28 . 10/V2k) = |6/ V2E) . (3.6.202)
Thus |¢/v/2k)) satisfies the Ishibashi constraints (3.6.189) and (3.6.192). We thus have
HVEN 1) = Spanc{|€/V2E) 1 —k+1 <0<k}, (3.6.203)

Thus we conclude that the U(1),/U(1), WZW model is a TQFT whose corresponding Frobenius

algebra is the Verlinde algebra of the rational conformal field theory based on the lattice VOA

V\/ﬂZa .
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Chapter 4
Topological twisting of 4d N = 2 field theories

The contents of this chapter is based on the paper [MSS24] written jointly with G.W. Moore and
V. Saxena. In this chapter, we discuss what topological data must be provided to define topo-
logically twisted partition functions of four-dimensional N/ = 2 supersymmetric field theories. As
discussed in the introduction, the original example of Donaldson-Witten theory depends only on the
diffeomorphism type of the spacetime and 't Hooft fluxes (characteristic classes of background gerbe
connections, a.k.a. “one-form symmetry connections.”) The example of N/ = 2* theories, analyzed
in [MM21], shows that, in general, the twisted partition functions depend on further topological
data. We describe topological twisting for general four-dimensional AN = 2 theories and argue that
the topological partition functions depend on (a): the diffeomorphism type of the spacetime, (b):
the characteristic classes of background gerbe connections and (¢): a “generalized spin-c structure,”
a concept we introduce and define. The main ideas are illustrated with both Lagrangian theories
and class S theories. In the case of class S theories of A; type, we note that the different S-duality

orbits of a theory associated with a fixed UV curve C ,, can have different topological data.

4.1 Introduction

This chapter discusses topological twisting of d = 4 A = 2 field theories. The first example of such
a theory was discovered by Witten [Wit88|, an example which had momentous implications. These
“topological correlators” have been interesting to mathematicians because they provide invariants of
smooth four-manifolds.! More precisely, they provide invariants of smooth four-manifolds equipped
with extra topological data. In this chapter, we will clarify exactly what that extra topological data
is.

In Donaldson-Witten theory (based on SU(2) N = 2 supersymmetric Yang-Mills theory), the

topological correlators only depend on the orientation and the diffeomorphism type of X and a choice

IThroughout this chapter, we work with “standard” four-manifolds: They are smooth, compact manifolds without
boundary. They will be orientable and oriented, although a choice of orientation is an example of a “field,” as

discussed below. We will denote a typical standard four-manifold by X.
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of 't Hooft flux for the gauge group. However, the example of N’ = 2* theories shows that, in general,
the correlators depend on further topological data. In this example, topological twisting requires the
introduction of an “ultraviolet” spin® structure [LMn97, MM21]. (This UV spin® structure should
not be confused with the IR spin® structures which are used to express the answer derived from an

IR viewpoint as in [MWO97]). This raises the question:

Question 3. How does one topologically twist an arbitrary d = 4 N = 2 field theory, and what

topological data do the correlators depend on?

In this chapter, we present an answer to this question for all d = 4 N' = 2 theories and illustrates
the general construction for renormalizable Lagrangian theories, and for some theories of class S.

There are many viewpoints on what should be meant by the general notion of “topological
twisting.” They all generalize the original example in [Wit88]. It would be interesting to relate the
twistings we describe to the general viewpoint advocated in [ES18, ESW20, EGL24].

We will view topological twisting as a specification of background fields such that a supersymme-
try, denoted Q, remains unbroken. Since we do not work in a Hamiltonian framework, we view the
supersymmetry as an odd vectorfield on the supermanifold of field configurations. We assume Q is
a scalar since general manifolds X do not possess covariantly constant vectors, spinors, etc. @ must
square to zero on physical operators (and, in the Hamiltonian formulation, on states). For example,
in a gauge theory, “physical operators” are the gauge invariant operators. In general, there can be
different “inequivalent” topological twistings of a given theory. For example, there are, famously,
several inequivalent twistings of N’ = 4 super Yang-Mills (SYM) [VW94| (which is a special case
of an N'= 2 SYM), as we recall in Section 4.6.1. In our view, these are 3 inequivalent choices of
background fields effecting a topological twisting.

The specification of background fields effecting a topological twisting will be given using the
mathematical concept of transfer of structure group.”> Briefly, given a continuous homomorphism
¢ : G1 — G4 between topological groups, one can define a functor ¢, between categories (in fact,
groupoids) of principal bundles with connection over X for the domain and codomain groups G
and Ga, respectively. Thus, if (P;, V1) is a principal Gi-bundle over X with connection V1, then
v« (P1, V1) will be a principal Ga-bundle over X with connection Vs = ¢,.V;. We explain this
concept with various examples in Appendix D.2.

In Section 4.2, we describe our general approach to topological twisting of a d = 4 N = 2 field

theory. We explain the implementation for any renormalizable Lagrangian theory in Section 4.6, and

?In an unpublished note, [Fre23], D. Freed interprets Witten’s topological twisting in the framework of the ideas of

Cartan and Klein, a viewpoint close in spirit to that taken in this chapter.
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for some class S theories in sections 4.8 and 4.9. We describe a twisting valid for generic masses (the
background scalar vevs of flavor symmetry vectormultiplets). For special values of the background
VM’s other topological twistings will exist.

In order to sharpen the main question above, we organize the correlators into a “function” (more
precisely formal series) defined on the Q-cohomology of the space of operators. This function will
depend on continuous parameters and what we call the topological data. The topological data only
depends on the (smooth) topology of X.

In more technical terms, the Q-cohomology of the space of (extended) observables will be denoted
0. Choosing a basis O; for the vector space O with dual basis z¢ for OV, we denote the generating

function of the correlators as:>

Z(x) = (e2:01) (4.1.1)

We view this as a “function” (actually, formal power series) of x € OV. As we just mentioned, Z™(z)
will also depend on continuous parameters. Examples of such parameters include the superconformal
couplings 7, € C, where C is the conformal manifold, and the mass parameters m € (t/)V, where tf
is the Lie algebra of the group of global “flavor” symmetries.* Such parameters should be viewed as
background fields in the theory, and we will be interested in the Q-invariant background parameters

F<. The net result is that the generator of topological correlation functions is a function®
%0V xFe-C. (4.1.2)
We will show that the function Z™ depends on the topological data:®

1. The orientation and diffeomorphism type of X.
2. ’t Hooft fluxes (i.e., background connections for “discrete 1-form symmetries”)

3. Generalized spin® structures.

and only depends on these data. No other choices of topological data are needed.

3The proper formulation of the generating series involves nontrivial issues related to contact terms [LNS97, MW97].

But these will not affect the present considerations.
4In Lagrangian theories, these can be viewed as equivariant parameters in the equivariant cohomology of moduli

spaces of non-Abelian monopole equations.
5The domain could be a fibration of OV over F<.
6We are assuming there is no BRST anomaly. (See the discussion near (4.2.19).) For manifolds with b] = 1, there

is such an anomaly. The partition function does depend on the metric but only through the period point, i.e., the
self-dual two-form J such that J = xJ and J? = 1 (the sign of J is resolved by a choice of orientation). It is piecewise
constant as a function of J, as has been analyzed in detail in special cases [MW97, MM21|. In the case b;L =0,
one expects continuous metric dependence, but that dependence should be computable. Unfortunately, this has not

been investigated in the literature. For b;’ > 1, these anomalies do not appear.
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In Appendix D.3, we define the notion of a generalized spin® structure. (We focus on four
dimensions. The generalization to other dimensions is obvious.) It is a (mild) generalization of the
notion of a spin® structure. One replaces the U(1) “factor” in the definition of the spin® group by a
general torus T, and quotients by a finite Abelian subgroup of Spin(4) x T that projects to the Zs
subgroup of Spin(4) acting trivially on vectorial representations.

The general arguments of Section 4.2 apply to all d = 4 A/ = 2 field theories, and thus support
our main statement. Sections 4.3, 4.5, 4.6, 4.7, and 4.8 can be viewed as a check on the general
reasoning in some important special cases. In Section 4.7 (which is largely a review of known results),
we will show that the topological data for twisted Lagrangian theories indeed only consists of the
above list of three. In Sections 4.8 and 4.9, we argue that the same is true of the class S theories
we consider.

It is interesting to compare these considerations to those of the IR effective theory. Just the
way global symmetries and their 't Hooft anomalies are important RG invariants, we would propose
that the topological data of twisted partition functions are likewise RG invariants and must be the
same in the IR and the UV. After all, from the functorial viewpoint, the IR theory is simply the
functor of the UV theory with the metric scaled to infinity. This invariance is tacitly assumed in
derivations of topologically twisted partition functions from the IR viewpoint, but it seems worth
stating explicitly. It is an interesting question whether it will prove a useful observation in other
contexts.

The above paragraph raises an interesting question: Given the IR effective theory, how could
one deduce the topological data needed to define the UV topological theory? Traditionally, the
IR effective theory is presented in terms of a prepotential, or, more globally, in terms of special
Kéhler manifold. (See [Fre97] for a careful mathematical definition of special Kihler geometry.)
We therefore ask: How could one deduce the topological data from this geometry? We offer the
thought that one place to look is in the measure of the Coulomb branch integral (a.k.a. the “u-plane
integral”). One must use several facts about the topological data to check the single-valuedness
of the Coulomb branch measure in the examples that have been studied in the literature [MW97,
MM98, MMZ19, MM21, AFM22]. One may ask if, conversely, the single-valuedness of the Coulomb
branch measure is sufficiently strong to determine the topological data. Posing this question in a
precise way, to say nothing of answering it, is a subtle and interesting question, but one beyond the
scope of the present work.

Another interesting direction for future research is whether one can discuss topological twisting
of class S theories more thoroughly than we do here using a geometric approach based on branes in

string/M-theory and supergravity. This quickly leads one into the theory of G3-manifolds and raises
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many interesting questions.

Here is a brief summary of the remainder of the chapter: In Section 4.2, we describe our approach
to topological twisting in very general terms. In Section 4.3, we begin an explication of this approach
for Lagrangian field theories, first defining with some (but not complete) care the space of fields of
the theories. The field content is usually described in terms of the metric, the vector- and hyper-
multiplets, the background gauge fields for flavor symmetries, and the background gauge fields
for R-symmetries. But these are all related to each other by a choice of total structure group,
which depends on a choice of Abelian subgroup of the center of the covering group. We stress the
interconnection in Section 4.4, where we give cohomological conditions relating cohomology classes
associated with the principal bundles associated with the above components. Section 4.5 contains
a brief discussion of the distinction between dynamical and background fields in the context of
Lagrangian theories. Section 4.6 gives a prescription for twisting arbitrary Lagrangian theories, and
in Section 4.7, we review the standard arguments that the partition function is independent of the
connections on the bundles associated with background fields (in particular, the metric). In Section
4.8, we turn to class S theories and how these can be topologically twisted. To keep the discussion
under control, we only consider theories of A-type with simple and full punctures. Along the way, we
noticed some interesting questions about Gaiotto gluing which do not seem to have been addressed
in the literature. In Section 4.9, we focus on class S theories of type A;, which are also Lagrangian
theories. We consider how the cohomological conditions of Section 4.4 behave under S-duality and
show the expected result that they are the same for all theories in a fixed S-duality orbit. Curiously,
a given theory based on an ultraviolet curve Cy , has several distinct S-duality orbits and hence
has several different choices of topological twisting data, since in general, the data for the different
S-duality orbits will be different.

In Appendix D.2, we review the notions of transfer and reduction of structure groups of bundles
with connection. This simple mathematical concept is of crucial importance here. Then Appendix
D.3 gives a careful definition of what we mean by a “generalized spin® structure” together with some
examples. On several occasions, we need to refer to superconformal multiplets and the superconfor-
mal index, so these well-known topics are briefly reviewed in Appendices D.5 and D.6. In Section 4.8,
we make heavy use of the (Schur limit of the) superconformal index for trinion theories. However,
one important class of trinion theories is free Lagrangian theories. Therefore in Appendix D.7, we
check our statements using standard Lagrangian field theory. Finally, in Section 4.8, we mention
an analog, for class S, of the cohomological conditions of Section 4.4 for Lagrangian theories. Some

examples of these are illustrated in Appendix D.8.
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4.2 General Setup For Topological Twisting

Since we wish our discussion to apply to non-Lagrangian theories, it is very useful to adopt the
“functorial” formulation of QFT going back to the work of Segal in 2d conformal field theory [Seg88a,
Seg88b, Seg02| and Atiyah in topological field theory [Ati89].” The reason is that these formulations
make use of the answer to a path integral, without presupposing some representation in terms of
dynamical fields governed by an action principle. For recent reviews, see [Frel3, Frel9]. In this
approach, one defines a set of “fields” § - to be thought of as background fields.® One considers a
bordism category Bordi , of manifolds of dimension < 4 equipped with such fields. Then a “theory”

is a choice of § and a monoidal functor
Z : Bord®, — VECT , (4.2.1)

where VECT is a category of vector spaces over C.” We stress that we regard the choice of fields,
and hence the domain bordism category for Z as a choice that one makes in defining the theory.
Specializing now to the class of d = 4 N' = 2 field theories the most obvious choice for the
fields, which we denote as F , evaluated on a fixed manifold X includes the supermanifold of field
configurations of d = 4 N' = 2 conformal supergravity coupled to N' = 2 vectormultiplets for the
“favor” symmetries.'’ This viewpoint (which was important in [CMRS23]) is too general for our
present purposes, so we will restrict attention to a submanifold where many of the fields in the
conformal supergravity multiplet have been set to zero. For our purposes, the fields will include the

orientation of X together with the groupoid of principal G-bundles with connection for the Lie group
G = Spin(4) x SU(2)r x G' , (4.2.2)

where the group G is often called the “flavor” group. It is the global internal symmetry group that

commutes with supersymmetry.

7Atiyah and Segal quote Feynman path integrals as their main motivation. However, as pointed out to us by Y.
Tachikawa, the original papers of Schwinger [Sch48| and Tomonaga [Tom46| formulated relativistic field theory in
terms of families of unitary operators U (o, o’) associated to spatial slices o, 0’ and satisfying the basic axioms of the
functorial formulation. One important difference is that in the older works, the theories are formulated in Minkowski

spacetime, hence on invertible bordisms with a globally defined time direction, and without Wick rotation.
8Technically, we should consider “fields” to be a sheaf on Man$’, as explained in [FT12, FH13|.
9In modern parlance we are considering a two-step theory. Eventually one wishes to have a fully extended, or fully

local theory, but such considerations are far beyond the scope of this thesis. Moreover, a fully rigorous formulation
for the kinds of interacting field theories we will consider has not been formulated. Rather this is a topic of current
research. See [KS21] for a significant contribution to this current research. We are being deliberately vague about

the precise nature of the vector spaces. They will need to be infinite-dimensional.
10For general backgrounds involving N' = 2 conformal supergravity, it is natural to also consider couplings to back-

ground N = 2 hypermultiplets, but we will not do so.
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Let p;, i = 1,2,3 denote the projection to the three factors of the group (4.2.2):

G
PL Jpz Ps (4.2.3)
Spin(4)/SU(2)R\‘ Gf

Denote the principal G-bundle with connection over X by (P, V). The G' component of the
connection, that is,!! the connection p37*(15, 6), should be enhanced to a full d = 4 N' = 2 vector-
multiplet. The factor Spin(4) is to be regarded as the spin covering of the SO(4) structure group
of the bundle of oriented frames of TX, so mx..(P) = OFr(TX), where mx is a projection on the
first factor followed by the standard quotient homomorphism Spin(4) — SO(4), and OFr(TX) is the

bundle of oriented frames on TX. Thus we will begin with d = 4 N = 2 theories viewed as a functor
Z : Bord%, — VECT . (4.2.4)

Since this is a functor, Z will define state spaces. On R? with Euclidean metric and zero background
fields for SU(2)r x G, the state space will be a unitary representation of the d = 4 A" = 2 Poincaré
group. Related to this, the local operators of the theory should be in d = 4 N/ = 2 Poincaré
multiplets.

Note that the domain category of (4.2.4) only admits 4-manifolds X with a spin structure. The
domain category of the theory can be enlarged. Put differently, the theory can be extended to
include non-spin manifolds as follows. Consider a subgroup of the center of é, written C C Z (é)
Define F to be the groupoid of principal G := G /C bundles with connection. We say the theory
“extends” to a theory

Z : BordZ, — VECT , (4.2.5)

if the diagram

N
<
m
O
—

BordZ,

N //’/Z (4.2.6)

Bord§4

commutes (up to isomorphism of functors). Here m, : Bord]<:4 — Bordf4 is transfer of structure

group using the natural quotient homomorphism
mT:G—G.

A necessary and sufficient condition for this factorization is that the full functor Z be C-invariant.

If we just examine the partition function then we note that C acts as a group of automorphisms

1'We remind the reader that the transfer of structure group and connection is described in Appendix D.2.
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on the principal G-bundles with connection over X. The action on the connection is via a center
symmetry: Holonomies are multiplied by central elements. Therefore, it acts on the partition

function Z considered as a function of the bundle with connection. The condition is
c-Z=17 VeeC. (4.2.7)

There can be many choices of C. Each choice of C' defines a different “theory.” A maximal choice is
one such that all theories extend to that choice. If G is semisimple, the center is a finite Abelian

group, so there exists a maximal subgroup.

Remark 4.2.1. An analogy might clarify our reasoning here. Suppose we are given the partition
function of a theory of chiral fermions on 2n-dimensional Riemannian spin manifolds where n is an
integer. But we are given this mathematical structure without being told what fields were used to
compute that partition function. How could we deduce that the theory does not extend to non-spin
manifolds? Thus, we are given, for every 2n-dimensional spin manifold a Hermitian line bundle over
the space of Riemannian metrics on that manifold, and a section of that line bundle. (In fact, the
line bundle is the determinant line bundle DET(B)+) of the chiral Dirac operator with its Quillen
metric, but we are not given that information because we do not know the fields.) We are given
the information that the line bundle depends on a spin structure and we are given the action of
the center symmetry. The center of the spin group acts as a group of automorphisms on the spin
bundles, and this induces an action with character x acting on sections of the line bundle. If the
action is nontrivial then we cannot extend to nonspin manifolds. Indeed, for DET(lﬁJr)7 the action
of —1is given by x(—1) = (—1)'”d(1p+) and is nontrivial. In this way, we see that for a chiral fermion,
the functor does not factorize through non-spin manifolds, even though we have not been informed
of the nature of the fields. (A more elaborate argument applies to Dirac fermions.) The point of
these remarks is that the same reasoning applies to theories where we do not know the fundamental

fields, such as the non-Abelian 6d (2,0) theory or generic 4d A = 2 theories of class S.

Remark 4.2.2. It is important to remark that the invariance condition on the partition function is
in principle less stringent than the invariance condition on the full functor. In this chapter, we are

primarily concerned with the partition function on compact manifolds.

In the application to four-manifold invariants, we definitely wish to include manifolds X which
are not spinnable. Therefore we wish to have principal G-bundles over an X which is nonspinnable.

This implies the necessary condition:
p1(C) = ((=1,-1)) C Z(Spin(4)) , (4.2.8)

where we have used Spin(4) = SU(2) x SU(2).
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Different theories will have different local operator content, but one supermultiplet that is present
inall d =4 N = 2 local QFTs is the energy-momentum supermultiplet. See [CDI16a, CDI16b,
Ebe20] for details and Appendix D.5 for a quick summary. In order for this multiplet to be invariant

under C, we must also have
(b1 % p2)(C) = ((—1,~1,~1)) C Z(Spin(4) x SU(2)r) - (4.2.9)

The original example [Wit88] had G' = 1, and was based on a choice of background metric and

R-symmetry gauge field obtained by transfer of structure group using a crucial homomorphism
oW :S0(4) — (Spin(4) x SU(2)R)/{(—1,—1,—1)) . (4.2.10)
To write it, consider SO(4) as the quotient Spin(4)/Zs where Spin(4) = SU(2) x SU(2) and
Zy = ((—1,-1)) 2 diag(Zs x Zs) C Z x Zis = Z(Spin(4)) . (4.2.11)

Thus, an element of SO(4) can be denoted as [(u1, uz)] where square brackets indicate an equivalence

class and wug, uz € SU(2). Then we can write the homomorphism (4.2.10) as:

" ([(ur,u2)]) = [(ur, uz), uz] (4.2.12)

where the superscript W stands for Witten and will be called the Witten homomorphism because it
was essential in the original construction of [Wit88].

The specification of background fields will be done via transfer of structure group along a homo-
morphism

cptw,bck . (Spin(4) % Tf)/ctw,bck N (Spin(4) % SU(2)R X Gf)/c , (4213)

Gw sbck

where C™":P2k is a subgroup of the center of Spin(4) x Tf. If we take T to be a maximal torus of G*

then we can consider a homomorphism
PPk - Spin(4) x TF — (Spin(4) x SU(2)r x GF)/C', (4.2.14)

defined by

0K (ur,uz), p) = [(ur,uz), uz, 1] - (4.2.15)

and then simply take C™:° to be the kernel of ™:P%  This is sufficient to be able to define a
twisting for all theories. (For special values of the masses, there will be special twistings.) Examples
such as the case of A/ = 2* theories teach us that the existence of a homomorphism to a quotient

group such that C - Z=1 requires that, in general, C' must intersect G* nontrivially.
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Other twisting homomorphisms are possible, but they are constrained by the requirement that

the diagram
Gtw,bck pivbek é/c
p{ lmpz (4.2.16)
Spin(4)/((~1, 1)) —2— (Spin(4) x SU(2)g)/((~1, ~1,~1))

commutes. This is indeed satisfied by the construction above.

Note that if p; is the projection on the first factor of G™:*k then we should impose
(p1)« (PP, Wby = (OFr(TX), V') | (4.2.17)

where VL€ is the torsion-free (Levi-Civita) connection associated to a Riemannian metric on X.

When G™:b<k is of the form given in (4.2.13) with C™:b< a finite abelian subgroup of the center,
we say that such a principal bundle P™-*% with structure group G™:* defines a generalized spin®
structure on X. Moreover, a connection V™:b satisfying (4.2.17) is a generalized spin® connection.
We elaborate on this definition and give some examples in Appendix D.3. We will meet this condition
again, in the context of Lagrangian theories in equation (4.3.11).

Returning to the d = 4 A/ = 2 energy-momentum multiplet, the relation (see (D.5.8))

{QaAv Gf[;} = O—ZB(sABT,uV y (4218)

implies that, in the presence of background fields obtained by transfer of structure group @™k

satisfying (4.2.16), there will be a vectorfield Q on the super-manifold of field configurations such
that'?

Tu ={Q, A} - (4.2.19)
A standard argument, going back to [Wit88|, shows that (4.2.19) leads to the “topological invariance”
of Z. “Topological invariance” means independence of the choice of Riemannian metric. The reason
is that the derivative of Z with respect to the metric g,, is given by Z with an insertion of 7}, .
If there is no BRST anomaly, then insertions of Q-exact operators must vanish. (As noted above,
there can be BRST anomalies, leading to metric dependence, when b3 (X) < 1.)
We will refer to theories with domain Bord];l such that, for all manifolds and background fields
in the domain, there is a Q-symmetry, as “twisted theories.”
Similar reasoning shows that a twisted theory has a partition function that is invariant under
continuous deformation of the other components of the G*:*k connection. Using the general struc-

ture of the conserved current multiplets (which couple to the flavor symmetry connections), the

12Note that (4.2.19) is obtained from the second equation of (D.5.8) because in our conventions, the scalar supercharge
Q is obtained from the right-handed spinor supercharge of the d = 4 N = 2 supersymmetry algebra. We are being

slightly schematic here to avoid distracting notation.



182

general equation (see (D.5.6) and (D.5.7))
5ABO'ZBJ;Z = {QAM/,EG} , (4.2.20)

becomes, after topological twisting

J¢ ={Q,A%} . (4.2.21)

Here, the subscript a is an adjoint index in the Lie algebra of the symmetry. Therefore, in the
absence of a BRST anomaly, the derivative of the partition function with respect to the connection
vanishes. Therefore, the twisted partition function only depends on the three pieces of topological

data mentioned in the introduction.

Remark 4.2.3. On the terminology “physical theory” vs. “twisted theory.” We will use the (common)
terminology of “twisted theory” and “physical theory” in our discussion below. Since we are regarding
a “theory” as a functor Z, part of the very definition of a “theory” involves a specification of the domain
and codomain categories. As we have just mentioned, a “twisted theory” has a Q-symmetry for all
objects in the domain category. By a “physical theory” we mean a theory where this is not true for
all objects in the domain category, although whether these should be considered more “physical” is

a debatable point, best left to philosophers.

Remark 4.2.4. In the interest of simplicity, our general discussion here has been limited to “zero-
form symmetries.” It should be extended to include other generalized symmetries. We will indeed

do this in the special case of Lagrangian theories in Sections 4.3 — 4.7.

4.3 Fields For Lagrangian Theories

In this section, we describe the fields that are needed to define the exponentiated action e=°. We
regard the exponentiated action on X as the partition function on X of an invertible field theory
[FMO04]. We restrict attention to general renormalizable d = 4 N' = 2 Lagrangian gauge theories.

To define these, one makes the following choice of basic data:

1. Geuee ; g semisimple simply connected compact Lie group. For simplicity, we will assume it

is connected. The gauge group &8¢ will be a finite quotient of éga“ge, as explained below.

2. p: Geavee Endgr(R) : a quaternionic representation on a real vector space R equipped with
a (GG&*“&-invariant positive inner product. The group of orthogonal hyperkihler isometries is
denoted O(p). This data defines a compact Lie group Gf — the flavor group — which is defined

to be the commutant of p(G&€¢) in O(p).
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3. CPs : an “admissible” subgroup of the center of
GP™ .= Spin(4) x SU(2)g x GT x G&avee (4.3.1)

The term “admissible” is defined by conditions (4.3.6) and (4.3.8) below. There are different

choices of admissible groups CP"*, and they correspond to different theories.

The set of fields for the theory will include a principal bundle with connection over X for the

structure group'?
GPYs .= (Spin(4) x SU(2)g x Gf x GeuEe) /OPhys — GPhys jophys (4.3.2)
We denote the principal bundle with connection by

(PPhYs — X, WPhYs) (4.3.3)

If we think of the invertible field theory (a.k.a. the exponentiated action e~) as a functor

Z : BordZ, — VECT , (4.3.4)

then F(X) includes the groupoid of principal GP"™s-bundles with connection.

The bundle with connection (PP"s — X, VPh) contains several pieces of physical data which are
usually thought of as independent, but they are not completely independent because of the quotient
by the finite group CPhs.

Let p;, i = 1,2, 3,4 denote the projection to each of the factors of GPhYs. We have a transfer of
structure group for bundles for each of the image groups p;(GP"$). We denote these by:

Fr(X) = (p1)(P?™)

PR = (o). (PP
(4.3.5)

P i (pa). ().

PR i (p). ().

and refer to them respectively as the frame bundle, R-symmetry bundle, flavor bundle, and gauge
bundle.

We are now ready to define the notion that CP"s is admissible as follows:

1. We can rederive the condition (4.2.9) as follows. First of all, we have:

(p1 % p2)(CPMS) C ((—1, -1, 1)) C Z(Spin(4) x SU(2)r) = Z3 . (4.3.6)

130ur discussion at this point has some tangential overlap with recent discussions [WWW18, HLL122, BI23]. See
also section 2.2 of [FH16].
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The reason is that vectormultiplet fields must be singlets under the action of CP"s. They are
in the adjoint representation of the gauge group and hence are singlets under the center of
that group. Moreover, they are singlets under the action of the flavor group. Finally, we will
want to identify Spin(4)/p1(CP"*) = SO(4) with the structure group of OFr(X).If we wish the

domain bordism category to include nonspin manifolds, then we must have that
(p1 X p2)(CPM™®) = ((—1,-1,-1)) . (4.3.7)

2. If there are hypermultiplets in the theory then CP"* must also be a subgroup of the group:

Cr%?;(s = {(<7<a Caﬂ’a g) | <:U‘p(g) = ]]-EndR(R)}

C Z(Spin(4)) x Z(SU(2)g) x Z(G) x Z(Gevee) |

(4.3.8)

where ¢ € {£1} = Z5 acts on R by scalar multiplication. The reason for this condition is that
fields in the hypermultiplet representation p must be singlets under CP"* (and we have used
condition (4.3.6)). Note that this forces CP"* to be a finite Abelian group. We will call CPYs

the mazimal admissible subgroup.
We make a few remarks on the bundles appearing in (4.3.5):
e The gauge bundle P88 is a principal G&"8¢ =~ Geavee /C®® bundle, where we define
C&P .= py(CPMYs) | (4.3.9)
The reason for this notation is explained in item 4 below.
e The bundle Fr(X) is a principal SO(4) bundle because
Spin(4)/p1 (CP™®) =2 SO(4) . (4.3.10)

Moreover, if we use the transfer of structure group associated to the canonical homomorphism'*

p1 - GPYs — SO(4) = Spin(4)/((—1,—1)) then we require:
(p1)+ (PP — X, VPYs) = (OFr(TX), V'©) . (4.3.11)
e The R-symmetry bundle PR is a principal SO(3)g bundle.
e The flavor bundle Pf is a principal Gf /p3(CP"*) bundle.

Remark 4.3.1.

MWe define p; (GPhYs) := pi(éphys)/pi(cphys).
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1. For generic hypermultiplet masses it is natural to replace Gf with a maximal torus, so that
Pfis in fact a Tf/p3(CP"*)-bundle where T C G is a maximal torus. In this case, we have
restricted the background fields to reducible Gf-connections and assumed a reduction of the

structure group to its maximal torus.

2. The existence of PP"Y* implies a restriction on characteristic classes of the “frame,” “R-symmetry,”

“flavor,” and “gauge” bundles derived from PP"s. See Section 4.4 below.

S

The exponentiated action of the theory e~ regarded as an invertible field theory, can be defined

on a bordism category equipped with a set of fields FP"s that we informally write as:
FPYS .= Lo m, (PPYS — X, VPYs) @Phys pp peravy (4.3.12)
where

1. 7 is a C-valued Ad(G&"8* x Gf)-invariant bilinear form on Lie(G&“8* x GF) subject to the

5

condition that the imaginary part is positive definite.'® 7 enters the classical Lagrangian by
defining the Yang-Mills couplings of the gauge theory. (7 will be replaced by 7,, or A below

in the quantum theory.)

2. m € Lie(G") ® C, subject to the condition that [m, m'] = 0. The field m enters the Lagrangian
as (m, u) where y is the hyperkihler moment map for Gf. One should view m as the background

vectormultiplet scalars for G

3. ®P"s € T'(E,) where E, is an associated bundle to PP™* constructed using p and the rules
of supersymmetry for constructing vectormultiplets and hypermultiplets. Its sections include
fermions, and hence, we should view the space of fields on X as an infinite-dimensional super-

manifold.!6

4. The b-field is a flat C8™®-gerbe connection!” in a 5d topological field theory. In order to handle
properly the conditions on how one sums over 't Hooft fluxes, it is important to invoke the
quiche picture of finite “categorical symmetry” in field theory. See [FMT22| and references
therein. Example 3.15 of [FMT22] is particularly relevant, and an elaboration of the relevant

issues can be found in [Fre22]. One must consider the 4d theory we discuss in this chapter

15This follows from unitarity of the theory evaluated on Minkowski space.
16We will see later that, for suitable background fields, there is a fermionic vectorfield on this supermanifold derived

from a scalar supersymmetry with Q2 = 0. The space of fields that defines such an odd vectorfield is called the

nilpotence variety. We will describe a subvariety of the nilpotence variety.
17 A gerbe with connection is (up to isomorphism) an element of a suitable differential cohomology group of degree 3.

For a recent pedagogical introduction, see [Hit99, MS25].
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as a right boundary theory (on {1} x X) for a 5d =-finite topological field theory with target
B2C®™ on [0,1] x X. There is a field in the right boundary theory which is an isomorphism
of the restriction of b with the gerbe describing the obstruction to lifting (p4).(PP"™*) to a
principal Gevee_bundle over X. This is the origin of the notation C&™ introduced in equation
(4.3.9) above. We denote the characteristic class by u(b) € H?(X; C&®). There is a topological
boundary condition p (possibly with the insertion of topological defects) at the boundary
{0} x X. Depending on the choice of p we might or might not sum over 't Hooft fluxes in
computing physical quantities.'® We note that we see no obvious reason why one should not
take b to be a gerbe for the full group CP"* and indeed this generalization will be needed
in Appendix D.8. We have not investigated this generalization systematically, and doing so
might be an interesting line of future enquiry. It might well streamline the presentation in this

chapter.

5. ®& ig short hand for various “gravitational” fields. The Riemannian metric is already encoded
in the connection VP"s but we must also choose an orientation of X, and a truly complete
story would include all the fields of background supergravity, including the odd partners of the
metric. We will not go into details here, although some relevant constructions can be found in

[CMRS23].

S

6. Explicit formulae for e~ as a function of these fields can be extracted from the standard

references: [GGRS83, DF99, dWLVPS85, FVP12].

Remark 4.3.2. It is sometimes said that, since the supersymmetric gauge theory contains fermions,
it must be defined on a spin manifold. Then, after twisting, the twisted theory can also be defined
on non-spin manifolds. From the viewpoint presented in this chapter, that reasoning is incorrect. In
defining a theory, one must specify the domain bordism category. Different choices of group CP"s
lead to different choices of the bordism category. For example, if we choose CP"s to be trivial, then
the domain bordism category must contain only spin manifolds. However, if we choose CP"s so
that p; X py in equation (4.3.6) is surjective, then the domain category might include all standard
four-manifolds. This is just as true for the “physical theory” with general background fields as it is
for the twisted theory defined below. (Related remarks can be found in section 2.4.2 of [CD18], and
in [BI23].)

Remark 4.3.3. We have not been careful with the global structure of the space of fields in (4.3.12).

In fact, the criterion (4.4.18) which connects the characteristic class of the (4d) boundary value

18The pullback of b to X itself can have automorphism, so there can be several inequivalent isomorphisms to the gauge

theory gerbe on the right (physical) boundary. Therefore we should also sum over H!(X; C&™).
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of the (5d) gerbe b with a characteristic class of the flavor gauge fields suggests that there is a
nontrivial fibration, and perhaps even a useful 2-group structure [CDI18]. We leave this for future

investigation.

4.4 Cohomological Conditions For The Existence Of PP"s

In this section, we show that the existence of the bundle PP™* in equation (4.3.3) above implies
cohomological conditions linking the background gravity, flavor, and gerbe data.

Let us assume that the GP"s-bundle PP — X exists. We choose a good cover of X, denoted
by {Up}pE”P’ where P is some index set. Therefore, on double overlaps Uy, := U, N Uy, we have
transition functions,

oS Upg —> GP™ (4.4.1)
that satisfy the cocycle condition on triple overlaps Upg, :== U, NU, N U,

190 () (B ()15 (1) = D ggoms , W € Uy - (4.4.2)

We may choose the following transition functions for the bundles (p;).(PP"*) of equation (4.3.5)
on overlaps:

(B0 Toa) = Upg — Spin(4) 2 SU(2) x SU(2) ,

tR . Upg — SU(2)r ,

" (4.4.3)
tN;q tUpg — T,
Ft;gq $Upg — Gevee |
such that!®
t;Zys = [(ng;z’;p717zr?q7zziq’;gq)] : (4.4.4)
Note that our choice is ambiguous by
(%VZE’;Z;Z’Z;Q’z;qqu) ~ (fl;f],?p;,f;,qu,fgq) TQ, (4.4.5)

where o € CP"s. Therefore, the functions (4.4.3) need not individually satisfy the cocycle conditions.

We can therefore define Cech-cocycles

+ L 7EFET
Cpqr T tpqtqrt?'p )
R ._J7RIRZR
Cpqr T tpqtqrtrp ) (4.4.6)
f of f of
Cpar *= tpglartrp >
9 ._39797%9
pqr T tpqtqrtrp :

9The equivalence class [] in (4.4.4) arises from the quotient by CP"s, see (4.3.2).
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Then the cocycle condition (4.4.2) is equivalent to

(Gpars Cpars Cpars Chars Gogr) € CPM° (4.4.7)

From (4.3.6),
var = Coar = Cpar - (4.4.8)
We will also define (., == (g, = C;QIT for the cocycle corresponding to the Spin(4) factor of GPhys,

To derive cohomological conditions from (4.4.7), we need to identify what each cocycle represents.

By definition,

19, = [T5] : Upg —> G282/ CF° = Govee (4.4.9)

represents a choice of transition functions on the gauge bundle P&“8¢ — X. The cocycle (7,

represents the 't Hooft flux of the gauge bundle, i.e., the obstruction to lifting the structure group

from GEovse = GBvee /O8 (o GBvee:

p(b) == [¢%,] € H*(X;C#P) . (4.4.10)

The requirement just below (4.3.6) implies that Cpqr Tepresents the second Stiefel-Whitney class of
TX:

wa(X) 1= wy(TX) = [¢5,] € H* (X;Zs) , (4.4.11)

which is the obstruction to X being spin. Similarly, Cqur represents the obstruction to lifting the

structure group of the R-symmetry bundle PR — X from SO(3)gr to SU(2)g:

wy(PR) = [(},] € H? (X Zs) . (4.4.12)

pqr

From (4.4.8), we immediately get the first cohomological condition, namely

wa(PR) = wy(X) . (4.4.13)

Whenever we have hypermultiplets in the theory, the condition (4.4.7) can be written using item

2 above as

=p (¢S )’1 s o (4.4.14)

p(g)s =1 = ¢ par pqr

pqr/ SpqrsSpqr pqr

Note that (4.4.14) is equivalent to (4.4.7) when CP"* is the maximal admissible subgroup.?’

20We emphasize that the condition (4.4.14) is not equivalent to (4.4.7) when CP"s is not the maximal admissible

subgroup. The simplest counterexample is when Z(éga”ge) is a cyclic group with generator g. Consider
CPM = ((—=1,-1,-1,—p(9) ", 9)) -
In this case, CP"s is not the maximal admissible subgroup, and clearly,

pa(CPMY5) = Z(GBU8®) | (pg X po)(CP™®) 22 diag(Z3) .
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We can turn the condition (4.4.14) into a cohomological restriction on the background fields as
follows. Recall that we are choosing generic masses, so we are reducing the flavor symmetry to its
maximal torus. Note that as a representation of GE2Uge gver C, there is an isotypical decomposition

(here we choose a complex structure on R):

p @pu , (4.4.15)

where each summand p,, is an irreducible representation. Also, note that the irreducible represen-

tations for u # «' might be isomorphic. Choose an isomorphism:
T = JJu(), - (4.4.16)

We let p4 ., denote the projection of GPMYs o the uth component of (4.4.16).

Consider any irreducible subrepresentation p,, of p. Since C&™ is finite Abelian, Schur’s Lemma®!
implies that the image p,(C®®) in Aut(p,) is always a cyclic group acting by scalars. This image,
together with —1, generates a cyclic subgroup 2, C U(1l). Note there is a canonical injective
homomorphism p; : Z/27Z — Z,. Moreover, the condition (4.3.8) implies that there is an inclusion
t: p3.,(CPY8) < Z, and hence ps3,,(CP"®) is isomorphic to Z/n,Z, thus defining a set of integers

Next, (p3 )« (PP, VPYs) = (Pfu wiv) is a well-defined principal U(1)/p3,,(CP™*)-bundle over
X with connection. We should think of V% as the “background gauge fields for the flavor symmetry.”
Let c1(u) € H*(X;Z) be the first Chern class of the U(1)-bundle obtained by transfer of structure

group of PH* along the isomorphism??
U(1)/ps.u(CP™) = U(1) . (4.4.17)

Let r,, : Z — Z/nZ denote reduction modulo n. The cocycle [C{,qr] is then a representative of

T, (c1(u)) and is the obstruction to lifting P** to a U(1)-bundle along the quotient map U(1) —

Now, if g is not a square in Z(G&2%), the element (1,1,1,p(g)" 1, g) € 73 x Z(GF) x Z(GEuee) satisfies (4.4.14)
but is not an element of CP"s. More generally, whenever CP"s is a proper subgroup of the maximal admissible

subgroup, (4.4.14) is not equivalent to (4.4.7).

21'We are working over C.

th_

22Note that this isomorphism is not the ng,

power map. More precisely, it is the usual isomorphism obtained from

the short exact sequence

Pr

1 — p3..(CP™) <5 U(1) = UQL) — 1,

th_

where ¢ is the inclusion map and P, is the nj,

power map.
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U(1)/p3..(CP"%). The existence of PPh¥s implies the following cohomological restriction on back-

ground fields (“background 1-form symmetry connections”):?*

pu(u(b) + ps(w2(X)) + torn, (c1(u) =0 € H*(X; 2,) |, (4.4.18)

which must hold for all the irreducible subrepresentations of p.

We now show that (4.4.18) is equivalent to the existence of PP"* when CP"* is the maximal
admissible subgroup and the flavor symmetry is Gf = U(1). In the case that Gf = U(l)d7 we simply
take a fiber product.

Consider now a principal (G/C®®)-bundle PgUse with *t Hooft flux u(b) € H2(X;C®b), a
R-symmetry bundle PR which is an SO(3)gr-bundle with second Stiefel-Whitney class wq(PR) €
H? (X;Zs) and a flavor symmetry bundle Pf which is a U(1)/p3(CP"*)-bundle. The condition
(4.3.8) implies that p3(CP"™s) < Z C U(1) where Z is a subgroup generated by p(C&®) and —1.
There is an isomorphism,

p3(CPYS) = Z/nZ (4.4.19)
for some n € Z~o. We also have the frame bundle Fr(X) which is an SO(4)-bundle with second Stiefel-
Whitney class we(X) € H?(X;Zy). Moreover, assume that the cohomological conditions (4.4.13)
and (4.4.18) are satisfied. We now show that these bundles can be assembled into a GP"s-bundle

PrPhys 5 X, Indeed, take transition functions
tog s Upg — SO(4) ,
tR U,y — SO(3)r ,
pa (4.4.20)
the : Upg — U(1)/p3(CP™)
19,1 Upg — GEVE/CE
on P#Uee Fr(X), PR and Pf respectively, and consider local lifts — as defined in (4.4.3) — to
(?pq,fp;) : Upg — Spin(4) = SU(2) x SU(2) ,
tR U,y — SU(2)Rr ,
e (4.4.21)
tf Upy — R,
T U, — GRvse

where the lift f;q is along the homomorphism

7R — U(1)/ps(CP) (4.4.22)
- {exp (272:,;)] | A,

23The second term in (4.4.18) is the image of w2 (X) under the map ps : H?(X;Z2) — H2(X; Z,) induced by the

canonical homomorphism ps : /27 — Z,.
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2mit,|
[exp <7T;p‘1>] S (4.4.23)

The first Chern class ¢; (f) € H?(X;Z) of the U(1)-bundle obtained by transfer of structure group of

where n is given by (4.4.19). Thus

Pf along the isomorphism U(1)/p3(CP"$) =2 U(1) (see footnote 22) is represented by the cocycle

Mhgr = thg +lap + 85, Upgr — Z. (4.4.24)
Also, define
27in/,
f pgr
= e 4.4.25
Cpqr exXp ( n ) ) ( )
which is the cocycle representing the mod n reduction of ¢;(f). The cocycles for (£,,,t,7),£X and
tg, are denoted by
( ;:17‘7 1;]7‘) : qur — dlag(Z%) ’
Rt Upgr — Lo, (4.4.26)
Cogr t Upgr — CE® = py(CP™)

respectively. The condition (4.4.13) implies that, perhaps after a change of local trivialization,

pqr Cpqr = (Cpgr- 1f we take
1007 = [ Tpar T thar )] (4.4.27)
it follows that
EPRSEERSEENYS — [ (Ghors G Covgrs Chars Clar) ] - (4.4.28)

Note that ¢g,, is valued in C&"® and ((,, R ) is valued in (p1 x p2) (CP"*) and (4.4.18) implies

Pqr Spgr Spqr

that

P (Car) GoarCpgr =1 - (4.4.29)

As noted above, for maximal admissible subgroup CP"s, this is equivalent to the condition

f h
( pqr’ pqr?( qr?Cpqra pqr) € Cp . (4430)

Thus tggys satisfies the cocycle condition for GP"Y* and hence can be used to construct a principal
GPMYs_bundle PPhYs,

We now show that in specific examples, (4.4.18) reduces to familiar conditions known from the

literature.
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1. Pure N =2 Super Yang-Mills (SYM) Theory with gauge group G&&:
In this case, CP"s is constrained to be of the form
CPM = diag (Z3) x Z , (4.4.31)
where Z is some subgroup of Z (éga“ge). The only condition that we get from the existence of PP"s
is that
wa(X) = wy (PR . (4.4.32)
2. SU(2) N =2 SYM with fundamental flavors:
For fundamental hypermultiplets,
pu(u(b)) =: wa(PFVE) € H*(X; Zs) . (4.4.33)
If we choose not to “turn on the flavor bundle” so that ¢; (u) = 0, (4.4.18) yields**
wo (PEU8%) = 1y (X) = wo(PR) | (4.4.34)

which was already noted in [MW97] for the twisted theory. If background U(1) flavor gauge bundles

are turned on, (4.4.18) reduces to
c1(u) = we(X) + wo (PE8) mod?2 (4.4.35)

which is precisely the condition proposed in [AFM22]. (The condition (4.4.32) still applies.) We
stress again that — contrary to the viewpoint found in [AFM22, MW97] — these are conditions for
the physical theory, not just specific to topologically twisted theories.

3. N =2* Theory:

Matter in the N' = 2* theory consists of a massive adjoint hypermultiplet. Since the center of the

gauge group acts trivially on the adjoint representation, it follows that

pulu(®)) = 0. (4.4.36)

Thus, (4.4.18) yields
c1(u) = we(X) mod2 . (4.4.37)

24Note that we get the same condition if the physical theory corresponds to the choice
CPYs o~ ((—1,-1,-1,1,—1)) .

Indeed, in this case (4.4.14) implies that p ((Jqr) = (5, Which implies wa (P88) = wy(X).
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Therefore, c1(u) can be identified with the characteristic class of a spin®-structure?” on X. This

condition was obtained in [LMn97, MM21]. (The condition (4.4.32) still applies.)

4. N = 4 Super Yang-Mills Theory:

Consider the d = 4 N' = 4 super Yang-Mills theory. The field content consists of an N/ = 2

vectormultiplet and a massless adjoint hypermultiplet. The theory has an SU(4)g R-symmetry. So,
GPMs = Spin(4) x SU(4)r x G&Uee (4.4.38)

and now CP"s is a subgroup of the center of GP"S, which is
Z(GPYS) = Zy X Ty x Ly x Z(GEVES) | (4.4.39)

The structure group of the physical theory is GP"Ys = éphys/OthS. The gauge, frame, and R-
symmetry bundles can be obtained via pushforward by the pertinent projection maps as in the
general discussion. We also have the identification (4.3.11).

The condition that the fields of the theory be singlets under CP"™* along with (4.3.10) implies

that CP"s be a subgroup of the maximal admissible group defined by?%

CPYE = {((,6,C,9) € Zn X Ly x Ly x Z(GE"E%)} | (4.4.40)

where in the last component, ¢ is understood to be the image of the inclusion Zo — Z,4. Let us
now derive the cohomological condition from the existence of the GP"Ys-bundle PP"s. Note that the
structure group of the R-symmetry bundle PR is SU(4)r/p3(CP"®) = SU(4)r/Z2. Thus there is an
associated obstruction wy(PR) € H2(X,Zs) to lifting this bundle to an SU(4)g-bundle. Following
the same procedure as above, we find the cohomological condition

wa (X) = wy (PR . (4.4.41)

In Section 4.6.1, we will see that this theory admits three different twistings associated with three

pairs (G, o™ : G — GPMS) of twisting homomorphisms.

4.5 Dynamical And Background Fields In Lagrangian Theories

In order to define a quantum theory we need to choose a set of background fields F*°* and a fibration

o FPhYs o ek (4.5.1)

25Recall that a spin® structure on Fr(X) is a reduction of structure group of Fr(X) from SO(4) to Spin°(4) = (Spin(4) x
U(1))/Z> along the homomorphism Spin€(4) — Spin(4)/Z2 = SO(4).

26The fields in the N = 4 vectormultiplet are: a G-connection, an Ad(G)-valued Weyl fermion in the 4 of SU(4)g and
an Ad(G)-valued scalar in the 6 of SU(4)g. Thus, the invariance of the Weyl fermion under CP"s dictates the form

of CPY®. Scalars are automatically singlets under C2RS.
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The map 7 is not necessarily surjective. In principle, some background fields cannot be consistently
coupled to the quantum theory. However, for simplicity, we will write subsequent formulae as if
m were surjective. The dynamical fields are the fields in the fiber of 7. Using the exponentiated
action e~ to define a (formal) measure, we (formally) integrate over the dynamical fields to produce
functions of the background fields. Thus, the process of path integration defines a pushforward, so
that the partition function Z := ().(e™) defines a function on the space of background fields:

Fehe <2, C

ml (4.5.2)

Fbk L C.
Note that the process of path integration usually introduces a scale A. We can regard A as one
of the background fields, and if we wish to emphasize the scale dependence, we write (mp), for
integration above background fields with fixed A. In the superconformal case, A can be replaced by
the ultraviolet coupling 7,,, which is also a background field, and the path integral will depend on
Tuv-

Now we choose our set of background fields to be
FPK = {A, m, (PP% — X, VP%), b, 98} | (4.5.3)

where

(PP — X, VP%) = (p1 X pa X p3). (PP — X, VP5) | (4.5.4)

is a principal bundle with connection over X with structure group
G" .= (Spin(4) x SU(2)g x G')/C** = (p1 x pa x p3)(GP™*) . (4.5.5)

Note that CP% is a subgroup of the center of Spin(4) x SU(2)g x G' and note that the analog of
(4.3.11) also holds for F°°*. We might or might not wish to consider some subset of the gerbes b
to be dynamical.?” The choice of which subgroup of gerbes is dynamical leads to different gauge
theories for different gauge groups (G8218¢ = Geauvee /C®™® with the same simply connected cover Geavee,
For simplicity, we will consider b to be nondynamical. In general, the fibration 7 is not a direct
product because the fiber of dynamical fields depends on the background fields. For example, the
set of dynamical gauge fields depends on the background gerbe b. Moreover, there are consistency

conditions on the background fields. See, for example, (4.4.18) above. See also Remark 4.2.2.

27If one adopts the quiche picture [FMT22, Fre22] then the five-dimensional field b is always dynamical. Moreover,
the isomorphism to the gauge theory gerbe is likewise dynamical. The distinction we discuss in this paragraph is

then phrased in terms of choices one makes on the topological boundary.
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It follows from the above discussion that the set of dynamical fields includes ®P"s along with
the connection on the G&uee /C®® gauge bundle with connection obtained by transfer of structure
group associated with the projection homomorphism p; .

In Section 4.6, we will explicitly describe one topological twisting of an arbitrary Lagrangian d = 4
N = 2 theory (with generic masses) using a transfer of structure group based on a homomorphism
O™ G™ — GPYS, where

G™ := (Spin(4) x T x Geee) /o™ | (4.5.6)

where C* is a subgroup of the center of Spin(4) x T x Gevee. The key data that must be specified
are the Abelian group C™ and the homomorphism ¢%. We will take C*™ to be a finite group.
Moreover, we will require that the projection of C*™ to Z(Spin(4)) surjects to ((—1,—1)) = Zs so
that we can have equations (4.5.8) and (4.2.17). For simplicity, we restrict the discussion to the case
where G&U€ ig a simple group.

The fields of the twisted theory are in part determined by the bundle with connection (P™ —
X, V™) for structure group G™, (which must satisfy a condition analogous to (4.3.11)). We can

write the fields of the twisted theory informally as:
FY = {1, m,(PY = X, V¥),®"™ b}, (4.5.7)
where @™ € T'(E™) and E™ — X is a suitable bundle associated to P™ — X, and
P (P™ — X, V™ W) = (PPYs X, WPys gPhys) (4.5.8)
The choice of G*™:> and ¢™:b% (cf. Section 4.2) is such that there is a commutative diagram

tw _s
Fov Fry Fehvs ¢, C

ml ml (4.5.9)

where
G™bek .= (Spin(4) x TF)/C™:bk | (4.5.10)
]_-tw,bck = {m7 (th,bck7 Vtw,bck)’ b} , (4.5.11)
such that Zowiw’bd( is locally constant as a function of (P™:Pek Wt™W:bck) = Again, given the key choices

of C™ and ¢™, the finite Abelian group C™:** and the homomorphism got*w’bCk are determined by

the integration process associated to my. Once again, we note that in the superconformal case,
Ftwbek also includes the ultraviolet coupling, and the topologically twisted partition function will

depend on it.
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Imposing once again equation (4.3.11) we see that the partition function of the topologically
twisted theory again depends on the generalized spin® structure, and no other background field

data, aside from the diffeomorphism type of X and the 't Hooft fluxes.

4.6 Twisting General Renormalizable Lagrangian 4d N = 2 Theories

In this section, we will describe the choices C* and ™ for a general d = 4 N/ = 2 gauge theory
with a simple gauge group, which give us a topologically twisted version of the theory.
In order to construct the structure group G™ of a topologically twisted theory we begin by

defining H := p,(CP"*) x Zy and we construct a homomorphism
@S H =T, (4.6.1)

where Tf is a maximal torus of the flavor group. To construct it, we start with the isotypical

decomposition of p, as in Section 4.4,
p=Pou . (4.6.2)
u
which gives us an isomorphism

T = JJu(), - (4.6.3)

As in Section 4.4, for each irreducible representation p,,,

(pu(pa(CP™)), —1) C Aut(py,) , (4.6.4)
is a finite cyclic group isomorphic to Z/n,Z for some positive integer n, € Z~o. We consider this
cyclic group to be the standard cyclic group of roots of unity in U(1). Then we define

©5(9,¢) =[] (pule™)¢) - (4.6.5)

u

Now define
G™ := Spin(4) x T x G&ee (4.6.6)

Writing a typical element of G™ as ((u1, us), i, g), where (uq, us) € Spin(4) 22 SU(2) x SU(2), pu € TF

and g € éga“ge, there is a crucial homomorphism based on the Witten homomorphism:

Q: G GPhys ,

(4.6.7)
90((“1’ u2)a 12 g) = ((ulv u2)7 Uz, W, g) )
Now, define an injective homomorphism
Y™ H — Z(G™)
(4.6.8)

(9,0) — ¥™(9,0) == (¢, ¢, 95(9.0) 9)
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and observe that

Q™ (H)) C CP™s (4.6.9)

when CP"* is the maximal admissible subgroup. In the notation of Section 4.3, we can take O™ =

Y™ (H) when CP"s is the maximal admissible subgroup. In general, we will take:

O™ ={(¢.¢p:9) = (6,6 G g) € CP™ (4.6.10)

In any case, ¢ descends to a homomorphism
p:GY = étw/th(H) — GPYs = é”hys/CPhyS . (4.6.11)

and in the notation of Section 4.3,

tw

pr=p. (4.6.12)
Using the condition (4.4.18), one can show that the transition functions

_ Spin(4) x T x Geauee
Yo (H) ’

where the various components are the components of tf)zys as in (4.4.4), satisfy the cocycle condition.

tw .74 7= 7f 7 . t
tpmt; T [((tpq’tpq)’tpwtgq)] : qu — G

(4.6.13)

Thus we can construct a principal G*-bundle P™ with transition functions #}y. The physical
bundle PP"s with connection is then obtained by transfer of structure group from the P™ bundle

with connection under the map induced by the group homomorphism 3 : Gt — GPhYs,

4.6.1 Three Inequivalent Twistings of 4d A/ = 4 Super Yang-Mills Theory

In this section, we describe the three inequivalent twistings of 4d, N’ = 4 super Yang-Mills theory
discussed in [Yam88, VW94, Mar95, DPW20|, using the transfer of structure group. The three
twisting homomorphisms are based on the three homomorphisms Spin(4) — SU(4) discussed in

[VWO4]:

1. The first homomorphism Spin(4) — SU(4) is chosen such that the 4 of SU(4) decomposes
to (2,1) @ (1,2) under pullback. This corresponds to the Geometric Langlands (GL) twist
[KWO06], originally discussed in [Yam88, Mar95|.

2. The second homomorphism Spin(4) — SU(4) is chosen such that the 4 of SU(4) decomposes to
(1,2)® (1,1) @ (1,1) under pullback. This corresponds to the usual Donaldson-Witten (DW)
twist, thinking of the /' = 4 theory as an N’ = 2 theory [Wit88|.

3. The third homomorphism Spin(4) — SU(4) is chosen such that the 4 of SU(4) decomposes to
(1,2) @ (1,2) under pullback. This corresponds to the Vafa-Witten (VW) twist [VW94].
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We now describe the twisting group G* and twisting homomorphisms ¢™ : G — GP"W* in each

case. The notation in this section follows Example 4.4 above.

1. Define
G5 = Spin(4) x U(1)g x G&ee |
(4.6.14)
C}W = {(C?Ca 17.9) : (CanC,g) € CphyS} .
The twisting group is G = étl"" /C™. The twisting homomorphism is given by
cpf" : é’tlw .y GPhys
| | | (4.6.15)
(('U,17u2) 7ew,g) — ((ul,ug),diag(ewul,e*wug),g) ,
where (uy,u2) € SU(2) x SU(2) =2 Spin(4). Then ¢$" descends to a homomorphism
PG — gPhys (4.6.16)

The U(1)g factor in G™ reflects the fact that a U(1) subgroup of SU(4) commutes with the
image of the first homomorphism Spin(4) — SU(4) and hence is a residual R-symmetry of the

twisted theory.

2. Define
G4 = Spin(4) x U(2)g x Geuee |
(4.6.17)
03" ={(a,a,1,9) : (a,a,a,9) € C*™} .
The twisting group is GY¥ = ég’" /C8. The homomorphism is given by
oDV G G
(4.6.18)
((u17u2)au7g) — ((u17u2)7diag(\/;%uu)7.g) .
Then 5% descends to a homomorphism
oW Gy — Py (4.6.19)
The U(2)g factor in G™ reflects residual R-symmetry of the twisted theory.
3. Define
G5 = Spin(4) x SU(2) , x G&Uee |
(4.6.20)

:tz,w = {(CaC7 1,9) : (<7<7€ag) € Cphys} .

The twisting group is G} = G%'/C%. To define the twisting homomorphism, introduce the

map

(4.6.21)
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It is easy to check that f is a well-defined homomorphism. We define the twisting homomor-

phism by
@}lw : ég‘” — GPhys
(4.6.22)
((ula Ug) , U,y g) — ((ula UQ) ) f <u27 ’LL) 79) .
Clearly, cp:\{w descends to a homomorphism
VI GY — g (4.6.23)

Again, the twisted theory has residual SU(2)g R-symmetry.

4.7 Independence Of Topological Correlators Under Continuous Defor-

mation Of Background Connection

In equation (4.2.16) et. seq., we gave a general argument that backgrounds defined via transfer of
structure group satisfying (4.2.16) will have partition functions that are invariant under continuous
deformations of the background connections. In this section, we review the more traditional argu-
ment that applies to Lagrangian field theories. We begin by spelling out the sublocus of topologically
twisted fields and the twisted action in more detail.

The rules of d = 4 N' = 2 supersymmetry dictate that ®P"s be a section of the direct sum of

GP"Ys_vector bundles associated to the representations listed in Tables 4.1 and 4.2.

Description Representation under GP"Ys
scalar (1,1,1,1, adj)
scalar (1,1,1,1, adj)
Weyl spinor (2,1,2,1,adj)
Weyl spinor (1,2,2,1, adj)
Auxiliary field (1,1,3,1,adj)

Table 4.1: Matter fields of an untwisted off-shell G828 vectormultiplet. The scalars are not related

by complex conjugation.
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Description | Representation under GPhYs
Scalar (1,1,2,def, p)

Weyl spinor (2,1,1,def, p)

Weyl spinor (1,2,1,def, p)

Table 4.2: Fields of an untwisted on-shell hypermultiplet. Note that p is a quaternionic represen-
tation of G and def denotes the defining representation of Tf. The condition that the tuple in the
second column is a representation of GP"* fixes the charges of various hypermultiplet fields under

the U(1), factor of T' to be integral multiples of %

The GP"Ys-connections VP"s form a torsor for Q! (Pphys; ad Pphys). Only the G#“8%-connection is
dynamical. The other components of the GP"S-connection correspond to background fields. Topolog-
ical twisting then picks out a sublocus of those background connections consistent with the transfer
of structure group (4.5.8) as will be explained below.

To determine the sublocus of topologically twisted matter fields, we pull back the representations
in Tables 4.1 and 4.2 to representations of G™ by precomposing with ¢*™¥. By a simple group theory
argument, we obtain the irreducible representations of G* listed in Tables 4.3 and 4.4. We choose

a complex structure on the quaternionic representation p, so that
P=E0®0, (4.7.1)

where p is the complex conjugate representation of o. Various matter fields in Table 4.2 can then
be decomposed under the decomposition (4.7.1). The fields My and M& are the pullbacks of the
hypermultiplet scalars decomposed into two su(2)g-doublet scalars. In particular, My and ]T/.f& are

related by complex conjugation.

Description Local chart component Grassmann parity | Rep. under G*
Scalar ¢ € Q°(X; ad PPhYs) even (1,1,1, adj)
Scalar ¢ € QO(X; ad PPhys) even (1,1,1,adj)
1-form gaugino ¥, € QN (X;ad PPhys) odd (2,2,1,adj)
0-form gaugino n € QO (X; ad PPhYs) odd (1,1,1, adj)
SD 2-form gaugino X € Q2T (X;ad PPMYS) odd (1,3,1,ad))
SD 2-form auxiliary field | D,, € Q%*(X; ad PPhys) even (1,3,1,ad))

Table 4.3: Matter fields of the twisted off-shell N' = 2 vectormultiplet.
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Description Local chart component Grassmann Rep. under G
parity
Monopole field M eT(S™ @ E™) even (1,2,def, o)
Conjugate monopole field | M¢ := (Mo-l)T e(S~ ®Etw) even (1,2, def, 2)
Weyl fermion po € IT(ST @ E™) odd (2,1, def, o)
Weyl fermion Xs €NIT(S™ @ E™) odd (1,2, def, o)
Weyl fermion fig cIT(S~ ®E™) odd (1,2, def, )
Weyl fermion Ao ENIT(ST @ Etw) odd (2,1, def, 2)
Auxiliary Weyl spinor he € (ST ® E™) even (2,1, def, o)
Auxiliary Weyl spinor ha €T(ST @ Etw) even (2,1, def, 2)

Table 4.4: Fields of the twisted off-shell A/ = 2 hypermultiplet.

These fields are collectively denoted by ®%. Finally there is a G™-connection V™% on P™
satisfying the requirement analogous to (4.3.11). The transfer of structure group from P™ to PPhs
along the homomorphism ¢™ : G™ — GP™* then determines the connection ¢™(V*™) on PPhYs. The
background fields in the physical theory are determined by the pushforward (4.5.8). The connections
that enter the action are given by pushforwards of ¢% (V™) via the transfer of structure group of

PrPhys to peavee Fr(X), PR and P"“. These connections are listed in Table 4.5.

Connection Bundle | Local chart component | Dynamical /Background
(p1), (2 (V™)) Fr(X) Wy Background
(p2), (P2 (V™)) PR (w+),, Background
(P3,), (2 (V™)) | PP A Background
(pa), (2 (V™)) peaves Ay Dynamical

Table 4.5: Various dynamical and background connections in the physical theory obtained by push-
forward of V™ see Section 4.4 for the definition of various bundles. Here wy denotes the self-dual

part of the Levi-Civita connection.

Note that the requirement analogous to (4.3.11) for (P™, V™) forces the connection w, on
Fr(X) to be the LC connection w'“ and the twisting homomorphism ™ forces the connection on
the R-symmetry bundle PR to be the SD part w € of the LC connection.

The supercharges are in the representation (1,2,1,2,1) @ (1,1,2,2,1) of GP"*. They can be

pulled back to representations of G™. Again, simple group theory arguments show that there is a
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supercharge Q singlet under G™. The supersymmetry algebra implies that
9 1
Q° = —§Z, (4.7.2)

where Z is the generator of the central charge in the physical theory (the action of which on fields is
given in Table 4.6; fields of the vectormultiplet are neutral under Z). Using the action of supercharges
in the physical theory, we obtain the action of @ on ®™ and on the connections in Table 4.5.

One should think of Q as an odd vectorfield on the supermanifold of all fields, background,
and dynamical. There is a sub-supermanifold where the background fermions are set to zero, and
we will write down the action of Q on this submanifold. There is no off-shell formulation of an
untwisted ' = 2 hypermultiplet with a finite number of auxiliary fields, but there exists one for the
twisted hypermultiplet [KR88].?® One introduces spinorial, Grassmann-even auxiliary fields h* and

h* [KR88, LMn05, HPP95]. The Q-action on fields is:

[Q.¢] =0, [Q.¢]=n, {Q.n} =[¢,4],
[Q,Au] =Yy {Q vut = —Duo, [Q. 4] =0,
{QXw} =Fl, =D, QD) =2(Dpttn)) " =[x+ [Qwu] =0,
[0, M;] = Jis [Q,]\“j&} =g (4.7.3)
{Q.fig} =mMg — oMy, {Q A3} = —mMg + Mao
{Q X} = ha, {Q pta} = ha ,
[Q hal =mAa =X s [Q ] = —mpia + ptat

The central charge acts as multiplication by £m on the hypermultiplet fields. The +1 factors in the

action of Z, Z on various hypermultiplet fields are shown in Table 4.6.

28The fact that the untwisted off-shell A” = 2 hypermultiplet requires infinitely many auxiliary fields is perhaps most
elegantly seen in the formalism of projective superspace [LR90, LRO8|: here, the hypermultiplet superfield is an
infinite series in a twistorial coordinate ¢ € CP!, with infinitely many coefficients corresponding to the infinitely
many auxiliary fields. The off-shell twisted N' = 2 hypermultiplet with a finite number of auxiliary fields was given
in [KR88|, the authors having arrived at it by explicit construction. It would be interesting to understand this
from a projective superspace viewpoint, but we leave this for future work. Finally, we note that among the two
presentations of the off-shell twisted N' = 2 hypermultiplet transformations in the book [LMnO05|, their equations
(5.51) do not close off-shell: in their language, the supersymmetry variation & satisfies §2¢ # ¢ and, in fact,
§%p ~ ¢ for a typical hypermultiplet field ¢. Their second presentation, namely equations (5.56) in [LMn05], does

close off-shell, and that is what we use.
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Field | Central charge (Z,Z)

> RRE O > ZZ

Table 4.6: The action of (Z,Z) on various fields is given by the signs multiplying m.

From (D.4.151), Q squares to a gauge transformation plus a central charge transformation:

1 ntral— r
QZ _ —5(5;3 tral—charge + 65;3'-'%6 , (474)

where the subscript m is the parameter (a mass) for the central charge transformation.

To formulate an action for the twisted theory, we begin with the action for the physical theory
with fields ®P"Ys, 7, m and VP"s and then specialize the connection VP"s to the pushforward of V%
and express ®PYS in terms of ®. Here A, and Ajj are YM and U(1) connections respectively, while
Wy, (wy) ., are gravitational connections. A sensible way to formulate the action is in terms of a
(Gga“ge X ']Tf)—gauge theory with matter coupled to background N = 2 conformal supergravity (where
the Tf vectormultiplet is treated as a nondynamical background vectormultiplet), with fermions in

the supergravity multiplet and Tf-vectormultiplet set to zero (to ensure a Q-exact energy-momentum

tensor). Note that A% is a U(1)/ps,., (CP"™®)-connection, and ps ,(CP"*) = Z/n, Z. Thus,
(4.7.5)

where B}, is a U(1)-connection in the U(1),-factor of the Tf-vectormultiplet.

Furthermore, the scalars in the Tf-vectormultiplets are set equal to the bare mass parameters:
since m € Lie (Gf) ® C and G breaks to Tf, m can be identified with rank(Tf) complex parameters
my, for u = 1,...,rank(T"). Let ¢y, by for u = 1,...,rank(T) denote the scalars in the T'-

vectormultiplets. Then we set?”

bu = =M,  u = % . u=1,...rank(T) . (4.7.6)

29The rescalings are chosen to make contact with the vectormultiplet action of [CMRS23].



204

rank(Tf)
u=1

Finally choose generators {T° “}ii:l(cgauge) for Lie(G#&"&¢) and {T™} and denote the components

of the bilinear form 7 in this basis by>? 74, Tus. Also, let
Tg =T, oTg, (4.7.7)

be the representation matrix of the generators {T“}diml(Ggauge) of Lie(G®"&¢) under p. The action can

a=

be written using the results of [{WLVP85, KR88, CMRS23|. It is given by*!

SNES hek = Sec™® + Shypted + 8P, (4.7.8)
where
Stwisted _ i VO|(g) ImT b lFa F,uz/,b _ }Da Dp.l/,b _ 2Xa D,uwu,b + lxa [¢ qu]b
vec 471’ a 4 pv 2 % % 2 % ’
_ oD b N‘IDD/" b_la b_l Nais 20 Ta ub 4.7.9
WD + G DDA — ol n)’ — 50, 016,0" —  [uvt |, (479)

Snype = / vol(g) [ R0l . DM + DM, B = R — m* Mg M* + mMgoM*
- 2de$M’i + X& (5PG)&B MB'Xpa + UX&Mé o Még:‘;j%ﬁﬁXpa
=M+ X0" DA = My (67)* Aoty + " MO,

&3 «

+uol éDpﬁB + 1 PAa — 2NGOFS — mp® N — mAGH®

+ My {0, S}M* ~ M F¥My + MDY | (4.7.10)
StoP .= ﬁ [ T A FY) + ﬁ/x Tuo(F" A FV) | (4.7.11)

Here F' and F* are the field strengths of the dynamical gauge field 4, and the background U(1),-

connection B}, and the covariant derivatives are given by”?

D¢ = 0,0 + [A4, 9] , (4.7.12)
D¢ = 0,0+ [Ay, 9], (4.7.13)
Dytpy = Optby — T Vp + [Aps Y] (4.7.14)
D, Mg = 9, MZ — %wuﬂb(&@)&éw +ASTOME + %BgMg : (4.7.15)
D, M% = 9, M — %wuﬂb(aﬂ)dﬁ.ﬂéu +ACTE M — Z—ZB;;JTJ&“ , (4.7.16)
DA = 9,35 — %%M(aﬂ)&éﬁu +ACTONG %Bﬁiéu : (4.7.17)
D, s = 9,18 — %%gb@é)&éﬁé + AsTepd — %B;ﬁﬁ , (4.7.18)

30Note that there are no cross terms because of Ad(G#&€® x Gf)-invariance of 7.
310ur conventions for differential forms are the same as [CMRS23], but for spinor index contractions and self-duality

differ mildly: we contract spinor indices using the North-West-South-West convention, and we write a self-dual

tensor x v in dotted spinor indices as the symmetric object Xapy

32There is no sum over the repeated index u in the covariant derivatives.
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where wuﬂb is the spin connection. The factor of * in the covariant derivatives above comes from
the charge ¢, € 7 of hypermultiplet fields under U(1),. Using the relation (4.7.5) we see that
these covariant derivatives are local expressions for V™ on suitable associated G™-vector bundles.

Moreover, since F'* is the curvature for the background U(1),-connection Bj;, we have

{i} =c(u), u=1,...,rank(T), (4.7.19)

where ¢1(u) is as in (4.4.18). It turns out that the action is Q-exact up to topological terms:

Sjt\‘?’i:St;j-bck = {Q’ V} + Step ) (4'7'20)
where
V :i=Viec + Vhyp , (4.7.21)
. 1 1 nv,a + b 1 a b 1 w,a b
Vyec 1= e Xvol(g) Im 74 EX (F;w + DMV) - 177 [(b, (b] + 51/1 Du¢ , (4.7.22)

—_— . 1 ~ o« 1 1 e
Vhyp = / vol(g) (D#Mo‘oga)\o‘ + D, M5 pn*+ im)\&M" — g,uaha — imM" &
X

1~ 1 /e~ e~ . :
- o - &~ « L) (& . B)
+5haX + 5 (M Sz + A ¢Ma> NGy, 3M > . (4.7.23)

Since V and S™P are gauge invariant and invariant under the action of central charge (see Table

4.6), it follows that on a closed 4-manifold,
{Q SVES e} =0 (4.7.24)

The response currents to variations of the background metric and background U(1) connections are
Q-exact as a result of Q-exactness of the action. Thus the twisted partition function and topological

correlators are formally locally constant as a function of the background connections.

4.7.1 Non-Abelian Monopole Equations

Given that the action is Q-exact up to a topological term, one can show that the path integral
localizes to supersymmetric backgrounds i.e., solutions of Q-fixed equations with fermions set to
zero. From (D.4.151), we see that supersymmetric configurations correspond to the solutions of the

following O-fixed equations:

Do, = Fa,
af  of a=1,...,dim(Ge"e)
how =0, (4.7.25)

..., rank(T) .
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Setting the auxiliary fields of the dynamical vectormultiplets and hypermultiplets to their equations

of motion
D, = 2M.T M., |
ap (e . By u summed over |
haw = 0", D, MS | (4.7.26)
~ o, v=1,...,rank(T) ,
B = =D, M
yields
Fo, —2M%T¢M, =0,
oB _( ¢ B u summed over ,
o D ME =0, . (4.7.27)

. v=1,...,rank(Tf)
ot .D,M* =0,

These Q-fixed equations are called non-Abelian monopole equations [LMn95, HPP95, LNS97, PT95,
Wit99] and are generalizations of both the usual ASD instanton equations and the “monopole” or
“Seiberg-Witten” equations [Wit94]. We can write these equations in coordinate-free notation as
follows: the monopole field M is a section of the associated G™-vector bundle associated with the
representation (1,2, def, p). Denote this vector bundle by E™". The conjugate monopole field M is
a section of the associated G™-vector bundle associated to the representation (1, 2, def, 0). Denote
this vector bundle by E™". On every local chart (U, z*) on X, there is a natural bilinear map:

—=mon

piD(E™) x T(E™") — Q*F(U;ad PEE°)
— 1 1 .ﬁ-N (4.7.28)
a_ b=« a a v
(M, M) — a0 <2eueyoabM(&Tg MB)uT ) dat A dx¥
where we have chosen a local section s : U — P™ to write
M=[(s,M}{ )], M=][s ML), (4.7.29)

where m and 7 are indices for the representations ¢ and g respectively. We have chosen a basis
for the orthonormal frame bundle with vielbein e,% in the local chart. Finally as noted before, D,
acting on M and M is the Dirac operator coupled to E™" and E™on respectively. The monopole

equations can then be written as
F* ((pa)« (V™) = 2u(M, M), DpraM =0, PgrnM =0, (4.7.30)

where F't ((pg)«(V™)) is the SD part of the curvature of the G&“€-connection (ps).(V™) on Pguee
and P = o D,,. This allows us to generalize the non-Abelian monopole equations to any compact,
simple gauge group.

The path integral for topological correlators and the partition function formally localizes to the
moduli space of non-Abelian monopole equations. After performing the path integral, we obtain

topological invariants which depend on the first Chern classes ¢i(u) and the background fields
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pu(p(b)) for “1-form symmetries” constrained according to (4.4.18). This topological dependence on
the background fields arises from the topological terms S*P in the action.
In conclusion, after integrating out the dynamical fields, we obtain a twisted partition function

depending only on the data 1-3.

4.8 Topological Twisting Of General Class S Theories

We now turn to class S theories. In general, we cannot apply the general discussion of Sections
4.3-4.7 because in general class S theories are non-Lagrangian. (Theories of type A; are Lagrangian,

and this is a notable and important exception.)

4.8.1 Pants Decompositions

As noted in [GMNO09, Gai09], weak coupling regimes are determined by a pants decomposition of
the ultraviolet curve Cj , used to define the theory. Here g is the genus and n is the number of
punctures.

Recall that a pants decomposition of a stable Riemann surface Cy ,, [Hat] is a maximal collection
of pairwise disjoint simple closed curves (also called cutting curves or cuffs).>* For a given connected
surface Cy ,,, any pants decomposition will consist of (29 — 2 + n) pairs of pants.** Moreover, any
pants decomposition consists of (3g — 3 + n) internal cutting curves and n external cutting curves.

We denote a typical pants decomposition by a list of cutting curves:

p={c1,...,c39-3+42n} - (4.8.1)

The complement of these curves in C, , is a collection of (29 — 2 + n) pairs of pants® (also called
trinions).

In these regimes, we can express the theory as a gauge theory, coupled to possibly non-Lagrangian
theories associated with the trinions. The key point is that we need only study general properties

of the partition functions of these (possibly non-Lagrangian) trinion theories in the presence of

33A simple closed curve on X is a map c : [0,1] — X that is closed, i.e., ¢(0) = ¢(1), and also injective as a map
[0,1) — X. Following [MM21], we will refer to cutting curves surrounding the punctures as ezternal cutting curves,
and cutting curves ¢; associated with gauge groups as internal cutting curves. In the mathematical literature, only

the internal cutting curves are counted as cuffs.
34The Euler characteristic X(Cg,n) = 2 — 2g — n of a stable Riemann surface is negative, this excludes Cp o, Co,1,

Co,2, and C1 9. Strictly speaking, one should distinguish between boundary components and punctures (the latter
being marked points in the interior of the closure of the surface). Here the n “punctures” are obtained by removing

n small open disks from the surface.
35A pair of pants (hereafter abbreviated simply to “pants”) is a surface homeomorphic to Co,3.
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background fields. This is all that is needed to discuss the analogues of the cohomological conditions

(4.4.18) and the twisting procedure.

4.8.2 Trinion Theories

The trinion theory®® T'(g, D, , Dp,, D,,] is a relative field theory. We would like to gauge a collection
of trinion theories to produce a class S theory, and we would like the latter to be an absolute 4d
theory that can be defined on all standard four-manifolds. We will make the conservative assumption
that this requires each component trinion theory to be an absolute theory definable on all standard
four-manifolds.*”

It is thought that the trinion theory can be defined as an absolute 4d theory once some extra
data is specified [Tac13a]. For the trinion theory, it is argued in [Tacl3a] that the only extra data is
a choice of global form of the symmetry group. (Equivalently, a choice of global form of the group
is used to define the Hitchin system.) We simply denote this extra data as £ so the absolute theory
is denoted T'[g, Dy, , Dp,, Dp,; L].

For our considerations, we need to know the global symmetry group of the theory, not just its
Lie algebra. The group form of the symmetry group of class S theories in general has been studied
in [Tac13a, ADZGEH20, Bha21, BHSN21, BGHSN22, GEHLS21, DZGE22, HLL+22, G23].>* The
viewpoint presented in this chapter, based on remarks from Section 4.2, differs slightly from the above
references. We regard the global symmetry as a choice based on the choice of domain category in
the functorial formulation of field theory.

To each puncture p we associate a global symmetry algebra g;' and we denote by @; a Lie group
with this algebra which is a product of a simply connected semi-simple Lie group and a torus.
(Specification of the torus requires further discussion, not found here.) We can then define a theory

T|g, Dp,, Dy,, Dp,; L] with symmetry group of the form
Gy = Spin(4) x SUQ2)r x Gy, X Gpy X Gy, (4.8.2)

Since, as we have mentioned, the theories T'[g, D,,, D,,, Dp,; L] are in general non-Lagrangian it is

36 As noted in Section 4.9, the trinion theory is a class S theory on a three-punctured sphere. The notation
Tlg, Dp,, Dp,, Dps] specifies the gauge algebra of the 6d theory and the puncture data Dy, , Dp,, Dp, at the three
punctures. The data at a regular puncture p includes a reductive Lie algebra g, and a homomorphism p : su(2) — gp,
among other things. The flavor symmetry algebra fg at puncture p is given by the centralizer of the image of p in

gp. See [CDT12, Tacl3b, Tacl5|, for a more complete discussion of the punctures in class S theories.
37Tt would be interesting if one could relax this conservative assumption by gauging the relative trinion theories to

produce an absolute theory.
38See also [BDZH22, BDZHK22] for some recent work on generalized global symmetries of class S theories.
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very useful to adopt the functorial viewpoint of what is meant by a “theory” as in Section 4.2. Thus,

we take a “theory” to be a functor

Zr : BordZ, — VECT , (4.8.3)

where F is a set of background fields that includes the groupoid of principal éT bundles with
connection. We identify the Spin(4) factor with the covering group of the tangent bundle of X, and
hence the bordism category Bord§4 only includes spin manifolds. The background fields F should
include the full set of vectormultiplets for the flavor symmetry, so the partition function on X in the

presence of background fields for éT can be written informally as:
Z7[X, w22 AR VM, VM, VM, ] (4.8.4)

where VM, is the full set of fields of the standard N' = 2 vectormultiplet.

The symmetry group of the trinion theory can be taken to be a quotient?’

Gr :=Gr/Cr , (4.8.5)

where Cr is a subgroup of the center of the numerator. As in (4.2.6) above we require that the
functor Z factors through

Zr : Bord] — VECT . (4.8.6)

For purposes of topological twisting, we would like this bordism category to include non-spin
manifolds. Therefore, the subgroup Cr should satisfy (4.2.9). Applying the reasoning of Section 4.2
we arrive at:

CT C CYWPX = {(Cvgagﬂ) : (C)Ca(vﬂ) 'ZT = ZT} - Z(éT) 5 (487)

where p1 € Z(C?I; X a[; X é;;)

Very little is known about the trinion theories. Therefore we will restrict attention to the top
level of the functor, i.e., the partition function. Fortunately, one example of a partition function is
known, it is the superconformal index’ [Rom05, KMMRO05, GPRR09, GRRY11a, GRRY11b, Tacl5|
which is ZT evaluated on S% x S with nonbounding spin structure on S', coupled to a CNT'T bundle
with connections specialized so as to give an index. We can work out the action of Cr on these.

Given our present ignorance, we will simply postulate that if C'1 acts trivially on the superconformal

39Tt has been noted in [Tacl3a, Bha21] that the flavor symmetry group of the theory can be a quotient group.
40See Appendix D.6 for a brief review.
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index it acts trivially on Z and therefore Z factorizes.!

The full superconformal index is not known in closed analytic form for generic trinion theories,

but a simplification known as the Schur index is known (see Appendix D.6). The Schur index for a

d =4 N =2 theory (on S3 x S1) has the trace formula

_R
Tschur(,9) = Tryss)(—1)F¢® 2 g, (4.8.8)

where H(S?) is the Hilbert space of the theory on S2, F is the fermion number, A is the dilatation
generator, R is the Cartan generator of SU(2)g, and g € G' is the fugacity for the flavor symmetry
(understood as an operator via its action on H(S%)). Only the operators with quantum numbers
satisfying

J1+ Jo

contribute to the Schur index (these are the so-called Schur operators [GRRY11a, GRRY11b, RR14,
RR16]), where (j1,j2) € Z>o X Z>o in (4.8.9) are the eigenvalues of the Cartan generators of the

Spin(4) =2 SU(2) x SU(2) isometry group of S3.#2 Thus the Schur index (4.8.8) reduces to

R+j1+3d2
2

ISchur((Lg) = Trw(ss)(—l)Fq (4810)

The fugacities are holonomies for background gauge fields. Thus an element ({,(,(, 1) € Z (éT) acts
on the holonomies ¢'/2 and g for the background gauge fields: the holonomies simply get multiplied
by ¢ and p. From the exponent of ¢*/2 in (4.8.10), it is clear that the center acts on the fugacities

as

(a%.9) — (Ca*, pg) - (4.8.11)

In this way, we can use the action of the center on the Schur index to determine C7**. We now work

out two explicit examples.

411n fact, although this assumption seems to be standard in the literature, it has a fundamental flaw. It is well known
that the action of a symmetry group on operators O — UOUT differs slightly from that on states [y — Uly). Put
more formally, the group that acts faithfully on the Hilbert space is in general a central extension of the group
that acts faithfully on the operator algebra. This happens quite frequently in quantum theory. Sure enough, in
the case of class S theories, L. Hollands and A. Neitzke [HN16] discovered that the Zs central subgroup of E¢ acts
nontrivially on the spaces of BPS states on R3 in the Minahan-Nemeschansky theory. They show that the Hilbert
space of BPS states has a nontrivial isotypical decomposition for the Zs action, where the degeneracy spaces for all
three irreps are infinite-dimensional, and has a nontrivial BPS index. (The IR description of the degeneracy spaces
has a Z @ Z grading from an IR U(1) x U(1) global symmetry.) It is conceivable that, when working on compact
manifolds, only the adjoint group of E¢ acts faithfully on the Hilbert space, but we are not aware of any evidence
for or against this. We will nevertheless proceed to determine C'5®* from the superconformal index, faute de mieuz,

bearing in mind that our results might need to be refined by a central extension.
42We use the same symbols for the operators and their eigenvalues.



211

Example 4.8.1. The simplest example is that of the trinion theory of class S of type Ay_1 with
two “full” punctures and one “simple” puncture, so the global symmetry Lie algebra is su(N) @

su(N) @ u(l). In this case
G = Spin(4) x SU(2)g x SU(N) x SU(N) x U(1) . (4.8.12)

This is a Lagrangian theory expressible in terms of free hypermultiplets and background vector-
multiplets. We refer the reader to Appendix D.7 for our notation and relevant details of the action
and the partition function. Here we just make use of the superconformal index. The Schur index of

the trinion theory with two “full” punctures and one “simple” puncture is given by [GRRY11a, Tacl5]

5 (g a,b,q) H I1 { — gt (?)]_1 {1 — g3 (52)}_1 : (4.8.13)

u,i=1n>0 “

where a,b € T(SU(N)) are the fugacities for the Cartan of the two SU(N) flavor symmetries,
parametrized as a = diag(ay,...,an) and b = diag(by,...,bn), and a € U(1) is the flavor fugacity

for U(1). Under the action of the central element
(€, ¢, ¢ w1y, wh? 1N, €) € Ty X Zy X Ty x Ziy x Ziy x U(1) (4.8.14)
where w := e¥ and ki, ky € {0,..., N — 1}, the fugacities transform as in (4.8.11):
gz — (q? | (a,b,a) — (W a,wb, af) . (4.8.15)

From the explicit character expansions of (4.8.13), we find that the Schur index is invariant under

(4.8.15) if and only if

(whw ™2 =1, (4.8.16)
and hence:
O™ = {(¢, ¢ ¢ wM 1y, w1y, Cw ™ wh?) € Z(Gr)} (4.8.17)
Clearly,
Ch™ = ((=1,-1,-1,1n,1x, 1), (1,1, 1, wly, 1x,w 1), (1,1,1, 15, wlyn,w)) . (4.8.18)

There are different subgroups of C?* satisfying (4.8.7). They define different theories.

Topological Twisting Of The ffs Theory.

To define a topological twisting we can take G = Spin(4) x Tf with a homomorphism G™ -
Gr given by (ui,us,p) — ((u1,us),us, ) which will descend to a homomorphism G* — Gr

for groups Cr described above, where G™ 2 G™ /C™ and we can take C™ to be the kernel of the
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homomorphism from G™. Via pullback under the homomorphism G* — Gr, the SU(2)g-connection
is identified with the self-dual part of the spin connection.

As explained in Section 4.7, the bosonic scalars of the hypermultiplet become chiral spinors upon
twisting. For details of the untwisted and twisted actions of the ffs theory and our notation, see
Appendix D.7. The Gaussian path integral over the twisted bosonic spinor fields yields the product
of a topological invariant of the background fields and an inverse of the determinant of the square

of the coupled Dirac operator. In particular, due to Q-symmetry, the determinants cancel:

[ioHMe 55— (Det (Dfupbap))  Detillup)Det(~ iyep) =1, (48.19)

and the partition function is simply given by a topological invariant of the background SU(N) x

SU(N) x U(1) bundle with connection:

Ztwisted _ i / (FOAFY)) 4.8.20
5 —oxp (= 1o [ (P ) (4.8.20)

Example 4.8.2. We also consider the Ay_; type trinion theory with 3 “full” punctures (fff) for
which*?

Gr = Spin(4) x SU(2)r x SU(N) x SU(N) x SU(N) . (4.8.21)
The only further information known about the operator content comes from the superconformal
index [Rom05, KMMRO5] (see Appendix D.6 for a review). The Schur index of the T theory has
the following form [GRRY11a, Tacl15]:

K(a)K(b)K(c) 3 xa(@)xa(b)xale)

Iy (g a,bc) =
Schur(Q7a‘7 ,C) KO 8 X)\(qp)

(4.8.22)

Here, the sum is over representations of the global flavor symmetries, for which the flavor symmetry

elements are

(a,b,c) € T(SU(N) x SU(N) x SU(N)) , (4.8.23)
where T denotes the standard maximal torus and x is the character of the representation A. Also,
q” := diag(¢N V2 (W32 q(=N)/2) e SU(N) . (4.8.24)

The prefactor in (4.8.22) is the contribution of the flavor multiplets to the index for SU(N) x SU(N) x
SU(N), where for any a € {a, b, c},

K@) =[] {(1 "N (1 - q"+1:;) 1} : (4.8.25)

n>0 i#j

N
Ko=[] ] —-a". (4.8.26)

d=2n>0

43There are some issues about whether one should use SU(N) or U(N). We will not attempt to address them here.
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and a := diag(a1,...,an) € T(SU(N)).

The element
(¢, ¢, ¢k, wh 1y, Wk 1y) € Zig X Zy X Ziy X Ziy X Ty X iy (4.8.27)
where ki, ka, ks € {0,..., N — 1}, acts on the fugacities as in (4.8.11), which implies
q® — N lg? . (a,b,c) — (Wa, Wb, whe) . (4.8.28)

Consider the term in the Schur index corresponding to a representation A of N-ality N(A). From

the expression of the character x, in terms of Schur polynomials, we infer that

xa(a)xa(b)xa(e)

Ny xala)xa(b)xale)
xx(q?) '

xx(q”)

— (CN_lwklkawk3) (4.8.29)

Note that the prefactor K(a)K(b)K(c)/Kp is invariant under translation by the center. Since

representations of all N-alities appear in the sum, we conclude that

LG G Wy, Wy, whsly) € Z Gr) 1 CwFrwk2wks =11 for N even ,
o — {66 G Wiy, Wiy, w™ly) (~T) ¢ } (4.8.30)
(¢, ¢, ¢ whly, Wk iy, whely) € Z(Gr) : whwk2whs =11 for N odd .

We now return to the general trinion theory. Since the theory is supersymmetric, its partition
function Z7 should satisfy a set of supersymmetric Ward identities analogous to those of the partition
function of a hypermultiplet in the presence of external fields. In particular, upon choosing a
homomorphism

@ : G 5 Gr/Cr (4.8.31)

such that the pullback of the supersymmetry operators contains a singlet we obtain a function of
the topologically twisted (background) VM’s and the metric which is — moreover — Q-closed, and

therefore metric independent. We take
G™:bk = (Spin(4) x TF)/C™bk | (4.8.32)

and as in equation (4.2.16) we require:

tw, bek

Gitw,bck ¥ éT/CT
pll [ (4.8.33)
Spin(4)/((~1,~1)) —*— (Spin(4) x SU(2)r)/((~1,~1,~1))

The description of G™:Pk and ™ is now very similar to that of the Lagrangian case. For

example, for the Ay _1 fff trinion theory, we can take

Gk — (Spin(4) x T(SU(N) x SU(N) x SU(N)))/C, (4.8.34)
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C = {(<7<,wk1 1N7Wk21N7Wk31N) | CN—lwk1+k2+k3 — 1} , (4835)

and

K ([(u, u2) ) = (w1, u2), w2, ] (4.8.36)

4.8.3 Gaiotto Gluing

We are now ready to discuss the general class S theory. In a weak-coupling domain, these can
be assembled from trinion theories and vectormultiplets by the Gaiotto gluing conjecture [Gai09].
Recall that this states the following:

Consider two class S theories T'[g, C™"), D] and T[g, C®, D)] on (stable) Riemann surfaces
CM and O, with full punctures D,, in theory one, D,, in theory two (see footnote 36). Then,
since épl = ém, we can gauge the diagonal subgroup G of épl X C:‘pg with coupling constant
7. (When gluing full punctures, the beta function vanishes, so the coupling is scale-independent.)

Denote the new gauged theory by
T[g,cM, DW] %, T[g,C?, DP)] . (4.8.37)

On the other hand, we can glue the Riemann surfaces C) to C®) with disks around p; and po
using the plumbing fixture 2,25 = ¢. Denote the resulting Riemann surface CV) x,,, ,, , C?). The

Gaiotto gluing conjecture states that
Tlg,CY, DW] x, T[g,C?, DP] = T[g,CV x,, p,.a C?, DED] (4.8.38)

where ¢ = 2™ and D2 is the disjoint union of the punctures that were not glued.

Remark 4.8.1. One may wonder if one could gauge a quotient of ép in the gluing procedure.
Moreover, one may ask how the data making the theory associated with the glued surface absolute
is related to such data for the two factors. These are interesting and nontrivial questions we must

leave for another time.

4.8.4 Expressing The Theory As A Gauge Theory

Now consider a pants decomposition of Cy ,, into a set 7 of trinions. We let p; denote the external
punctures, where 7 runs over the set of external punctures. The internal punctures come in unordered
pairs {pa,1,Pa,2} With CNT'pavl = épag where « runs over the set of internal cutting curves. Consider
first the product of all the trinion theories associated to 7" € 7. This will have a global symmetry

group based on

G = Spin(4) x SUQ@)r x [[ Gy, x [ (ép X é,,) . (4.8.39)
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The possible theories we can construct from this product of trinion theories will have global sym-
metry 67—/ C'y. Again, if we wish our domain category to include non-spin manifolds, we use the

considerations of section 4.2 to conclude that

(1 x p2)(C1) = ((—1,-1,-1)) C Z(Spin(4) x SU(2)R) - (4.8.40)
as well as
Cr C O :={(¢,¢,6,2) | (¢,¢,¢,2) - Zr =27 VT ET}. (4.8.41)

where z summarizes the component in the factors other than Spin(4) x SU(2)g.

Example 4.8.3. Suppose, for simplicity, that all the punctures are “full” punctures. For a given
trinion T € T let Rr(z) be the N** root of unity obtained by taking the product of the SU(N)
factors in z pertaining to T. Then we require that (Ryp(z) = 1 for all T € T when N is even and
Rp(z)=1for all T € T when N is odd.

Now we wish to gauge the diagonal flavor symmetry associated with the cutting curves. For each

a consider the homomorphism**
Ygue : [[SUN), = G7 (4.8.42)

defined by

Vgue : [ [ 9o +— (nspin<4>,ﬂsug)R,Hﬂ@,H(ga,gQ)) : (4.8.43)
« 7

«

Let 7: Gy — 67—/09— be the projection where
= [spin( ) x SU(2 RxHG ,xH( )] NnCr, (4.8.44)

where A(G) C G x G is the diagonal subgroup. Then 7 o 9. will have a nontrivial kernel K C

Z ( I, SU(N)Q). The gauge group associated with the cutting curves is

(gSU(N)a>/K. (4.8.45)

This determines what 't Hooft fluxes can be turned on, and what 't Hooft fluxes must be summed
over when computing physical quantities.

The analog of GP"* from Section 4.3 is now

Gs = (Spin( ) x SU(2)r x HG X Hsu >/ (4.8.46)

(where C7 is the preimage of C- under the product over o of the map A : SU(N) — A(SU(N))).

440Other choices of gauge group are possible [CD10]. We restrict to the simplest case.
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Remark 4.8.2.

1. As a simple example consider the gluing of two A _1 trinion theories with fff punctures to

form a genus two surface. Choosing C' = C77®* the gauge group of the theory is
(SU(N) x SU(N) x SU(N)) /{(wkllN,kaIN,wkSIN)|wk1+k2+k3 =1}. (4.8.47)
Note that K is not a direct product of the form [], K.

2. The existence of a principal Gs bundle Ps — X in terms of cohomology classes of the bundles
associated with transfer of structure group for the projections on the factors will be based on
conditions analogous to the conditions (4.4.18) we found above. Some explicit examples are

given in Appendix D.8.

3. It is an interesting question whether all the theories constructed above for different choices of
C have six-dimensional descriptions, and what the extra data are in those descriptions. This
question becomes highly relevant when considering the action of S-duality. In section 4.9 we
will assume that all the theories have a 6d origin, and therefore the mapping class groups

permute them as an S-duality group.

Now we turn to the partition function of the theory S on a manifold X. It will have the general

form:
ZS[“JNEQ’AE’VMi] - /H[dVMCa]€7SVMC(¥ HZT[UJMQQ’A;Ij?VMPT,wVMPT,zaVMpT,a] ) (4'8'48)
Ca T

where the product over ¢, is over the internal cutting curves and the product over T is a product over
the trinions, and the vectormultiplet path integrals are for the gauge group (4.8.45). We choose the
external VM; so that the mass terms are generic, the external fermions are zero, and the structure
group is reduced to the maximal torus. However, for the internal cutting curves ¢, one must maintain

the full VM in writing Z7 in the integrand of the path integral.

4.8.5 Topological Twisting

Having framed the discussion as above, topological twisting proceeds in a completely analogous

fashion to what we have described in previous sections. We choose a homomorphism ¢™:°* so that

tw, bck
o™

Gtw G S

pli . l’“xm (4.8.49)
Spin(4)/((—1, ~1)) —= (Spin(4) x SU@)R)/{(~1, ~1,~1)) .
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Much as in the previous discussion we can take

G = (Spin(4) X ’JI‘(IZ[@-) X (gSU(N)a)>/C§W . (4.8.50)

To find C&¥ we begin with

G™ = Spin(4) x T(H@) X (HSU(N)Q> , (4.8.51)
and consider ™ : G™ — Gs defined by

&W((UMUZ)M%Q)) = [(u17u2)7u27pﬂ g] : (4852)

The homomorphism has a kernel, which we can take to be C&".

Upon topological twisting the actions Sym, will be precisely of the form equation (4.7.9). After
doing the path integral over the internal vectormultiplets the path integral will depend on background
fields. From this, we derive G™-*%. The path integral will be invariant under continuous deformation
of connection on the G*:***_hundle and therefore will only depend on the topological data outlined

in items 1-3.

4.9 Twisting a; Class § Theories And S-duality

The ideas presented so far can be used to twist a; class S theories. The cohomological conditions
for the existence of PP™* were presented in [MM21]. Since these theories are Lagrangian theories we
can rederive the conditions of [MM21] using the discussion in Section 4.4.%° Then, in Section 4.9.2
we will study how these conditions change under S-duality, using the fact that these are also class

S theories.

4.9.1 Cohomological Conditions For The a; Class S Theory

The weak coupling descriptions of T'[a1, Cj ,,] corresponding to different pants decompositions of Cy ,,
were studied in [Gai09, GMN10, DMOO09]. The gauge algebra of the theory is g&“e® = Lie(G&"¢®) =

su(2)3973+1 and as before, GP"* = Spin(4) x SU(2)g x Gf x G&8° where
GEvee =~ SU(2)*9 %" = rank(GY) . (4.9.1)

We will assume masses are generic and there is a reduction of flavor structure group to its maximal

torus so we choose the domain category so that Gf = U(1)". Note that

Z(GPMY) 22 Ty X Ty x Ty x U(1)" x 239734 (4.9.2)

45In [MM21] these conditions were cited as conditions for topological twisting. One of the points of this chapter is

that the cohomological conditions for the existence of PP"s should be distinguished from topological twisting.
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The different global forms of the physical theory are then characterized by choices of CP"s
Z (éphys), subject to the requirements discussed in Section 4.3. There are several choices of CPhs
(see, for example, [GMN10, Section 2.3.1] for a related discussion).

We then identify

égauge _ H SU(2)ca7 Gf — H U(l)cl (493)

inte?nal exté?nal
We define the projection maps,
Pac, GPhys SU(2),, s Paei: GPhys u@a),, , (4.9.4)

to the ¢ and th factors respectively. The preliminary discussion so far has been for the physical
a; class S theory on R* (after a Wick rotation from R':3). Next, we seek cohomological conditions
— guided by the discussion of Section 4.4 — from the existence of the bundle PP"s — X, for the a;
class § theory on the 4-manifold X.

As discussed above, we choose CP"s so that the field theory functor factors through a functor

from a bordism category that includes non-spin manifolds. As before, this leads to
wy(X) = wy(PR) . (4.9.5)

To derive additional conditions, we first note that ps(CP"s) = Ce® C Zgg ~3*" 50 the character-
istic class pu(b) € H?(X; C®®) of the C&®-gerbe b can then be projected to a tuple of characteristic
classes u(b)., € H?(X,Zs), one for each internal cutting curve c,, by projecting CP"* onto the
cth factor using (4.9.4)." Note that, depending on our choice of CP"s which determines C&™, it
might happen that p(b)., vanishes. We also recall remark 4 above: one should include a topological
boundary condition p for the 5d gerbe b which determines which ’t Hooft fluxes are to be summed
over.

The matter content of the theory is a collection of half-hypermultiplets @, ., ., labeled by

unordered triples of cutting curves of the pants decomposition.*”

Let us begin by considering
conditions associated with ®.,.. ., , containing one internal and two external punctures. Introduce
the notation

PHe = (p3.c, ) (PPYS) (4.9.6)

46Explicitly, let @ be the map w : H2(X;C&?) — HZ(X; Zggﬁ?ﬂr") induced by the inclusion C8® — Z3973+".
Therefore w(u(b)) is a (3g — 3 + n)-tuple of classes in H2(X;Zz2). Then p4 ., induces a natural projection onto the
ctl factor of this tuple, which we denote by u(b)e, € H?(X;Z2). If u(b) € ker w, then the corresponding pu(b)c,, = 0

for all cq.
4" Therefore, the scalar fields in ®c;,c,,c5 are in a real subspace of the 2¢; ® 2¢, ® 2¢5 ® 25y(2), 8iving a total of 16

independent real scalar fields.
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Then P ¢ is a U(1)/ps., (CP™*)-bundle. Let c¢;(c;) denote the first Chern class of the U(1)-
bundle obtained by transfer of structure group of P along the isomorphism (see footnote 22)
U(1)/ps.e, (CPhYs) = U(1). Now, item 2 of Section 4.4 (or (4.4.18)) directly yields the conditions

cr (¢i) + p(b)e, + w2 (X) =0mod 2,
(4.9.7)

ci(cj) + p(b)e, +w2(X) =0mod2 .
Next, we consider trinions ®, ¢, ., bounded by one external cutting curve ¢; and two internal cutting

curves ¢, cg. Following Section 4.4, we obtain
ci(ci) + p(b)e, + p(b)ey + w2 (X) =0mod2 . (4.9.8)

Finally for trinions D, c5c, bounded by three internal cutting curves cq, cg, ¢y, the matter @, .,

is a half-hypermultiplet in the 2o ® 23 ® 2, of the SU(2), x SU(2),, x SU(2). factor of G. The

Ca cg

discussion in Section 4.4 leads to the cohomological condition

p(b)e, + 1(b)cy + 1(b)e, +w2(X) =0mod?2 . (4.9.9)

4.9.2 Transformation Of Cohomological Conditions Under S-duality

We next analyze the effect of S-duality transformations on these cohomological conditions. Recall
that the S-duality group of the theory is the mapping class group MCG(C, ,,) and acts on the space
of gauge couplings of the theory (identified with the Teichmiiller space of Cy ,,, see [Wit97, GMNO09,
Gai09]). MCG(C,,,,), being the group of isotopy classes of orientation-preserving diffeomorphisms of
Cy,n, acts on the set of simple closed curves on Cj ,,, and thus also acts on the (infinite) set of all pants
decompositions of Cy . The set of equivalence classes of pants decompositions modulo the action
of the mapping class group MCG(C,, ,,) is finite.*® Thus, there are finitely many S-duality orbits of
theories based on Cj,. We will show that there is a natural transformation of the cohomological
conditions of theories in the same S-duality orbit. To do so, we introduce the graph of a pants
decomposition of Cy .

Given a pants decomposition p, we define an undirected graph G(p) of p with vertices as the
pairs of pants and external cutting curves in p, such that two pairs of pants are connected by an
edge in G(p) if they are bounded by a common internal cutting curve. Further, an external cutting

curve (a vertex in G(p)) is connected by an edge in G(p) to that pair of pants which it bounds (also

48Note that MCG(Cy,r) is isomorphic to the automorphism group of the pants graph or pants complex of Cgy n, see
[Mar04] for a proof. This is the pants complex of Hatcher and Thurston [HT80] with the inclusion of 2-cells by
Hatcher, Lochak, and Schneps [HLS00]. The resulting pants complex is connected and simply connected. MCG(Cy, )

acts co-compactly on this complex [Wol09].
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a vertex in G(p)). Thus G(p) has 2g — 2 + n trivalent vertices, n univalent vertices and 3g — 3 4 2n

edges. An illustrative example is shown in Figure 4.1.

Figure 4.1: The graph of a pants decomposition of Cy 2. Figure adapted from [Wol09].

Two pants decompositions p, p” are in the same MCG(C} ,,)-orbit if and only if the corresponding
graphs G(p), G(p’) are isomorphic [Wol09].*"

We can now describe the cohomological conditions for the theory defined by the pants decompo-
sition p in terms of the graph G(p) as follows: we begin by labeling the vertices and edges in G(p)

as

V(G(p)) = {tl, - 7t29—2+n7 Ulyenny Un} s (4910)

E(G(p)) = {61, c ;€3g—3+n7517 R ,gn} s (4911)

where ¢ and u indicate trivalent and univalent vertices respectively, whereas the edge e, connects
two trivalent vertices and €; connects a univalent vertex with a trivalent vertex.
In Section 4.9.1, we encountered maps ¢; — c1(c;) € HA(X;Z) and ¢, + pu(b)., € H*(X;Zs3).

By design, the set of external cutting curves {¢;}; is bijectively mapped to the subset {€;} ; of

39g—3+n
a=1

edges of G(p). Likewise, the set of internal cutting curves {c, } also gets bijectively mapped

to the subset {ea}ig:_13+". Note, however, that in each case, there might be several bijections due to

different choices of indexing. We simply pick one, so that we have one-to-one map between elements

of the sets {c;}j_; and {€;}}_;, and between elements of the sets {ca}29 21" and {65}%‘7:_13+".

9Two graphs G(p) and G(p’) are said to be isomorphic if there exists a bijection between their vertex sets f :
V(G(p)) = V(G(p")) such that any two vertices v1,v2 € V(G(p)) of G(p) are adjacent in G(p) if and only if their
images f(v1) and f(v2) are adjacent in G(p’). When such an isomorphism exists between G(p) and G(p’), we will
frequently write it as f : G(p) — G(p’), with the understanding that it is an isomorphism between the corresponding

vertex sets.



221

Then, with this choice of map, we can associate fluxes to the edges in G(p):

g (&) € HA(X;Z)  fori=1,...,n, (4.9.12)
ea — (D)o, € H*(X;Zy) fora=1,...,3g—3+n, (4.9.13)
with the proviso that u(b)., = 0if e, is a loop (i.e., an edge connecting one vertex to itself). Then,
the cohomological conditions described in the preceding section can be recast into equations at each

trivalent vertex. If a trivalent vertex is connected by three edges e, eg, ey to three other trivalent

vertices, then we impose the condition
(D), + p(D)ey + p(b)e, +wa(X) =0 (4.9.14)

If a trivalent vertex is connected by edges e,, e, €; to two trivalent and one univalent vertex, then

we have the cohomological condition
c1(€) 4 p(b)e, + p(b)ey +w2(X) = 0mod?2 . (4.9.15)

Finally, if a trivalent vertex is connected by edges e, €;, €; to a trivalent and two univalent vertices,

then

c1(€) + p(b)e, +w2(X) =0mod 2 , (4.9.16)

c1(€5) + p(b)e, +w2(X) =0mod2 . (4.9.17)

Now consider two pants decompositions p, p’ with graphs G(p), G(p’) in the same MCG(X,, ,,)-orbit.

Let the vertices and edges of G(p’) be labeled as

V(G’(p’)) ={t,... 7tl2g—2+n7u/13 R T (4.9.18)
E(G(p)) :=={el,... €5y 31 €1,..., €} . (4.9.19)

We associate fluxes to the edges as in (4.9.12) and (4.9.13).

Recall that for an undirected graph G(p), its line graph L(G(p)) is constructed in the following
way: to each edge in G(p), we assign a vertex in L(G(p))°" and for every two edges in G(p) emanating
from a common vertex, we assign an edge between their corresponding vertices in L(G(p)). Since
G(p) = G(p'), by the Whitney graph isomorphism theorem [Har69, Theorem 8.3], their line graphs
are also isomorphic:

L(G(p)) = L(G(p")) - (4.9.20)

S0Therefore, V (L(G(p))) = E(G(p)).
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Moreover, there is a one-to-one correspondence between graph isomorphisms G(p) = G(p’) and the
corresponding line graph isomorphisms L(G(p)) = L(G(p’)).”* The vertices of the graphs L(G(p))
and L(G(p’)) are respectively, E(G(p)) and E(G(p’)). Choose an isomorphism F : E(G(p)) —
E(G(p’)) and let f: G(p) — G(p’) denote the graph isomorphism corresponding to F'.

Let us denote an edge in G(p) connecting two vertices u and v by uv. By arguments outlined in

[Har69, Theorem 8.3], we have
F(uv) = f(u)f(v) . (4.9.21)

In particular, if e,, eg, and e, are edges in G(p) connecting a vertex u to three other trivalent
vertices, then F'(e,), F(eg), F(ey) are three edges in G(p’) connecting f(u) to three other trivalent
vertices in G(p’). Thus by (4.9.14), the cohomological condition at the trivalent vertex f(u) in G(p’)
is
10" ) Feny + () F(es) + () p(e,) + w2 (X) =0, (4.9.22)
where b is the gerbe for the theory defined by the pants decomposition p’. Arguing along the
same lines, we conclude that the cohomological conditions for the theory defined by p’ are given by
applying the map
e, — F(e;), eor— Flea), (4.9.23)

to (4.9.14), (4.9.15), (4.9.16) and (4.9.17). Thus, we see that at least in this class of examples, S-dual
theories with different Lagrangians require precisely the same cohomological conditions as needed
for the existence of PP"s,

We emphasize that in general the cohomological conditions for two Lagrangian theories which are
not in the same S-duality orbit are different and not related by a nice transformation. Consider, for
example, the a; class S theory on a 3 punctured torus C; 3. Consider the two pants decompositions

of (3 shown in Figure 4.2 below.

51The Whitney graph isomorphism theorem implies an equivalence between isomorphisms of graphs and isomorphisms
of corresponding line graphs with the following exception: the graphs K3 (the complete graph on three vertices, a.k.a.
the three-vertex triangle) and K 3 (a complete bipartite graph, a.k.a. the four-vertex claw) are non-isomorphic but
their line graphs are isomorphic. (See [Har69, Ch. 8| for a discussion of this point.) However, this does not concern
us for two reasons: first of all, we require only the forward implication of the theorem which says that if two graphs
are isomorphic, then their corresponding line graphs are isomorphic, and second, the graphs K3 and Kj 3 cannot

arise from any pants decomposition.
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Ci

/ ’
01,3 \ ¢

Figure 4.2: Two MCG(C} 3)-inequivalent pants decompositions of C; 3 and their associated pants

graphs.

The pants graphs are non-isomorphic as can be easily checked using their adjacency matrix and
hence their corresponding Lagrangian theories are not related by S-duality. Let us now look at the
cohomological conditions we get for the two theories using the general prescription described above.
There are three pairs of pants in both pants decompositions. With the labeling of cutting curves in

Figure 4.2, we obtain the following cohomological conditions for the two theories:
1. For the pants decomposition p1(Ci 3) we get

c1(ci) + p(b)e, +wa(X) =0mod 2,

c1(cx) + pu(b)e, +ws(X) = Omod?2 ,

(4.9.24)
1(0)e,, + 11(b)cy + p(b)e, +w2(X) =0mod 2,
ci(cj) + u(b)e, + u(b)e, +w2(X) =0mod?2 .
2. For the pants decomposition p3(C 3) we get
ci(ci) + p0)e, + p(b)es + w2(X) =0mod2,,
er(ci) + p(b)e, + u(b)., +wa(X) = Omod?2 | (4.9.25)

ci(cj) + p(b)e, + p(b)e, +w2(X) = 0mod?2 .

We see that in the second case, we have no restriction on background gerbes since we can always
choose a suitable ¢;(c; ;) while in the first case, the background gerbes are restricted. Thus the

cohomological conditions for the two theories are different.
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To twist these theories, we need to provide C™ and a homomorphism @™ : G™ — GP"S satisfying

(4.2.16). Since these theories are Lagrangian, we simply choose C*™ as in (4.6.10) above, and define

(ptw . Gtw N Gphys
(4.9.26)

[((ur, u2) s p, )] = [((ur, u2)  uz, 1, 9)] -

The theories in different S-duality orbits correspond to different topological field theories.
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Appendix A
Appendix for Chapter 2

A.1 Codes And Lattices

Linear codes and their associated lattices play a central role in our discussion of the superconformal
symmetry in the Monster module. We collect the definitions and some preliminary results about

codes and lattices in this section.

A.1.1 Binary Linear Codes

Definition A.1.1. Let Fy be the field with two elements 0, 1.

1. A binary linear code C of length n is a vector subspace of Fy. If the dimension of C is k then

it is called an [n, k] binary code. The elements of the code are called codewords.

2. Two binary linear codes C; and Cs are said to be equivalent if there exists a permutation matrix

P such that C1 P = Cs.
3. A k x n matrix with rows being the basis vectors of C is called a generator matrix of C.

4. The inner product of codewords w,w’ € C is defined as

w-w':Zwi~w§ (mod 2). (A.1.1)
i=1
where w = (wy, ..., w,),w = (w},...,w)). The code dual to C is denotes by C* and is defined
as

Ct={weFy:w-w=0Vw eC} (A.1.2)
The code is called self-orthogonal if C+ C C and self-dual if C+ = C.

5. The (Hamming) weight of a codeword w is defined as the number of nonzero components in
the codeword and is denoted by wt(w). The code is called even and doubly even if the weight

of every codeword is divisible by 2 and 4 respectively.
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6. The Hamming distance dg(w,w’) of two codewords w, w’ is defined as the number of places in
which the codewords differ. More precisely, di (w,w') = wt(w —w’). The (Hamming) distance
of the code is defined

dg(C) ;== min dg(w,w’). (A.1.3)

w,w’ €C
w#w’

With the notation dp := dg(C), we call C an [n, k, dg] code.
7. The automorphism group Aut(C) of the code C is a subset of the permutation group .S,, which

fixes the code as a set.

By standard row echelon form algorithm, it is easy to see that for any [n, k| code C, there is an

equivalent code with generator matrix G of the form
G = (14, Al (A.1.4)

where 1, is the k x k identity matrix and A is some k x (n — k) matrix. The dual code C* is an
[n,n — k| code with generator matrix [—A",1,,_x]. In particular, if C is self-dual then n — k = k
and n = 2k. We will be interested in [24,12] codes. The following theorem gives the classification

of self-dual, doubly even [24,12] codes.

Theorem A.1.1. [PS75] There are exactly 9 inequivalent self-dual, doubly even [24,12] codes. Up

to equivalence, there is a unique [24,12,8] code called the Golay code denoted by G.

Golay Code

The Golay code is of particular interest to us due to its application in the construction of Leech

lattice. It is determined by a generator matrix of the form

1000 0000 0000 1010 0011 1011
0100 0000 0000 1101 0001 1101
0010 0000 0000 0110 1000 1111
0001 0000 0000 1011 0100 0111
0000 1000 0000 1101 1010 0011
0000 0100 0000 1110 1101 0001 (A15)
0000 0010 0000 0111 0110 1001
0000 0001 0000 0011 1011 0101
0000 0000 1000 0001 1101 1011
0000 0000 0100 1000 1110 1101

0000 0000 0010 0100 0111 0111

0000 0000 0001 1111 1111 1110
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The following results can be proved using the standard constructions of the Golay code. All code-
words have weights of 0, 8, 12, 16, or 24. Codewords of weight 8 are called octads and codewords of

weight 12 are called dodecads.
Proposition A.1.1. [CS99] The following is true about the Golay code:
1. There are 759 octads and 2576 dodecads in the Golay code.

2. Two octads intersect in 0, 2, or 4 coordinates and an octad and a dodecad intersect at 2, 4, or

6 coordinates.

This proposition also implies that there are 759 weight 16 codewords obtained by adding 1 =
(11...1) € G to the octads totalling to 2 + (2 x 759) + 2576 = 2'2 codewords.

A.1.2 Z4-Codes
We now recall the definition and some properties of Z4-codes (see [Car05] for details).

Definition A.1.2. Let Z4 be the ring with elements 0,1,2,3 with modulo 4 addition and multipli-

cation as the operations.
1. A Zy-code € of length n is a submodule of Z}. The elements of the code are called codewords.
2. A matrix whose rows are a minimal spanning set for the code is called a generator matriz.

3. The FEuclidean weights of the elements 0, 1, 2 and 3 = —1 of Z4 are ordinary integers 0, 1,
4 and 1, respectively, and the Euclidean weight of a codeword is the sum of the Euclidean
weights of its components. The minimum Euclidean weight dg of € is the smallest Euclidean

weight among all non-zero codewords of % .

4. The (Hamming) weight wt(x) of a codeword = € % is the number of non-zero coordinates of .
The Hamming distance of two codewords is dg(x,y) = wt(z — y) and the Hamming distance

dp (%) of the code is defined as before as

dy (€)= min dy(z,y). (A.1.6)
;c,y;‘g
z#yY

5. An invertible monomial matrix M over the ring Z, is an invertible matrix of the form M = PD
where P is a permutation matrix and D is a diagonal matrix with £1 on the diagonal. Two
codes %1 and, %> are equivalent if there exists an invertible monomial matrix M such that

G1M = 6> where G4 M = {zM : x € 6 }.
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6. Self-orthogonality and self-duality of the code is defined as before with the same inner product
now calculated modulo 4. Self-dual codes with the property that all Euclidean weights are

divisible by 8 are called Type II.

7. The residue code Res(%€) and the torsion code Tor(€) are binary linear codes defined by the
exact sequence

0 — Tor(%) EG7N Res(¢) — 0 (A.1.7)

obtained from the componentwise exact sequence
0— 2y L5 24 25 Zy — 0 (A.1.8)

where f : Zo — Zs maps 0 — 0,1 -2 and g : Z4 — Zo maps 0,1,2,3 € Z4 t0 0,1,0,1 € Zy

respectively. Explicitly, the residue and torsion codes are given by
Res(€) = {x (mod 2):x € ¢}. (A.1.9)

and

Tor(%¢) = {z (mod 2):z € Z} : 2z € €}. (A.1.10)
We have the following theorem:

Theorem A.1.2. [BSBM97] Let € be a Type II Zy-code of length n and minimum Fuclidean weight
dr(%) < 8|n/24| + 8. (A.1.11)

Definition A.1.3. If equality holds in Theorem A.1.2; then ¥ is called an eztremal code. Such

extremal codes will play a role in our explicit constructions of superconformal currents.

There is no known classification of extremal Z, codes. In section 2.5.3, we will relate the con-
struction of superconformal currents to certain codes. Three of the codes that will be relevant are

described below:

Pseudo Golay codes: One set of Z, codes which concern us here are those whose residue code
is the Golay code. Following [Rai99], we call such codes pseudo Golay codes. There are exactly

13 pseudo Golay codes [Rai99]. The generator matrix for two of these pseudo Golay code is given
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below. The rest of the 11 generator matrices can be found in [Rai99].

1000 0000 0000 1300 2111 0123 1000 0000 0000 2202 2313 3311
0100 0000 0000 1210 2300 3111 0100 0000 0000 2233 3301 1001
0010 0000 0000 3311 2330 1200 0010 0000 0000 1010 3203 3312
0001 0000 0000 0331 1233 0120 0001 0000 0000 0101 3220 3331
0000 1000 0000 0033 1123 3012 0000 1000 0000 3223 3013 2121
0000 0100 0000 2023 3312 1123 0000 0100 0000 1113 3210 1020
0000 0010 0000 1012 1231 1223 0000 0010 0000 1302 3130 2310
0000 0001 0000 1311 0023 0233 0000 0001 0000 2112 3231 0211
0000 0000 1000 1301 3302 2130 0000 0000 1000 3121 2323 1320
0000 0000 0100 0130 1330 2213 0000 0000 0100 1231 0113 2212
0000 0000 0010 1223 2033 3332 0000 0000 0010 3332 0102 1013
0000 0000 0001 2102 3003 1111 0000 0000 0001 2311 0132 2121

Quaternary Golay code: Another important example of a Z, code is a code denoted @4 in

[BSCO06]. It has the property that Res(Q4) = Tor(Q4) = G. Thus it fits in an exact sequence
0—6¢-50,-%¢—o0. (A.1.12)

Let ng(z),nt1(x),na(r) denote the number of entries in a codeword = € O, with 0,4+1,2 € Z/AZ,
respectively. Since Res(@4) =G, nyi(x) + n_1(x) =0,8,12,16, 24 for every z € Q4. The number

of codewords of each type is listed in Table A.1.

Remark A.1.1. The codewords in @4 with ny; = 12 have +1s supported on a dodecad in the
Golay code. The reason is that the mod 2 reduction of Q, is the Golay code and 0,2 reduce to 0
mod 2.

In Theorem 2.5.6 of Subsection 2.5.3 the following result will be useful in the construction of a

nontrivial supercurrent, see Subsection 2.5.3 for the details of the construction.

Lemma A.1.1. Let w € G be a dodecad and @w C @4 be the preimage of the mod 2 reduction map
from @4 to G. Then for any choice of three out of the 12 remaining positions, there is a codeword

T € @w with 2 at those three positions and 0 at the remaining 9 positions.

Proof. Let x € Q.. Then +1s in z are supported at w. At the other 12 positions, we can either
have 0 or 2. From Table A.1, we see that the number of codewords with 12 £1s, 9 0s and 3 2s is
220 - 2576. Moreover, since there are exactly 2576 dodecads in the Golay code, from Table A.1 we

see that, if we fix the position of the 12 +1s at w then there are a total of 220 codewords in @4 with
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9 0s and 3 2s at the other 12 positions. Since there are exactly (132) = 220 choices for the positions

of 2, there is a codeword in @w with +1s at w and every possible position of the three 2s. O
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0= (7)T7u‘q = (v)TTu Y3m PIOMOPOD ISJoUR SI OIS}
Q= (z)'"u‘p = (x)Tu Y)M PIOMOPOD AI9AD I0J S9SBD ISOY] UI JeT[) o] 1) WOIJ SeSLIe § PUe ¢ ‘g SUWN[0D JO SMOI MJJ ISI o) UL g JO I039¥] o],

“(%u {1F L0u) odA) JO SPIOMOPOD A7 9T 9I9T[) JeT[) SURSW UWIN[0D Yoed Ul A7 = (2 !q ip) sotryue oY T, "7 ul odL) Yore JO SPIOMOPOD Jo IoquINN 'Y O[qRT,

213G " 6L [BI0L
21G - 915G T8I0L
216 * 6GL 180T, 6GL - 009T = (8°8°8) 21G TBI0L
9262 - ¢6L ¢ = (G'GT-L) | 6GL V0S¢ = (9:8:TT)
6L - 0Vge = (F-91°%) | 9L6¢ 6L ¢ = (L:T1°C) | 6GL ¥0S ¢ = (c1°8°9) | 92.6¢ = (21:0-C1)
6GL - 8FV ¢ = (9:91°C) | 928¢- 08 ¢ = (€:C16) | 6GL-CI1 ¢ = (F'8+Cl) | 6SL = (8:0:91)
21C T810L, 6GL-SFV -2 =(9'91C) | 9262-02¢-C = (6‘C1'E) | 6SL-2IT-¢ = (21'8%) | 6SL = (91‘0‘])
6GL-9T-¢=(0°91°8) | 925G 21 ¢ = (T'CI TT) | 6SL-8-C = (G8F1) 1=1(0:0%2)
216 =(0%20) | 6GL-91-%=(891:0) | 926¢ ¢l ¢ = (I1CI‘1) | 6SL-8-C= (¥F1'8:C) I=(¥200)
g = T+u 9] = TF+u 1 = TF+u { = TF+u 0= T+u
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Harada-Kitazume code: One other Z, code that we will be interested in was constructed in

[HKO00]. The generator matrix for the code is shown below.

2222
0022
0000
0000
0000
2020
0000
0000
0000
2000
1111
2000
0000
2000
2000
3012

3201

It is an extremal Type II code.

specifically Remark 2.5.3.

0000
2200
0022
0000
0000
2020
0220
0000
0000
2000
1111
1111
0000
0000
2000
1010
1001

0000
0000
2020
0202
0000
0000
2200
2002
0000
2000
2000
1111
1111
2000
0000
1001
1100

A.1.3 Lattice Construction From Codes

0000
0000
0000
2020
0202
0000
0000
2002
0022
2000
2000
0000
1111
1111
0000
1001
1100

0000
0000
0000
0000
2002
0000
0000
0000
2020
2000
0000
2000
2000
1111
1111
1100
1010

0000
0000
0000
0000
0000
0000
0000
0000
0000
2000
0000
0000
2000
0000
1111
1100
1010

This code also gives rise to a supercurrent, see Section 2.5.3,

Codes can be used to construct lattices. In this section we describe the construction of lattices from

binary and Z4 codes. We begin by defining Euclidean lattices.

Definition A.1.4. Let R™ be the n-dimensional Euclidean space with inner product x -y = z1y1 +

<o+ xpyy for x = (z1,...,2,) and y = (y1,. ..

Yn)-

1. An n-dimensional Fuclidean lattice A is a free Z-module spanned by n vectors e; € R™,1 <

j < n linearly independent in R", i.e.

2. The norm of a vector z € A is ||z|| = Va2 = x - z.

n
A= anej:anZ
=1
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3. The dual lattice A* is defined as A* = {y: 2 -y € ZV x € A} (which is obviously a lattice).

The lattice A is said to be unimodular if [|A[|? = det (e; - ;) = 1.

4. The lattice A is said to be integral if A C A*, i.e. x-y € Z for all z,y € A and self-dual if
A =A%

5. The lattice A is said to be even if ||z||? is even for all z € A. The set A(v/2) ={z € A : ||z]|> =
2} is called the root system® of A.

6. Two n-dimensional lattices A1, Ao are said to be isomorphic if there exists a norm-preserving

Z-module isomorphism between them.

7. An automorphism of the lattice is a rotation R € SO(n) which fixes the lattice. The group of
all automorphisms (the group operation being composition) is called the automorphism group

of A and denoted by Aut(A).

It is easy to see that a lattice A is self-dual if and only if it is integral and unimodular since
[|A*]| = [|A]|~t. Moreover it is a well known result that the dimension of an even self-dual lattice has
to be a multiple of 8. Even self-dual lattices in 24 dimensions have been completely classified up to
isomorphism. There are 24 inequivalent such lattices called the Neimeier lattices classified by their
root system. There is a unique lattice with empty root system called the Leech lattice. We denote

the Leech lattice by Ar. An explicit generator matrix for the Leech lattice is given below: the rows

1In general, a root is a primitive vector that generates a reflection isometry of the lattice. For even lattices, the roots

can have different norms. For even, unimodular lattices, the norm-2 vectors are all the roots.
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of the matrix below generates the Leech lattice under integer linear combinations.

N OO O O O O N O N O O O N O O o o o - o
D OO O O O N O O O O O O N k= o o o o o o
NN R O O O O O O O O o o o o o o o o

[y
S O O NN RN NN RN R R RN R R R R R
[\)

S O N OO N O O N O O N O O O N O O O O = o o
S O NOoO N O O N O O O N O O O N O O O BB o o o
S O NN O N NN O O O O N O O k= o o o o
o O O O N O O O O N O O O O O N O = o o o o o
o O O O O N O N O O O O O O O N o o o o o o o
NN NN N O NN DN N O O kO O O o o o o o
S N O O O N O O O N O N O bk O O O o o o o o o
N OO OO N O O O N O N RO O O o o o o o o o
O O O N O O O N O O O M O O O O o o o o o o o
NN OO O O N NN RO O O O O O o o o o o o
S N O O O O O O O N O O O O O o o o o o o o o
N OO O O O O O O N O O O O O O o o o o o o o o
o O O O O O O N O O O O O O O o o o o o o o o
S N O O O N O O O O O O O o o o o o o o o o o
N OO O O N O O O O O O O O O o o o o o o o o o
SO O O N O O O O O O o O O OO oo o o o o o o o o
NN O O O O O O O o o o o O o o o o o o o o
SO N O O O O O O O o o O O O o o o o o o o o o
N O O O O O O O O O o O O O o o o o o o o o o
o O O O O O O O O O o O O OO oo oo o o o o o o o

o O N
o o o
NN

&
—
—_
—
=
—_

1

—_
—_
—
—_
—_
—_
—_
—_
—_

1

—_
—_
—_
—
—_
—_
—_

We will give a more conceptual description of the Leech lattice in terms of the Golay code in the

next section.

Lattice construction from binary codes: We can construct Euclidean lattice from a code.

For an r-dimensional binary code C, define

A(C) := %c +V2z" (A.1.13)
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where C is now considered as a subset of Z" via a map such as’

]Fg 7
(A.1.14)
00, 1 1.

Proposition A.1.2. The lattice A(C) is integral if and only if C C C*+ and is even if and only if
C is doubly-even. It is self-dual if and only if C is self-dual. Unimodularity of A(C) is equivalent to
dim C = %r.

We can also construct another lattice by “twisting” this lattice as follows: define the subspaces

Ay (C),a=0,1,2,3 as follows:

Ao(C) = %c +V27",
1
A (C) := —=C+ V27",
? (A.1.15)
Ay(C) = ﬁ f1+fz yrts
As(C) = ¢ —=1+ V227,

Vo f

where
7 ={xcZ :x*c 27},
" (A.1.16)
Zr ={xcZ :x®c2Z+1},
and 1 is a vector with all components 1. Clearly A(C) = Ag(C)UA1(C). We define the twisted lattice
by
A(C) := Ao(C) U A5(C). (A.1.17)
The twisted construction is particularly important for our case because of the following theorem.
Theorem A.1.3. [CS99] Let G be the binary Golay code. Then
A(G) 2 AL. (A.1.18)

This enables us to list all possible vectors of norm 4,6, 8 in the Leech lattice. This is listed in
[CS99, Table 4.13, Chapter 4]. Finally one can construct lattices from Z4 codes as described in the

theorem:

Theorem A.1.4. [BSC06, Theorem 4.1] Let € be a self-dual Z4-code of length n with minimum
FEuclidean weight dg. Then the lattice

A(?) = %{A €Z"” : A=z(mod 4) for some x € €} (A.1.19)

is an n-dimensional unimodular lattice with the minimum norm squared min{4,dg/4}. Moreover,

if € is Type II, then the lattice A(¥€) is even and unimodular.

2This map is just an injective function. In particular it is not a group or ring homomorphism.
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A.2 Locality Of The Twisted Vertex Operators

We will closely follow [DGM90, Section 7,8] to establish the locality relation (2.5.40). The following

lemma is proved similar to the proof of (2.4.21). We record the proof for completness.

Lemma A.2.1. For any untwisted state ¥, we have
who Vi (4, z)w_LOT = W Vi (4, 2w). (A.2.1)

Proof. Using (2.2.18), we have

W Vi (1, 2)w ™50 x = w M wks e L5 W (y, —2),

where Y is a general twisted quasi-primary state. We now use the Baker-Campbell-Hausdorff formula

(2.4.20) to write

T T T T
’LULO €ZL*1 —_ €L0 lnwezLil.

Using the fact that [LT, LT ] = LT, we see that the above theorem implies

eLg In wezLT exp(lnw)LT, LT

“1=e¢ —1w™o .
Thus we get
who el = 7Ll Lo (A.2.2)
This implies
Ly Ly _ . —hy —zwLl® LT _
wo Vp (e, z)w™ 0 x = w™ "xe Lo Wy, —2)v. (A.2.3)

Next using [DGM94, eq. 2.18] for the twisted vertex operators ‘7()(, z), we get

ngVV(X7 2w E = whxW (x, zw) (A.24)

Thus we get
UILOTVT(?/J, Z)w_LOTx = whve—=wli, W (x, —zw)y = w Vi (¥, zw)x. (A.2.5)
O

A.2.1 Locality Relation W (x, 2)W (x/,w) = (=1)XIXTW(y/,w)W (x, 2)

For quasi-primary states x,x’ € . (A1), following the steps in [DGM90, Section 7], we see that

the required locality relation is equivalent to proving

X |Vr(g, —2)| x) 22> = <Y ‘VT (eLl/qu, z) ‘ x’> 22 (A.2.6)
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where ¢ is an arbitrary untwisted state. Now observe that
Vi (eLl/z(b’ Z)T _ (VT (BLI/ZZQLOQS7 z) 272h¢>T
=V (eLl/zZQLO(z)’ Z)Jf (Z*)—2h¢

=Vr (¢,1/27) (z%) 2
which implies that
Vo (5, 1/z*)Jr 272 =V (eLl/z¢, z) .

So the right hand side of (A.2.6) becomes (see eq. (2.4.13) for notation)

(R |V (3,1/21) 1)) 22 =20 = (! [V (8,1/2") | R)" 22 2o
= (¥ | TV (6,1/27) (%) F0 X) (2)) 2 20
= (| Ve @1/ (2 Lo\x> i) 2t
= IVT (6, 1) x)7 &
= (s e,

the left hand side of (A.2.6) becomes
(X' [V (¢, —2)|x) 22 = (X' [(=1/2) 7P (= 1/2) PV (¢, —2) (=1/2) P (=1/2) 0| x) 22
= (=1/2)7" (X' Vr (6, 1) x) (=1/2)" (=1/2)"x 22

= (Z1)*"x (=) e £

— (_ l)hX/ +h’X +h¢ th +hX/ —h¢ fx’¢X7

(A.2.7)

where we have used (—z) %22 = (—z)* for k € 1Z which is allowed® in the principal branch of
square root. So the locality relation is equivalent to proving
()" = (DI (-1t (A29)
For x,X' € #(A) (the sign is + in this case), (A.2.8) is proved in [DGM90]. We prove it for
X, X € A (A). Following the calculations on [DGM90, Page 547, we have
XV, DIX)" = (M(x) [Vr (6, 1) M (X))

= (=1 (M(x) |0V (e, 1)6| M(x'))

_ 1 he M ‘eeiTrLO e—i‘n’L0 VT($7 1)eiﬂLge—iwL§9‘ M(X/>>

_ (71)h¢ <Y ’efiﬂ'Lg“VT(a, 1)ei7rL(7; y/>

_ (_1)h¢e—’iﬂ'hx ei‘n’hxl <Y ‘VT(aa 1)|Y/>

= — (=1t (X Ve (6, 1)|X)

3Since if z is in the upper half-plane then —z is in the lower half-plane and vice-versa.
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where we used the fact that h, € Z + % In the last step we used the definition of the conjugation

operation as in (2.5.41). Thus we have established the locality relation.
A.2.2 Locality Relation W (x,2)W(x',w) = (—1)XIXTW (x', w)W (x, 2)

This is the hard one! We begin by proving a lemma.

Lemma A.2.2. We can choose a zero-momentum untwisted state ¢ such that (u|Vr(¢,w) and

equivalently Vi (v, w)|o) is an arbitrary twisted state.

Proof. We take

P = e(l/w)LleL(’@/, w=1/0".

By Remark 2.2.3, we have

where we have defined

wl _ —A(u?)w
where
M .
)= (H ahna> 0)
a=1
and
1 _1 1 (_Z)—m—n
INE TSI SR B N (R o, (A.2.9)
2 o m n m+n
m+n>0

We then have
Vi (1, w) = VP (¢, @)

We Laurent expand the vertex operator

VR, @) =Y (V)u ()@ "

n

We see that the mode (V}])_hw_ M2 creates twisted states containing M oscillators with conformal
weight /16 + hzl? — M/2 by acting on twisted ground states. Next observe that the number of
linearly independent states of conformal weight r/16 4+ h& — M /2 obtained by acting M oscillators
on a twisted ground state is the number of ways we can write hgﬁ — M/2 as sum of M positive
strictly half-integers. Let this number be pﬁj%(hi — M/2). On the other hand the number of
linearly independent untwisted states with conformal weight h P obtained by acting M oscillators
on |0) is the number of ways we can write hj as sum of M positive integers. Let this number be

pﬁ(hd;). We want to show that

741
pag (b — M/2) = piy(hy). (A.2.10)



239

Indeed if
M
hj = Zna, ng €N (A.2.11)
a=1

1
then we get a partition of h; — M /2 into positive strictly half-integers: pf}2 (hi) — M/2) since

M
hy — % = ; (na - ;) . (A.2.12)
Thus
pyr? (hy — M/2) > py(hy). (A.2.13)
Similarly
pir(hg) > pﬁﬁ(hﬂ; - M/2). (A.2.14)

Thus we can get any twisted state by acting with suitable linear combinations of the modes of

VR2(, 0). O

Lemma A.2.3. The relation (u|W (x, 2)V (1, w)W (p,)|0) = —{(u|W (e, )V (¢, w)W (x,2)|o) for
(g, w) = =W(p,w)W(x, 2)

W, X, @, 0 twisted ground states is equivalent to the locality relation W (x, 2)W

for twisted ground states x, .

Proof. Using the locality relation of VW and VW, we have that

But since (u|Vr (¢, w) can be taken to be a general twisted state, we see that

(LW (x, 2)V (0, w)W (0, ¢)]0) = — (W (@, )V (1, w) W (x; 2)| 0)
= (ulVr(, w)W (x, 2)W (e, {)lo) = = (u|Vr (1, w)W (@, OOW (x, 2)| 0)
= W(x,2)W (e, Qo) = =W (e, OW(x. 2)|o)

Next, for an arbitrary untwisted state ¢, we have from above

Vr (4, w)W (x, 2)W (g, Qo) = =V (v, w)W (o, OW (x, )| 0)

Since Vr(,w)|o) can be taken to be general twisted state, we get the required statement. Here x

and ¢ are still twisted ground states. O
Theorem A.2.1. For twisted ground states x and @, the locality relation
W(x, 2)W (g, w) = =W (0, w)W (x, 2) (A.2.15)

holds.
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Proof. In view of Lemma A.2.3 and Lemma A.2.2, we prove that

(W (x, 2)V (1, w)W (9, C)l o) = —(ulW (0, OV (v, w)W (x; 2) o) (A.2.16)

for twisted ground states u, x, ¢, 0 and a general zero momentum untwisted state ). Then by Lemma
A.2.3, the required locality relation follows. We will closely follow [DGM90, Section 9] for this proof.
We begin by simplifying the left hand side. From [DGM90, eq. 4.2] we have

W(x,2)v = Lt Z (A : eBEeAR yhesx (A.2.17)
AEAL

where A(z) is as in (2.3.45) and

B(z) := By (z) + B_(2) (A.2.18)
with
—s\ (—z)" "¢
By(z):=— —— Ay - Cs, A.2.19
= % ()= (A219)
se(Z-{-%)i

where (Z + %) , denotes positive and negative half-integers respectively. Note that (Al : eB (2)eA(2) .
|1} is an operator on the twisted Hilbert space, and that it is normal ordered and acting on a twisted
ground state. Since ¢ annihilates twisted ground states for s > 0 we see that normal ordering gives

W(x, 2)¢ = el Z (A1 8- eAB) - ey, (A.2.20)
AEAL

Next by (2.2.25) we have
W(p, Qo) = ¢~ W (g, 1/¢) o) (A.2.21)

where we used the fact that LT annihilates the twisted ground state. Replacing ¢ by V (v, w)W (¢, )| o)
HIW (¢ 2)V ()W (2, Ole) = 3 (u

X)
AEAL

> (A(eB O e pfesl x) AV @ W)W (R 1/6) T ) ¢

AEAL

> (uleal) (A |eAOV @)W (7,1/¢) [ 2) ¢,

AEAL

in (A.2.17) we obtain

L5 <)\

eB- @AV (1, w)TW (p, C)‘ 9> €A

(A.2.22)

where we used the fact that B_(z)" and LT annihilates the twisted ground state u. Again using
(A.2.17) we have

W@ /) (AOV @) 1y =T Y <A’

ANeEAL

* * T
eB-(1/¢) A(L/CY) (eA(Z)V(qp,w)) ‘)\> ex|®)

= eLT1/C* <)\

. . i
B-0/)AN/) (ADY () ‘,\> ex[7)

(A.2.23)
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where we used the fact that (AO|N) = 0 if A # X for any operator O which does not contain
e M=) (see (2.3.11)). Thus we have

(AeAOV @)W @1/ = (N|eAOV (1, w)e A O 0/

) (@lefet 7, (A2.20)
where

Az) = A(1/2*)T. (A.2.25)
Substituting eq. (A.2.24) into eq. (A.2.22) and using the fact that LT and B_(1/¢*)! annihilates

twisted ground states, we get in the region |z| > |w| > ||

WIW O 2)V (@, 0) W, Olo) = 3 rleal ) (AeAOV(,0)e 9| 1) (g [ef | o) 2.

AEAL

ez (1)

A> — < A ’ef%ﬁ In(=42) A=) 1/ (3, ) B () o~ 3P° 1n<f4/<>’ A>
= (—42)"¥ >%< \ IV (,w)eAC0| 1)

V)" (V) v (VD) () )
A2 (\/X)LO V(,y) (\/E) o eA(—C)’ )\>

(A.2.26)
Let

(A.2.27)

N
S———
0
I\
~
|
i
3
S
3
S
3

(A.2.28)
where we defined new variables
¢ w
= —_ = — A.2.29
e[l v (4229
and used (2.4.19). Now using the translation property
whoa,w ™ = w"a,, (A.2.30)
we see that
—Lo LO
(«/z() A(-2) (\/zg) = A(—uY). (A.2.31)
Similarly using af = a_,, we have
—Lo __ Lo
(\/zg) A(—0) (Mz() = A(—u), (A.2.32)
So we get
</\ ’eA(Z)V(lb, w)ez(ol /\>
2 1 Lo —Lo
= (4~ 1) N (z¢) " Fhe <>\ ’ («/zg) AUV (), ) AW («/z() >\> (A.2.33)

= (4w Q) He (AT ()R

)
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where we used the fact that

o (vVae) " = ((Jﬁ)“’)T = (@)f (Al (A.234)

Note that (A.2.33) is valid in the region |u| < |y| < |u|™! and |u| < 1. The next step is to simplify

(A.2.33). For that we express the vertex operator V (1, y) as exponential. Suppose

M .
= (H aﬂama> |0). (A.2.35)

Then
M
) dMa XJa
1% =:
W;y) 1:[1 (ma _ 1)[ dyma
iy (A.2.36)
_ H @('m'a) Z a]ay n—1
a=1 nez
where
1 me—1
@ma) .= d (A.2.37)

(mg — 1) dy™a—1’
and p? = aé. One can now write this as an exponential. To do this we introduce the variables pJe
for 1 <a <M and 1 < j, < 24. If we make a fixed choice of M-tuple (j1,...,Ja) then, relative to

this choice we define

(A.2.38)

00 0
Op ' 6pjl'1 o JM ] apl

We do not explicitly indicate the M-tuple (j1,...,ja) in the notation a% to avoid cluttering the

notation. Next introduce vectors

prk@(ma) n—1 Zf - pl; n— ma7
1

M M n-1
=> Vpk Dyt =3 "Vn phy—n—ma (A.2.39)
a=1

and then define

M M 1
(po)* =D ok my ™t =" phy~me.
a=1 -
>

>

<T_an a-—n > _ Pn  An
p-a , pra= (A.2.40)

n>0 \/ﬁ n>0 \/ﬁ
Then we have
a <,t >

V(v,y) = o (e” @ ePrPoeh “) . A.241
() = 5 . (A-241)

Next we have

(_u—l)—m—n

m-+n

U, + Gy (A.2.42)

>
N
<
L
I
/—l\
3 [
N———
N
<
L
|
3
S
3
=
_l’_
| =
|
[
N
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Defining
_1
T = Y s U = (—u)"( 2), (A.2.43)
n -+ n
we can write
~ 1
A(—u™') = pa + iaTa (A.2.44)
where
~ I/n [07% Am, ap
ng = 7) pa = gpn : 7; ala = an;O Tmnﬁ . ﬁ (A245)

Thus we have

<)\ ‘eA(z)V(w7w)eZ(<)) )\> _ (—4u—1)_’\2(zg‘)_§hw((i) <)\

- 1
exp (pa + 2aTa) (ep o’ op- ”Oep>a)

X exp (paJr + 2a‘LTa ) A

exp (Xa + ;aTa> (e” af ep>a)

X exp ()\a + 2aTTa )

{pk=0}

= ()N T (3

where Aa is defined in exactly the same way as pa with p’ replaced by M. Now noting that

eM)0) = |\) and ¢ commutes with all other oscillators a,,, we have

<)\ ‘eA(Z)V(Ql),w)eZ(Q’ )\> = (—4u_1)_/\2(2C)_%hw§pe)"p° <0 exp (Xa + ;aTa> (ep<‘ﬂep>“>

~ 1
x exp [ da® + =afTa | |0
2 {pk=0}

(A.2.47)

Normal ordering the oscillators, we can write
(0

The vacuum expectation value on the right hand side can be evaluated using coherent state tech-

0)

exp (Xa + ;aTa> (ep<“Tep>“) exp <XaJr + ;aTTaT) ‘ 0> = <O ‘ex"e%“T“e”%Te">“exafe%“waT

(A.2.48)

niques and has been done in [DGM90, Appendix D]. We get

0)
= det (1 — Tz)—%r exp (X(l — T)_1X> exp (X(l — T)_1 (p< + p>)) eh(u.y)
(A.2.49)

g L < T > 1.tpaT Yat
<0‘6)\a82aTaep alep”a p3a Ta e)\a

where
h(u,y) = % {p<T (1=T) " Tp> +p"T (1 =T?) " Tp<+p<(1=T>) ' Tp<+p> (1-T%)"" Tp>} .

(A.2.50)
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The determinant can be evaluated using group theory. The result is [DGM90, eq. (9.16)]

det (1-72) 2" = (1—u2) 03042, (A.2.51)
where
K(VI=a)

= T A.2.52
q eXp{ R , ( )

where K (u) is a complete elliptic integral given by

1! —1/2 —1/2 o 172 1 212
K(u) = B dxz (1—x) (1—u’z) = 577@3(q ), (A.2.53)
0

Here ©3(q) is the Jacobi theta function [DLMF, Section 20.9] given by

O3(9) = ¢ = ﬁ (1-4q") (1 + q”‘%)2 : (A.2.54)

nez n=1

Because we are working with || < |z| we have |u| < 1. Also we have [DGM90, eq. (9.20)]
exp (X(l - T)‘1X) = (4u 1)V g3X (A.2.55)

Next define
A t(u,y) = A-po+ A1 —=T)1 (0= +p) . (A.2.56)

Then we can easily see that

T 1 0 —r 1
<>\ ‘GA(Z)V(’(/J,(A})GA(O‘ )\> :(ZC)—Ehw aip (1 _ u2) /8 @3((]2)_T(]§A2 e,\‘t(u,y)eh(u,y)

{pk}=0"
(A.2.57)
This implies
I (6 )V (W, 0) T (2, Olp) =¢202 (20740 3™ (uuleal ) (7]el] o)
ASAL (A.2.58)

—r 0
X (1 — u2) 8 @3(q2)_rq%)‘2afeA't(“’y)eh(“’y)

{pk}=0 .
We have kept the r explicit in above formula but at the end we need to plug in 7 = 24. We now
need to show that the right hand side of (A.2.58) is invariant under ¢ <> y and z < ¢ up to the
factor (—1)Xll¥l = —1.

To facilitate the exchange of ¢ and x we proceed as follows. We begin with the relation [DGM90,
Appendix C]

> A ed = 2'26aabhe (A.2.59)
yel’
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to transform the inner products in (A.2.26). Choose a basis for S and let us denote the column

vectors for the states u, x, ¢, ¢ by the same symbol. We then have
_ —imhy \* T
(i lexlx) o) = (7)) (ulexlx) eylo
™ (utyax) (@TM *71@)

=272 N (il nax (sDTM*WIQ)

Y Er
= 272 3 (i) (M) 7o)
Yv€Er
i R A.2.60
=272 N 7 (uiale) (@75 M 17ax) ( )
Y€l
— _9—12,imh, Z H% TM*VWV’Y,\X)
S
— 9 12 z7rh Z /J' ’)/ (p QM*Q)T’Y)\’YDP)’)\X)
Y €T
— (% — A2 i 0
=272 () F S (1) (el ) 2l ).

ey EF(AL)

Thus we can write

(W (x 2)V (0, w)W (9, Qo) = (72" (2¢) 72wl Pe=hda =12 N7 (ufef] o) (es] x)

SVGF(AL)

-r —r 9 u
x (1 —u?) /8 03 (¢?) %eh( (g, v)

{pk}=0
(A.2.61)

where

D(gv) =Y (—q)3 (~1) ey, (A.2.62)
AEAL

We now need to exchange z and ¢, which is equivalent to changing u — 1/u. Of course, this
requires analytic continuation since |1/u| > 1. Under u — 1/u, ¢ does not transform simply. So we

change variables to

q' = exp (_FI{(I(;I_(\/LU?)) : (A.2.63)

This is because ¢ — —¢’ under v — 1/u [DGM90, eq. (9.27)]. To change the variables from ¢ to

¢’ we need to express (¢, ) in terms of ¢/. Note that if we write ¢ = e2™ and ¢/ = €2™ then

7/ = —1/47. One can now use the Poisson summation formula and get [DGM90, eq. (9.31)]
1
1,2 hlq' 2" 1\2 v At(u, LT —t(u,y)? /272
F(q7y) = (_1)é (W) Z (_q/)2 (_1)>\ (q/) t(u,y)/i (q/) t(u,y)*/2 ) (A264)
AEAL

Next we have the transformation of the theta function given by

O3(—1/1) = V—=iTO5(7). (A.2.65)
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where O3(7) := O3(q) with ¢ = €*™". Using this transformation, it is easy to see that

1

- g\~ %
@3((]/2) = @3(27") = @3(_2/47') vV —217’@3(27’) o0 /@(QQ) = @(qQ) (— 1 ) (A266)
V T
where we used the fact that ¢ = ™™ — ¢/ = €™ under 7 — 7/ = —1/47. This gives us
2 2 Ing 5
©3(¢°) = ©3(¢") | —— (A.2.67)

At this point we can return to the algebraic computations needed to exchange ¢ and y. Doing

a computation similar to (A.2.60), we get

2721 N (Bl | ) (@len ) (DM = Blealn) (el | o) e (A268)
EVEF(AL)

To use this relation, we need to relate <¢ |elT,| ﬁ> with <,u ‘e“ <p>. Indeed we have
eh|m) = (e7™e) e e (M) Ty S My
= e GT Ay My (MM =)

_ em(m—hﬁ(_1)%V2¢T(%’{)—1,u* (A.2.69)

*

=

. _ l/2

el (—1)27 (7)) T
T — 1,2

= e (—1)27 (ulef | o)

where we used the fact that e, is unitary.

Putting these facts together we can express our matrix element in the form:
v 2h, 7—hw A% NAt(uy) fim
AW (0 2V (0 ), ) = ¢ (20) 740 50 3 @ leal) (n]ef| ) @* (@)

< ’L%r (1 . uz)—r/g 05 (q/2)—7’ eh(u7y) (q/)ft(u,y) /2x?

{pk=0}
(A.2.70)

We now show that the right hand side of (A.2.70) is invariant under ¢ <> x and z <> ¢ up to the
factor (—1)XII¢l = —1. Under this, u <+ 1/u and ¢’ <+ —¢’. To check invariance under exchange we

need the identities:

@ lex| x) = (X |ex| @) e xthe) (—1)22

(1 - u—2)—r/8 O (_qu)—’l‘ _ (1 _ uz)—r/S O (q/z) -7 (—I)T/S(C/Z)7T/8 (A.2.71)
@3(_q/2) — u1/2@3(q/2)
We also note that e(%:¥) (q’)ft(“’yf/%z and (¢)*"“Y/"™ are invariant under u > 1/u and ¢’ <> —¢’

[DGM90, Section 9, 10] and r = 24. Putting all these together we finally arrive at the desired identity:

(W (x, 2)V (1, w)W (¢, O)l @) = — (W (0, OV (1), )W (x;, 2)  0)- (A.2.72)
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It remains to prove the identites (A.2.71). The last relation in eq. (A.2.71) is proved using the
fact that ©3(—¢"?) = ©4(¢'?) where

©4(q) = Z(—l)”qé =[[a-q¢m (1 — q’"‘%)2 (A.2.73)

neZ

3
—

and [DLMF]
04(q'(u)?) = u? O3(q'(u)?), (A.2.74)

where ¢'(u) is given by eq. (A.2.63). The middle relation in (A.2.71) follows from the usual modular
transformation rules. The first relation in eq. (A.2.71) is similar to, but different from one proven

in [DGMO0], because their context is slightly different. We prove the first relation as follows:

(@lexlx) = (e7™¢) (OM (9)]erlx)
= —e™e T M*y\x
= —e™he pTas M*x (M~; =M and M* = M)
= eimlhe =) ST x (e—iﬂ-hxeMX*)*
= eimlhethy) oy xe (A.2.75)

e =m) Tl () TviX"

= e
= e (7,0)7 (73) X"

. 2
e271'(h¢7hx) (71)% (’VA(P)TY*

A2
2

eiﬂ'(hgpfhx) (_1)

(Xlexl®),

where we used the properties of the gamma matrices and the fact that they are unitary. O

To complete the proof of locality, we need to promote the states y and ¢ to arbitrary fermionic

states in 27 (Ar).

Lemma A.2.4. The locality relation W (x,2)W (¢, w) = =W (¢, w)W (x, 2) for arbitrary fermionic

twisted states x,p holds if and only if

W (x, 2)W (g, ¢) = =W (0, OW (x; 2) (A.2.76)
for x, ¢ twisted ground states.

Proof. Direct implication is obvious. We prove the converse. Since we already have the locality of
V(z/;,z)?(x,w) = V(X,w)vw,z) for twisted state xy and untwisted state 1, we have the duality
relation

VW, 2)V(x,w) = V(V(¢, 2z — w)x, w). (A.2.77)
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Note that by Proposition 2.5.1, the right hand side of from (A.2.77) has square root singularity when
x € A5 (AL) and ¢ € s~ (AL). Fortunately we do not have to use (A.2.77) for ¢ € 4~ (AL).
To prove this lemma, we only need ) € 7 (Ar). Using explicit matrix forms of 1% (2.5.17) and
(2.5.18), we get

V(i/% Z)W(X? ’U}) = W(VT(wv e w)X7 w)
VT(% Z)W(X»w) = W(VT(QZJ?Z - 'lU)X/LU)

Acting on W (x, 2)W (¢, ¢)|o) by Vr(,w) with ¢ € T (Ar) and using the above relations and
Lemma A.2.2, we can generalise x to arbitrary fermionic twisted state on both sides of (A.2.76).
This is because Vr (v, z) maps fermions to bosons and vice-versa in the twisted sector if 61 = —1)
and preserve the parity if ¢ = ¢. Similarly acting with V7 (1, w) on W (x, 2)W (e, ()o, we can
generalise ¢ to arbitrary fermionic twisted state on both sides of (A.2.76). The statement of the

lemma now follows. O
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Appendix B

Modular tensor category from rational conformal field theory

In this appendix, we explain the rigorous construction of a modular tensor category from a 2d rational
conformal field theory (RCFT) using the theory of vertex operator algebras. The foundational paper
on the subject is the work by Moore-Seiberg where they derived polynomial equations for braiding
and fusion matrices defined using conformal blocks [MS88]. These equations were then used to
prove the Verlinde conjecture, a foundational result in 2d rational conformal field theory [Ver88|. A
more systematic treatment was then presented by Moore-Seiberg in [MS89c, MS89a|. The physics
motivated discussion in Moore-Seiberg was then formalized into categorical language by Turaev
[Tur92| to define a modular tensor category'. The rigorous construction of the modular tensor
category from an RCFT was described in a series of works by Huang-Lepowsky [HL95, Hua95a,
HL93, HL94] and Huang® [HKJL15, Hua05].

The goal of this appendix is to summarize the construction of modular tensor category from a
vertex operator algebra and sketch the proof of the Verlinde formula. This appendix will also serve

the purpose of introducing several terms used in Chapter 2 and Chapter 3.

B.1 Vertex operator algebra

The algebraic theory of RCFTs described by Moore-Seiberg in [MS89c, MS89a] can be given a
rigorous mathematical treatment using the theory of vertex operator algebras, invented originally
to prove the Monstrous moonshine conjecture. To describe vertex operator of 2d CFT rigorously,

mathematicians use formal calculus. We begin by discussing some basic definitions in formal calculus.

I The name modular tensor category was suggested by Igor Frenkel.
2The construction of rigid braided tensor category from affine Lie algebras was first presented by Kazhdan-Lusztig

in [KL91, KL93a, KL93b, KL94a, KL94b] but its generalization to arbitrary rational VOA was first presented by

Huang.
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The symbols z, xg, 21, ... will denote commuting formal variables. Let Ng = NU {0}. For a vector

space V', we set

Vix] = { Z vpx" : v, € V) all but finitely many v, =0

n&€Np

Viz, 27! = {Z vpx” v, € V, all but finitely many v,, =0

If we define the operator s by the expansion

o0

d e
eT0des — § 20 =
n! dzn ’

then one can show that the formal version of Taylor’s theorem holds:

e™ds f(x) = f(w+m0), feV[za .

For any s € C, we will define the formal series

S - 8 s—n_n
(x1+22)° = Z <n>x1 Zg

where

(s> s(s—1)---(s—n+1)

n n!

(B.L.1)

(B.1.2)

(B.1.3)

(B.1.4)

(B.1.5)

Note that the convention is to always have the second variable raised to positive integral powers. In

particular,

(1 +x2)° # (vog +21)°, for s € C\Ng .
A basic function which will feature prominently is the “delta function”

d(z) == Z z" € Clz,z7'] .

nez

The delta function satisfies the property

f(@)d(z) = f(1)8(x) for f(z) € Clz,z™"] .

(B.1.6)

(B.1.7)

(B.1.8)
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We will often use the three-variable delta function
_ Tl — T2 (331 - 372)” m( T —n—1_n—m_m
(ML) =X e ¥ () )
0 nez Zo méENy,neZ

The following identities can be verified by formal manipulations:

2'6 (“ ha :c0> =230 ("Tl - wo)
T €2

(B.1.10)
xald (xl —x2> —xalé (xQ —x1> = x;lé (xl —x0> .
Zo —Z L2
Limits of formal expression are defined in a purely algebraic sense. For example
oo
ilg%) f(x)=wvy, for f(z)= Z;Jvnx e V=] . (B.1.11)

Formal residue is defined as

Res, (Z vnx”> =v_q . (B.1.12)

nezZ

For example

Res,, o] '6 (W) —1. (B.1.13)
x1

We will usually work with C-graded vector spaces

V=V - (B.1.14)
neC
We will often denote this direct sum by
V=11 Vi - (B.1.15)
neC
We also work with direct products
V=]V - (B.1.16)
neC

V is also called the completion or the algebraic extension of V. The main difference between these
two notations is that in direct sum (]]), we only take finite sums of homogeneous vectors while in

direct product (J]), we are allowed to take formal infinite sums.
B.1.2 Definition and consequences

Definition B.1.1. A vertex operator superalgebra (SVOA) is a tuple (V,Yy,1,w, ¢), where

e Visa %Z—graded complex vector space

V=TI Vi - (B.1.17)

nE%Z

and V is also Zy-graded V = V5 & V7,



e Yy is the vertex operator map

Yy (e,2): V —s End(V)[[z7,272]]

ur— Yy (u,x) = Z "

ne37

such that we have u,v € V;;; when u € V; and v € V;
e 1 € V) is the vacuum vector,
o w € V(y) is the conformal vector.
e c € C is the central charge.
This data satisfies the following axioms:

1. Creation property:

Yv(1,z) =1y, i’lg%YV(v,x)l =v.

Equivalently,

ln:07 n#_17 1—1:ﬂV7

Vp-1=0, n>—-1, v_1-1=w.

2. Grading restriction property: V{,) = 0 for n < 0 and dim(V(,) < co.

3. Virasoro property: Define the operators L,, € End(V) by?®

Yy (w,z) = Z L,z "2,
nez

Then L,, satisfy the Virasoro algebra with central charge c:

C
[Lony L] = (M — ) Ly + — (m?

T

4. Lo property: Lg is the grading operator on V:

Lov =nv, forall veVy,.

— m)(5m+n70 .
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(B.1.18)

(B.1.19)

(B.1.20)

(B.1.21)

(B.1.22)

(B.1.23)

The eigenvalues of L are called weights or conformal dimension. The vertex operators satisfies

d
aYV(v,I) =Yy (L_1v,2) .

(B.1.24)

31t is conventional in Mathematics literature to denote the Virasoro generators by L(m). We will use the two notations

interchangeably.
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5. Jacobi identity: For any u,v € V, we have

T2 — X1

Zo —Zo

zg o <x1 — ””2) Yo (u, 21) Yy (0, 22) — (—1) #1025 15 ( ) Y (v, 22) Yy (u, 21)

(B.1.25)

_ T —T
= x5 15( le O) Yv (Yv (u, zo)v, x2) ,

where |u| is the Zs-degree of w.
We will often denote an SVOA by (V,Yy ) or simply by V. An SVOA is called a VOA if
e V7 =0and Vm-&-%)ZOfOrnEZ,

e the vertex operator map is a formal series in integral powers of z, i.e., for u € V,

Yo(ua) = 3 upa "t € End(V)[lz,2 1] . (B.1.26)
nez

Remark B.1.1. 1. A vertex operator algebra is to be understood as the chiral algebra of a 2d
CFT.

2. Using Jacobi identity, we can prove the following properties:

Yy (v, 2)1 = e®F-1o | (B.1.27)

Yy (e®ol-1y, 2) = e F Yy (v, 2) = Yv(v,x + x0) , (B.1.28)
[L_1,Yy(v,2)] = Yy (L_qv,2) , (B.1.29)
[Lo, Yy (v,z)] = Yy (Lov, z) + 2Yv (L_1v,2) , (B.1.30)
[L1, Yy (v,2)] = Y (Liv, x) + 22Yy (Lov, 2) + Yy (L_qv, ) . (B.1.31)

This is the action of SL(2,C), spanned by {Lg, L+1}, on the vertex operators. More generally,

if v € V{3 is such that L,v =0 for all n > 0, then
n+1 d n
[Lp, Yy (v,2)] = |z 1 +h(n+1)z™ ) Yv(v,z) . (B.1.32)
x

This is equivalent to the OPE of the stress tensor with a primary field of conformal dimension

h.

3. The Jacobi identity can be written in terms of commutators of v, € End(V). This is how

Borcherds originally defined vertex algebra [Bor86b].

From now on, we will restrict to VOAs but almost all of the discussion goes through for SVOAs.
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Jacobi identity as commutativity and associativity

Most of the axioms of vertex operator algebra is familiar from physical theory of 2d CFT except for
the Jacobi identity. As we will now discuss, the Jacobi identity captures the locality of generators of
chiral algebras. We will give a brief review of the results of [FHL93b] which shows that the Jacobi
identity is equivalent to the “commutativity” and “associativity” of vertex operators which are more
familiar from physics point of view.

Define the restricted dual

V=TTV (B.1.33)

nez
where V(\T/l) := Hom(V(;,y, C) is the dual of V{;,). Then there is a natural pairing of V,V’, which we
will denote by (-, -). By grading restriction and creation property, it is clear that for u,v € V and

v’ € V', we have

(W', Yy (u,z)v) € Clz,x ] . (B.1.34)
We have the following theorem.
Theorem B.1.1. Let (V,Yy) be a VOA. Let v,v1,v3 € V and v’ € V'. The the following is true:

1. (Rationality of products) The formal series (v', Yy (v1,x1)Yv (ve, x2)v), which has only finitely

many negative powers of xo and only finitely many positive powers of x1, takes the form

(W', Yy (v1, 1) Yy (v2, 22)v) = t12f (21, 22) , (B.1.35)

where f is of the form

g(l'l, 1'2)
ahas(xy — xo)t

f(ll?l,(ZZQ) = (B136)

for some g € Clxy,x2],7,8,t € Z and the notation t12f means that we expand f in positive

integral powers of xs.
2. (Commutativity) We have
(v, Yy (v2, 22) Yy (01, 21)v) = 101 f (1, 22) (B.1.37)
where 121 f means that we expand f in positive integral powers of x.

3. (Rationality of iterates) The formal series (v', Yy (Yy (v1,x0)va, x2)v), which only has finitely

many negative powers of ro and only finitely many positive powers of xs, has the form

(W', Yy (Yy (v1, 20)v2, 22)0) = ta0h(z0, 72) | (B.1.38)
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where h is of the form

k(x07x2)

h(zo,x2) = T30 + o)t (B.1.39)
for some k € Clzg,x2],r,s,t € Z. Moreover, we also have
(W', Yy (v1, 0 + 22) Yy (v2, x2)v) = to2h(zo, x2) . (B.1.40)
Remark B.1.2. Commutativity means that the formal series
(W', Yy (v1, 1) Yy (v, 22)v)  and (v, Yy (ve, 22) Yy (v1, 21)0) (B.1.41)

are the expansion of the same rational function f expanded with positive integral powers of xs, x1

respectively. Associativity means that the formal series

(W', Yy (Yy (v1,m0)v2, 22)v)  and (v, Yy (v1, o + 22) Yy (v2, T2)v) (B.1.42)

are the expansion of the same rational function expanded with positive integral powers of xq, zo

respectively.

When we replace the formal variable xg,x1,z2 by nonzero complex numbers, then we get the

familiar notion of locality of vertex operators.

Proposition B.1.1. The Laurent series (v', Yy (v1, 21)Yy (va, 22)v) and (v, Yy (va, 22) Yy (v1, 21)v)

converge to a common rational function in the domains

|z1| > |z2| >0 and |z2| >|z1] >0, (B.1.43)

respectively. Moreover, this function has poles only at z1,zo0 = 0 and z1 = z2. The Laurent se-
ries (v, Yy (v1,21)Yv (va, 22)v) and (v, Yy (Yy (v1,21 — 22)v9, 22)v) converge to a common rational
function in the domains

|z1] > |z2| >0 and |z2| > |21 — 22| > 0, (B.1.44)

respectively and in the common domain

|21] > |22] > |21 — 22[ > 0, (B.1.45)
these two series converge to the common series.

The associativity of vertex operators becomes the operator product expansion from physics.

More precisely, from Proposition B.1.1, inside correlation function, the identity

Vv (u, 20)Yy (v, 22) = Yo (Yo (u, 21 = 22)0,22) = Y Y (- v, 20) (21 — 22) "7, (B.1.46)
nezZ
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holds in the domain |z1| > |z2| > |21 — 22| > 0. This is precisely the operator product expansion. In

physics, we only care about the n > —1 terms.

Theorem B.1.2. Associativity and commutativity of vertex operators is equivalent to the Jacobi
identity. In particular, in the definition of a VOA, we could replace the Jacobi identity by the

following Locality axiom: For uy,us,v € V and v’ € V' and complex numbers z1, z2, the series
(W', Yy (u1, 21) Yy (u2, 22) v)
(', Yy (ug, 22) Y (u1, 21) v) (B.1.47)
<U/a Yv (Yy (u1, 21 — 22) ug, 22) v)

are absolutely convergent in the regions |z1| > |z2| > 0,|z2] > |z1] > 0,|22] > |21 — 22| > O,
respectively, to a common rational function in z1 and zo with the only possible poles at z1,z9 = 0

and z1 = zo.

Definition B.1.2. A VOA homomorphism between (Vi,Yy,,11,w1,¢1) and (Va, Yig, 1o, wa, c2) is a
linear map f : V3 — V5 such that
fYv, (u,z)v) = Yo, (f(u),z) f(v) , wveV,

f(11) =12, flw)=ws.

(B.1.48)

A VOA isomorphism is a bijective homomorphism, a VOA endomorphism is a homomorphism from
V to itself and a VOA automorphism is a bijective endomorphism. We say that V; is a subalgebra

of V5 if there is an injective homomorphism f : V; — V5.
The tensor product of two VOAs is defined as follows: given VOAs V1,..., V", the vector space
V=VieVi. V", (B.1.49)
is equipped with the vertex operator map
Yv'®@ - @v"2) =Y o) @ @Yy (v",z), v eV, (B.1.50)
vacuum vector
1=1,®--®1,, (B.1.51)
and conformal vector
wzzn:11®--'wi®“~®1n. (B.1.52)
i=1

(V,Yy) can then proved to be a VOA with central charge ¢ =c¢1 + -+ + ¢y,
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B.1.3 Modules of a VOA
We now define modules of a VOA.

Definition B.1.3. Let (V,Yy) be a VOA. A V-module is a C-graded vector space

W= 1] W, (B.1.53)
neC

equipped with the module vertex operator map

YW(.,IE) 'V — End(W)[[gg’xfl]] ,
V— YW('U,$) — Z ’Un.fcinil ’ (B154)
nez

satisfying
1. Identity property: Yy (1,2) = L.

2. Grading restriction property: W, = 0 for sufficiently small Re(n), dim(W(,)) < oo and

vy, - w = 0 for sufficiently large n.

3. Virasoro property: Define the operators L,, € End(WW) by
Yiv(w,2) = Lna "2 (B.1.55)

Then L,, satisfy the Virasoro algebra with central charge c:

C q
[Lon, Ln] = (M —n)Lppin + 1—2(m‘3 — M) mtn.0 - (B.1.56)

4. Lg property: Ly is the grading operator on W:
Low =nw , forall weWg,). (B.1.57)

Moreover the vertex operators satisfies

diYW(v,x) =Yw(L_yv,x) . (B.1.58)
x

5. Jacobi identity: For any u,v € V, we have

Xro — I

mo_lé (xl — xQ) Yw (u, x1)Yw (v, x2) — Z‘0_15 (

) Yw (v, 22) Yy (u, 21)
Zo

o (B.1.59)

€2

_ 1 —
= Xy 1(5 ( ! 0) Yw(YV(’u7l‘0)v,$2) .

If we relax item 2 to v,w = 0 for all v € V,w € W for sufficiently large n and remove item 3 and

item 4, then we call (W, Yw) a weak V-module.
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A V-module homomorphism between V-modules (W7, Yy, ) and (Wa, Yi,) is a linear map f :

W1 — W5 such that

FYw, (v, 2)w) = Vi, (v, 2) f(w) , veEV, weW . (B.1.60)

Isomorphisms (equivalences), automorphisms, submodules, direct sums, irreducible (simple) mod-
ules, completely reducible (semisimple) modules etc., are defined in the usual way.
A VOA V is called simple if it is simple as a module for itself. W will be called simple or

irreducible V-module if it does not contain any nontrivial submodule.

Theorem B.1.3. A tensor product of VOAs VI®---@V™ is simple if and only if each V' is simple.
A simple (Vi®---@V™)-module W with the property that, the eigenvalues of L{ on the lowest weight

space of W are rational, is a tensor product of simple V*-modules.

Contragredient module

Let (W,Yw) be a V-module. Define the restricted dual
w =TI W - (B.1.61)
neC
W’ has the obvious C-grading. Define the adjoint vertex operators Yy (v, ) by the linear map

Yy (e,2) : V. — End(W')[[z,271]],

B.1.62
vi— Yy (v,z) = Z v ( )
nez

defined by
Y (v, 2)w',w) = (', Yy (e" (—2 ) ov, 27 Y w) , veViweWuw' e W' . (B.1.63)
Theorem B.1.4. Let (W,Yw) be a V-module. Then (W', Yw) is also a V-module.

The proof of this theorem is by direct computations and the details can be found in [FHLI3b].

If we expand

Yipr(w,2) = > Lia™" 2, (B.1.64)
nez
then we have
(Lyw' wy = (', L_,w), weW,w' eW' neZ. (B.1.65)

This is the usual Belavin-Polyakov-Zamolodchikov BPZ conjugation.

Here are some properties of contragredient modules.
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Proposition B.1.2. Let (W,Yw) be a V-module and (W', Yw) be the contragredient module.
1. W Ywn) is naturally isomorphic to (W,Yw).
2. (W' Yw) is irreducible if and only if (W,Yw) is irreducible.

3. (W' Yw) is isomorphic to (W, Yw ) if and only if there exists a nondegenerate bilinear form

(,) on W. Moreover for W =V, this bilinear form is symmetric.

A VOA V is called selfdual if V=2V’ as V-modules.

B.1.4 Intertwining operators

Definition B.1.4. Let (V,Yy) be a VOA and let (W;, Yw,),7 = 1,2,3 be V-modules. An intertwin-

ing operator of type (WIIV;VZ) is a linear map

V(e,x) : Wi — Hom(Wo, W3){z} ,
B.1.66
wy — Y(wy,x) = Z(wl)n:rfnfl , ( )

neC

satisfying the following properties:
1. (wy)p - wq =0 for all wy € Wy for sufficiently large Re(n).

2. Jacobi identity: for all v € V,w; € Wy, we € Wy

T2 — T1

) y(wh x2)YW2 ('Ua xl)wQ

Lo —Zo

xalé (:101 — x2> Yw, (v, 21)Y(wy, 22)we — xald <

— x;lé (ml _ x0> Y(Yw, (v, z0)wy, x2)ws .

(B.1.67)

3. L_; property:

d
@y(wl,x) =Y(Lywy,z), w €Wy . (B.1.68)

The vertex operator map Yy is an example of an intertwining operator of type (VVV) and the
module vertex operator Yy is an example of an intertwining operator of type (VV“//V)
The space of intertwining operators of type (W‘:V‘j’VQ) forms a vector space, which we denote by

VW5 . The dimension of these spaces are called fusion rules:
Wi Wa

W, = dim Vs (B.1.69)

From the discussion above

My >1, My >1, (B.1.70)
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for a nonzero V-module W. Let us now discuss the skew-symmetry map. Let )Y € VVVI‘,?W2 be a

nonzero intertwining operator. For p € Z and Y € V‘YVVfWQ, define the operator

(V) : W @ Wy — Wi{z} (B.1.71)

Qp(y)(w%mo)wl = eIOLily(wl’x)wQ‘x":e"i(%-%—l)"wgmec ;o owi € Wiwp € Wy

Then we have the following theorem from [HL93|.

Theorem B.1.5. For p € Z, the operator ,(Y) is an intertwining operator of type (Wzva,l) and

Q_p_108Q, =0Q,00_,_1 =1. In particular, 2, : V;/VVf’W2 — VI‘//V[/;WI is an isomorphism and
NVV‘Z3W2 :/\/V‘%Wl ) (B.1.72)

One can also define the contragredient of an intertwining operator as follows: given an inter-
twining operator ) € V;/VVf’WZ) and r € Z, we define the contragredient of ), denoted by A,(}),

by
A (Y)W ® Wé — Wé{x}
(B.1.73)
wy @ wy — A (V) (wr, T)ws ,

where A,.() (w1, z)w] is defined by

(A (V) (wy, x)wh, we) = <wé,y (elee(errl)mLOx*HOwl,afl) w2> . (B.1.74)

For Wi, = V and Wy = W3 = W, the operator A,(Yy ) agrees with the contragredient vertex
operator Yy defined in (B.1.63). We have the following theorem from [HL93]|.

Theorem B.1.6. The contragredient operator A,.(Y) of an intertwining operator Y of type (WIIV;’V)
is an intertwining operator of type (W?Vvévs’) Moreover,
A, 10A. =A,0A_, 1 =1. (B.1.75)
In particular, the map Y — A.(Y) defines a linear isomorphism
A VW, — Vit (B.L.76)
and we have
N, = Nyt (B.1.77)

B.2 Tensor product of modules of a VOA

Let V be a VOA and W1, W5 two V-modules. We would like to define the tensor product of modules

W1 W W5 such that it is also a V-module. The usual tensor product of vector spaces W; ® Wy does
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not work: the usual module vertex operator is

Y, ow, (v,2) = Y, (v,2) @ 1 + 1 @ Yy, (v, ) , (B.2.1)

so that the Virasoro generators act as

L,1+1® L, , (B.2.2)

which satisfies the Virasoro algebra but with central charge 2c. A solution to this problem based
on physical reasoning was given by Moore-Seiberg in [MS89c, MS89a]. In a series of papers, Huang-
Lepowsky [HL95, Hua95a, HL93, HL94| rigourised the Moore-Seiberg definition of tensor product.
Huang later used this tensor product to prove that the category of modules of a rational VOA is a
modular tensor category [HKJL15, Hua05|. In this appendix, we will review the Huang-Lepowsky
construction and the construction of the modular tensor category.

We begin by defining P(z)-tensor product of modules.

Definition B.2.1. For z € C*, the P(z)-product of two V-modules Wi, W5 is a pair (W3, Ip(.))

where W3 is a V-module and* Ipgy : W1 @ Wy — W3 is an intertwining map, i.e.,
Ip(z)(wl 4 ’wg) = y(wl, Z)’wg , W Q@we €Wy @ Wsy (B25)

for some intertwining operator ) of type (WKVVJ'VQ) The P(z)-tensor product of Wi, Wy is then defined
by the following universal property: the P(z)-tensor product of Wj, W, denoted by (W1 Mp(.)
Wa,®p(.y) is a P(z)-product such that for any other P(z)-product (W3, Ip(;)), there exists a unique
V-module map f : Wi Kp(,) Wy — W3, with the unique extension® f : m — W3, such

that Ip(;) = f o Mp(,), i.e., the following diagram commutes:

4Recall that W3 denotes the algebraic completion of W3 defined by

Wy =T]Ws)@m) - (B.2.3)
neC
We use the principal branch of logarithm
log = = log | + iarg(z) , 0 < arg(z) < 2, (B.2.4)

to define rational powers of z as z~ "1 = e~ (n+1)log =z,
5Given a V-module map f : Wi — Wh, its extension f : W1 — W is defined as

7 (Z w(n)) =Y flwm) (B.2.6)

neC neC

where w(,) € (W1) (). This extension is unique since V-module maps preserve the grading.
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W1 Ky Wo ———— W

Mp(2)
Wi ® Ws

Remark B.2.1. By standard arguments, because of the universal property the P(z)-tensor product

of two V-modules, if it exists, is unique up to unique isomorphism.

The rigorous construction of P(z)-tensor product of V-modules is a laborious task. We will not
go in full details but summarize the construction.
The strategy is to find a subspace WiNW, C (W; ® W)Y which gives the tensor product. Let

ye V“,/vawz. For a fixed z € C*, we can construct a linear map

)\i; : Wé — (W1 X WQ)V

(B.2.7)
wh — A (wh)
where
Ny (wh) (wy ® wa) = (wh, Y(w, 2)ws) . (B.2.8)
We then define
Willp .y W2 := Spanc {)\i,(wé) : W3 a V-module, w} € Wi, Y € V‘I,/vawz)} . (B.2.9)

Thus the map Y + Aj, is a linear map from VVWV/ISW2 and WiNp.)Ws. The grading on W1lp,)Ws

is given by declaring

wt A3 (wy) = wt(ws) (B.2.10)
We can then write
Willp()Wa = H(W@p(Z)Wz)(n) . (B.2.11)
neC

We now want to construct a module vertex operator

Yp(z) 1 V@ (Willp) W) — (Willp,) Wa){z} , (B.2.12)

Since

Yo (u, 2)A5 (wh) € (W1 @ W) {x} (B.2.13)
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we define its action on w; ® we € Wi ® Wy by

(Yp(o) (u, 2)A5 (wh)) (w1 @ we) = <YW3¢ (u, z)ws, Y(wi, x)wa) (B.2.14)

where (W3, Yyy;) is the contragredient of (W3, Y, ). We would like the pair (W1Np(.)W2, Yp(.)) to
be a V-module. This is not true in general, we need to impose some restrictions on the VOA. The

appropriate condition comes from RCFTs:
1. There are only finitely many irreducible V-modules.

2. All V-modules are completely reducible, i.e., isomorphic to the direct sum of finitely many

irreducible V-modules
3. All fusion rules are finite.

Such VOAs have been called rational in [Hua95al%. Under these assumptions (WiNp(., W2, Yp(s)) is

a V-module. We now define

W1 Rp(.y Wa = (WiRlpy Wa)" . (B.2.15)

This gives us a V-module. To construct the intertwining map Xp(.) such that (W1 Xp,) Wa,Kp(.))

satisfies the universal property of the P(z)-tensor product, we will need the following proposition.

Proposition B.2.1. Let V be a rational VOA and Wy, Wy, W3 be three V -modules. Then there is a
linear isomorphism of the space Homy (W3, W1Np.yW2) of V-module maps from W3 to W1Np.\Wa

and the space VV%WQ of intertwining operators of type (W1 Wa

Sketch of Proof. The map from Vvvgfwz to Homy (W3, Wilp(,)W2) is given by Y + A3, defined in
(B.2.7). The fact that this map is a V-module map is obvious from the definition (B.2.14). The
construction of the inverse map is slightly more involved. Given J € Homy (W3, WiRp . Ws), we

define Y3 : W7 ® Wy — W3 by defining its pairing with W3 as follows:
(wy, Y5 (w1 @ wg)) = J (ws) (w1 @ wy) . (B.2.16)

We then define the map

Vi Wy @ Wy — Wa{x} (B.2.17)

w1 ® we — Yy (wi, x)wy := xLoz*LOyj (x*LozLowl ® x*LozLOwg) .

6The definition of rationality in [Hua05] is that it admits an Np-grading compatible with V-action. Such modules
have been called admissible V-modules in [ABD02|. V is called a rational VOA if every admissible V-module is

isomorphic to direct sum of simple admissible V-modules [ABDO02].
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One then shows that ) € VI‘/}VVfWQ and is the inverse to the map ) — )\§,. O

Now consider the identity map

Ipey : Willp)Wa — Willlp(,)Wa . (B.2.18)

~

By Proposition B.2.1, and the natural identification W4 = W3 for any V-module W3, there is a

unique intertwining operator

YWaRp oy We = Vip., (B.2.19)
of type (Wl‘%f%}%w?). We then define the P(z)-product Xp(.) by
@p(z) WL Wy — W)y &p(z) Wy (B ) 20)

w1 ® wy — w1 Mp(y wy = Mp(,) (w1 @ w) := IwiBp ., wa (W1, 2)ws .
Theorem B.2.1. Let V' be a rational VOA and Wy, Wy be two V-modules. Then the pair (W1 Xp.)
Wo,®p(.y) defined in (B.2.15) and (B.2.20) is the P(z)-tensor product of Wy, Wa.

Let f1 : Wi — W3 and fy : Wy — Wy be V-module homomorphisms. We now define the

P(z)-tensor product

J1®p) fo: Willpe) Wo — W3 Kp,) Wy, (B.2.21)

of these homomorphisms. Let us first define the extension

fi gP(z) fo: W1 gp(z) Wy — W3 &p(z) Wy, (B.2.22)
by
Fi®p(2) fa(wr Bpzy wa) = fi(wi) Bp(sy fa(wa) = Ywurp ., w, (f1(w1), 2) fa(ws) . (B.2.23)
Let us expand
VW& ws (w1, 2wy = ((ywlm<z>w2)(n)(w1) : wz) a " (B.2.24)
neC
One can show that
W1 ‘ZP(Z) W2 - Spanc{(ymﬁgp(z)WQ)(n)(wl) cWw2 i N S C,wl S Wl,u}g S WQ} . (B225)
Then, we define
h &P(Z) f2 ((ywlgP(z)WQ)(n) (wr) - w2) = ((ngﬂp(z)w4)(n)(f1 (wq)) - fg(wg)) , (B.2.26)

and then extend linearly. One can show that this is a V-module homomorphism.
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B.2.1 The category of VOA modules

Let V be a VOA. Then the set of all V-modules as objects and V-module homomorphisms as
morphisms is a category. Let us denote this category by Cy,. Given that we have constructed tensor
product of V-modules in the previous section, we would like to conclude that Cy is a tensor (also
called monoidal) category. This is indeed true and in fact something more is true: under certain

conditions on V, Cy is a modular tensor category. Let us briefly discuss the conditions on V:
1. Vis CFT type i.e., V() = 0 for n <0, V(o) = C1 and V is selfdual V = V',

2. V is regular’, i.e., every Ny-gradable weak V-module is completely reducible, i.e., isomorphic

to the direct sum of finitely many irreducible V-modules.

3. V is Co-cofinite®, i.e.,

dim V/Co (V) < o0 , (B.2.27)

where
Co(V) = Spanc{u—z-v:u,veV}. (B.2.28)

Following [SST24], we will call VOAs satisfying Conditions item 1, item 2 and item 3 as “nice” VOAs.
It was shown in [ABD02, Li99] that in the presence of Condition item 1, Condition item 2 and item 3
is equivalent to regularity of V, i.e., every weak V-module is completely reducible. It was shown in
[Li99, DLM97, Zhu95] that these conditions imply the conditions for rationality used to construct
the P(z)-tensor product.

Before we discuss the modular and tensor structure on Cy, let us briefly recall what is a modular
tensor category, we refer the reader to [Tur92, BKO01] for more details.

A modular tensor category C is equipped with the following structures:

1. Tensor bifunctor X : C x C — C, with unit object 1¢, associator isomorphism
aw, wa,ws : Wi B (Wo B W3) — (W K W) X W3, (B.2.29)
left and right unit isomorphism
by 1 XW — W, rpg WK1l — W, (B.2.30)

such that the following diagrams

"The notion of regular VOA was introduced in [ABD02]
8Ca-confiniteness was defined in [Zhu95].
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W K (W K (W3 K Wy))

QW Wo, W3 By Tw, Maw,, wy, wy

(W1 K Wa) K (W3 K Wy) Wy R (W K W) K Wy)

AW KWy, W3, Wy AWy, WolWs, Wy

(W1 K Wa) K W) KW, (W1 R (W, K Ws)) KW,

awy , wo, w3 Xlw,

Figure B.1: Pentagon identity for tensor category

AWy,1c,Wa

(W1 K 1¢) B Wa Wy K (1c K Wa)

’I‘W1 &ﬂ Wo ]lwl Izéw2

Wi K Wy

Figure B.2: Triangle identity for tensor category

commute and the morphisms ¢4, : 1¢c M 1¢ — 1¢ and r1, : 1¢ W 1c — 1¢ are equal. The

category C equipped with these structures is a called tensor or monoidal category.

2. A braiding isomorphism cyw, w, : W1 ® Wy — Wy X W7 such that the hexagon and triangle

diagrams below commute.

(W1 R Wa) B Wy

cwy,wy R, Oy Wa, Ws
(W2 X W) X W3 W K (Wy X W3)
a;‘}zwl,ws Cwy Wy Bwy
Wy K (W X Ws) (W K W3) KW,

1 &c\) /
W2 WL, W AWy, Wy, Wy

W, ) (W3 B W)

Figure B.3: Hexagon diagram for braided monoidal category
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1 X W

Figure B.4: Triangle diagram for braided monoidal category

This structure makes C a braided tensor category.

3. Rigidity axioms: for every object W, there is a (right) dual object WY along with morphisms
elev|ZW—>1c, iwllc—>W|XWv, (B-2~31)
called annihilation and creation morphisms such that the diagram below is commutative.

—1

W erw —EY gy R W
1w a!;/%WV,W
W WK1l « 2V prwYRW)

T Ly X

WY —2 L WYR1 — s WY R(WRWY)
Tyv Ay vV wwV
\Vi ZW\/ V4 Ewlgﬂw\/ \Vi \Vi

WY " 1 RW (WYRW)RW

Figure B.5: Coherence condition for right creation and annihilation morphism

Similarly, left duals, denoted by YW and corresponding annihilation, creation morphisms

ew WRYW — 1, iw:le — "WRW, (B.2.32)

such that the diagrams below commute.
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W— " terw —EY Y kW)

Tw “w,wV,w

W% Wl XY WRWY)RW

—1

Lo %W w
WY — " WY R1 Y L g R W) R WY

—1
Ty v aWV,W,WV

1y, v New

WY 1, RWY WY R (WRWY)

Figure B.6: Coherence condition for left creation and annihilation morphism

We must also have 17 = V1 = 1¢. A braided tensor category satisfying rigidity axioms is

called a rigid braided tensor category.

4. Linearity and Semisimplicity: The space of morphisms Hom¢ (W7, Wy) are vector spaces’ and
C is endowed with the structure of direct sum and that every object is isomorphic to the direct

sum of a finite number of simple objects'®.

5. Finiteness: C must have finitely many isomorphism classes of simple objects and the unit
object 1¢ must be one of them. Moreover Hom¢(1¢, 1¢) must be one-dimensional (C for us).

These structures define a rigid braided fusion category.

6. Ribbon structure: For every object W, there is an isomorphism 8y : W — W, called the

twist map, satisfying the balancing axioms:

owlng = CW,o, Wy © Cwy, W, © (6W1 X 9W2) )
O = (O (B.2.33)
ch = ]llc )

where for a morphism f € Hom¢(Wy, Ws), the dual f¥ € Home (WY, W) is defined as

fY = (ew, By ) o (Lwy B f B Lyy) o (Lwy Miw,) - (B.2.34)

9We will work with complex vector spaces.
10Linearity involves other technical conditions which allow us to define subobjects of an object. Simple objects are

those objects whose only subobjects are the zero obejct and itself. We will not go into the details, the reader is

referred to [Tur94, BKO1] for details.
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This is the additional data for a ribbon category. In a ribbon category, the left and right duals

coincide.

7. Nondegeneracy: Let {W%},c.s be the isomorphism classes of simple objects with W° = 1¢.
Then the S-matrix'! defined by
Sab :=l1, 0 (ewe Remyv) o (Layay B epaps B Lapoyv) (B.2.35)
o (Lway Bewaws B Lpoy) o (igyay Riwa) o ly)
where Tya : W* — W is the identity morphism, is invertible. This condition on a rigid
braided ribbon fusion category defines a modular tensor category (MTC). The number of

isomorphism classes of simple objects is called the rank of the MTC.

We now briefly summarize how Cy is endowed with these structures. Throughout, we will assume
that V is a rational VOA, although many of the results below can be proved under much weaker
assumptions [Hua04, HKJL15, Hua05]. Firstly, it is clear that Cy is a linear category. We define

the tensor product on Cy by declaring

W1 X W2 = W1 |X|p(1) W2 y (B236)

i.e., the P(z)-tensor product at z = 1. The construction of associativity and left, right isomorphisms

is slightly more involved.

Theorem B.2.2. Let 21,2 € C satisfying |z1] > |22| > |21 — 22| > 0. Then there exists a unique

V -module isomorphism

P(22),P(:1-72)
ApGpesy W1 Bp(ey) (Wa Bp(y) Wa) — (Wi Bp(ey—zy) Wa) Bp(e,) Ws - (B.2.37)

called associativity isomorphism, such that for every wy € Wy, we € Wy and ws € W3, the extension

P(z2),P(z1—=2
AP e W Rp ey (Wa Wp(ey) Wa) — (W1 Bp(sy oy Wa) Bpiey) Wa,  (B2.38)
satisfies
P(z2),P(z1—=2
AP (w0 Bp(ey) (ws Bp(ey) ws) = (w1 Rp(s, ) wn) Bp(,) ws (B.2.39)

Sketch of Proof. The construction of the associativity isomorphism uses the universal property of

11 The map Sap € Hom(1¢,1c) = C and hence is a complex number.
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the P(z)-tensor product. Let us introduce the notation
Wyi= (W1 Rp, -z, Wa) Mp(.,) W3
We:=W1Rp,_.,) Wa

Vs 1 = YWsp (., Wa (B.2.40)

Vi =VYwiRp., ..\ W2

Vii= IWaRp(.p, Ws

V= IWARp (. (Walp .y, Ws)
Under the assumption of rationality of V', one can show that there exists a V-module W5 and
intertwining operator ); and )s of the type (WIIV{ﬁVO) and (Wzvévg) respectively, such that for all
wh € Wi, wy € Wi, wy € Wy and w3 € W3 we have [?]'?

(wh, (w1 Wp(z, —2y) w2) Bp(zy) wa) = (wh, Va(Va(wr, 21 — 22)w2, 20)w3)
(B.2.41)
= (Wi, Vi (wi, 21) Vo (w2, 22) w3) -
Let I = Vs(e, 22), then (W5, I3) is a P(z2)-product. By the universal property of the P(z2)-tensor
product (Wo X p(.,) W3,Mp(.,)), there exists a unique V-module map f : Wy Mp(,) W3 — Wj, such

that Ig = f o @p(zz), i.e.,
L(wy @ ws) = Va(ws, 22)ws = f(wy Mp(.,) w3) = F(V2 (w2, 20)ws3), (B.2.42)

Now let us denote I; := );(e,z1)f(e). It can be shown that I; is an intertwining map of type

(w, o,

Wy Wallp )Ws)’ and the pair (Wy, I1) is an P(z;)-product. Then, by the universal property of the
z2

P(z1)-tensor product (W1 Xp(z) (W2 Xp(z) Wg) 7|KP(21)), there exists a unique V-module map
AP ™) s W Rpay) (Wa Rp(ay) Wa) —> (Wi Bp(s,—zy) Wa) Bp(ey) W (= Wa) (B.2.43)

such that I; = Agng;’ggz;zz) o Mp(.,). Then we have

AR D) (wy Bp () w) = I (wy @ w) = Y1 (wy, 21) f(w) (B.2.44)

for wy € W7 and w € Wy Mp(.y) Ws. Some calculations then show that
(Wl AR 22 ™) (w0 By (w2 Bpey) ws)) ) = (wh (w1 Bp(s, oy w2) Bp(ey ws) - (B:2.45)
for wy € Wj,wy € Wi, ws € Wy and w3 € Ws3. The same construction gives a V-module map from

(W1 Np(zy—2) Wg) Np(zy) W3 to Wi1p.,) (Wg Np(z,) Wg) which is the inverse of AIIZEZ;:?EZ;Z2)' ]

This theorem give us a z-dependent associativity isomorphism. But we want to construct asso-

ciativity isomorphism for the P(1)-tensor product. This is achieved by the parallel transport map.

12In Physics, this is the statement about OPE of primary fields.
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Theorem B.2.3. Let 21,29 € C* and v : [0,1] — C* be paths in C* from z1 to zo. Then there

exists a unique V-module isomorphism
7—[7] Wi Rp) Wo — W1 Wp,) Wa (B.2.46)

called the parallel transport isomorphism associated to the homotopy class [y] such that the extension

Ty s Wi Mp(ay) Wo — Wi Kp(.,y Wa (B.2.47)

satisfies the following property: For wy € W1 and wy € Ws, we have

Ty (w1 Bpzy) we) = IWiBp .,y W (W1, T) w2 nentoen) (B.2.48)
. . .. ngp z W2
where ywlgp(ZZ)W,_, is the intertwining operator of type ( Wi (VIQ/; ) such that
*Xp(zy) ® = IWiRp(.,, W, (9 22)e (B.2.49)
and
lp(z1) = log |z1| + iArg(z1) + 27ip , (B.2.50)

is the value of logarithm of z1 obtained by analytically extending the value log zo along the path ~.

Sketch of Proof. We again use the universal property. Let

I(zl)(wl ® U/Q) = y(wl,m)wg e W @p(ZQ) Wy . (B251)

gn—entp(z1)

Then (W1 Mp,, Wa,I) is a P(21)-product. By the universal property, there exists a module map

T Wi llpee,) Wo — Wi Bp(,) Wa (B.2.52)
such that the diagram
—_— T [ —
Wi Kp(.,) Wa — 1w Rp(.,) W2
Bp(ay) !
Wi ® W

Using the universal property of Wi Mp(.,) W2, we get the inverse map

7-[7—1] : W &p(@) Wy — W4 &P(m) Wy, (B.2.53)

1

where v~ is the curve 7 travelling in the reverse direction. One can show that

To-1°Tm = Iwigpe,war - Tl © Tt = Iwamp .,y ws - (B-2.54)
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O
Using the parallel transport map, we can construct the associativity isomorphism as follows: let

21, 22 € C with |z1] > |22 > |21 — 22| > 0 and let 7, : [0,1] — C,i = 1,2,3,4 be curves connecting

712].—)2’1, 721].—)2’2,
(B.2.55)
Y3121 —22 =1, qa:tz—1.

Then

aw,, Wy, ws : Wi B (W K W3) — (W K Wo) X W3 (B.2.56)

is defined by the diagram below.

AWy, Wo, W3

W1 Rpay (W Bp) Ws) (W1 Kpay Wa) Kpay Ws

Tw, Bp 1) Tiyg) T4l
W1 Bp1y (Wa Rp(s,) Ws) (W1 Kpay Wa) Kpy) Ws
Timl Tiva)®P(z0) Ty
P(z3),P(z1—22)

P(z1),P(22)

Wi xP(Zl) (W2 &P(@) W3) (Wl xP(Zlfzz) Wz) &P(@) Ws

The pentagon identity Figure B.1 is proved by first proving the commutativity of the diagram below

W1 Bp ) (Wa Bp(ay) (Ws Bp(sy) Wa))

P(z2),P(z12 . P(z3),P(z23
Ap1) P (2) TwBp(ag) Ap(5) P (3)

(W1 Bp(z10) W2) Bp(zy) (W3 Bp(zy) Wa) Wi Bp(s,) (We Bp(zy,) W) Bp(zg) Wa)
P(z3),P(z23 P(z3),P(z13
P(z22),P(z3) P(z1),P(z3)

(W1 Bp(zy,) Wa) Bp(2y,) W3) Bp(y) Wa

AP (G23) PG (Wl IzP(le) (WZ g1’(223) WS)) IXP(za) Wy

P(o19).P(a2g) BPG) L

Figure B.7: Pentagon identity for associativity isomorphism for P(z)-tensor product. We use the

notation z;; = 2; — z;.

Diagram B.7 commutes because the associativity isomorphism maps tensor product elements to

tensor poduct elements

(w1 Bp(sy) (w2 Bp(sy) w3)) > (w1 Wp(sy—zp) w2) Mp(sy) w3 (B.2.57)
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To prove the pentagon diagram B.1, we use the parallel transport map. In particular the rectangle

diagram shown below commutes.
Wi Bp(ay) (Wa Bpay) Wa) —— (W1 Bp(y,) Wa) Kp(ey) Ws
(Mwy Bp(y) Trp)0 T 7o 1 8res) Tws)

W1 X (WQIEW:;) _— (W1 &WQ)@WQ),

Thus the outer rectangles in Figure B.8 commutes and hence by commutativity of Figure B.7, we
get the pentagon identity for the associativity isomorphism. This is the recurring structure of proofs
for coherence conditions for all the isomorphisms we construct and hence we will omit them from

now on. We will now give the construction of other isomorphisms.
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The unit object of Cy is the VOA V itself. The left unitor isomorphism

by VRW — W | (B.2.58)

is constructed as follows: let Yy be the module vertex operator. It is an intertwining operator of

type (VV[;V) . Then

Ip(z) Vew — w
(B.2.59)

u®@wr— Ip)(u@w) = Yw(u, 2)w ,

is a P(z)-product. So by universal property, we have a V-module map fy,. : V Rpy W — W

satisfying the property
bw,:(uBpy w) =Ipe)(u@w) =Yw(u,z)w, wveV,weW . (B.2.60)
The left unitor is then defined as
by =l . (B.2.61)
It satisfies the property

w(lRw)=w, weW, (B.2.62)

where 1 is the vacuum vector. To define the right unitor ry : WXV — W, we consider the unique

V-module map

TW,z : W gP(z) V—W, (B263)

obtained using the universal property from the P(z)-product (W, Qo(Yw )), where €, is the skew

symmetry map defined in (B.1.71). Tt satisfies

T (wXpyu) = QYw)(w,2)u, vweViweW. (B.2.64)
We then define
Twi=Tw - (B.2.65)
It satisfies
Tww (WBpoy 1) =L tw, weW. (B.2.66)

One can show that these maps satisfy the triangle Diagram B.2. This makes Cy a tensor category.
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Let us now define the braiding map. Let v be a curve from 1 to —1 in the closed upper half plane
with 0 removed traveling in the counterclockwise direction. Let I be the P(1) intertwining map of

type (WﬂP(l)Wl) defined by

I(w1 & w2) = eL—l’TM (wg @p(,l) wl) , owy €Wy, wy € Ws . (B.2.67)

Then the braiding map is the unique module map

CWy, Ws * W1 X W2 — W2 X W1 (B268)
such that
I(w1 ® ’wg) = Cw,, W, (w1 @p(l) ’wg) . (B.2.69)
It is characterized by
CW, W (w1 |X|P(1) w(g) = 6L_17M (w2 @p(,l) wl) , wy €Wy, wy €Wy . (B.2.70)

Again using the parallel transport map, one can show that the braiding map satisfies the hexagon
Diagram B.3.

The category Cy is clearly semisimple by assumption, the simple objects being the irreducible V-
modules. We will label the finitely many isomorphism classes of irreducible V-modules by the index
set Zy and denote a representative from isomorphism classes of irreducible modules by {W*},cz,,
with the convention that W% = V. Since V' = V, we will identify 0/ = 0. Also V-modules for V
satisfying Conditions item 1, item 2 and item 3 are graded by rational numbers [DLM97]'3. In fact,
we have

we= [T W, (B.2.71)

n€ho+Z>o

We will label the contragredient of W by W', We will denote the space of intertwining operators
of type (Wu Wb) by V¢, and the corresponding fusion rule by . A basis of V¢, will be denoted by
Vipiri =1,...,Ng,. We will choose

yga;l = YW"' (B272)
and )7y, to be the intertwining operator defined as
ygo;l = Q_l(yga;l)) ’ (B273)

13The first proof of rationality of conformal dimensions and central charge under the assumption of modular invariance

and finiteness of number of irreducible modules was given by Anderson and Moore in [AMS88].
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where €, is the skew-symmetry map defined in (B.1.71). We also choose the intertwining operator
Vi1 to be

(u, yga,;l(wa,m)wg) = < 0.1 (elex_qua,x_l) u,w;> , ueV, w,eW*, w, e (W,

(B.2.74)

where (-, -) is the symmetric bilinear form on V' which exists by Proposition B.1.2 since V= V’. We

have the following theorem.

Theorem B.2.4. We have

WeRW = @ NGWe . (B.2.75)

ceLy

Proof. Since Cy is a semisimple category, we have

WeRW = @ M, W, (B.2.76)
ceTy
where
My, = Homy (W RIW", W°) (B.2.77)

are the multiplicity spaces. By the universal property of P(z)-tensor product, we get a natural
isomorphism between the space VVVIZ: we of intertwining operators of type (WZV;Vb) and M¢,. Indeed,

given an intertwining operator ) € VVVKQWI,,

I(we @ wp) = V(we, 2)wp , we € W wy, € WP, (B.2.78)

is a P(z)-intertwining map and hence by universal property, there exists a unique V-module map

Jy : W Np.) Wb — We satisfying
Jy(wa Bp(oy wy) = Y(Wa, 2)wy, , we € W, w, € WP, (B.2.79)
One can show that the map Y — Jy is an isomorphism. Thus, we get
Homy (W R Wb, we) = v, . (B.2.80)
This implies the statement. O

We now describe the rigidity axioms. We take the left and right dual of a V-module (W, Yy )

to be the contragredient module (W', Yy~ ). We now give the construction of the creation and
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annihilation morphisms. Since our tensor category is semisimple, to prove the rigidity, we will only

discuss irreducible modules. For a € Zy and z € C*, the operator

Ip(y: (Wa)/ QW —V
(B.2.81)
W @ wy — [(w, @ w,) = yg,a;l(w;, 2)wg ,

where yg,a;l is defined using (B.2.74). Then by universal property, we have the unique V-module

map
a2 : (W) Rpy W — V., (B.2.82)
satisfying
Ca= (W), Wp(2) Wa) = Verg (we, 2)wa - (B.2.83)
Define the map
o = Can: (W) RW* — V. (B.2.84)

This map will be related to the annihilation morphism.
We now construct another map which will give us the annihilation morphism. By universal
property, for any fixed basis {y};a,;i} of V? ,, there exists an isomorphism

a’’

fa;z W gP(z) (Wa)/ — @ N(fa’wb ) (3285)
beTy
such that
Jazz(Wa Rp(y wh) = Y(wa, 2)wy, | (B.2.86)
where

N,
Y=> > Vi, (B.2.87)

bEZy =1

b b
is an intertwining operator of type (@b‘f‘fgf(j;/‘;g’)f/v ). We have
NG, =6 (B.2.88)

By Theorem B.1.5 and Theorem B.1.6 we have

N(?a :Nfo =Ny =6, . (B.2.89)

Since N2

.+ = 1, there is an injective map

Gaz V. — P N W, (B.2.90)

beZy
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such that
Goz(1) =1V =W’C P N, W". (B.2.91)
beTy
Define
sz 7= fart © Gazz 1 V — W Rp(s) (W) . (B.2.92)

One can show that the definition of 4, is independent of the choice of basis of Vga,. The creation

morphism is then defined as

o =gV — WOR (W) (B.2.93)

We can now compute the following composition of maps

Ao =70 (Lya K é,) o M lya) ot (B.2.94)

—1
Oawm(wmnyao(

which appears in the coherence condition Diagram B.5. Here ¢, := flya,7q := Twa. Since this
Ao € Homy (W* W) and W* is an irreducible V-module, A, € C. A tedious computation performed
in [Hua05] shows that A, # 0. Thus, we can define

€q 1= )\—éa . (B.2.95)

@ is thus the annihilation

Then clearly, e,,i, satisfies the coherence condition in Diagram B.5. e
morphism for Cy .
We now construct the creation and annihilation morphisms for left duals. Using universal prop-

erty of W Rp(,) (W), we get the unique V-module map

Cazz : W Rpiy (W) — V (B.2.96)
such that
ba;x(Wo Hp(o) w)) = Vowa(Wa, 2)wly . wa €W, wj € (W) . (B.2.97)
We also introduce the notation
€a = a1 - (B.2.98)

By universal property, for any fixed basis {y};,w.} of Vb

a’a’

there exists an isomorphism

fa;z s(wey Mp() W — @ N‘g'awb ) (B.2.99)

beLy
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such that

K(w; Xp(.y wa) = V(wy, 2)w, , (B.2.100)

where

Nara
V= Vi, (B.2.101)

beZy i=1
is an intertwining operator of type (@b(evzv‘{lj)\,[:v/‘;fv b) Since NY, = 1, there is a unique injective
V-module map
a1V — @ NLW (B.2.102)
beTy
such that
Ja=(1) =1V =W"c P N2 W". (B.2.103)
beTy
We then define
Gays = fait 0 Gazz : V —> (W) Bp) W . (B.2.104)
The left creation morphism is defined by
Qo = a1 - (B.2.105)
We can again compute the composition of maps
Ya = Lg 0 (ER Lyre) 0 ayya (way wa © (Lya ig) o7, + € Homy (W, W) = C, (B.2.106)

that appears in Diagram B.6. Similar computation shows that ~, # 0. We can then define the left

annihilation morphism
€q 1= —€q - (B.2.107)

Similarly, one can check that other coherence conditions in Diagram B.5 and Diagram B.6 is satisfied.

The twist map is defined by
Oy = e*milo (B.2.108)

Straightforward calculation shows that 6y satisfies the balancing axioms.
To prove the nondegeneracy in Cy, we need the Verlinde formula and its consequences. We
first briefly discuss the Verlinde conjecture and its proof following [Hua04] and then describe its

application in proving the nondegeneracy of Cy following [Hua05].
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Verlinde formula

For an irreducible V-module W®, we define the characters

Xa(u7 T Z) = Tryya Yiva (e2ﬂiZL0u, eZﬂiZ)qLo—ﬁ . qi= e2miT reH, (B2109)
where c is the central charge of the VOA V.

Theorem B.2.5. [Zhu95| Under the (slightly stronger than) Conditions item 1, item 2 and'* item 3,

the following statements hold:
1. The g-series xq(u,T,z) converges absolutely in the domain |q| < 1.

2. Xa(u,T,2) is independent of z and the set of maps {u — xa(u, T, 2) }aez, is linearly indepen-

dent.
3. The following modular invariance property holds: there exists a homomorphism'®
PV . SL(2, Z) — M(|Iv|, C) y (B.2.110)

such that

Lo
1 ar +b z “ a b
X <(c7+d) “ c¢+d’c7‘+d> > v(iXe@r2), €5L(2,2)

ax€ly c d
(B.2.111)
We define the S-matrix to be
az
a 0 1
Sa2 = pv . (B.2.112)
-1 0
a1
For v = 1, we see that the S-matrix acts on the space spanned by the characters
Xa(T) = Xa(laT; Z) . (B2113)
For a € Zy, let N'(a) € M(|Zv|,C) be the matrix with entries
N(a)g! :==Ng2 . (B.2.114)

Theorem B.2.6. [Ver88, Verlinde Conjecture| The S-matriz S = S5 diagonalizes the fusion matriz

N(a) for each a € Iy. Moreover, S§ # 0 and we have the following Verlinde formula

NS

ayjas ~

Sa1501 52
g Seifeal (B.2.115)

[
as €Ly 0

4 Dong-Li-Mason in [DLM97] improved Zhu’s results by weakening the assumptions.
15We denote the group of n X n complex matrices by M(n,C).
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We will now describe the main steps in the proof of this theorem. We start by discussing the

matrix elements of braiding and fusing isomorphisms. For aq,as,a3 € Zy and p € N, we will denote

by
{ny;S”Z X N(ffaz} (B.2.116)
various bases of V73, . Then it was proved in [Hua95a, Hua00, Hua02| that for a1, ....as € Iy,i =
NG arassJ = Ngg"ag, = N;;aS and [ =1,... Na1a2, there exists
aq;(1 as;(2 a 3 a 4
F(yafa(o 2 ® yaw(s;;,yagas } Y faz L) C (B.2.117)
such that
aq;(1 as;(2
<wt/l47 yafa(g, ?L(wal ) Zl)ya;ag g(waz ) 22)wa3>
Naagag N;1a2 (1) (2). 1(3) (4)
=2 > Z Varasii @ Vazasis Vavat @ Varvanik) (B.2.118)
ag€A k=1 I[=1

3 (3 (4
X <w24,y;’§ag;3€(y§fa(2;3 (Way, 21 — 22)Way, 22)Way)

for |a1| > |z2] > |21 — 22| > 0 and wa, € W, w,, € W2, w,, € W, w), € (W)". The numbers

F(ya47(1) ® y“sv(z) ya4§(3) R yaﬁ’(‘l) ) e C (B2119)

aias;i azaz;j’ v agas;l aiaz;k

are matrix elements of a linear transformation
B Vi Vi, — D Vi, ®Via, (B.2.120)
a1,a2,a3,a4,a5€A a1,a2,a3,a4,a6 €A
called the fusing isomorphism. It was proved in [Hua95b, Hua00, Hua02], that for aj,...,as € A,

i=1,...,Ng. ,j=1,. k=1,...,N&, ,1=1,...,N2, ,and r € Z, there exist

agagv asae? aipag?
BO(Yesll) @yl yer®) g yosith ) e © (B.2.121)

such that the analytic extension of the single-valued analytic function

aa;(1 as;
(wh,, Ve (1w, 20) V5D (W, 20)0a,) (B.2.122)

on the region |z1| > |2z2| > 0, 0 < arg z1, arg zo < 27 along the path

3 6(2r+1)ﬂ'it 3 e(2r+1)7m't
t— = — — B.2.123
(2 5 2T 3 ) ( )
to the region |z2| > |z1| > 0, 0 < arg z1,arg 2o < 27 is
Notag Natag 0 @ "
> D Z BO Vet @ Vasai Varenk © Veva)
coed k=1 =1 (B.2.124)

5(3 55(4
% (wh,, Ve (way, 20) V05 (w4, 22)wa, ).



283

The numbers

B (esil) @ yasi@). yasi®) g yasilhy (B.2.125)

azaz;jr v azaesk ayasz;l
are matrix elements of a linear isomorphism
r) . a as a. a,
B D Vil ®Via, — P v, eve, . (B.2.126)
a1,a2,a3,a4,a5E€A a1,a2,a3,a4,a6 €Ly
called the braiding isomorphism. We will need the matrix elements of the square of the braiding

isomorphism. The matrix elements of the square of the braiding isomorphism is denoted by

(BO)2(yeaill) @ yesi®) peail®) @ yaoih)y (B.2.127)

azaz;j’ v aiae;t azasz;j

Note that (B(")? give the monodromy of the correlation function (B.2.122) corresponding to log(z; —
z9) — log(z1 — 22) + 2(2r 4+ 1)7i. Braiding and fusing matrices give the genus-zero data of an RCFT.
The next step is to relate genus-zero data to genus-one data. To this end, we consider genus-one

correlation functions of the form

Xd ,a2,a (U)a, Wa'; 21, 223 T)
R _ _ (B.2.128)
=62, Trwe: a3a(113€ (U( 2”‘22)3723“(23 (Wa, 21 — zz)waue%lzz) ghom
where U(x) is defined as
U(z) = (e2™7)Loe=L7(A) (B.2.129)
where LT(A) = ano A, L, and A, is defined by the expansion
= log(1 + 27iy) = | exp Z A y"Jrlg Y (B.2.130)
27i " dy ' -

n>0
These are two point torus correlation functions constructed by geometrically modifying the inter-

twining operators from sphere to torus. This is the origin of the operator U(x). Note that
Xi:é’o(l & U; 21, 22; T) = Xa(ua 22, T) . (B2131)
We denote by Fi,2 the space spanned by the maps
We @ Wy —> Xal s (We ® Wyr; 21, 22;T) - (B.2.132)

We denote by }"f.Q the subspace of Fj,5 spanned by'° {Xa s, o} and by ]_-1;?20 the subspace of Fj.o

spanned by {x&/ ) ap.as Yasz0- We have the following generalization of Zhu’s result.

161n defining X(11‘11a2 o> We use the intertwining operators defined in (B.2.72) and (B.2.73).
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Theorem B.2.7. [Hua04, Hua02] Under the Conditions item 1, item 2 and item 3, the following

statements hold:
1. The q-series X579 . o (Wa @ Wars 21, 22;T) converges absolutely in the domain |q| < 1.

: : 1,1
2. The maps Wa@War = X7 4, 05 (Wa@War; 21, 22, T) are linearly independent. Moreover, {Xy) o, 0}tareTy

forms a basis of ]-"?;2.
3. We have
Fro=Fa® ]-‘1 o (B.2.133)
and we have the projection map my : Fi,2 — .7:{);2.

We can now define the action of S € SL(2,Z) on F7., as follows:

L(0) L(0)
. 1 1 2 oz 1
(st 05220 e () (1) w222, 1)

T T T T T
(B.2.134)
By Theorem B.2.7, we see that there exists S;! € C such that
1,1
S(Xal,ag,o) = Z Sa1Xa37a27O . (B2135)
a3z€ELy
These S-matrix elements are the same as (B.2.112) as can be seen from (B.2.131).
Now define the maps

( (X(lzll,aQ, ))(wav Wa' 5 21, 223 T) = WO(lez’ll,ag,e(waﬂ Wq'; 21, 22 — 17 7_)) ) (B2136)
(ﬁ(X(lz’ll,ag,e))(waa Wq'; 21, 22; 7_) = To (X(1111a2 p(wa; Wq'; 21,22 + T; 7_)) . (B2137)

From (B.2.134), (B.2.136) and (B.2.137), it can easily be checked that as operators on F{.,, we have

the operator identity'”

SaS™t=p. (B.2.138)

We now want to write the action of «, 8 in terms of the braiding and fusing matrix elements. For
that we need to introduce the action of the permutation group S3 on the space of intertwining

operators: for Y € Vg3, define

012(Y) = eI (V), 023(V) = AL (Q) (B.2.139)

I7This equation was first obtained in [MS88, MS89c| by using the geometric description of modular transformation
on the torus. More precisely, the S-transformation exchanges the a and /3 cycles on the torus and hence gives rise

o (B.2.138) on torus correlators.
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where

A(Y) = hay — hay = hay (B.2.140)

and h, denotes the conformal dimension of the lowest weight vector of W¢. Then by direct calculation

using the definition (B.1.71) and (B.1.74) of Q, and A,, one can show that

S3 = (012, 023) - (B.2.141)
Let 0123 = 012023. Then we have the following Moore-Seiberg equations [MS88, MS89c|.
Theorem B.2.8. [Hua04] The following relations hold:

1. We have

NGB ?

N
ajay  ajas

Z Z Vazoa @ ya’ asi13 Vot Casik ®yj;% IF (ysffag 5 ® 0123(ya2a )i Voazn ® yg’lal;l)
=1 k=1

- Ngfag (yago 1 ® ya'2a2 i1 yOG.Q 1 ® y(?gaé;l) .
(B.2.142)

2. The maps a, B : ]-"?;2 — ]—"?;2 are well defined. Moreover, if we denote the matriz elements of

a, B for fired az by ag®(az), 852 (az), then we have

OZZ‘:’ (a’2) = 63? (B(il))Q(y:zlllO;l ® yt(z)éag;l; yzlzlllO;l ® yt(z)gag;l) )

N‘;l;as agal
Gaz) = e e ST N PV @V i Vi © Ve ) (B.2.143)
=1 j=1
F(Y5,, ® 0123(ya2a i V520 © Varaga) -

Sketch of Proof of Verlinde Conjecture B.2.6. Using (B.2.138) and Theorem B.2.8 immediately

imply
Y SatBUY(Viton © Veyanni Varon © Veyann) (571
ays €Ly
N:f% 5,12‘13
0 a
= Z F(yazOl ®ya 5a3; l’ya 1as; k®ya;a3,z) (B2144)
i=1 k=1

x F(yg2a3 sk ® 0123(ya2a 7,) y0a2 1 ® yt?’lalgl)
- '/\/:13(12 (ya20 1 ® ya/a2,17y0a2 1 ®y32a'2;1) .

From (B.2.144), we see that we must have

F(ygjo;l ® yg/zag;l’ yOag i1 ® yt(z)za/z;l) 7é 0. (B2145)
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Indeed, if otherwise then by (B.2.144), we must have

(B2, @ V013 Vit @ V0 ) (B.2.146)

But since the vertex operators are single valued, we know that
(B ) (yoo 1 ® 3/3 az; 173)00 1 ® ya,’ as;l ) =1, (B~2-147)

which is a contradiction. Thus, we are allowed to divide by F(V;2.; ® ya, i1} Voas ® ))22(1,2‘1). We
can then rewrite (B.2.144) to get

(B(_1)>2(ya40 1 ® ya/az 15 Varon ® ya,% )
F(yago 1 ®ya/a2 1’y0a2 1 ®ya2a/2;1)

Yo (SThENE, S = 0u

a1,a3€Ly

(B.2.148)

This proves the first part of the Verlinde conjecture that S-matrix diagonalizes the fusion matrix.

To prove the Verlinde formula (B.2.115), let us define

(B )(yg: 1®ya/a21’yg;101®ya’a2,)

\ai : (B.2.149)
as F(Y320., @ V2, s azsti Vo1 © y@% )
and invert (B.2.148) to get
Nz, = > Sexea(S™He . (B.2.150)
as €Ly
For a; = 0 and using N2, = 332, we get from (B.2.150)
a Saa
g2 = S;;z : (B.2.151)
Finally, we calculate that
S*(Xa) =Xa » @€y . (B.2.152)

This means that (S~1)% = Sg;‘ Substituting this and (B.2.151) into (B.2.150), we get the Verlinde

formula. 0

Another computation shows that the S-matrix is symmetric.

Remark B.2.2. The proof of rigidity also uses a consequence of the Verlinde conjecture. Indeed,

the number A,, v, from (B.2.95), (B.2.107) are given by [Hua05]

Ao =" =Fai=FV1 @ Voran; Va1 © Vaar1) - (B.2.153)

The fact that A\,, 7, # 0 then follows from (B.2.145) which can be thought of as a consequence of

the Verlinde conjecture.
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Nondegeneracy of Cy

To prove the nondegeneracy, we need to compute the composition of maps in (B.2.35). This com-

putation has been done in detail in [Hua05]. The result is

(B&Y)?
/e B.2.154
(SMTC)ab R, ( )
where
(B0 = Dot © Yrs Vs ® V) | (B.2.155)

and we have used the subscript MTC to differentiate the S-matrix defined for the MTC using the
composition of maps in (B.2.35) and the S-matrix defined in (B.2.112) in the VOA. From (B.2.151)

we find that

Sb
(Smrc)ab = o (B.2.156)
0

which is invertible by the Verlinde formula. This proves the nondegeneracy of Cy .

B.3 The dictionary from VOA to 2d CFT

We now give the dictionary between the vertex operator algebra literature and rational conformal
field theory. We will assume familiarity with the discussion of Moore-Seiberg [MS89c]. Consider an
RCFT with chiral algebra 47 and antichiral algebra </. ¥ In the mathematical language, the chiral
algebra o/ ,.52//\/ are vertex operator algebras, which we denote by V V. For rational CFT, V, V are
“nice” VOAs in the sense that they satisfy the Conditions item 1,item 2 and item 3. Thus there are
finitely many isomorphism classes of irreducible V, V-modules. Following our earlier notation, we

will label the irreducible modules by

{(Whaez, , {Waer, - (B.3.1)

We first decompose the physical Hilbert space of the CFT into conformal families:

M
e = P B:32)
a=0

18In general, the chiral and the antichiral algebra may be non-isomorphic. Most notable example are the Narain CFTs
[Nar86, NSW87, NSV87| which appear in the toroidal compactification of string theory [Pol07a|. Another example
is the worldsheet CFT of the heterotic string [Pol07b]. A rigorous mathematical formulation of such theories was

given using the formalism of nonchiral vertex operator algebra in [SS23, SST24].
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where the index « runs over the chiral primary fields of the theory and o = 0 corresponds to the
identity primary field. We can also decompose the Hilbert space into irreducible representations of

the chiral algebra &7 ® o

M
Hohys = @%’?(a) ® Hi(a) (B.3.3)

a=0
where 7, 7 maps a primary field to the appropriate representation of the chiral algebra. In mathemat-
ical language, the vector space 7., is an irreducible V-module and f%?;(a) an irreducible V-module.

Thus we can think of r, 7 as maps

r:{0,.... M} — Iy, 7:{0,.... M} — I, (B.3.4)

mapping 0 to 0. Depending on the RCFT, the map r,# may or may not be surjective'®. We will

denote the map from J7, to 74, j/i%:(a) by the same symbol:

r.H, — %(a) , T, — %(a) . (B-3~5)

Now recall that given three modules J,, 74, 7, of the chiral algebra <7, a chiral vertex operator )
of type ( J;{f% ) is a linear map

Vo, @ M — {2},
(B.3.6)

W(a) ® Wy > Y (W(ay, 2)We)

which satisfies certain locality properties?’. Chiral vertex operators in the mathematical language
are intertwining operators defined in Definition B.1.4. Let us denote the vector space of intertwining
operators of type ( ﬂff;ﬁ ) by V¢,. The space of intertwining operators ]7;5 for the antichiral algebra
o is defined similarly. The fusion rules Lfb,./\7 aéi; of the CFT are defined as the dimension of the
spaces V<, 17(‘; respectively. Let us denote the space of all intertwining operators by V:
vi= P Vi, V= Vi (B.3.7)
a,b,cETy a,b,c€Ty

Define the “OPE coefficients” as a linear map

dlz:VeVy—C, (B.3.8)

9The diagonal modular invariant corresponds to the choice &7/ 22 sf, ie., V \7, M +1 = |Zy|, r is a bijective
map of sets and 7(a)) = r(a)’. Here we are following the notation that a’ labels the contragredient of the V-module

labeled by a.
20Chiral vertex operators were first introduced in [TK87] and then generalized to general setting by Moore-Seiberg

in [MS89c|. They were then formalized in [FHLI3b] to intertwining operators.
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which is nonzero only on the subspace V:(a yr(g) ® V~ ( ) This function will relate the three point
function of primary fields to the matrix elements of intertwining operator. Let m, : /7 — 4, be

the projection map and let

{Vopiri=1,....NG} ,
{ygmzz:l,...,ﬁ;g} :

be a basis for V¢, Vc~ respectively. Then a field corresponding to a state v € J#, is given in terms

(B.3.9)

of the intertwining operators by [MS89b]

() 7(y
M Nr(cz)T(B) Nr(a)r(/i)

Z Z Z ( :(Z)T(ﬁ);i’yg((;if(ﬂ)ﬂ) Ty (y:((rz;r(ﬂ) (7 (v), 2 )®y:((£r( )26@)’2)) s -

B,y=0 i=1 ;
(B.3.10)
Assuming that the fields ¢,,, ¢,, corresponding to states vy € 94, vy € 3 are BPZ self-conjugate,

this implies the relation between the OPE coefficients and three point functions:

lim <¢v1 (Zlv zl)d)v(zv 2)¢v2 (227 Z2)>

21,22~

() 7(7)
NT(Q)T(B) NT(W)T(B)

) ; Z T (VDo Vrtrseoni) (00 Vi@ oy ar(©),2)r(w2) ) (7(00). T, ) 5(7(0). 27 (2) )
(B.3.11)

Solving this equation using known 3-point functions of the RCFT, we can determine the OPE coef-
ficient map.

Conversely, given a “nice” VOA, we can construct the diagonal RCFT (see Footnote 19) except for
the data of OPE coefficient map (B.3.8). Equivalently, the chiral RCFT can be fully reconstructed
from the data of VOA and a subset of its irreducible modules. Constructing other modular invariants
requires further analysis because we need to glue chiral and antichiral sector in a modular invariant
way. A systematic study of constructing the full RCFT from the modular tensor category Cy of a
“nice” VOA was carried out in a series of papers [FRS02, FRS04a, FRS03, FRS04b, FFRS05]. A

review of this construction is beyond the scope of this thesis.
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Appendix C
Appendix for Chapter 3

C.1 Affine Lie Algebras

In this appendix, we review the essential aspects of affine Lie algebra theory needed in our discussion.

We refer the reader to [DFMS97, Hum95, FS97] for more details.

C.1.1 Lie Algebra Conventions

Let g be a finite dimensional real Lie algebra. An element x € g is called nilpotent or ad-nilpotent
if ad, : g — g defined by

is nilpotent. If ad(x) is diagonalizable, then z is called semisimple. A subalgebra of g consisting of
semisimple elements is called a toral subalgebra. One can prove that a toral subalgebra of a complex

Lie algebra is abelian'

. A maximal toral subalgebra ty4 of g is called the Cartan subalgebra of g.
Considering the complexification g€, since tg is abelian, the elements of tg can be simultaneously
diagonalized. More precisely, the set of operators {adx ‘x € t(g} are simultaneously diagonalizable.
This means that the complexification g€ can be decomposed as a direct sum

“ =P, (C.1.2)

acty

where g, = {y €g:ad,(y) =a(z)y Vazectg} Let ® := {ac ta#0,00 # 0}. Then @ is
called the set of roots of g. Note that go = Cy(ty), the centralizer of t5 in g. One can show that
Cy(ty) = tg. Thus, we have the decomposition
g :tg@@gg . (C.1.3)
acd

Recall that the Killing form is defined by

k(z,y) = Trg(ady o ady) . (C.1.4)

I This result works for Lie algebra over algebraically closed fields. Thus, we need to consider complex Lie algebras.
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A Lie algebra g is semisimple if and only if the Killing form is non-degenerate. From now on, we
shall assume that g is semisimple. One can show that the restriction of the Killing form « to t4 is
non-degenerate. Thus, given ¢ € t;, there exists a unique t4 € ty such that ¢(x) = & (t4, ) for all

r € tg. In particular, ® C t; corresponds to {t, : a € ®} C tq.

Theorem C.1.1. The following is true:
1. k(8a,08) =0 if a, B € t; with o+ B # 0. In particular & (tg, ga) = 0 for all a € ®.
2. @ spans ty.
3. If a € & then —a € .

4. If a € @, then for © € go,y € g—q, we have [x,y] = K(x,y)te. In particular [ga,G—o) is

one-dimensional with basis t,.
5. a(te) =k (tarta) #0 for a € ®.

6. If « € ® and xz, € go\{0}, then there exists yo, € g_o such that the subalgebra spanned by

Ty Yo AN 2o, := [Ta, Ya] 18 isS0morphic to su(2) under the map
0 1 0 0 1 0
To > s Ya . Za . (C.1.5)
0 0 1 0 0 -1
Moreover
2t,,
Za = —————, Za=—Z_q- (C.1.6)
E(ta,ta)

7. dim(gy) =1 for a € @.
Since @ spans t3, we can choose a basis {ai,...,a.} C P of t;. For § € @, we can write
i=1

Then one can prove that ¢; € Q. Let Eg be the Q-span of all the roots. Then dimgEg = dimct; =

rank(g). Introduce a bilinear form on tj as

(a, B) == K (ta, tp) (C.1.8)
Then one can show that
(o, ) € Q@ and 25;15; €, fora,B€d. (C.1.9)

Moreover this form is positive-definite on Eg. Let E := R ®g Eg. Then ® spans E and 0 ¢ ®.

Moreover if & € ® then the only multiple of « in ® is —«. For a, 5 € ®, we have

~ 2(8,a)

(@, q)

B aEd. (C.1.10)
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A subset A C @ is called a base if A is a basis of E' and for each root 5 € ®, when we write
B= ko (C.1.11)
acA
then k, € Z and either all k, is non-negative or non-positive. The crucial result is that there exists
a base of ®. The elements of A are called simple roots. If all k, > 0 (ko <0) then we call 3
positive (negative). We write 8 > 0 (8 < 0). The collection of positive (negative) roots is denoted
by ®* (®7). Clearly = = —®*. We put a partial order on E by defining

B<asa—pF=0or f=a. (C.1.12)

Let r := dim(ty) = rank(g) be the rank of g and let {a1,...,a,} = A be a set of simple roots. Then
the matrix A;; := (a;, ;) is called the Cartan matrix, where

<ai7 aj>

oo € Z . (C.1.13)

(O[Z',Oéj) =2

Let A, C E be defined as
Avi={A€eE:(Na)eZ Yaecd}. (C.1.14)

Clearly A, is an additive subgroup of E since (A, a) is linear in A\. A,, equipped with the pairing
(+,-) is called the weight lattice of g and E is called the weight vector space. It is clear that A € A,,
if and only if (A, ) € Z for all @ € A. Clearly ® C A,,. Let A, be the subgroup of A, generated by
®. We call it the root lattice. By definition, the lattice dual AY = A,,. It is a lattice in E since it is
the Z-span of an R-basis of E. Fix a base A C ®. Then A € A, is called dominant if (A, «) > 0 for
all @ € A and strongly dominant if (A, «) > 0 for all @ € A. Let A}, C Ay, be the set of all dominant
weights. A X\ € Al is called minimal if p € A}, < X implies 4 = X. One can show that the set
of minimal weights is in 1-1 correspondence with the coset A,,/A,. In other words, every coset of
Aw /A, contains a unique minimal weight.

The lattice

A = {av = ta € A,} =Spang{a’ :a € A} Ct,, (C.1.15)
equipped with the Killing form is called the coroot lattice. The dual
Aew = Ay ={t ety k(t,aV)€ZY a” € A} Cty, (C.1.16)

of the coroot lattice is called the coweight lattice. It is easy to see that the simple coroots {a) }7_;
is a basis for the coroot lattice. The basis {w;}i_; of A, dual to the basis of simple roots, i.e.,

(wi, ;) = 6;5, is called a fundamental basis of A,, and the basis vectors w; are called fundamental
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weights. Any weight vector A € A,, can then be expanded as

A=) Niw . (C.1.17)
i=1

The coefficients A; are called the Dynkin labels of X\. A weight vector is called integral if all its Dynkin
labels are integers. Then dominant integral weights are precisely those weights whose Dynkin labels
are all non-negative integers. There is a distinguished element 6§ € ®, called the highest root, uniquely

characterized by the fact that in its expansion

0=> aio;, (C.1.18)
=1

the sum ) ;_, a; is maximized. The coefficients a; are called marks. The corresponding vector

tg €ty can also be expanded as

ty = Za;/aiv . (C.1.19)
i=1

\
i

The coefficients a; are called comarks. The dual Cozeter number h;’ is defined as

hy =1+ a . (C.1.20)
i=1

For each root a € ®, we have a map, called a Weyl reflection, defined by

Lok *
Ua.tg—)fg

28.0) (C.1.21)

(o, @)

Br—0a(B) =P8~

By (C.1.10), we see that the restriction of o, maps roots to roots: os|e : ® — ®. The Weyl group

is the group generated by the Weyl reflection:

W= (o, :a€d). (C.1.22)

The action of the Weyl group on the weight vector space decomposes it into various chambers called

Weyl chambers:

Co:={N€E: (w\),;)>0,i=1,....,7}, weW. (C.1.23)

The chamber corresponding to the identity element, denoted by Cy, is called the fundamental cham-
ber. One can show that for any weight A € E, there exists a w € W such that w(X) € Cp.

We will often work with the Cartan-Weyl basis of g defined as follows: let ¢; := t,, € t5,i =
1,...,7 be the dual of the simple roots under the Killing form. Since each fg, is one-dimensional,

for each o € ®, we can choose e, € g, such that

[t:, ea] = a(ti)eq - (C.1.24)
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Then {t;}j_; U{ea}aca, is a Cartan-Weyl basis for g. The explicit Lie bracket is given by

[tist;] =0,
[ti,ea] = al(t;) ,
o Lic ottt a=-F, (C.1.25)
lea,ep] = Nogeats a+BeEA,
0 otherwise ,

where [|a||? = (o, «) and N,z is a normalization constant.
Let G be the unique simply-connected Lie group such that g = Lie(é). Then for any oV € A,

—27iaY

we see that e =1 € G. Moreover, the map h — e~2™" defines an isomorphism

Z(G) =AY, /AY . (C.1.26)

We also have a canonical isomorphism

Aw/A, =5 2(C) .

RV : v
A [6—27“04 — e—27r1(/\,a )] ,

—

where Z(G) := Hom(Z(G),U(1)) is the Pontryagin dual of Z(G) and (X, a") is the natural pairing

—

between t; and t;. Using the non-canonical isomorphism between Z(G) and Z(G), we have

—

Aw/A = Z(G) = Z(G) 2 AY, JAY, . (C.1.28)
Let M be a g-module. Then for each A € t, we can define the weight A subspace of M as

My:={veM:z-v=ANz)vVxecty}. (C.1.29)

A € g is called a weight of M if My # 0. Let A, u be two weights of M, then A is higher than p if
A — u is expressible as a linear combination of positive roots with non-negative real coefficients. A
weight of M is called highest if it is higher that every weight of M. When g is a simple Lie algebra,
the theorem of the highest weight classifies finite-dimensional irreducible g-modules. The theorem
states that for every dominant integral weight A\ of g, there exists a unique (up to isomorphism)

finite-dimensional irreducible g-module, which we will denote by Lq(\), whose highest weight is A.

C.1.2 Affine Lie Algebra Conventions

For simplicity of later discussions, we take g to be simple, the generalization to semisimple case
is straightforward. Associated to a finite-dimensional simple Lie algebra g equipped with a non-

degenerate symmetric invariant bilinear form (-, -), its affinization produces an infinite-dimensional
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Lie algebra. We call this algebra the (untwisted) affine Lie algebra or a Kac-Moody algebra. To

construct it, we start with

g=gxC[tt ]aCk, (C.1.30)

and equip it with the Lie bracket
[a®t™ b®t"] = [a,b] @ "™ + m{a, b)dminok , (C.1.31)
[a®@t™ k=0, abcg, mnez. (C.1.32)

Since k commutes with every element, it must act as a scalar multiple of the identity on irreducible
representations. We call the scalar the level of the affine Lie algebra and sometimes indicate it by
writing g for the affine Lie algebra.

A Cartan-Weyl basis for g is given by t; ® t", e, ® t", k with Lie bracket
[ti & tm, tj (4 tn] = mkéij(sm—i-n,ﬂ 5

[t 1™, eq @1"] = a(t;)(eq @ ™),

Ha2|‘2 (a(t;)(t; @ ™) + kmbpyno) a=—03, (C.1.33)
[eo‘ ® tm’ €a ® t”] = Naﬂ(ea-‘rﬂ ® tm+n) o+ B S Ag 5
0 otherwise ,

where {ti};:f(g) U{ea}aca, is a Cartan-Weyl basis for g, &5 C t; := Cartan(g)" denotes a set of

roots of g, Ay C @ is a set of simple roots of g, ||||* = (@, @) and N, is a normalization constant.

There is another operator d with the following Lie bracket?
[d,a@t"]=n(a®t™), acg, (C.1.34)
and all other Lie brackets vanish. The extended affine Lie algebra is the space
g:=goCd, (C.1.35)

with the above Lie bracket. The generators {t; ®t%, d, k} is the maximal commuting set of generators
and hence span the Cartan subalgebra t; of the extended affine Lie algebra. As in the classical Lie
algebra case, affine weight vectors \ are vectors whose components are the eigenvalues of a vector
in an irreducible representation of g which is a simultaneous eigenvector of all the generators of t;.

It is clear that an affine weight vector has the form

A=\ kany) (C.1.36)

2In affine vertex operator algebra d = —L(0).
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where A is a weight vector of g and ky,n) are the eigenvalues of k, d respectively. Similarly, affine

roots are the affine weight vectors in the adjoint representation. We also write

A= ()0;0) . (C.1.37)
We introduce the bilinear form
AWNY = (W N) + kany + kany, (C.1.38)
Affine roots have the form
&= (a;0;m) , (C.1.39)
and hence
(@, 8) = (a,B) . (C.1.40)

We define affine fundamental weights {of)i};a:g(g) by
@o = (0;1;0) , @ = (wiza/50), i#0, (C.1.41)

where {w;}?™9) are the fundamental weights and @) are the comarks of g. One can check that

<£210,C12j> = <CI}0,0T}0> = 0, (d)i,obj> = <wi,wj> = Fij 5 i,j 75 0 5 (0.1.42)
where
F —(A‘l)»»M (C.1.43)
/. 1] 2 ) A

and A is the Cartan matrix of g. If we ignore the d-eigenvalue, then affine weight vectors can be

expanded in affine fundamental weights:

A= Wi - (C.1.44)
i=0
We write the
A=[Aos AL, A (C.1.45)
One can show that
o =Fkx—(\,0). (C.1.46)

In particular, dominant integral weights at fixed level satisfy

Ao € Z>g - (C.1.47)
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We now consider affine embeddings. Suppose h C g be a Lie subalgebra. We can consider affine
Lie algebras 6,@ associated to b, g respectively. It turns out the levels E, k of 6,@ are related via the
embedding index:

k=ack (C.1.48)

which is defined as follows. We first define a projection matriz P which maps the weight vectors of
g to weight vectors of h. To define P, we start with the irreducible g-modules Ly(w;) corresponding
to the fundamental weights® of g. Then, considering Lq(w;) as an h-module, we decompose it as
direct sum of irreducible h-modules:
Lowi) = @ nuLy(ui) . npu, € Zxo . (C.1.49)
uieAdt
Here A+ denotes the set of dominant integral weights of . We then define

P:A\%’,—L/\f,’V

C.1.50
w; — Pw; = Z Ny, i ( )

€At
by Z-linearly extending the action from fundamental weights to the weight lattice. The matrix for
‘P can be obtained by expressing the images of w; as Z-linear combinations of fundamental weights
of b.
Let 0,1 be the highest roots of g, h respectively. Then the embedding index z. of h C g is defined
by
_ Pl

Te = T - (C.1.51)

Example: Induced Level Of u(1) Embedded In s((2,R);

In this appendix, we compute the induced level of u(1) embedded in sl(2,R) at level k. The Lie

algebra s[(2,R) is 3-dimensional spanned by generators h, e, f with Lie bracket
[h,e] =2e, [h,f]=-2f, e, fl=h. (C.1.52)

A standard 2 x 2 real matrix representation of this algebra is given by

h= , e= . f= . (C.1.53)

3Note that any fundamental weight w is a dominant integral weight and hence there exists a unique (up to isomorphism)

irreducible g-module Lg(w) with highest weight w.
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There are several U(1) embedded inside SL(2,R). The compact U(1) is unique up to conjugation

and is given by

cosf sinf
C = €S0O(2) CSL(2,R): 0 e R » 2 U(1) . (C.1.54)
—sinf cosf

The u(1)c subalgebra corresponding to this U(1) is spanned by

J=e—f= . (C.1.55)

There are two inequivalent noncompact U(1), called null U(1) subgroups of SL(2,R) given by

t
€
A= €SL(2,R):teRy ={e":tcR} =R,
0 et
(C.1.56)
N = €SL(2,R):teRy ={e*:tcR} =R
10

To get the Killing form, we need the adjoint representation matrices. It is straightforward to check

that
0 0 O 0 0 -1 0 00
adp,=10 2 0 , ade=| -2 0 0 , adg=| 0 0 0 |- (C.1.57)
0 0 -2 0 0 O 2 00

Using this, it is straightforward to check that for

X =zih+ze+uasf, Y =uyr1h+ye+ysf, (C.1.58)
we have
k(X,Y) =Tr(adx oady) = 8z1y1 — 2 (z2ys + x3Yy3) - (C.1.59)
In particular,
171 = w(L,T) =4, [AP=8, [e|*>=-2. (C.1.60)

Now let J*(z),a = h, e, f be the s[(2,R)-WZW currents. Then

_ kr(a,b) N ifet.Je(0)

J(2)J%(0) o . (C.1.61)
The u(1) current is J(z) = J¢(z) — J/(2). Then we have
J(2)J(0) ~ EELT) Ry (C.1.62)

222 7 222

where

kuye = kr(J,J) =4k . (C.1.63)
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Similarly
kuy, =8k, kuyayy = —2k . (C.1.64)

C.1.3 Owuter Automorphisms

The automorphisms of the simple Lie algebra g induced from the symmetries of the corresponding
Dynkin diagram is called an outer automorphism. Similarly, one defines the outer automorphisms
of the affine Lie algebra g using symmetries of the Dynkin diagram of §. Let D(g) and D(g) be the
symmetries of the Dynkin diagrams for g and §. Then clearly D(g) C D(§). The outer automorphism

group of § is defined by the quotient

O(g) :== D(g)/D(g) - (C.1.65)

Table C.1 summarizes the action of outer automorphisms of affine Lie algebras on affine weight

vectors.
g O(g) Action of the O(g) generators
AT‘ ZT+1 Q[AO7>\17"' 7>\7‘—17AT‘] == [AT‘aAO)"' 7AT‘—27>\7'—1]
B’r‘ Z2 CL[)\07)\1,"' 7/\7‘—17)\7']: [)\17A07"' ))‘T—la)\’r]
C’I” ZQ a’[)\()v)\lv"' 7)\7’717)\7“]: [)\T;)\Tflv". 7)\17>\0}

Q[A07>\17)\2, e 7)\7'—17A7"] = [A17>\07)\27 T 7)‘7"a)\7'—1]
d[)‘Oa)\h)\Za"' 7)\7‘71;)\7“] = [)\m)\rfla)\rf%"' a)‘lv)\O]

D2 Zo X Ly

D7‘=2€+1 Z4 CL[A07>\1,)\2,"' 7)\7‘—17AT] = [Ar—la)"r’a)"r’—27"' 7A17A0]
Eg Zs alXos A1, 5 Al = [A1, As, Ay Ay A, Ao, A2
E7 ZQ a[AOa)\la"’ a)‘7] = [)\63)‘57>\47>\37)\2;Ala)\()v)\”

Table C.1: Outer automorphism group action on affine weights.

One has the isomorphism

O(g) = 2(G) , (C.1.66)

where as before G is the unique compact connected simply-connected Lie group such that g = Lie(é).
The explicit isomorphism is given by composing the map
O(ﬁ) — AW/Ar

(C.1.67)
A— Ay s
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with the isomorphisms in (C.1.28). This isomorphism also gives us the action of Z(G) on any highest
weight module Lg(\):

v, YV veLg(\) . (C.1.68)

Isomorphism classes of irreducible integrable-highest weight modules of g at level k € Z~q are in

one-to-one correspondence with the set of dominant integral affine weights defined by

PHg)={ eAy:(\a) >0,i=1,...,7(\0) <k}, (C.1.69)

where «;,i = 1,...,r are the simple roots of g. We will denote the irreducible integrable highest
weight irreducible module by Lg(k‘,j\). We have emphasized the dependence of the irreducible
module on the level by using the affine weight A rather than the weight A. Note that Ao = k — (X, )
as in (C.1.46). This is also important because the outer automorphism of g acts on affine weights
and not on weights.

The center Z(G) acts on Lg(k, A) identical to (C.1.68):

b-v=e AN, Yy e Ly(k,N) . (C.1.70)

C.2 Selection Rules, Field Identifications And Fixed Point Resolutions

In this appendix, we would like to characterize the set of equivalence classes £/ ~. More specifically,
we want to characterize the set of isomorphism classes of irreducible modules of the coset VOA V; /.
As we have already noted in Theorem 3.2.1 that under some conditions, all irreducible modules of

Va/p are of the form Lg/h(i, fv). We will see below that this is not always true.

C.2.1 Selection Rules

As noted in Section 3.3.2, while constructing the irreducible modules of the coset VOA V; y using
the irreducible modules of Ly(k,0), not all modules L /h(j\, [t) are nontrivial. Indeed, a necessary

condition for Lg/b(j\, fv) or equivalently the coset character X?){hﬂ) (1) to be nonzero is [DFMS97|

PA—pePA, (C.2.1)

where P is a projection matrix that maps weight vectors of g to weight vectors of ) and Aj is the
root lattice of g. Generically, (C.2.1) is the only selection rule. But there are examples in which the
coset character x?)/‘b”) (1) is zero even if (C.2.1) is satisfied. Such examples are called Maverick cosets

[DJ93b, DJ93a, PSW99]|. An explanation of such selection rules based on non-abelian gauging has
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been proposed in [CGS23] which we have reviewed in Section 3.2.3. So, for non-Maverick cases, we

can write
€={(A i) : N Pl (a),p € PL(h), PA—pePAL}. (C2.2)

C.2.2 Field Identifications

Our next goal is to determine the equivalence relation on £.

Field Identifications From Outer Automorphism Branching

We first explain field identifications algebraically and then we will review its physical origin from
Chern-Simons theory. Consider an embedding ¢ : h < g of semisimple Lie algebras. Let (3’71? be
the unique compact, connected and simply connected Lie groups with Lie(é) = g and Lie(ﬁ ) =h.

Composing ¢ with exponential map, we obtain a homomorphism ¢ : H < G as shown in (C.2.3).
g
LI
b

Note that in general ¢ : H — G is not an injective map and hence not an embedding*. We will

ex

— G

(C.2.3)

~

P
—_—
exp H

assume that o : H — G is an embedding. Consider the common center of é, H defined by

Z = 2(G)NuZ(H)) . (C.2.4)

Suppose g € Z C Z(G). Then there exists § € Z(H) such that g = ¢(§). Let A; € O(g) and
Ag € 0(6) be the image of g, § under the isomorphism (C.1.67). Then we say that A, branches to

Aj if u(g) = g € Z. We write this as

Ay Ay, for (§)=gecZ. (C.2.5)

Given (A, A) € O(§) x O(h), we would like to know if A — A. An algebraic condition for this is
derived in [DFMS97]: for all weight vectors A of g,

(Adg, A) = (Adg, PA)mod 1 . (C.2.6)

4An example of such a Lie algebra embedding is $u(2)s C $i(3)2. Under this embedding, the three dimensional
fundamental representation of su(3) becomes the adjoint representation of su(2) [DFMS97]. Clearly the center of
SU(2) acts trivially but the center of SU(3) acts nontrivially on this representation and hence Z(SU(2)) maps to the

identity under the induced group homomorphism.
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Note that, to define the bilinear pairing, we use (C.1.37) and @&y on RHS is the fundamental weight
for 6 Define

Q

w={(A,A) c0@) xOh): A A} . (C.2.7)

Z(H) and the fact that

8
11
N
L
Q
=
11

Using the isomorphism O(

A A = 1(jz)=gac€ 7, (C.2.8)
where g4 is the image of A under the isomorphism O(g) = Z(G), we conclude that®

Z — Gid
3 (C.2.9)
gr— (Ag, ALfl(g))
is an isomorphism. Thus, Gjq is a group, which is called the identification group, the reason for this

name will become clear below.

One can also show that if there is an outer automorphism branching A — A, then [DFMS97]
Losy(A t) = Loy (AN, Afr) . (C.2.10)
Equivalently, one can prove that [DFMS97]

g/b g/
X3, () = X(az, a0 (™) - (C.2.11)

It turns out that these are all the identifications among modules L /h(5‘7 ft). Thus, for (X, 1) € &,

we can write the equivalence class as

(A )] = {(AX, Afr) : (A, A) € Gig} - (C.2.12)

It is widely believed that if there are no fixed points of the outer automorphisms in the branching

A A, ie., there are no nonzero dominant integrable weight vectors (A, i) € £ such that
AN=X\ Ajp=j, (C.2.13)

then all irreducible modules of V;y is of the form L, /h(j‘v f+) and the number of elements in each
equivalence class [(5\, [1)] is the same and equal to the number of outer automorphisms of § that
branch into outer automorphisms of § (i.e., the order |Z| of Z). Thus, under this assumption, we

can write the GKO Hilbert space as

GKO .__ b '\ " 3 P
Ky’ = D M Mian LA i) ® Lasy(Ars fir)
(é\L,ﬂL)GE/N
(AR,AR)EE/~

(C.2.14)

5Note that ¢~ : Z — Z(H) is well-defined since ¢ is assumed to be injective.



303

where M?¥ M

% 5.0 M, g, are modular invariants of Lg(k,0) and Lh(E, 0). In this paper, we are only
LAR

interested in the diagonal modular invariants for the GKO theorem, for which

—_~—

jfg?';o = @ Lg/b ()\, /l) & Lg/h()" ﬂ) : (C~2'15)
(A p)EE/~

Field Identifications From Chern-Simons Theory

Let us explain the origin of field identifications from the Chern-Simons theory point of view. We
assume that G and H C G are simple and simply connected. For a compact Lie group G, the Chern-
Simons-Witten (CSW) theory is a 3d topological field theory [Wit89]. It was argued in [Wit89] that
the Hilbert space of the CSW theory on a compact Riemann surface on ¥ is the (finite-dimensional)
space of chiral conformal blocks of the WZW model based on G on ¥ and the gauge invariant
observables — the Wilson loops — correspond to the primary fields in the WZW model. It was shown
in [MS89d, EFR91| that the CSW action on three manifold with boundary reduces to the WZW
action on the boundary, i.e., Chern-Simons theory is the holographic dual of WZW models. The
natural question is to understand the holographic dual of gauged WZW models. It was argued in
[MS89d]| that the holographic dual of the G/H-WZW model is the Chern-Simons theory for the
group® (Gy, x H_;)/Z where Z = Z(G) N Z(H) is the common center of G, H embedded diagonally
in G x H. Here k is the level of G and k is the induced level from the embedding H C G. The
Wilson loops of the (G x H_;)/Z theory are

Wi u(C) = TraPexp (fc A) Tr,Pexp (740 B) , (C.2.16)

where A, B are G, H-gauge fields respectively. Naively, from this we discover that the state space is

Lg(k,A\) @ Ly (k, 1)¥ [MS89d]. But the boundary path integral of the G’ x H CSW theory imposes
first order constraints which restricts the state space to be the L H-invariant in Lgy(k, A) ® Ly (k, 1)V

[MS89d]. These are precisely the space of LH-homomorphisms:

(Lg(k, ) ® Ly (k, 1)) 27 = Hom(Ly (%, 1), Lg(k, X)) = Lg/u (A, f1) - (C.2.17)

Comparing with (3.3.40), we see that we have recovered the modules of the GKO vertex operator
algebra V5. We now discuss the effect of division by Z and explain how it gives rise to selection

rules and field identifications. Gauging Z implies two conditions:

1. Ly(k, \), Ly (K, f1) must transform in the same way under Z.

6There are counter examples to this proposal [CGS23], they mostly appear for conformal embeddings or Maverick

cosets.



304
2. Wilson lines related by the action of spectral flow corresponding to elements of Z must be
identified.

Let us see how Condition 1 gives selection rules. A central element g € Z(G) acts on the represen-

tation Lg(k, ) as a phase given by (C.1.70)

g-v=e AN,y e Lok, ) (C.2.18)

where g — A, € O(§) is the group isomorphism Z(G) =2 O(g). Similarly, h € Z(H) acts on Ly (k, 1)

as a phase

hov=e MA@y Y ye Lok a) (C.2.19)

where h — Ay, € O(h) is the group isomorphism Z(H) = O(h). Now, suppose g € Z = Z(G)NZ(H).
We will write the corresponding outer elements of O(§) and O(h) by A, A respectively. Then we see
that g € Z acts in the same way on Lg(k, 5\), Lh(l;, i) if and only if

(A, A) = <A@0’N> mod 1 . (C.2.20)
Because of the isomorphism Z 2 Gjq in (C.2.9), A — A or equivalently satisfies
(Ado, ) = (Ao, PA) mod1 . (C.2.21)
Combining (C.2.20) and (C.2.21) we get
(Ado, PX—p) =0mod 1. (C.2.22)

A sufficient condition for (C.2.22) to hold is

PA— € PA? | (C.2.23)

which is precisely (C.2.1). Condition 2 implies that we must identify sectors related by spectral flow
isomorphism. Using the isomorphism Z = G,q, we see that the spectral flow isomorphism gives the

identification:

Lg/y( A\ 1) = Ly o (AN, Ap) , (A, A) € Gia (C.2.24)

which gives us field identifications. This explains field identifications from Chern-Simons theory
point of view. Finally, if the action of Z has fixed points, there are new operators in the theory and

one has do fized point resolution as explained in Appendix C.2.4 below.
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Example: § = $0(4n)1, b = sp(n — 1)1 @ 5u(2); & su(2),

In this appendix, we give an explicit example of field identification. We consider the following
embedding [BRS88, ABRS8S| of sp(n — 1) @ s5u(2)® @ su(2)® in so(4n). First embed so(4n — 4) @
su(2)* @ su(2)° in s0(4n) in the standard way. To embed sp(n — 1) @ su(2)? into so(4n — 4), we will
give the embedding of the corresponding Lie group. For g € Sp(n — 1) = Sp(2n — 2,C) Nsu(2n — 2)
and h € su(2), denote by h the diagonal embedding of SU(2) in Sp(n — 1):

h :=diag(h,...,h) € Sp(n—1) , (C.2.25)
and consider the embedding
Sp(n — 1) x SU(2) — SO(4n — 4)

Re(gh) Im(gh) | (C.2.26)

(9:h) — . .
—Im(gh) Re(gh)

Finally, embed su(2)" diagonally into su(2)° @ su(2).

To figure out the factor corresponding to field identifications, we start with the weight vectors

for s0(4n). Let ey, ..., €2, be an orthonormal basis of R?". A choice of roots of so(4n) is

te; e, 1#7, (C.2.27)
and a choice of simple roots is
aj=ej—ejr1, Jj=1,....2n—1, ooy, =e€a—1+ €2y . (C.2.28)
A choice of fundamental weights is
wj=e+...+e, j=1,...,2n—-2,
Wop—_1 = 1 (e1+ ...+ eap_1—€2n) , (C.2.29)

2

1
Waop = 3 (e1 4 ...+ eam_1+e2) .

Some of the fundamental weights and their corresponding representation is shown in Table C.2.

Representation Fundamental weight
Vector w1 = €1
Adjoint wz = e + ez
Spinor Won—1 = % (e1+ ...+ eapn_1—e€2y)
Conjugate spinor | wsy, = % (e1 + ...+ eap_1+ean)

Table C.2: Some representations of s0(4n) and the corresponding fundamental representation
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Under the embedding sp(n — 1) @ su(2)® @ su(2)¢ described above, we want to find a projection
matrix P such that P is a weight vector for sp(n — 1) @ su(2) ® su(2) for every weight vector A\ of

50(4n). Let us expand a weight vector x of so(4n) as
2n
T = wie; . (C.2.30)
i=1

Now, to project onto weights of sp(n — 1) @ su(2)* @ su(2)P, we first note that under the embedding

s50(4n — 4) ® su(2)* @ su(2)° — so(4n), we can take the weight space of so(4n — 4) to be spanned

by e1,...,e2,—2 and weight space of su(2)* @ su(2)° to be spanned by es,,_1, €2, respectively. Now,
group the 2n — 2 basis vectors e, es, ..., ea,_o into pairs
(e1,€2),(e3,€4) ..., (e2n—3,€2n—2) . (C.2.31)

For the coefficients in (C.2.30), define pair sums
= Tokp_1+mop, k=1,---,n—1. (C.2.32)

Under the embedding sp(n — 1) ® su(2)4 < so(4n — 4), the Dynkin labels (by,...,b,_1) of sp(n—1)
are given by

b =i —pig1, t=1,...,n—2, by_1=fpn_1. (C.2.33)

The roots of su(2)?, 5u(2)°¢ and su(2)¢ is given respectively by
n—2

O = €2p—1 + €2n, Qe = €21 — €2y, Qg = Z [(e2j—1 + e2j) — (e2j4+1 +e2j42)] . (C.2.34)
j=1

Then the Dynkin labels for su(2)* and su(2)® = diag (su(2)® & su(2)?) are

2n—2

ho = Ton_1 + Ton, hy =Topn_1 — xon + Z b; . (0235)

i=1

In summary, the projection map P : R?® — R"~! & R ® R is given by
x— (b1, ..., bp—1;has hy) . (C.2.36)

Here we must keep in mind that the first n — 1 coordinates are in the basis of fundamental weights
of sp(n — 1) and the last two coordinates are in the standard basis of R @ R. To emphasize this,

let us choose the standard orthonormal basis {e(ll), e } of R ! and e, e®) of the R & R.

y¥n—1

Then a choice of fundamental weights for sp(n — 1) is
n—1 (C.2.37)

geeey 5

wgl) ::e(ll) —|—~~—|—e§1) , 1=1
while that of su(2)?, su(2)® is

w® =B (C.2.38)
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Thus, the projection map can be written as

n—1

ORI Z biwgl) + haw® + hpw® . (C.2.39)
i=1
For affine §0(4n);, we fix the fundamental weights &g, o1, .. .,Ws, defined using the fundamental

weights of s0(4n) as in (C.1.41). Then

2
L R (C.2.40)

(@i, 05) = Fiy = (A7), 4y

where A is the Cartan matrix of so(4n) which we take to be

2 -1 0 0o 0 o0
-1 2 -1 0 0 0
0 -1 2 0O 0 0
A(so(4n)) = | . . e . . i (C.2.41)
0 0 0 2 -1 -1
0 0 0 -1 2 0
0 0 0 -1 0 2
We can check that
2 2 2 2 1 1
2 4 4 4 2 2
2 46 6 3 3
F(s0(4n)) = % S . . (C.2.42)
2 46 -+ 22n—2) 2n—2 2n-—2
12 3 -+ 2n-2 n n—1
1 2 3 -+ 2n-2 n—1 n

Now for each automorphism A of so §6(4n);, we need to check if there is an outer automorphism A

of sp(n — 1)1 @ su(2)3 @ su(2)" satisfying
(A, \) = <[m0,m> mod 1, forall AeAY , (C.2.43)

s0(4n)

where @ on the RHS is the first fundamental weight of sp(n — 1); @ s1(2)% @ su(2)2. We now want

to calculate P for any A € A;VO(4"). In the basis {ey, ..., es,} we can write the fundamental weights
w1, ...,way of s0(4n) given in (C.2.29) as
w;=(1,1,...,1,0,...,0), i=1,....2n—2,
\.—t,.—/
1
Won_1 = 5(17_._’17_1) , (C.2.44)
1
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Thus we have
Puny = 20V + 20 | j=1,... n—1,

Pwaji1 :w;1)+w§21+2w(3) ;o J=0,...,n =2,

(C.2.45)
’PWanl - w7(117)1 + w(S) )
Pwo, = wfllzl +w® .
Take a general weight vector A of so(4n):
A= Awi, MNEZ. (C.2.46)
Then
2n n—1
P)\ = Z )\prl = Z )‘2j2 (wj(l) + w ) Z A2]+1 (w _§+)1 + 2w( ))
i=1 j=1 (C.2.47)

+ Aon—1 (Wil—)l + W(g)) + A2n (Wnl—)1 + w(2)) -
The outer automorphism group of §6(4n); is Zy X Zsz which acts on @y as follows: let a and a be

the generators of Zs X Zs, then

a - (2)0 = (2)17 a- Ut)o = (ZJQn, ((Z&) . (2)0 = (ZJanl . (C248)
Let
2n
A= Awi, MEZ, (C.2.49)

be a weight vector of so(4n). Then using (C.2.48), (C.2.40) and (C.2.42), we have

(o, A\) =0,
2n—2
<a~d10,)\ wl, Z >\ + )\21'7, 1+/\2n)

= 5 ()\Qn_l + )\Qn) mod 1 5

2n—2
N . 1 . 1
(@- @0, A) = (@2m, A) = 5 >N+ 5 (n = DAan_1 +nhzn)

23 (C.2.50)
1 1
= 3 Z A2j1 + 3 ((n—1)A2p—1 +nAgy,) mod 1,
=0
2n—2

1
> idi+ 5 (MAzn—1 + (n = 1)A2,)

i=1

(aa - @o, A) = (Won—1,A) =

| =

1
= 5 Z A2J+1 + n)\gn 1+ (TL — 1))\2n) mod 1.

For sp(n — 1)1 @ su(2)% @ su(2)}, we have

G = (@”@9, A(3>) , (C.2.51)
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where w( ) d;(()z),obg) are the first fundamental weights of sp(n — 1)1, su(2)%, su(2)? respectively.
We will denote the generators of the Zs, outer automorphism group of sp(n — 1)1, s1u(2)%, su(2)® by
a® . a® B respectively. Then for any outer automorphism A = (/1(1), A 121(3)) of sp(n —1); @

su(2)% @ su(2)?, using (C.2.47), we have

(o0, P) = Dzj (02 (o +w<3>)>+j§_;zx2m<,a@o7(w§1>+w;;>1+zw<s>)>

+ Aon1 <Ao§o, ( SRR )>> + Ao <Aw0, (w({) +w(2))>

_QZAZJ <A<1 oV, > 72& - <A<1> M, w4 §1+)1> (C.2.52)
2n—2

+2 Z A2jt1 </~1( ) (3) > (A2n—1 + A2p )<A(1)@(()1),w,(3_)1>
=1

gt (OG0 4 2g, (4002,

To compute the RHS of (C.2.56), we need the Cartan matrix A(sp(n — 1)) and F(sp(n — 1)):

2 -1 0 0 0 111 1 1
-1 2 -1 0 0 1 2 2 2 2
o -1 2 -~ 0 0 1 2 3 3 3
A(sp(n — 1)) = , Flsp(n—1)) =5
0 0 o --- 2 -1 123 -+ n—=-2 n-2
o o o0 - =2 2 123 - n—2 n-1
(C.2.53)

For su(2), we have

1

A(su(2)) = (2), F(su(2)) = (2> . (C.2.54)

The action of the outer automorphism group of sp(n — 1);, su(2)%, su(2)} is given by

o® .@él) — oW a® .a,(()i) — @@ i=23. (C.2.55)

n—1>

Thus we have

(Ao, PA) = Z Nagi1 (AVE, w0 + W)+ Oanot + Aan) (A0, D))

+ Aon—1 </~1(3)L:J(() ),w(3)> + Aon <14~1(2)¢b(()2),w(2)> mod 1 .

(C.2.56)

Then using (C.1.42), we have

(G0, \) = <Aw0,m> =0 for A=(1,1,1)€ Zo X Zs X Zs . (C.2.57)
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Using (C.2.55) and (C.2.56), for A = (a®,a®, 1), we have
<z‘~1030,73/\> Z Agjp1 (@ < W@ J(l) + w;(421> + (A2n—1 + A2n) < s 7(L1)1>

+ Aan < §)7 (2)> mod 1

ol o _ . (C.2.58)
=3 Aojp1(f+7+1)+ T(AQn—l + Aan) + §>\2n
§=0
- 1 n—1 1
= 5 )\2j+1 + 5 ((TL — 1)/\271,—1 +7’L>\2n) mod 1 .
7=0
Comparing with (C.2.50), we see that
<Aw0,m> = (G- @, \)mod 1, A= ( ), <2>,]1) : (C.2.59)
Similarly, for A = ( M. 1,a6 )) we have
(Ao, PA) = Z)\z a (0,60 + o) + ZAQ 1 (@, )
+ (A2n—1 + A2pn) <a(1)w( ) (1) > + Aop— < (3)LD(() ),w(3)> mod 1
1 n—
= 5 )\2]_;,_1 + — 5 ()\Qn 1+ /\Qn) + /\gn 1mod 1 (C.Q.GO)
§=0
1 1
= 5 )\2j+1 + 5 (n)\gn_1 + (n — 1))\271) mod 1
§=0
= ((aa) - &g, A) mod 1.
Finally, we have
i _ 1 T @ 4®
<Aw0,’P)\> = 5 ()\gnfl + )\Qn) = (a - Wo, )\> mod 1, A= <]l a ) . (0261)

Thus, all four outer automorphisms of §0(4n); branch into non-trivial outer automorphisms of

S — 1)1 @ §(2); & §u(2),.

C.2.3 Selection Rules And Field Identifications From Simple Currents

Selection rules and field identifications can be given a uniform description in terms of simple currents

of Lg(k,0) and Ly(k,0). Let us begin by defining simple currents.

Definition C.2.1. A simple current for a rational VOA V is an irreducible module J for which the
quantum dimension, defined as
S
dy = =YL (C.2.62)
Svv

is 1. Here Sy w- is the modular S-matrix.
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Note that V is trivially a simple current. We will call simple currents J % V' as nontrivial simple

currents. This definition has many important consequences which we summarize below.

1. For any simple current J and an irreducible V-module W, we have
> N =1, (C.2.63)

where W runs over the finite set of isomorphism classes of irreducible V-modules. This implies
that J X W is an irreducible V-module for any irreducible V-module W. In particular, the

contragredient module J’ of J satisfies JX J = V.

2. For two simple currents Jp, Js, the tensor product J; X J; is also a simple current. Thus the

set of all simple currents of V' form an abelian group with respect to the tensor product.

Given a simple current J and an irreducible V-module W, we can define the monodromy charge of

W with respect to J as

QW) :=(hy+hw — hygw)mod 1, (C.2.64)

where hys is the conformal dimension of the irreducible V-module W. The monodromy charge

satisfies

QW1 B Wy) = (Qs(W1) 4+ Qs(Wa))mod 1. (C.2.65)

One can also show that [SY90b] for any irreducible V-modules Wy, W5 and a simple current .J, the

S-matrix satisfies

SJ"@Wth — e27TiOéQJ(W2)SW1,W2 ) (C.2.66)

where J* := JX. .. J denotes the « times tensor product. Simple currents of affine VOAs Ly(k,0)
for simple Lie algebras g have been classified in [SY90b, SY90a]. We quote the theorem from [Fuc91]

here.

Theorem C.2.1. Let g be a simple Lie algebra and k € Z>1. Then Ly(k, ) is a nontrivial simple
current of Ly(k,0) if and only if either

A= kw,; 3 a; = 1 , (0267)
or

g=c¢g, k=2, A=wr, (C.2.68)

where a; is the mark of g defined in (C.1.18).
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Fundamental weights w; such that the corresponding mark a; = 1 are called cominimal weights.
It was also shown in [Fuc91] that for any outer automorphism A € O(g), the finite part of Ady is
a cominimal weight and in fact all cominimal weights of g are of this form. This establishes a 1-1
correspondence between the simple currents of Lg(k,0) and O(g) except for the case gr = (&3)2.
We will restrict to cases where such a correspondence is true. We will denote the simple current

corresponding to an outer autormorphism A by J4 and label the set of simple currents of Ly(k,0)
by O(g).

Consider now the set

Gly = {(Ja, T5) + (4, A) € O@) x O(b), Y, = 1), € Z,x%)% 1 () 0} (C.2.69)

Selection rules can then be written as follows [SY90a, SY90b]:

X (1) #0 = Qu(\) = Qu () - (C.2.70)

We can now show that Gi; is in fact a group. Indeed, suppose (Ji,J7), (J2,J35) € Giy. Then using
(C.2.65), we have for all (J,J") € G,

QN K I)—Qr(JI R =Qs(1) —Qu(J) +Qy(J) —Qu(J5)=0. (C.2.71)
This means that
X%fIXJQ,J{XJé)(T) #0. (C.2.72)

Next, we also have

hpgy, = hogyy = by + by, — Qu (J2) = hyr = hyy + Qy (J5)

= (hy, —hy)+(hys, —hy) €Z .

(C.2.73)

Thus G}y is closed under tensor product and hence a group with identity given by (Lq(k,0), Ly (k,0)).
Let J(\) € P;f(g) be such that

JR Lg(k,\) = Lg(k, J(N)) . (C.2.74)
Then G/, acts on the set £ as
(L, T) - (A ) = (TN), T (W) - (C.2.75)
One can show that
Lo/y(A ) = Lyy (JN), T' (), (J,J') € Gig - (C.2.76)

We now show that G; = Gig.
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Proposition C.2.1. The map
4 — Gia
) (C.2.77)
(JA,JI%) — (A, A) .
is a group isomorphism.
We will need the following lemma to show that the above map is well-defined.
Lemma C.2.1. Let A € O(g) and Ja be the corresponding simple current. Then for any dominant

integral weight X € P (g), we have

Q. (\) = —(Ado, Ny mod 1 . (C.2.78)

Proof. For any semisimple Lie algebra g, the fusion rules satisty [DFMS97]

Wi mNE MR M ERE, Ao (C2T)

This implies that

A _ AATI A o cATIA
Naoosn = Nogar =%, 7 (C.2.80)
where we used the fact that Ly(k,wo) = Lg(k,0). This implies that
Ja® Lg(k,\) = Lg(k, AX) . (C.2.81)
One can show that [DFMS97]
9 _ —2mi(Ado,A2) 0O
S, =€ Sorge L (C.2.82)
Using (C.2.81) and comparing (C.2.66) with (C.2.82) we get”
Qi (\) =—(Adg,A\ymod 1. (C.2.83)
O

Proof of Proposition C.2.1. Counsider any pair of weights (A, 1) € £, then selection rule implies that

Qra(N) = Qur(n) - (C.2.84)

Using the selection rule PA — p € PA? and (C.2.83) we get

(Adg, \) = (Adyg, PAymod 1 . (C.2.85)

"Note that (C.2.83) is true for dominant integrable weights at arbitrary level k and hence we can conclude that it is

true for arbitrary weight vector .
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This implies that A — A and hence the map (C.2.77) is well defined. To show that the map is group
homomrophism, it is enough to show that J4 +— A is a group homomorphism. Using (C.2.79), the

fact that N::wo =1 and Ly(k, Adyp) is a simple current, we find that

JaNR T =2 Jgar . (0286)

This proves that J4 — A is a group homomorphism. Injectivity of the map is obvious. To prove
surjectivity, consider the pair (Ja, J’;) for (A, A) € Giq. We want to show that (J4, J;) € Giy. Since

Ja = Lg(k, Ady) and similarly for J%, it is clear that

/b _,9/b _,9/b
X?JA’]}‘)(T) = X?AQU,AGJ(J)(T) = X?o,o) (1) #0. (C.2.87)

Next, for any (A, ) € &, by selection rules and (C.2.81), we have
hS, B8 = hiy = Qua(N) = Qur (1) = h‘}k + R — R mod 1. (C.2.88)
Since Lg/p(A, p) = Lg/b(AA,Au), we have
)
hS — kY, = hz - h@ ) (C.2.89)

Thus, we conclude that h%A — hg,_ € 7. The proof is complete. O
A

We will omit the prime from now on.

It turns out that for generic cases,

E)~= E/Gyq . (C.2.90)

Thus, field identifications can be described by choosing one representative from each Gig-orbit of £.

Selection rules and field identifications from Wilson lines

Selection rules and field identifications can be understood in a geometric way as the trivialization of
Wilson lines corresponding to the elements of Z in the G x H_j; CSW theory. As discussed in C.2.2,
Wilson lines in the G, x H_; CSW theory are labeled by pair of weights (A, 1) € P;f(g) x P.(h).
Gauging Z is equivalent to trivializing the Wilson lines corresponding to Z via the isomorphism
with Giq in terms of simple currents as discussed above. Wilson lines can link with other Wilson

lines in two ways:
1. Two Wilson lines can be parallel in which case they fuse to another Wilson line.

2. One Wilson line can loop around another Wilson line.
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This is shown in Figure C.1 and Figure C.2.

(A 1) (N, 1) (AKX, & p)

Figure C.1: Fusion of two Wilson lines.

(A, ) (A, )

(; 1)

— 627Ti(QJ()\)_QJ’(M)>

Figure C.2: Wilson loop with nontrivial linking with another Wilson line.

If (J,J') € Gig = Z loops around another Wilson line (\, 1), it acts by the phase ¢?™(Q7(N)=Q (1)),

It is now clear that trivializing first action leads to field identifications and trivializing second action

leads to selection rules.

C.2.4 Fixed Point Resolution

When an element (S\,ﬂ) € & is fixed by some branching outer automorphism, i.e., there exists
(A, A) € O(§) x O(h) with A — A such that
AN=X\ Ap=j (C.2.91)

7
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then the module L, /5(5\, ft) is not irreducible. Assuming that L /b(5‘7 [v) is completely reducible as
a Vg p-module, there are other irreducible modules of V; 5, which are not obtained by decomposing
L4(k,0) in terms of Ly, (E, 0)-modules and these new V/5-modules, that appear in the decomposition

of Ly /h(j‘» ) in terms of irreducible V 5-modules. More precisely, let

GA" = {(A,A) € Gig: AX=X Ap = p} (C.2.92)

be the stabilizer subgroup of (X, ft). Then the Vy/p-module Lg/h()A\,/l) splits into \Gijd"ﬂ| number
of distinct irreducible modules and one needs to construct these distinct irreducible modules using
different methods. This is called fized point resolution. Some progress has been made in regard
to solving this issue in [SY90a, FSS95a, FSS95¢, SY90b]. For diagonal embedding g < g & g,
this problem was solved in [FSS95b, FSS96] (see also [FSS95al), but it is expected to work for
generic coset theories, the only known counterexamples appear at level £ = 1,2. These are all either
conformal embeddings or Maverick cosets [DJ93a, DJ93b, PSW99]. We now review the solution

proposed in [FSS95b]. By spectral flow isomorphism, there is a vector space isomorphism

Taa: Lam(A i) — Lg/n(AX, Afr) . (C.2.93)

One can show that 7, 3 is actually a VOA automorphism with respect to the Virasoro sub-VOA of

Va/p [FSS95b]. When (A, A) e Gé’ﬂ, then 74 4 is an automorphism. Then we can decompose

LQ/U(A’ /}’) = @ Lg/h()‘vﬂ)q} ) (C294)
T cHom (Gi}’"‘,CX>

where

LA, i) = {v € Losp(A 1) : 7o 4 (v) = q/(A,A)U} . (C.2.95)

It has been shown in [FSS95b] that the spaces Lg/h(;\, fu)¥ are Vg y-submodules of Lg/h(;\, f) and

can be consistently taken to be irreducible. The characters XEI;EZ )h (1) for the irreducible modules
Lg/b(j\, it)¥ can be obtained by following the steps below:
1. Define the Fourier transform of szjigé)h (1) by
o(A,A)0/b . Ay 0/
XGoa ()= Z WA A5 () - (C.2.96)
\IIGHom<GQ"1,(CX)
Then ngé)’g/h(r) can be identified with the twining character
~(A,A).g/b, \ _ L9/5(0)— <28  orir
BB ST, {m, PWAIOSE } s (C.2.97)
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2. Let 74 : Lg(k,)A\) — Lg(k:,Aj\) and 74 : Lh(E7ﬂ) — Lh(E,Aﬂ) be the spectral flow
isomorphism of g and h-modules respectively. Then for (A, ;1) € Gﬁ"l , then these maps are

automorphisms and we can consider the twined characters

<o A b(0)— g
X;\A7g(7> — TrLg(k:,S\) 7_Aquz(o) 24} ’ X;,Lh(T) — TrL,,(E,;l) [TAQL 0)—-57| (C.2.98)
The branching functions are then precisely AES\A;?)M/ h(T):
Ag _ ~(A,A),9/h A
X2 = D0 XX () (C.2.99)
HEPT (h)

3. The twined characters XS\A’Q(T), Xﬁ’h(T) can be computed using the ordinary character of the
orbit Lie algebras g° and h° of g, h respectively:

A, ° 2% 0y <2
R =X () = T e sy 0 O

o H°
" (0)- S )

: (C.2.100)
Xi () = X (7) 1= Ty o oy 4"
The precise construction of orbit Lie algebras and the mapping of weights of g, h to weights of
g°, b° is explained in [FSS95¢c]. Using these twined characters, we can compute the branching

functions XS\A”J(T), Xé’h(r).
4. Finally, we compute the character XzPigé)h (1) of the irreducible V;,,-module Lg/h(ﬁ\,ﬂ)‘l’ by

inverse Fourier transformation of (C.2.96) using the orthogonality of characters:

Y (A A)T4(A,A) = ‘Gj“‘ S, 0, -

: (C.2.101)
(A,A)eGy*™
More explicitly, we have
\Il7g/h — 1 A ’\(AaA)vg/b
X (7 = ‘Gm‘ 2 - VAN ) (C.2.102)
id | (A,A)eGy?

C.3 Lagrangians For Unitary Minimal Series

For each h,c € C, there exists a unique module of the Virasoro VOA with central charge c¢. We
denote this module by Vir(c, k) and identify Vir(c,0) with Virasoro VOA itself. For 0 < ¢ < 1,
unitary Virasoro VOA modules have been completely classified. There is a discrete series of allowed
central charges

6

=1-— = 3.1
Cn T Dmty "B (C.3.1)

and for each c,, the only allowed values of h are labeled by two integers p, ¢:

— 2 _
[(n+2)p—(n+1)g]" —1 1<p<n, 1<q<p. (C3.2)

hn = )
P 4n+1)(n+2) - =
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The character of the module Vir (¢, by p.q) is denoted by
Xn,p,q(T) 1= T"Vir(cn,hn,p,q)ezﬂiL(O)T . (C.3.3)

There is also an identification of modules:

Xn.p.a(T) = Xnnt1-pnt2—q(T) - (C.3.4)

The Virasoro VOA with this irreducible modules constitute the unitary minimal models.
It was shown by Goddard-Kent-Olive [GKO86] that these modules can be obtained as modules
of the coset VOA Ly for

g =5 (2)1 @571(2)71 >
(C.3.5)

b= 51(2),41 = diag (54(2)1 @ SU(2)n) — SU(2)1 © SU(2), -

Cappelli-Itzykson-Zuber [CIZ87] classified all modular invariants for su(2); WZW model and using
the coset description of the discrete unitary minimal series, they classified all modular invariants
that can be constructed using X, p.q(7). It follows an ADE classification. The simplest one is the
A,, modular invariant obtained from diagonal gluing of the left and right chiral parts:

n n+l

Znn0) = 5 303 a0 (€3:6)

p=1q=1
In [BRS88, ABRS8S| a different coset realization of minimal models was given using gauged free

fermions. One takes

a = 5/\0(411)1 5
R (C.3.7)
hE = E’ﬁ 695,&(2)762 @5/{1(2)/63 ’
where the subalgebras p and levels k; are listed in [ABR&8, Table 2] for various modular invariants

in the CIZ classification.
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Type M8 MO
A, Diagonal: x, xp | Ous un
1 1 0 0
1 1 0 O
D4£ 6MZaNR
0 0 0 O
0 0 0 0
1 0 0 O
01 0 O
Dagto Out in
0 0 0 1
0 0 1 0
E6 Diagonal: 5>\L7)\R 5;42,;413
E, Diagonal: x, xp | Ous un
Esg Diagonal: x, xp | Ot un

Table C.3: The modular invariants for affine VOA Lg(k,0) and affine sub-VOA Lh(E, 0) used in the
construction of modular invariant partition function of the coset VOA Lg,4(0,0). The ordering of

characters used to write down the 4 x 4 matrices M? is o, s, v, t.

The embedding of
b C so(4n)y , (C.3.8)
can be found in [ABR88, BRS88|. The coset VOA L/, in each of the cases listed in [ABRS88, Table
2] is the Virasoro algebra with appropriate central charge from the ClZ classification. In particular,
the central charge of the coset Virasoro VOA for A,,,D,, series is ¢, defined in (C.3.1). There are

four dominant integral weights of so(4n) which lead to irreducible modules of §0(4n);:

A€ {o,v,s,c}, (C.3.9)

where 0,v,s,c corresponds to the trivial, vector, spinor and conjugate representation of so(4n).
The modular invariants used for §0(4n); WZW model and Eg WZW model to get various modular
invariants in the CIZ classification is listed in Table C.3. One can then use the formula (3.3.56)
to compute the partition function of the coset model. Here we reproduce the calculation for A,

modular invariant with a discussion of field identifications. In this case,

g = sp(n — 1)1 ® §4(2)1 @ 5u(2),, . (C.3.10)

In the notation of Section 3.3.1, the decomposition of the four dominant integral highest weight

modules of §0(4n); in terms of modules of (sp(n — 1)1 @ §1(2); ® s1u(2),) @ Vir (¢,,0) is given by
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where A; is the j-th fundamental weight of sp(n — 1), and m denotes the spin-7 representation of
s5u(2). Using this and the modular invariants in Table C.3, we can write coset partition function for
A,, and D,, modular invariants. It is also easy to see that the outer automorphisms of §6(4n); do

not fix any of the fundamental weights in Table C.2, and hence we do not need to worry about fixed
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point resolution. Thus, the GKO coset partition function must be divided by 4. We have

1 n—1 n 1 n—1 n
2
Zan (1) = 4 > Xngirmia(T 1 Z Z IXn.j+1,m+1(7)]
j=0 m=0 j=0 m=0
j even ™ even odd M ev
1 n—1 n ) 1 n—1 )
T Z Z X, j+1,m+1(T)] T Z Z IXn,j+1,m+1(7)]
j=0 =0 j=0 =0
j]even " jjodd mmo d
1 n—1 n ) 1 n—1 n )
+ 4 Z IXnn—jmt1 (T)[" + 1 Z Z IXnn—jm+1(7)] (C.3.15)
j=0 m=0 j=0 m=0
j even j odd ™ even
1 n—1 n ) 1 n—1 n )
T DD D THRNC (N S AN
j=0 m=0 Jj=0 m=0
j even j odd
1 n n+l )
=533 a0,
p=1g=1

where we used the identity (C.3.4) and renamed variables p = j 4+ 1,¢ = m + 1 in the last step.
Similarly, for the D,,-modular invariant we again reproduce the partition function from Table using
the coset partition function formula (3.3.56) and modular invariants from Table C.3.

One can repeat the exercise for the modular invariants for E,, from Table C.3 and reproduce the

partition function for E,, minimal models in the CIZ classification.

C.4 Some Categorical Notions

In this appendix, we briefly review some definitions required in Section 3.2, we refer the reader to

[Tur94, BKO1, ?] for more details.

Recall that a modular tensor category C is equipped with the following structures:

1. Tensor bifunctor X : C x C — C, with unit object 1¢, associator isomorphism
aw, wows Wi R (Wo I W3) — (W KW,) K W3, (C.4.1)
left and right unit isomorphism
by 1 W — W, rypy WK1 — W. (C.4.2)

Along with coherence conditions on these ismorphisms, the category C is a called tensor or

monoidal category.

2. A braiding isomorphism cyw, w, : Wi X Wy — Wy X W satisfying compatibility with the

tensor bifunctor. This structure makes C a braided tensor category.
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3. Rigidity axioms: for every object W, there is a (left) dual object WV along with morphisms

ew WYRW —1¢, iw:le — WHRWY, (C.4.3)

called annihilation and creation morphisms compatible with the tensor and braiding structure.

Similarly, right duals, denoted by YW and corresponding annihilation, creation morphisms

ew WRYW —1¢, tw:le — "WRW , (C.4.4)

satisfying compatibility with tensor and braiding and tensor structure must exist. A braided

tensor category satisfying rigidity axioms is called a rigid braided tensor category.

4. Linearity and Semisimplicity: The space of morphisms Home(Wy, W3) are vector spaces® and
C is endowed with the structure of direct sum and that every object is isomorphic to the direct

sum of a finite number of simple objects®.

5. Finiteness: C must have finitely many isomorphism classes of simple objects and the unit
object 1¢ must be one of them. Moreover Hom¢(1¢, 1¢) = Ende(1¢) must be one-dimensional

(C for us). These structures define a rigid braided fusion category.

6. Ribbon structure: For every object W there is an isomorphism 8y : W — W, called the
twist map, satisfying the balancing axioms, i.e., compatible with the braiding isomorphism and
the rigid structure. This is the additional data for a ribbon category. In a ribbon category, the

left and right duals coincide.

7. Nondegeneracy: Let {W,},cr be the isomorphism classes of simple objects with Wy = 1.
Then the S-matrix'? defined by

S, ::Vlc o (ewu ® eva) o (]lwav ® cw,wy, @ ]1va) (C.4.5)

o (]lWav K ew,w, ® ]lev) o (ZWav Y iWQ) o Zl—cl} .

a
where 1y, : W, — W, is the identity morphism, is invertible. This condition on a rigid
braided ribbon fusion category defines a modular tensor category (MTC). The number of

isomorphism classes of simple objects is called the rank of the MTC.

8We will work with complex vector spaces.
9Linearity involves other technical conditions which allow us to define subobjects of an object. Simple objects are

those objects whose only subobjects are the zero object and itself. We will not go into the details, the reader is

referred to [Tur94, BKO1] for details.
10The map Sap € Home(1c,1¢) = C and hence is a complex number.



323

Definition C.4.1. An object A in a braided fusion category C is called an algebra object if there
exists morphisms ps € Home(AKX A, A) and 4 € Home(1c, A) such that

pao(pa®la)oaaaa=pao(lalpa) ,

(C.4.6)
paomaRla) ol b =14 =pao(laRna)ory",
and Hom(1¢, A) is one-dimensional!. A is called commutative if in addition
A = [LAOCAA - (C.4.7)

Definition C.4.2. Let A be a commutative algebra object in C. A left A-module is a tuple (W, pw)
with W an object in C and pw a morphism puy € Home(A X W, W) such that
pw o (pea W ly)oaaaw = pw o (LaXuw) . (C.4.8)

We will call left A-modules as simply A-modules. An A-module (W, uy/) is called local if

KW © CW,A OCCAW = UW - (C.4.9)

An A-module homomorphism between A-modules (Wi, uw,) and (Wa, pw,) is a morphism f €

Hom¢ (W7, Wa) satisfying

fouw, =pw,o(La® f). (C.4.10)

We will denote the space of A-module homomorphism by Hom 4 (W7, W3). An A-module (W, puw) is
called simple if Hom 4 (W, W) = Cly .

The set of all A-modules in the category C forms a category with morphisms given by A-module
homomorphisms. We will denote the A-module category in C by C4 and the local A-module category

by CY.

Theorem C.4.1. Let C be a braided tensor category and A a commutative algebra object in C. Then
the module category Ca is a fusion category and the local A-module category CY is a braided fusion
category. Moreover, if C is an MTC and A is simple'? an A-module with 64 = 1 4, then CY is also

an MTC.

' Many references do not include this condition in the definition of an algebra object. Rather, this condition defines

a haploid algebra object. In this paper, we will always assume this condition in the definition of an algebra object.
12In [FFRS03b], an algebra object is defined to be simple if the space of bimodule homomorphims from A to A

is spanned by the identity morphism. But it is noted in [FFRS03b, Remark 2.28] that for commutative algebra
objects, the space of bimodule homomorphisms are same as the space of module homomorphism and our definition

of simplicity is enough.
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Definition C.4.3. A coalgebra object in a braided fusion category C is a tuple (A, A4,e4) where
A is an object, Ay € Home (A, AKX A),e4 € Home (A, 1¢) which satisfy the following:

(QARA)0As= (A KT4)0A,,

(C.4.11)
’I“AO(]IA|Z|EA)OAA=]1A ZEAO(€A|X|]1A)OAA s
and Hom¢(1¢, A) is one-dimensional. A is called cocommutative if in addition
caA0 A=Ay . (C.4.12)

Definition C.4.4. A Frobenius algebra object in a braided fusion category C is a quintuple (A, pa,na, Aa,€4)
such that (A, pa,n4) is a regular algebra object and (A, A4,e4) is a regular coalgebra object, such

that the following Frobenius condition is satisfied:
(1A®MA)O (AA®]IA) =Agous = (MA(X)]IA) 0(]1A®AA> . (C413)

A is called commutative if (A, pa,n4) is also commutative. A Frobenius algebra is called special if

SAO’I’]A:ﬁ]_c]llc7 MAOAA:6A1A7 (C414)
for non-zero complex numbers S1,,54.

Definition C.4.5. An algebra object A together with a morphism 4 € Hom¢(A,1¢) in a braided

fusion ribbon category C is called symmetric if the two morphisms defined by

@1 = [(5AOMA)|X]IAV] OaA’A’Av O(]lAgiA)OT‘Zl 5
] (C.4.15)
Dy :=[lvaR(eaopa)loaiy 440 (aR1a)olyh,

are equal'® in Home (4, AY).

Given two categories Cy1,Cs, one can define the Deligne product C; Kp Co whose objects are pairs

written as X Xp Y where X, Y are objects of Cy,Cs respectively and morphisms are

HomCl®DC2 (Xl Xp Y7, X2 Xp }/Q) := Homg, (Xl,XQ) ®c Home, (Yl, YQ) . (0416)

We will denote morphisms in C; Kp Cy by f Kp g Various structures on C;,Cs can be extended to
C1 ®p C in the obvious way. For example, if C;,Cy are MTCs then so is C; Kp Ca, see [FFRS03b,
Proposition 6.3] for details.

We are now ready to state a simplified version of the main theorem of [FFRS03b].

13Note that in a ribbon category YA = AV and hence the equality of the maps makes sense.
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Theorem C.4.2. Let C1,Co be two modular tensor categories'® and A be a special symmetric com-
mutative Frobenius algebra object in Cy Wp Co. Let C3 be another modular tensor category equivalent
to the category of local A-modules (C1 ®p C2)%. If the only subobject of A of the form U Kp 1¢, is
1¢,Mple,, then there exists a special symmetric commutative Frobenius algebra object B in C3XpCq?

such that
C1 = (C3 Mp &™) (C.4.17)
where C5™° is the opposite category of Co.

The explicit description of B is also given in [FFRS03b], we will not give its detailed description

but write it explicitly for the setting in which we will apply this theorem in Section 3.2.3.

1 The general statement of this theorem in [FFRS03b| requires the categories to be only rigid braided ribbon cate-
gories. In that case the Deligne product is replaced by Karoubian product. Since modular tensor categories are
automatically Karoubian, the Karoubian product coincides with the Deligne product. Since any abelian semisimple
category is Karoubian, we can further relax the requirement of C; being an MTC to an abelian semisimple rigid

braided ribbon category.
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Appendix D
Appendix for Chapter 4

D.1 Supersymmetry conventions

We consider the Euclidean flat space R* with real coordinates z*. The Lorentz group is SO(4). To

define spinors, we consider its double cover
Spin(4) = SU(2)_ x SU(2)4 . (D.1.1)

Left and right handed Weyl spinors wa,z/;& respectively are defined as the (2,1) and (1,2) repre-
sentation of Spin(4) where (€, m) indicates the dimension of the representation under the two SU(2)
factors in Spin(4). The indices on the Weyl spinors is raised and lowered using the North-West
South-West (NWSW) convention'

. 0 -1 e
€af = €.t = " = B = , Eaﬁ6ﬂ6:6ﬁ7 €.reP =57 (D.1.2)
af @ af a
1 0
as follows
a _ af — B
=€ , =€
w. .ﬁ.wﬁ ¢o¢ aﬁ¢é (D.1.3)
P =eibs, Ys =€
Spinor contractions are given by
UX =P Xa = —YaX® = X"Ya = XV
N . . . _ (D.1.4)
YX = Yax™ = —¥ X = Xa¥" = XV
The following exchange identity holds:
A&BB' = AéB(S‘ - Gdﬁ'A"YB’Y . (D15)
The Euclidean Pauli 4-vector is given by
ot = (0%i1) », (3% = (—o',i1)* (D.1.6)
Otﬁ ) aﬁ’ ) ) b

'The Appendices of [CMRS23] follow the North-West South-East convention.
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ol = , o= , o= . ot= . (D.1.7)

We define the matrices

v\ 1 ~v v~ ~ & 1 ~ v ~v Y
(0")% = 1 (075" —a"a")%, (" )aﬁ- =7 (cho” — & o’“)aé. (D.1.8)

These matrices are symmetric

(Ou)as = (Ouv)pa

.. .. (D.1.9)
(&#u)aﬁ = (guu)ﬁa )

and generate rotations under SU(2)_, and SU(2); on ¢ and X respectively. They also satisfy

1 1 ~ ~
ieuyp)\a_pA —_ 70.}1«1/’ ielﬂjp/\o—p)\ = gh?. (DllO)
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Thus o¥ and o"¥ are generators of Lorentz transformation on the space of anti-selfdual (ASD) and

selfdual (SD) rank 2-tensors. Some identities useful in calculations involving sigma matrices are

(0)ad = —(0") das (D.1.11)

(3#)% = — (o), (D.1.12)
AL (0)a” (D.1.13)

(30 (00) 58 = —20, (D.1.14)
(&) (0,1) 5 = —20508 (D.1.15)
(30)%%(00) g3 = =0 0% +2(F) %, (D.1.16)
(0) 33D = 68,7 + 20w) (D.1.17)
oto” + oVt = —26"", (D.1.18)
olo” +o"ct = 26" | (D.1.19)
o) 530)% = o (3 + 6 (F0) ™ — 8 (3,) (D.1.20)
(UPU)aﬂ(Uu)ﬁ& = —€pou (0 )ag T 0pp(00)ac = Oou(Tp)ac (D.1.21)
(03 @) s = — 5o ~ 500(00 ) + 5000 (T0)a (D.1.22)
(300" (0057 = 5epomn ()77 = 20.p(3)%7 + 56,05, (D.1.23)
(O)0” (0pe) 5™ = €uwpo — Oupdve + 0ucOup (D.1.24)
G1) 3 F )5 = € — Db + Dol (D.1.25)
(Eul/)&ﬁ'(gw)&g = 5&55%5 - 25&55&57 (D.1.26)
(0o (0"),0 = 6,76.0 = 25,767, (D.1.27)
@) G0y = —ie,wpa&'g 4 %5”,,(5,0)% - %@w(&w)% 4 %5,,,,(&”,,)53 (D.1.28)
- %&p(&w)‘% - i%péwé% + iéwéypé‘i&, (D.1.29)

(0)a” (Tp0) 5" = ieww%ﬂ + %%p(aw)oﬂ - %6#0(@,3),3 - %m(a#p)oﬂ (D.1.30)
- %M(UW)J - iéupéwéoﬂ + iéwéypaoﬂ . (D.1.31)

A vector can be written as a bispinor by using the sigma matrices as follows:

Ans = Ug&Auv Ago = NgaAu , (D.1.32)
and the inverse is given by
L od l_sa
A, = 5%u Apes Au= 3%u Age - (D.1.33)

Thus
1 .
A, Bl = §AQ&B°‘°’ . (D.1.34)
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The antisymmetric part of a rank 2-tensor is decomposed into its SD and ASD part as

A[’“j] = A[/W] + A[MV] R (D135)
where
+ 1 1 por
A[MV] A[/JV] + ZGMVPUA . (D136)

Using o and o"” we can project onto the ASD and SD part of a rank 2 tensor in the spinor

notation:
Aap = A (") as, A&é AW(N’”)(.XB- , (D.1.37)
and the inverse is given by
A = §Aa3(a,w) s A= 5‘45,5(0#1/)&5 , (D.1.38)
In the bispinor indices, we get
A[a&,ﬁﬁ.] = A Eag + Aage s (D.1.39)
so that
1 1 .3
Il . L= 0B .
A&B 5€ A[a&,ﬁﬁ]’ A&ﬂ 5€ A[a&,ﬁﬁ] . (D.1.40)

On curved Riemannian 4-manifolds, we introduce local orthonormal frames or veirbein {ej;} so that
ds? = = gudadz” = dapegey bqztdz” . (D.1.41)

Then we have Pauli matrices 0%, 5% and the generators 022 522 of left and right-handed Lorentz
transformations given by the same formula as (D.1.6), (D.1.8). The veilbein in spinor indices is
given by

el = (0% pact, e = (0%)a." . (D.1.42)

The spin connection is given by

b= eaT” €7+ 20,e"" = 2T 7% — e"29,e,% | (D.1.43)

a
oy vtop vlop€

where

1
FZV = igpA (8ugx\u + &/gu,\ - 5’Aguu) , (D144)

The Riemman curvature tensor is given by
Ruvab = Ouwyap — OvWpab — Wya cW s + Woa cWpp - (D.1.45)

In spinor indices, the Riemann tensor can be decomposed into irreducibles as

R .. s . +=¢4565C. €.26.:C + €€t R.s +e€
56 aBys Ha §aByd T CaBbss )
aaBByy &85 €ap ¥ Yo~ o By (D.1.46)

R
T (6“‘3675 ( €a5€ps T 633045 ) +eg 65 (€areps + %mﬁ) :
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where Cg45 and C, .. : are Weyl tensors, R .- is the Ricci tensor and R is the Ricci scalar. From
apys aByo

the symmetries of the Riemann tensor we get

Capys = Cysaps C&ﬂ'»}é = C&S&B’ Ramé = R%aﬁ . (D.1.47)
Define
R&é»}é = eaﬂewRa&ﬂéwéé. (D.1.48)
Then from the expansion of Riemann tensor we have
R.é.(§=40.'.'—§(6&'6"—}—6'.6.') (D.1.49)
apy aBys 6 7B By ad
Thus
p_R_ (D.1.50)

&,éé 9 ad
D.2 Transfer Of Structure Group

In this appendix, we recall the notion of transfer of structure group. For simplicity, we will work
in the category of smooth manifolds (where the objects are smooth manifolds and morphisms are
smooth maps). Let G be a Lie group and X a smooth manifold. Let C(G,X) be the groupoid of
principal G-bundles over X. Let G1, G2 be two Lie groups. Given a homomorphism ¢ : G; — Ga,
we have a functor ¢, : C(G1,X) — C(Go,X) that maps a principal G;-bundle P, -5 X to
Py x4 Gz % X where

P1 X G2 = (Pl X Gz) / ~o o (D21)

with equivalence relation is defined by

(pl . h7 g) ~o (p17¢(h/)g)7 (pl»g) € Pl X GQ; h e Gl . (D22)

The projection 7] : P; X4 G2 — X is defined as 71 ([(p1,9)]) = m1(p1) and the right G action is
given by

[(P1,91)] - g2 = [(P1,91 - g2)] - (D.2.3)

Let P, =% X be a principal Gi-bundle. The transfer of structure group of P, — X from G
to G using the homomorphism ¢ : G; — Gy is, by definition, the image ¢.(P; — X) under the
above functor. One can show that in terms of patches and transition functions, this means that if
the local trivialization of P; % X is given by {U,, 4}, then the local trivialization of ¢.(P; — X)
is given by {U,, tpe} With t,, = ¢ 0 t,,.

A related notion is a reduction of structure group defined as follows: let Py, —2 X be a principal

Go-bundle. A reduction of structure group of P 22 X from G5 to G4 using the homomorphism
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¢ : Gi — Gy is a principal Gi-bundle P; =% X together with an isomorphism of ¢.(P; % X)
with P, =2 X. One can show that in terms of patches and transition functions, this means that
there is an atlas and local trivialization of P, =2 X given by {Up,t~pq} such that there exists a G
bundle P, — X with local trivializations {U,, t,,} such that ,, = ¢ o t,,.

It is worth noting that there is never an obstruction to transferring the structure group of a
principal bundle, but there are, in general, nontrivial obstructions to the existence of a reduction of
structure group. Here are some examples of reductions of structure groups:

Fix a positive integer n € Z~q. Given an n-manifold X and a structure group G, a G-structure
[Che66] on X is a principal G-subbundle of the frame bundle FX. Cases where the G-structure
corresponds to standard tensor fields are familiar. For example, an O(n) structure defines a Rieman-
nian metric on X and can be viewed as a principal O(n) subbundle of the GL(n,R) frame bundle,
or equivalently, a reduction of structure group from GL(n,R) to O(n) via the natural inclusion. A
further reduction to SO(n) structure defines an orientation? on X, and a reduction to Spin(n) via the
standard homomorphism Spin(n) — O(n) defines a spin structure. Indeed, some of these reductions
might not exist — obstructions are quantified by certain characteristic classes. The aforementioned
examples are of tangential structures, i.e., structure group reductions for the frame bundle. However,
the idea of the reduction of structure group applies more generally to principal bundles.

The notion of transfer of structure group can be extended to include the data of a connection.
Let C°" (G, X) be the groupoid of principal G-bundles with connection. If we view a connection as
a rule for the coherent lifting of paths then a connection V; on P; =% X lifts a path v : [0,1] — X
to a path 7 : [0,1] — P;, uniquely specified once we are given the initial point 7(0) in the fiber above
v(0). The image connection ¢,(V1) is simply the connection on P; x4 G 7r—1> X given by the rule
to lift the path ~v(t) to [(F(t),1)] given the initial point [(7(0), 1)].

In terms of local patches and transition functions {U,, t,,} for P; we have locally-defined Lie(G1)-
valued one-forms A,, then ¢, (P ™% X) has local trivializations {Up, ¢ o tpq} and the pushed-forward
connection ¢.(V1) is represented by the locally-defined Lie(G2)-valued one-forms ¢.(A,) where
¢+ : Lie(G1) — Lie(G2) is the induced morphism of Lie algebras.

2 An orientation without a choice of Riemannian metric corresponds to a reduction from GL(n,R) to GL*(n,R), the
subgroup of matrices of positive determinant. A volume form corresponds to a reduction from GL(n,R) to SL(n,R),

the subgroup of matrices of determinant +1.
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D.3 Generalized Spin® Structure

In this section, we elaborate on the notion of generalized spin® structures on smooth, oriented 4-
manifolds and give some examples. Our conventions and notation for Cech cohomology are from

Section 4.4. Define the generalized spin® group

Splng(4) — Sp|n(4)c><U(1)d , (D31)

where C is a finite subgroup of the center:

C C Z(Spin(4) x U(1)h) = (Zy x Zy) x U(D)? (D.3.2)
such that
p1(C) = ((=1,—1)) C Z(SU(2) x SU(2)) = Z(Spin(4)) . (D.3.3)
This ensures that
p1(Spin¢(4)) = Spin(4)/p1(C) = SO(4) . (D.3.4)

We define a principal Sping(4)-bundle P — X to be a generalized spin® structure if
p1,«(P) =2 OFr(TX) . (D.3.5)

A connection V on a principal Sping (4)-bundle P is called a generalized spin® connection if p; . (P)(V)
VL€, A generalized spin® structure is thus a particular case of a G- structure on a 4-manifold with
G = Sping(él).3 Below, we present some examples to illustrate that a generalized spin® structure is in

general different from the standard spin® structure. The latter exists on all oriented four-manifolds.*

Example D.3.1. Consider the subgroup

C={((-1,-1,-1,...,—1)) = diag(ZI*?) C Zy x Zy x U(1)" . (D.3.6)

3Reference [BI23] discusses “Sping(4)-structures,” which can be given a similar interpretation. It is possible that
these are relevant to special topological twistings with nongeneric masses. See also references [AM20, LJ23| for
other generalizations of spin® such as Spin"(n) := (Spin(n) x Sp(1))/Zs and Spin®(n) := (Spin(n) x Spin(k))/Z2 in
n-dimensions (and any positive integer k € Z~(). Reference [AI80] is an interesting early work on generalizations of
spin structures, motivated by quantum gravity. [AI80] considers a reduction of structure group of the tangent bundle
to Sping(4) := (Spin(4) x G)/Z2 where G is a Lie group with center Za. See [WWW18| for a recent discussion of

“Spin — SU(2)-structures,” which correspond to G = SU(2).
4This follows from the important fact that on such manifolds, the second Stiefel-Whitney class of the tangent bundle,
ie., wo(TX) € H?(X;Zs2), admits an integral lift, due to the existence of a characteristic element [HII58]. This is
equivalent to the vanishing of W3 = Bock(wz(TX)) where Bock : H?(X;Z2) — H?(X;Z) is the Bockstein map at
degree 2, associated with the short exact sequence 0 — Z X2, 7, med2, Zo — 0. See [TV94, GS99, Sco05] for

details.

o~
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We first show that for this choice of C, a Sping (4)-structure exists on any orientable 4-manifold, and
is equivalent to a choice of d independent spin® structures.

We start with transition functions

te ) : Upg — SO(4) , (D.3.7)
for OFr(X), and choose local lifts
(Fpa Tpa) * Upa — SU(2) x SU(2) = Spin(4) , (D.3.8)
such that the diagram
(t5a-tpa)

pin(4)

Upq S
D.3.
tffgu\ / (D.3.9)
SO(4)

commutes, where 7 : Spin(4) — SO(4) is the projection map. The Zs-valued cochain

SO ol (D.3.10)

par pgrqrorp

is a Cech representative of the Stiefel-Whitney class of TX:
[CE ] = wa(TX) € H*(X;Zs) . (D.3.11)
Choose d integral lifts of wo(TX), i.e., d integer classes {c;(u) € H2(X;Z)}¢_; such that
c1(u) = wo(TX) mod 2 . (D.3.12)

Such integral lifts always exist — see footnote 4.) There exist complex line bundles {£,}¢_, with
g Y u=1

d

first Chern classes {c1(u)}%_,. Endowing each £, with a Hermitian metric on its fibers, we can

regard £, as a U(1)-bundle. Let us choose transition functions functions (hy)pq : Upg — U(1) on

L,,. We further choose local lifts (hy,)pq : Upg — U(1) such that the diagram

hu)p

)

d u(1
A (D.3.13)

U(1)

(
UP(I
o\

commutes, where P : U(1) — U(1) is the squaring map, that acts as z + 22 for z € U(1). Therefore,
(M) pgr = (") pg(h)gr(h)rp : Upgr — Z/2Z C U(1) , w=1,...,d, (D.3.14)

represents the mod 2 reduction of ¢q(u):

[(M)pgr] = T2(c1(w)) € HX(X,Z/2Z) , u=1,....d, (D.3.15)
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or equivalently, the obstruction to finding a line bundle W, such that W®? = £,,. Note that by defi-
nition, this mod 2 reduction is simply the second Stiefel-Whitney class wo(TX) due to (D.3.12). So

the representatives (£

pqr and (1, )pgr are cohomologous in Z/27. Therefore, there exist coboundaries

(€w)pgr : Upgr = 2 such that

;JEJT = (gu)pqr(nu)pqr . (D316)

Let (e4)pq : Upg — U(1) denote the trivializing maps of these coboundaries, that is,

(5u)pqr = (Eu)pq(gu)qr(gu)w . (D.3.17)
We define transition functions
T : Upg — Spin(4) x U(1)* (D.3.18)
via
%;q = (ﬁ_q;{;q’ (51>pq(h1)pqv E) (Ed)pq(hd)pq> . (D.3.19)
Then (D.3.16) implies that
?pq%vqr%vrp = ( ;:17”’ Cp_qrv (El)pqr (nl)pqr P (Ed)pqr (nd)pqr) eC. (D320)
Thus the transition functions
tpg = [tpq) : Upg — SPIng(4) (D.3.21)

(where [-] indicates an equivalence class due to the quotient by C), satisfy the cocycle condition

tpq(@)tqr (@)trp(x) = ILSping(4) . (D.3.22)

Therefore, using these transition functions, we can construct a Spindc(4)—bundle P — X. Finally,

because of (D.3.4), the bundle P satisfies
(p1)+(P) = OFr(X) . (D.3.23)

The defining data of a Sping (4) structure is a choice of d integral lifts of wy(TX). This is the same
data needed to choose d spin®-structures. The groups Spin(4) and (Spin©(4))¢ are not isomorphic:

they have distinct third homotopy groups:

s in d = 2d
s((Spin“(4))%) = (Z & Z)™ (D.3.24)

75 (Spint(4) 2 Z & Z .
The groupoids of principal bundles based on these two structure groups are not isomorphic. However,

once the latter bundles are subject to constraint (D.3.5), with a similar constraint for each of the

factors in (Spin©(4))? there will be a 1-1 correspondence. Let us elaborate on this.
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An element of the set of d spin®-structures is a collection of equivalence classes of pairs of maps
{[Z‘;ﬁq, hi J}e, where ’t;ﬁq : Upg — Spin(4) and Al : Upq — U(1). For a fixed 4, both elements of this
pair fail by a common Z-valued cochain. However, since the Cech 2-cocycle constructed out of any
choice® of ?;q is a representative of the second Stiefel-Whitney class of T'X, the only choice one has

is in picking the transition functions h;q. With this Cech data, we can define a map

Set of d spin® structures —» Set of Sping(4) structures

) (D.3.25)
7 % o) 1 d
{[tPQ’th]}izl — [tplI’hPQ""’hpq] ’

where we have picked — without loss of generality — one of the transition functions to Spin(4), namely

the i*" one. We can also define another map

Set of Sping(4) structures —» Set of d spin® structures

) (D.3.26)

[Foas g -+ hi) = { g P Yy

pa> 'pgr 0 Mg
The composition of the maps (D.3.25) and (D.3.26) clearly defines a one-to-one correspondence of

the set of d spin® structures to itself. This example illustrates that it is not sufficient to say that the

groups are not isomorphic to claim that this structure is different from a choice of d spin® structures.

Example D.3.2. Consider a finite subgroup C of the following subgroup of the center of Spin(4) x
u(1)%

d
Cc {(CanNl,"' ,Md) € Zo X Lo X U(l)d ‘ CH/J,k = 1} . (D327)
k=1

Let us begin with transition functions

9% U,y — SO(4) , (D.3.28)
for OFr(X), and choose local lifts
(tartpa) * Upg —> SU(2) x SU(2) = Spin(4) , (D.3.29)
such that the diagram
(Eartoa)

Upq Spin(4)
D.3.30
tf,‘;“\ / ( )
SO(4)
commutes, where 7 : Spin(4) — SO(4) is the projection map. The Zs-valued cochain

t = trtttt (D.3.31)

par pgrqrorp

5The transition functions are determined up to possible bundle automorphisms (a.k.a. gauge transformations or frame

rotations).
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is a Cech representative of the Stiefel-Whitney class of T'X:

[Cpar] 7= w2(TX) € H*(X; Zo) - (D.3.32)

pqr

Note that p,41(C) (for any uw = 1,...,d) is a cyclic group, since all finite subgroups of U(1) are

cyclic. Therefore, we define d integers {n,}%_, by
Put1(C) 2 Z/n,Z CU1), w=1,...,d, (D.3.33)

where p,+1(C) denotes the projection onto the (u + 1) factor of C.

For each U(1) factor in Spin(4) x U(1)%, we introduce a complex line bundle £,, with first Chern
class c1(u) € H*(X;Z). At this point, this is a completely arbitrary choice, but we will momentarily
present a cohomological constraint for the existence of a Sping(4)—structure which will involve these
Chern classes as well as the second Stiefel-Whitney class of TX.

Let us endow all complex line bundles with Hermitian inner products on their fibers so that they
become U(1) bundles. Let (hy)pq @ Upg — U(1) be transition functions on the bundle £,. Also

choose local lifts (ﬁu)pq : Upq — U(1) such that the diagram

(hu)pq

U u(1)

prq
D.3.34
<hum % ( )
u()

commutes, where P, : U(1) — U(1) is the n!* power map, that acts as z + 2™« for z € U(1). Then

the cochain defined by

() par = (h)pg (M) gr (h)rp = Upgr — Z/n Z C U(1), u=1,...,d. (D.3.35)
represents the mod n, reduction of ¢ (u):
(M) par] = Tny (c1(w) € HA(X;Z/n,Z) , u=1,....d. (D.3.36)

For any fixed u, the class [(1y)pqr] (or equivalently, the Z, -valued cochain (1,)pqr) measures the

obstruction to the existence of a globally-defined line bundle W, such that W®"u = £, .

At this point, we have Zs-valued cochains C;fw

and the d cochains of the form (7,)pqr for
w=1,...,d, where, for a fixed u, (,)pqr i Zp,,-valued.’

Let us define

N :=lem(2,n1,...,nq) - (D.3.37)

61t is instructive to contrast this with the Cech arguments that establish the existence of a standard spin® structure.
There, d = 1, u = 1, and n,, = 2. One has two Za-valued cochains, and due to the result of footnote 4, they represent

the same Zsa cohomology class, and must consequently differ by a coboundary.



Therefore, N = 2p for some p € Z>;. Hence, the maps

ps : Z)27 — 7N,

by Z/nyZ — Z/NZ , uw=1,...,d,
are well-defined. They induce the following maps in cohomology

ps : H*(X,7,)27) — H*(X;Z/NZ) ,

vt HY(X;Z/nuZ) — H*(X;Z/NZ) , u=1,....d.

which, in general, are neither injective nor surjective.”

We define transition functions
Thq : Upg — Spin(4) x U(1)*,

by
%;q = (%V;_q7%v;qa (ﬁl)pqv B (Ed)pq) .
With this definition,
Epatartry = (Ghars Goars Mg+ () )

It follows from the definition (D.3.27) that if

d

+
par H (u)pgr =1,

u=1

the transition functions qu satisfy

tpgtartrp € C

as desired. In particular, the transition functions

tpq = [pa] : Upg — Sping(4) ,
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(D.3.38)

(D.3.39)

(D.3.40)

(D.3.41)

(D.3.42)

(D.3.43)

(D.3.44)

(D.3.45)

(D.3.46)

(D.3.47)

(where [-] indicates an equivalence class due to the quotient by C), satisfy the cocycle condition

tpq(x)tqr(x)trp(x) = ILSpingl(4) .

(D.3.48)

Then, following the same line of reasoning as in Section 4.4, (D.3.45) implies the following

cohomological condition:

d
ps (Wa(X)) + > 1y or, (c1(u) =0 € H(X;Z/NZ) .

(D.3.49)

"For example, the induced map ps on cohomology has a kernel isomorphic to the p-torsion submodule of H®(X; Z/27),

whereas the induced map ¢, has a kernel isomorphic to the (N/ny)-torsion submodule of H®*(X;Z/nyZ).
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We now argue that this cohomological condition enables us to construct explicitly a Spin‘é(4) cocycle.
For this, we assume that a collection of line bundles £, exists with its first Chern classes chosen to
satisfy (D.3.49).

The cohomological condition (D.3.49) implies that the product of the Cech cochains correspond-

ing to the individual terms represents a coboundary:

d
ps(Cor) - [H Lu((nu)pqr)] = epgr : Upgr — Z/NZ C U(1) . (D.3.50)

Since €4, is a coboundary, there exist trivializing maps

€pq i Upq = ZJ/NZ C U(1) , (D.3.51)
such that
Epgr = EpqEqrerg - (D.3.52)
Therefore,
d
Ds (C;T.) . lH Lu((nu)pqr)] = €pgCqrErp - (D.3.53)
u=1

Now, we can define the modified transition functions®

(Eu);)q = (ﬁu)pq(apq)_l/d ; (D.3.54)

as well as maps sp,q : Upqg — Spin(4) x U(1)¢ via
Spg 1= (?;rq’z;q’ (hl);ﬂﬁ T (hd);q)
- (Ftv;q’%v;q’ (hl)pqE;ql/da T (hd)pqE;ql/d) . (D.3.55)
Note that
gpngrgrp = (C;;:]r? I;IW (nl)pqrf':;qlr/dv R} (nd)pqrf:;qlr/d) . (D356)
It follows directly from (D.3.53) that

SpgSgrinp € C . (D.3.57)

8By the dt" root of a generic phase €pq, we mean the following: we choose a solution y to the equation yl = €pq and
use it in (D.3.54)—(D.3.56). The conclusion (D.3.57) remains valid because the d* power of any solution by definition
equals £pq. So (D.3.57) is valid and independent of the branch chosen to define the d*” root. We could have avoided
taking the d*® root — at the expense of an undemocratic treatment of the U(1) bundles — by arbitrarily picking one of
the d U(1) bundles — say the u§® one — and defining its modified transition functions as (Euo Ypg = (ﬁuo)pq (epq) 7Y,

whereas (ﬁu);q = (hu)pg for u=1,...,d, u # ug.
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Therefore, the transition functions,
Spa = [3pq] : Upg — (Spin(4) x U(1)Y)/C , (D.3.58)
satisfy the cocycle condition
SpqSqrSrp = 1Sping(4) . (D.3.59)
Moreover, because of (D.3.30) the Sping(4)-bundle P — X with transition functions t,, satisfies
(p1), (P) = OFr(TX) . (D.3.60)

Thus we have constructed a Sping(4)—structure on X. For d = 1, this is precisely the standard
Spin®(4)-structure.
It follows from the above argument that the set of Sping(4)-structures on X is a torsor for the

subgroup of elements

(c(1),...,c(d) € H*(X;Z)* . (D.3.61)

that satisfy:

d
> wwor,(c(w) =0€ H*(X;Z/NZ) . (D.3.62)
u=1
Example D.3.3. Fix a positive even integer n € Z~q and consider the finite group

Cn={(<,<,u)€Zz><Zz><U(1) | u"/2C:1} : (D.3.63)

Then C,, is generated by
(—17—179) € Zo X Lo X U(l) s (D364)

where g € U(1) is any element of order n. Moreover, since n is even,
Ch, X Z/nZ . (D.3.65)
We denote the corresonding generalized spin® group by
Spin¢ (4) = (Spin(4) x U(1))/C,, . (D.3.66)

As in Example D.3.2, we introduce transition functions tzs)q0(4) for OFr(X) and choose local lifts
(Z;q,%v;q) : Upq — Spin(4) which satisfy a commutative diagram of the form (D.3.30). Therefore, as

before, the Zs-valued cochain

E = T e
SRS S M S (D.3.67)
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is a Cech representative of the second Stiefel-Whitney class of TX:

[CE,] = wo(TX) € H*(X;Zy) . (D.3.68)

pqr

Let us introduce a complex line bundle £ with a first Chern class ¢;(£) which is at the moment an
arbitrary integral class, but will be further constrained by a cohomological condition later. Endowing
L with a Hermitian metric on its fibers, we can regard £ as U(1)-bundle. Let {h,,} denote transition

functions on this bundle. Asin (D.3.34), we choose local lifts %pq : Upq — U(1) such that the diagram

D.3.69
N (D.3.69)

commutes, where P, is the n® power map, which acts as z — 2" for z € U(1). Note that the
global existence of the lifts i~zpq is equivalent to the existence of a complex line bundle W such that
W®n = L. Existence of W is equivalent to ¢1(L£) being n times an integral class y € H*(X;Z)
(which is then the first Chern class of W, i.e., y = ¢1(W)).

The cochain

Tpagr = Ppgharhep » (D.3.70)
represents the mod n reduction of ¢;(L):

[npqr] =T (Cl(ﬁ)) ) (D.3.71)

where r,, is reduction modulo n, and measures the obstruction to the existence of a line bundle W.

We define transition functions

o = (Bt o W) (D.3.72)

With this definition,

tpglgrtrp = (Cotars Cogrs Mhpar) - (D.3.73)
It follows from the definition (D.3.63) that if

n/2
Coar* (par)™ " =1, (D.3.74)

the transition functions t~pq satisfy

toatartrp € Co (D.3.75)

as desired. If there exist functions

€pg : Upq = L7, (D.3.76)
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such that

/2 _
L( ;EZT) ’ (npqr)n = EPqEQTETp = Epqr » (D377)

this is equivalent to the following cohomological condition

L(wa (X)) + grn (c1(£)) =0 € HX(X; Z/nZ) , (D.3.78)

which should be viewed as a constraint on ¢ (£).

We now show that the condition (D.3.77) (or equivalently (D.3.78)) enables us to satisfy the

cocycle condition for Spinén (4). We simply define the modified transition functions’
%;q = }Nlpq(gpq)_Q/n ) (D.3.79)
and maps S,q : Upg — Spin(4) x U(1) via
50 = (B T T ) = (Bt T a2 (D.3.80)
Note that
SpqSqrSrp = (C;:_qm ;Z;ranpqrg;;qi/n) . (D.3.81)

It follows directly from (D.3.77) that

SpqSqrsrp € Cp . (D.3.82)
Therefore, the transition functions,
Spq = [8pq] 1 Upg — (Spin(4) x U(1))/C,, , (D.3.83)
satisfy the cocycle condition
SpqSqrSrp = ]lSpingn (1) - (D.3.84)

A few remarks are in order. First of all, if n = 2, the map ¢ reduces to the identity map, and
the condition (D.3.78) reduces to the condition for a standard spin® structure, namely wq(X) =
c1(£) mod 2. In this case, one recovers the familiar fact that the evenness of ¢1(£) is equivalent to
the manifold being a spin manifold.

For n > 2, if ¢;(£) is n times an integral class, i.e., if there exists an integral class y € H%(X;Z)
such that ¢;(£) = n -y, then the cohomological condition (D.3.78) is equivalent to ¢(w3(X)) = 0. In
this case, one possibility is that X be spin, i.e., wo(X) = 0. The other possibility is that wy(X) be in
the kernel of the map ¢ : H?(X;Zsy) — H?(X;Z/nZ). This possibility merits further study.

9We choose a solution y to y™/2 = ep4, use it in (D.3.79)—(D.3.81). The conclusion (D.3.82) remains true independent
of the choice of branch for the (n/2)** root because by definition, the (n/2)** power of any solution is the same.
The reasoning is similar to what was described in footnote 8 for Example D.3.1, except in this example, we do not

have the option to be undemocratic with only one U(1) bundle at our disposal.
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D.4 Derivation Of The Twisted Action (4.7.8)

In this appendix, we present the detailed calculation leading to the twisted action (4.7.8). We will
use various facts about supermultiplets of 4d NV = 1, 2 supersymmetry, for which we refer the reader
to [WB92, LMn05, GGRS83]. We will use the same conventions as in [CMRS23, Appendix A]. Our

definition of the selfdual tensor X, is

1, -2
Xpv = i(o—pu)aﬁxtié )

. (D.4.1)
Xap = ()
We start by listing some formulas which will be useful in the computation below.
agh _ _1.ap
00" = —5¢ 00, (D.4.2)
1
HQOB = 5%4399 (D.4.3)
vt 1 2
6°0° = 7560*599, (D.4.4)
-~ 1 ~—
0&9/; = 5607/;90 . (D.4.5)
D.4.1 Lagrangian for 4d A = 2 supermultiplets
Let us start with the 4d A/ = 2 supersymmetry algebra in Euclidean signature:
{96, Q4 =20 207, (D.4.6)
{in Qé} - 26aﬁ61J7 (D47)
{Qar, QB'J} =2¢q5€157, (D4.8)

where I, J are SU(2)g indices. Upper SU(2)g index is in the 2 of SU(2) and lower SU(2)g index is

in the 2 of SU(2) and the indices are raised and lowered as follows:

or=cgp’, o' =€ep, (D.4.9)

2

and €7 is the antisymmetric matrix with e;» = €' = 1. The supersymmetry transformation is

generated by
5 =i Q! +iel 9 =ic*, QL +ig, 1O (D.4.10)

where &7, &7 are (Grassmann even) parameters of supersymmetry transformation and transform in

the 2 and 2 of SU(2)g.
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Vector Multiplet
In Wess-Zumino gauge, the A/ = 2 vector multiplet is a collection of the following fields

VN=2 = (A,ua¢7 $7 ¢I7{£IaDIJ) ) (D411)

all in the adjoint representation of the gauge group. In terms of N/ = 1 superfields, Vj—z is the

combination of the A/ = 1 vector multiplet Vir—; and the N' = 1 chiral multiplets ®,—_1, d AN =1"

Viver = —00"0A,, + 0004y — 1000y + %5’9’09[)7 (D.4.12)
~ 1~ i ~

Bprr = &+ 100400, — 106600 ¢ + V2 0yt — %eea,ﬂplaﬂe + 606F, (D.4.13)

~ ~ ~ ~ 1 o~~~ —— i o~ ~ e

Bpr=1 = ¢ — 100"60,6 — 7000006 + V204t + %eeauaﬂple + 66F . (D.4.14)

The superpotential for the theory is given by
1~~~ —~ 1 ~
W, = —iDDe_VNleaeVNzl, W, = —ZDDeVN:1D&e_VN:1 (D.4.15)

where the supercovariant derivatives are

Dy = % +i0".0%9,, Dg= _a%& —i0°0" .0, . (D.4.16)
We have
e"VN=1D VYW= = D Vil — %[VN:h Do Va—1] . (D.4.17)
Then
DoVi—1 = D, (-9(;#514,1 + 10001 — 10001> + ;5’9“9917) (D.4.18)
- (aga + 105&5‘5‘8ﬂ> (9JV§AU +10001, — 000y + ;55091)) (D.4.19)
= —0" . 0% A, + 20,008 — 10002 + 000, D
+io", 6% (—90”5(9”@ + 10000, — 10000, + ;é”e”eeaup) : (D.4.20)
where we used
8%99 = 8%0% = a%%eﬁm = €3,0°07 — €5,0°5) (D.4.21)
= 0o + 04 (D.4.22)
=20, . (D.4.23)

Since the highest power of § and 6 that is nonvanishing is 2, we can ignore several terms. We have
DoViet = —0" 0% Ay + 21060, — i00Y2 + 000,D — io" 005700, A,

— 0" .0%0000,,1». (D.4.24)
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Thus
1
"N D™Vt = DoVivar = 5[Viv=1, DaVi=1]
= —0" 0% Ay, + 20,0505 — 10002 + 000,D — ic" ,0%00" 00, A,
e o~ o~ 1 ~ — — 1~

— 0140%0000,102 — 5| — 009 A, + 160002 — 1606Y° + S6099D,
— 0" 08 A, + 21060505 — 10002 + 000, D

— 105&5&90”156”14” — 05&5&9958“,/;2}

= —0" 0% A, + 2020405 — 10005 + 000, D — ic" 040000, A,

— 0" 04000, — % {—90@“ (—o—;&'é&[Aw A+ 2i€a5&[AW1Z§"])
~i0000" 0% [z, A, }

= —0" 0% A, + 20,0505 — 10003 + 000,D

—io" 0400700, A, — 0" 0%000,1p2 — %egﬂ%gdeﬁ [A,, A

0 w0 G4 T o Loai g%
+100"00,04 A, V5] + 5999[¢2’Au]ag&0 :

(D.4.25)
Next, using
ié@v: ieé&g&g& = e, 'g:y — e, ga
96” 968 oh e
— 570, — 5%0. D.4.26
0103 — 0304 ( )
= _29L§ ,
and
I B (D.4.27)
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we get

O VP - 0 . & 0 T8 a7
Dge™ "= DyeV=t = (aéﬁ' +19ﬂagéap> (agéa A, — 2i0,0,0% + 1005 — 6660,D
+i0",0%00"00, A, + 0", 04000,
+ %90“502 20%[AL, A)] —i00100,04[A,,, 5]
- 00, A#]a;‘&5&>
= 0¥ Ay 2ie 300005 — 20505 +20500D + iazﬁ.egvéaﬂAy +i0¥ 4 0%00" €, 50, A,
- ot = 1 v G4 L wi v
+ 055095#1/)2 —ah.0 eee&éamg - iﬁa“e&éoa&Q [A,,A))+ iﬁaﬂﬂaaé[A#,Ay]
: i T 0l oy 1 " pitd
+ 190—#5%-0&9& [A,, VY5 + 190"“9906&5 [A,, 5] — 5906&6-[1/}2, Aylat .0
Lot : Pt 5.9 08 vy
= 50000, AJo" s + loﬁggéag&e) OpA, + 29130;[;9&9&3”2 - eﬁggéaoapzpi
—i08s" .%aaapD —0Ps" oM. 5&00”073,)8”14”
BB BB«

+ 50707 007007 0% (19,4, A) + [A,,0,A))
(D.4.28)

Next
b Ds, Bﬁ.evazl DoeVn-1 = _ b (a; T imag&a,,) [a;‘ﬁ.Au + 2ie, BQQJS‘ - 2156-1/)5‘
+2030,D + iaZﬁ.@al’aﬁﬂAu +i0%,0%00% e, 50, A, + agﬂ.oeaﬂz — o™, 0%60c., 6-3#{/?3'
- %90’“6&,503&5& [A4,,A)] + %00“5026. [A,,A))+ iﬁa”ea,éﬁa% [A,, ]
- %99%[{/72, Aulo™ 0% — %095[{52, Ao,
+i0%00 01 0% 0, Ay + 20°07 00,050,053 — 0700 000,05 — 070" .00040,D

+ 100" 800 c , [A, U5

—eﬁagéag&%ea”é&p@m + %eﬁagﬁ.aau%g 209 ([0,4,, A+ A, a,,AV])]

(D.4.29)
The Super Yang-Mills action is given by
1
Lsym = Zlm (T TI’R/d29 WaWa> , (D.4.30)
T
where
©  A4nri
=-—+—F D.4.31
T= et (D.4.31)

is the complexified coupling and the trace is taken in some representation of the Lie algebra. We

take the generators to be antihermitian and normalise the trace as

Tr(TRTy) = C(R)6™, (D.4.32)
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where C(R) is the index of the representation. In explicit computations we will take the trace in
adjoint representation in which case C'(adj) = h" is the dual Coxeter number. So to compute the
Lagrangian, we only need terms in the superpotential which has no ] dependence. This simplifies

the calculation a little bit. We get
ewf)&f)ﬁ-e*vf\’:lDaeVN:l :—e'w [ 216 wQ +2€ O(XD 10” (lead €; 8 A,

YA, A — eﬂa“a [Au, A

5’Ya

4 it 4
+ a;éeee@a“% — ol 00c, s 0,08 + 90 €,500%

1070 0acas [ Au, V5] —i0%0h. Ouey 5[y, 05 + 7096& 5105, Ao,

- laoe 305 Ao, 10700 00,4, + 207" B3 0,05

af
+1cr” 0% p aA +19A’cr 0“8/1 +2070 pG € p¢2:|

(D.4.33)
This gives the superpotential to be
1~~ 1
W, = —ZDDe_VNleaeVNzl = 7 [F4Y5 + 46D —i(0"5"0)a 0, Ay
-~ s 1 1
+ a“éauwgee + a“éaungee - 7(0”51‘9)0,[14 VA — i(avaﬂo)a[A,“ A
+1070" 0 Ay, 03] +10°04: 0 A1) [ Pg, Aylots 00 - 7[ pg, Aylot,00
+i(c#5"6)a0, A, + 29%259&6”% +1(0"570)00, A, + 29%—%%&@} (D.4.34)
= % (—4ith§ 4 400D +i(0"570) 00, Ay — 1(04570) 00, A, — i(0750)0d, A,
+ (6¥5"0)u[A,, A] + 20“/;6#1;599 + zieﬂo—géea (A, 98] + 49%&%6@5
—io", [, 4,100 - i(augva)aaHAy) :
where we used
(0"5“0)a = 0" ()70, = —o" .(")"70, (0" = —@)™)
= —6766’5%(7“.0':;&97
o (D.4.35)
= —Eﬂ’YUM.O'g-Qé
apB oY
= e:’éau %00 .
5y
Note that .
0°0° = ——eP00 = 0°0".0, = 0°0" .0, 07
2 BB BB
1 H By
= —Zot.e, D.4.36
20’%6 ~€°766 ( )
= 1U”.OG )

2 o
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We get
Wo =1 (405 + 40D — (05" 0)a (200, Av — 0, A4,) — A AL]) + 20" 0,5506
B o (D.4.37)
+io” ;[ H,¢2]99+2a“ 0,04 99+1a ;A s 05166

To make the field strength gauge covariant, we scale Vyr—y — 2Vj—1 and W, — %Wa. We then

get
Wy = —ithS + 6uD — %(a"&”@)aFlw + (07 D,12) a0 (D.4.38)
where
E,=0,A,—0,A, —i[A,, A,
e S (D.4.39)
D,apy = 0,02 +i[A,, 2] .
We can now switch to antihermitian generators for Lie algebra and write
F v = 8I,AD - auA + [AIJAV] )
e S (D.4.40)

DHJQ == 8;”;2 + [Auv{/)vﬂ .
We now compute W*W,. We have

i

WoW, =*? (—iwz +05D — 5(0"5"0)p Fu + (a“Du%)ﬁ%)

— P*p? —iD(0Y?) — S F (0"5 09%) — jgﬂDHQZ2¢299_i(9¢2)D+%D2 (D.4.41)

i ~V ~V ~V
- 5(0“0 0)F,.D — §(¢20“a 0)F,. (00” 9)DF,,

(_lw +0,D - §(a”~”9) +<aﬂDuzZ2>aee)
1
5

1
= ("7 0) (075 0) Fu s — i(4°0" D)) 00

Now we have the following identities

1 1

1
Hozeﬁ = Ga’Yeﬁtse(seﬂy = _5605"{67 65599 - _2

(0"5°6)0 = 7 (0+5"0) 360 = 0" (5°)10, 00
- eaﬂagﬁ. (5")e,50° €ne b
1 _ .
= —ieo‘ﬂewgeageé&a;ﬁ.(0”)57(90)

1 . (D.4.43)
= fieaﬁeavagﬁ.(ﬁy)ﬁvwﬂ)

1 .
= —(3")"6".00

2 VB

= —6"00 .
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. 1 .
001570 = 00" . (57)P10, = ——e,5e0™ . (57)7700
ap 2 ap
= L@)Po",00 (D.4.44)
2 VB
— 509 .
(0"5°0)(0"520) = ¢*0" . (5)10,05, ()70

1 ~nf ~A\36
= 56’&16750’56-(0'”)[%/0'2&(0' )7°66

1

L s (<553 4 20m)3) (075 +2(07)7) 00 (D.4.45)
1

= ((wu(;px\ _ 6“”(0”’\)266%70[ L T

+2(0“”)3(0"A)5B650‘6V(§) 60 .

When contracting with F),, F},, only last term gives nonzero result. So we simplify it using

v § Ba v «
(0")o" (07) €™ exs = (#)o7 (07), D.4.46
_ 1 HUPA 6;Lp6u/\ 5H>\5W) ( o )
Thus we get
1 ~
WOWalgy = D* = 1 (90 = 85" + §6°7) F, Fypp — 21 @%HDH@)
1 ~ 1
=D = (~Fu " + Fy F*) = 2i (wQU#Duwz) = 5 FuFox (D.4.47)
1 ~ 1
o L (o) - L

We thus get
1 «
Lyy_, = gTr [Im (7 W Walge)]

1 4 ® 1 ~ 1
“&n {'m { (J * ) <D2 T+ SELFR - 220 Dyiy) + FFA) H

- 87 27 2 4
Pl [1 , 1 . -~ 0g¢® .,
= ?Tr {4FWF“ - 5D2 — ip?0" Dyips + el PAELEAN

(D.4.48)
where = indicates that after taking the imaginary part, the theta term does not survive but we add
it by hand with an extra factor of i owing to Wick rotation to get Euclidean action.

The Lagrangian for A/ = 1 chiral multiplet in the adjoint representation of the gauge group is
given by
Loz = / d20d%0 @ pr—ye? PN =Dy (D.4.49)

where p,q; is the adjoint representation of the Lie algebra. We will omit it from now on. We begin

by computing the exponential. We have

EAVN=L = 14 2V + 2V, (D.4.50)
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Next, we compute
Vi, = (—90“514“ + 100015 — 10002 + ;99551)) (—90”5AV + 100015 — 10062 + ;99551))
= (00"0)(0570) A, A,
= —%AMA“%% :
(D.4.51)

where we used: .
(00"0) (05" 0) = 90‘0“.5‘5‘950”-55
1
_ _ - B aﬁ
= 4aaa056 00060
1 —
_ T (AH BB( v .
= 4(0 )PP (o ),859009 (D.4.52)
1 2 —
— T (HFM\BB( 4V .
= 4(0 )P (o )/350900
= %5#”9955 .

Next
T T <; ~ 00,5 — 000005 + V2 + %@aﬁeguaﬂ@ 4 m)
: <¢ + 100700, ¢ — 39955 0o + V20! — %99(3@10”5) + 00F>
=— 39955 ¢ 0 + (0570) (007 0)0,,¢ 0, — 3(9955)55 ¢

0006

— 109,000, (v 0" 8) + %5@00“8#&1\/5 9t + 00 FOOF

1 ~ ~ 1, ~ i~
=— (006 +0¢¢) + 59,0 0"¢ — %w?a;&auwla

+ QJMauw%wla +FF,

(D.4.53)

where we used
10,1070 = Py ﬂlila v Gﬁ = 76 M’@ 1/11%'” 00
(D.4.54)
- §¢fg;é3,¢1aaa :
and
0010, 100" = 0°0" . 0,050 )} = 1 aﬁ " DT L00

1
= SOl Ouii00 .

(D.4.55)
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For the next term, we will only write the 0000 term
~ ~ e e 1l e~ — i~ o e n
= —1 H R - M
D1 V=1 Par—1 ‘0955 <gz5 i0a"00,,¢ 40090 0o + V2 60¢; + \@0990 Oup1 + 00 F>
: (9#5,4“ + 10001 — 1006 + ;99550>
~ 1 i ~
. (d) + 1007 60,¢ — 19009 O¢ + V209" — %99(@1&10”0) + 90F>
Y NA oV 0002 LTy
= (—¢(90“9)AH 1(0070)8,¢ — ip000Y>*V/2 O1p + 59999¢¢D

0000

~i(00"0)0,6 (—00"0A,) 6 + V20U (~00"0A,) V20U + V20011600002 6) lyug
— (400" 0030 V230 6°02 6705 + SGD0 0D — 50,50 0678

~20080%0" 07 A, 67 + ﬁi@diﬁeaéﬂ@ 59) loos

1~ ~
~Loae— 2502yl 4 Lips— Lo, a0
[_2650’%& N,(/) (604799) (—65\55) — \/5112?12204(;5 <;€&ﬁ§§99):| |99§§
_i3a.006 - i YL+ LDO — L, FARG — LTl A+ it
9 I w 10 ad M \/51 1¢2¢ .
(D.4.56)
Finally
~ 1~
Dp=1 Vi Pa=1 e —504. 4" . (D.4.57)
Thus the full Lagrangian is
1,~ ~ 1, ~ i~ .
Lgg =Tr [—4(¢ Do +U¢¢) + 50,696 — gwfogéauwla + 20(’;;6“1&?1/90‘
+FF 42 ( A0 ~ i(b PRYL + 5BD6 — S0,5AMS
LBt A+ i G — 2 3A, AR
*577/110&/% u¥ +71¢1¢2¢* §¢ wAle
(D.4.58)

—Tr [ 104 + 1AM p —10,0A P — GA,APG + DG + FF + /2 12!
V21100 + %auifagéww + %aﬂ{ﬁlawl - {p“faﬂ.A,Lwla}

T {D,L%D“qﬁ +D- (6,8 + FF — 0" Dby — —=0'[3, 47

\f
+\/§1/)1[7//2,¢]} ;

where we dropped some total derivatives owing to fact that we will work on closed 4-manifolds. We

also used the fact that V=1 acts on ®, ® in the adjoint representation so that
TH($- D - ¢) = Tr (3D, ¢]) = Tr(3Dg — $6D)
= Tr(¢¢D — §pD) = Tr(D - [6,9]) .

(D.4.59)
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Similarly

Also

Lsym = Ly,
92

+Dl¢, g]
Oi

= iTr {

Tr(qbz/) zp) T (6

=Tr

_T

—

=Tr

=Tr

v1)

Eqb “TegRep T, 1)
(¢cw1b 2a(pearh _ TchTa))
(v

(

v'6,v%) -

wl ¢c¢2aTchTa $c¢2aTaTch)>

Tr (5¢2 ] 1/)1) —Tr (gcwlb,(/)2a(TcTaTb _ TchTa))

—Tr <¢2$c1/}1b(Tch _ TCT"))

= —Tr (v%6,0")

Tr (Jl [{/;27 Qﬂ) =Tr ({/;(11{/;3(1567” (TbTC B TCTb))
= Tr (Dot o°(T°T" — T°T¢))
=Tr (L’/Jvz (&, {51]) .

Rescaling ®pr—1 — é@ AN =1, the full Lagrangian can be written as

+ £¢>$
iF/wFHV + D/LgD#QS - i¢1U”D,ﬂZ1
4 %wl[& V= s + %%[%, ¢

+ —— e PATr (F,, Foy)

6472
1

g2

+D[p,¢) —

If we now define

then using

V2

Dll

D12 —

Lwl [%7 ¢ ]

V2

Dyj = ~
(iD +ilp,0] V2 F

— ElI€1JD[J

+ 71?1

€1I€2JD]J _

V2 F

= Doy,

—Doy

iD + g, 51)

D22 _ 62162 IDIJ

e |
— 20" D,ahy + FF + 5D2

Liz [¥1, 6]

V2

1 ~ ~ ~ - 1
=_Tr LF,WFW + D, ¢ D'¢ — ! 0" Dby — ip?0# Dyipg + FF + 5D2

[d) ¢ ]:| ?26#1/;))\Tr (F F, N

Dy

351

(D.4.60)

(D.4.61)

(D.4.62)

(D.4.63)

(D.4.64)

(D.4.65)
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we get
Tr (DryD") = Tr (D11 D™ + D32 D*? + 2D15D"?)
~ ~ ~\ 2
—Tr <2FF +2FF+2(D+(6,9]) ) (D.4.66)

— 4T (ﬁF) F2TrD*+2[h a2 +2Tr (D[¢,q~5]) .

The Lagrangian can then be written as

1 1 ~ ~ 1 1 ~
Lsym = ?TF [—4FWFW + Du¢ D" o + WIU“DM/)I + *DIJDIJ - §[¢, ¢

T 1 (D.4.67)
~ st [5.0] S [on] | + e T B )
where we used
(o) = (o (05 + 0, 1)
= T (=05 D1 + 0100 A, — i DA,
(D.4.68)

= Tr (—f a'gaauwla + wfagaAuw — o5l v A,)
= —Tr (915 D) .
Hypermultiplet

We now calculate the Lagrangian for a single flavor of hypermultiplet, generalization to arbitrary

flavor is straightforward. The Lagrangian in terms of superfields is given by
Lhyper = / d%0d%0 {QeQVN Q+ QPN IQ}
+ / d2e [ﬁ Q' Pp=1Q +mQ’Q} (D.4.69)
+ [ 5]VE @y + mQQ|
where

~ 1 — : ~
Q =4q" +100"09,q" — 70090 0g" + /2 07 %eeaum—ﬂa +60F"

~ 1 o~ i ~ ~
Q = —i (gl +100"00,1 — 0000 0y + /2 bx - 000, yo"0 + 99F2>

V2
~ - 1 — i ~— - e
Q = G — i6060,4, — 500000, + V2 01 + %%aﬂaM +00 Fy
Q = +i <q2 —i00"00,,q% — ieeé@mf +2 0% + %ﬁ%uaﬂsﬁ §§F2>

(D.4.70)

The N = 1 chiral superfields Q, Q transform in some representation R of the gauge group and @Q’,

@’ transform in R of the gauge group. The first two terms can be obtained using the calculations
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above. We have
@eZVN:IQ\Gm = D, D"q" + ®%Dg" + FyF' —iAo* D) + V2 G A +1v2 Xag'
Qe Va1 vois D,qiD"¢* — 1 D¢? + FoF? —ixa"D,X — V2 GibaX — V2 xU2¢? .
(D.A.71)

Next we calculate,

~ 1 o~ i —~ ~
QON—1Qlpy = —i (al +160"00,q1 — 7066007, + V2 0y — %eeauxaﬂe + 991«3)
: ((b + 100700, ¢ — iee'é@mqs +V2 0yt — %99 dubtahd + 99F)
: <q1 +i00"00,.q" — o006 Og' + V2 O\ — —000, A8 + 90F1>
4 ﬂ 06

(—izjlfz OUINV2 0N — iG100Fq" — iqid 0OF — ivV20xV/2 00 q" — V2 0xdV2 0N
),

— (2110°90° g + 2i0° X0 Vhq" + 210% X000 As) |,

— i Fq' —iq1oF! — iFapq’
= i Age®® — ixathe®Pqt —ixadAse®? — i1 Fq' — iq1oF" — iFa¢q

= iG A+ ixy et +ixoA —iGi Fgt —iqioF! — iFapq

(D.4.72)
Similarly
~= ~ O U B e ~ 1 T s
QPN_1Q’ %= +i <q2 —100"60,q2 — 19909 Oz + V20X + 5990”8#)\ + 99F1)
~ - e 1l e~ — i — - e
. (qf) —i0c"00,¢ — 19999 O¢ + V2604, + %000’“8“% + 99F)
- 1 ~ i~ —
. (q2 — iﬁa“ﬁaqu — 20000 0> + V20X + i99(7”8,0? + 99F2)
4 V2 7
= (i\/i R0D1V20X + V2002001 ¢ + V2i0AHV2 5;?) ‘5,9,
(D.4.73)

+ G20 F? +iqa Fg? + iF16¢?
= 203080, + 205330307 ¢ + 20303006, ‘gg
+igpF? +iG2Fq? + iFi6q°
= —igiXe, 5 ixyle, 0"~ iX*ox7e, 5t G2 F? + i Fq® + iF) g

= G X + iM1g? +IAOX + iG0F? + i Fg® +iF1¢? .
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Next
_ 1 i ~
Q'Qlyp = —i (q1 +100"00, 8 — 10999 01 + V2 60x - \L@aoauxaﬂo T 9¢9F2>
~ 1 ~— i ~
: <q2 +i00100,,2 — ~0000 0g® + V2 0\ — ——000,\o"0 + 99F1>
4 \/5 06
= — (i@ +ifag* +210°xa0" s )| (D-4.74)
= —i F! — iFyq? — i€’ xoAg
= —iG1 F' — iFyq® + iy,
and
~ _ ~ 1 — | — .~ e
0Q| =+ <Q2 — 100"60,, — 79999 g + V26X + %oea#a@ + 90F1)
~ 1 ~ i — .
- <q2 — i00"00,,4° — ~0000 Og> + /20X + —=000"0,,% + 99F2)
4 V2 59
— i@ F? +iF¢* + Qiﬁ&iéﬁéiﬁ - (D-4.75)
=i@F? +iF? — XY, 5
Thus the full N' = 2 Lagrangian is given by
1 1 ~ ~ ~ 1 ~
Ly = 5T | =3 PP + DD 6 + 0,6 D, 0" + FF + 5 D* + D[o, 4]
LB + =B [6, ]| + o OTR(F,, Fy)
V2 1 V2 642 e
+ Do D'q' + GaDgt + FyFY — Mo DA + iv2 @® A + 12 Mog!
(D.4.76)

+ D, 1 D"¢* — 1 Dg* + By F? —ixo" D, X + V2 @1 +iV2 x9?¢?
+ V20N + V2 gt + V2ixeA — V2igi Fq' — V2igioF' — V2iFéqt
+ V2iGn X + V2id1q® + V2IAGX + V2igdF? + V2igFq* + V2iF1d¢?
—miq F — miﬁng + mixA + miga F2 + miﬁqu + miXi.

In this action, the SU(2)g symmetry is not manifest. So we redefine auxiliary fields to make it

manifest. We redefine
Fl=F? —mq* fi\/igql ,

?1 = F —mg +iV2q9,

F? = —F? + mg* —iV2¢q®

Fo= —Fy+mio + V200 , (D.4.77)
D" = D" +[6,0)" — @ Tha" + BTha* |

F* = F"+iV24,Thq"

~a

F =F*— V2 T8¢ .
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Also, as before we define

. V2 F iD
Dyy = . (D.4.78)

iD V2 F

Then, taking trace in some representation with normalization Tr(TT?) = §2%, we obtain

Tr (f)uﬁu) = Tr (Bllf)“ + D9y D? ¢ 213121312)
=Tr (ﬁuﬁm + Dy Dy — 2ﬁ12321)
—4 (17““ —iv2 ZJHTJ‘%QZ) (F“ +iv2 §2T§q1>
+2(D" +[6.6) ~ @ The" + ©The*) (D" + (6,6 — @The' + @ The?)
=4 FOF® + 421 (o Fq" — V2 1 F¢* + 8 G T Thq"
+2@wpa+0¢aﬂ2+@ﬂ@ﬁﬂ%ﬁ+@ﬂ@%ﬂ%f+apﬂ¢a“

— 2. D% + 232 D¢? — 241 (¢, )¢ + 23], 9]¢

-2 Thq' @Tha?)
(D.4.79)
Thus we have
1 S A\ s 1 oy, 1 2 ~
T (DIJD ) = TH(FF) + 5Tr(D?) + 5Tr ([¢>,¢] ) S+ Tr (D[¢),¢])
+V2i G Fq" — V2 § Fq® + 2 aTh*GRTre! (D.4.80)

1, ~ ~ ~ - ~
t3 (aTha'aThe' + pThi*RTEe*) — 1Dq" + g2 D¢
— Q. 0¢" + @6, 4°” — D THe' T -
So in the Lagrangian we substitute

~ 1 ~ _ - . L~
Tr(FF) + §TF(D2) + Tr (D[qﬁ, ¢]) +G@D¢* — D¢t — V2§ F® + V2 Fq!
1= n 1 T ~ ma 2~ a 1, a 1~ rma ~ ma 2~ a
= ZDUD” -3 ([(b, ¢]2> -2 TR R The — 3 (O The' G TR + TR’ RTRG)
+ @, 0ld" — @lo, 0ld® + @ Tha' @The? .
(D.4.81)
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We then get

1 1 ~ ~ 1z = 1, ~
Ln=2= ST | = FuF" + Dy D6 + 08" D’ + D1y DY = 5o, ol

50,1+ 01001 + e T )

+ D@D g? + FyFY —ido" Dy + V2 @\ + V2 Mbag® + D,gi D¢

+ P F? —ixo" DX — iV2@iaX — iV2x?e' + V2@t + V2ixy'e® (D.4.82)
+ V2 YO — V20 1o F! — V21 Fagg® — V2iGathi X + V2i M1t + V2i Apx

+ V21 GpF2 + V2 Figg! —migi F* — mi Fog?® + i x\ + mi o F2

+miFigt + midy — 2 TR0 TR + @, dld* — Gl dld®

FOTR BTRE — 5 (TR T TR + BTRCBRTES)

Next we have
;11?1 = (E —imq — i\/§§1¢) (Fl +img" + iﬂ&f)
= F'+ imflql +V/2i ﬁlaql —imq F' 4+ mmqiq' + \/imijlgql (D.4.83)
—V2@oF! +V2mgioq" +231004"

and
FyF? = (—F; — i@ — V250) (~F? +imq® +1v26¢%)

= FoF? — imFyq® — V2i Fadg® + imGa F? + mmgag® + V2miadq? (D.4.84)
+ V2 G0F? + V2MBoq® +202004" -
In the Lagrangian we now substitute
P FY 4 imFig" + V2iF ¢¢" — Mg F' — V2q0F! + BF? — imFyq® — V2iFadg? + imga F? + V2iqad F?
= ;IF\I — mmgiq" — V2mgiéd' — V2maiod' — 241ddq"
— mmGaq? + V2m@pdd® — V2ImEpee® — 24064

= FrF! — |\m*Grq! — V2maioq' — V2mareg! — 26166q" — 242004 .
(D.4.85)
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We get
Laes = ~Tr|XE, P 4 D,3DRG + i D! + 2Dy, DI — L E %]2 _m, [6.07] + L) |0.9]
= 92 4 na o w 4 J 9 ) \/i I ) \/i I )
OieHvre
WTI’ (FNVFPU)

+ D@D q? —ida" Dy + V2007 A + iV2Mhaq® + D,y D g + ol
—ix0" DX — V202X — iV2x?gt + V2t A + V2ixy' ¢
+ V2ixdA + V2igoth1 ¥ + V2iM1 gt + V2INGY + M\ + miry
— 20 TR RTRa" + G, dla' — Blo, dla* + 1 The TR
5 [T O TR + BTRCRTRE) — m G’ —VImiq’
—V2mi6q" — 2q166q" — 2G20904° .
(D.4.86)

We can then use the fact that

@16, 0lg" — 2q1009" = G1odq" — L1odq" — 2q100q" = @1 {6, d}d* (D.4.87)

and similarly

~ 30, 0)¢* — 20200¢* = —2000* + 12004 — 242000* = —{d, d}a* . (D.4.88)
to write the Lagrangian as
1 1 v ey P I JRES NIJ 1 2
ﬁ_/\/;g = ETF ZFMVF“ + DM¢D1 (b'i‘ lw[U“Dlﬂl) + ZDIJD — §[¢,¢]

— st [B0) 4 o0 [0.07] | + g T (B )
+ DugaD"q* + Dugi D'q" — [m[*Grq" — vV2miréq" — Vemaioq'
— AT DA + V200N + V2iGt A + iV2Mbag? + V2iAg1 g
—iV2q02X + V2igatn X — V2ixelq? +iv2xypiet - ixo"D,x
+ B BT 4 V3igA + VISR + TiA + midg + i Teq T o

-~ a -~ a -~ e 1 ~ a -~ a -~ a -~ a
- QQ1TRQQQQTRQ1 —qr{9, ¢}q1 3 (QITquqlTqu + QQTRQQQQTRQQ> (D.4.89)

1 1 . ~ o~ 1~ =~ 1., ~
=g LFWF“ + DppD"$ + i7" Dy’ + 1 D1y D = 6, 6]

_%wl [57 W} + %Jl {qﬂzlu * %GWPGTT (Fiw Fie)

+ DG D¢ — [m*Grq’ — V2mai6q" — V2mareg’ —ixa" Dy + V230"
+V2iMrg" + V2G0T X + V2ixtrg’ — ixo" DX + FrFT 4 V2ixoA

+V2IAGX + XA + midy + ¢ T8 G Thas — @il o}d"
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where we used
—iV2G102X + V216t X = —iV2q1 6209 X + V2iGaer 11X
= V2AQU'Y + V2i0?X (D.4.90)
= V2igP'Y
—V2ixy'¢® +ivV2xPqt = —V2ixe T drg® +iv2xe* gt
= V2ixtng® + V2ixiig! (D.4.91)
= V2ixvuq"
and finally
BThe BTHE — 20 TR BT — § (@The 0Th + BTHCBTE)
= PTa BTha + WP TRT Thas — 5 (-7 The @ The — I TheBTha)

1 a ~ a -~ a 1 ~ a a -~ a
=1 (EIQTqu + qlTRQQ) ©Tra + 1 (qlTRq2 + QQTR(II) 0 Tra

D.4.92
1"-2(11 ~ a2\ ~ a 1~1a2 ~2ma 1\ ~ ma ( )
+7 (°Tha' + 7' The*) Thq + 1 (@ TR + T Tha ) 1 Tha2
+(Teaq Tha' + PTr* 0T
=d"T8q) G Thay -
Rescaling
1 ~ 1~ / 1 / ~/ 1 /
RQ—--Q, @Q—--Q, Q@—--Q, Q—--Q, (D.4.93)
g g g g
we obtain
1 1 %% Pyl a—— 1 1 1J 1 2
5N:2=?TF ZF,WF + D, ¢oD"¢ + ivra" D, +ZDIJD —§[¢7¢]
i ~ i~ ~r Oi pvpo
— gl (6] S5O [0, 0]+ e T (B F)
1 ~ I 2~ ~ g oY
+g—2 [DquD”q — |m*@rq" — V2maiéq" — V2migréq" — iro" Dy (D.4.94)

+V2iMrq" + V2iG0 X + V2ixrg! —ixo" DX
+ FrFT 4+ V200 \ + V2ixdA + V2IAGX + i\ + mizy
+§(ITJ%QJ)Q~(IT§QJ) —qr{o, @ql} ,

where we omitted the hat from auxiliary fields.
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D.4.2 Twisted action on spin manifolds

The twisted action can be obtained from the untwisted action (D.4.94) by minimally coupling to

gravity and making the following change of variable!'?:

Au(2,2,1)° — A4,(2,2),

Yan(2,1,2)! =¥, 5(2,2)",

be4(1,2,2)71 = p(1,1)7, 1,3)7 1,
aA

X&) (D.4.95)
$(1,1,1)7% = ¢(1,1) 732,

$(1,1,1)% = $(1,1)%,

DIJ(]'a 17 3)0 — D&ﬁ'(lv 3)07

On the right hand side the representation is with respect to IV = SU(2)_ x SU’(2) x U(1)g. Note
that 1., which was a spinor in the untwisted theory, is a vector v, 5 (written as a bispinor, that is
Yy = (Gﬂ)aﬂwaﬁ- is a vector), the right handed spinor {/;&I turns into {/;a,@ which decomposes as the

antisymmetric piece 7, which is a scalar, and the symmetric piece 12(& N

1 e~ - 1/~
= —aB . — PU—— ) . = _ . .
M= g€ as =Yg = ~Viip X@p = 3 (%5 *wﬂ&) (D-4.96)

J(& 5 corresponds to a self-dual 2-form

1 &'
Xpuv = 5(0,“,) ﬁxag' . (D.4.97)

Note that all fields after twisting are integral spin and hence the twisted vector multiplet makes
sense on an arbitrary Riemannian manifold. Twisting of the hypermultiplet gives the following set
of fields:

ar(1,1,2) = Mg(1,2),  Gr(1,1,2) = My(1,2),

Aa(2,1,1) = Aa(2,1), Ag(1,2,1) — Az(1,2)
(D.4.98)

Xa(2,1,1) = fia(2,1), x4(1,2,1) = ps(1,2)
Fr(1,1,2) = F5(1,2) , FI(1,1,2) = F4(1,2) .
The minimal coupling to gravity is done by writing the A/ = 2 conformal supergravity action from

[dWLVP85, KR88, CMRS23] and setting the variation of gravitino to zero. The resulting twisted

10The notation (2,2,1)° means that A, transforms in the fundamental two dimensional representation of

SU(2)4,SU(2)—, as a scalar under SU(2)r and has charge 0 under (U(1)g. Here Spin(4) = SU(2)_ x SU(2).
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action can be written as
~ 1
StW'Sted — /d4xfTr [ F, F" 4+ D, ¢D"¢ — 4ix,,, D'y — 2inD " + §DWD‘“’

—3[¢, A + V216 [, VM| + V2ix 0 [0, X — V2000, 1]

+ 2 47T2 / d'z P Tr (FuFpo)

. 1~ . — . —~ .
+ / d*z\/g [DNM&D“MQ - TGRM&M”‘ —m2MyM® — 2imMgp M«

+iv2mMz oM * — V2iXs (3°)% Myxpw — V2inA M + \/iiﬂé‘ag;ﬁéxw

+V2inMafi® — iAo DX — V2IMy, (77)%° Aath, + V2i®o” MOy, — ino" D, ji
+ Fy F& 4 \/2ipg) + V2N + mp — mAfi — Ms{o, o} M& +M(&T§M5)M(&T§Mﬁ-)}
(D.4.99)

where now D, is the metric 4+ gauge-covariant derivative. More explicitly we have

D, M% = 9,M% — Zw2b(5, é)&éz\?ﬁ + ASTEMS (D.4.100)

l\.’)\»—~

and similarly on other fields and we assumed that the mass parameter is purely imaginary. Here
wﬁb is the spin connection and o, are the Lorentz generators on the space of self-dual 2-forms and
R is the Ricci scalar of the metric g, on the 4-manifold X (see Appendix D.1 for details on our
conventions). The appearance of the term proportional to R can be explained most naturally in the
formalism based on coupling the untwisted matter theory to untwisted background conformal su-
pergravity [dWLVP85, KR88, CMRS23|. In going from (D.4.94) to (D.4.113), we used the following

calculations:

i ot Dy = =i 5" Dy
i (Xéﬁ 4 J[&ﬁ]) 5D,
= —ix*5% Dy, — 21 Dy
—i(aﬂu)&éxwaff Dp,? — 2in Dt
) ; (D.4.101)
= i (@) - 587G + 300 ) D
— 2in D"
= —2Ix" Dyt — ixu " Dytp” + ixuw 6P D" — in D"

= —dix D'y” — 2in D"
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where we used 1), = %(5#)&31%& and

(5#1/)&5525 _ _(5/1«11)5&(5/))@6
(D.4.102)

1 - 1 - 1 -
= _ieww\(g)\),@ﬁ _ 55“’3(0”)% + §5Vp(gu)ﬂﬁ

and the fact that x,, is a selfdual 2-form.

D, D" — D&ﬁ-Déé

33D (7D,
= ~(3")74(6")* ;D Dy
1

1 1
= Dy Dpo (pra + 554057 25#“5”9) (D.4.103)

= (")

1 vpo 1 v 1 v
= §€H P Duvaa+§DpyDu *ﬁDuuD Iz

— D,y D" + D, D"

= 2D, D"

where we used the fact that D,,, is selfdual.

or [0 — —v,5 [6.07]
= (") 0 [ 5. 7)o 0
= —(5”)Ba(aﬂ)aéwu [5, wu} (D.4.104)
= 204, |6,

=20, [0 .

Moreover inside trace we can write
T (v [,00]) = Tr (wg @ v (T°T'T° — T°T°T") )
—Tr (q?’ Y2 phe [T, T“]) (D.4.105)

= —Tr (B[ v"]).

5 6] — o]
= (xa5+ Pag) [6X3 + 18]
= xas [0 0] +xas [0 98] + B[00 ] + Dy [0 9187] (DA106)
= 2xuw @, X" ] + 0+ 0 + 21 [¢, 7]

= 2X,uu [¢7 XMV] - 2¢ [777 77] .
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5.
V2iMrgh = —v2idg!gq;
— —\/iix& (X&B + &[&é]> Mﬁ
- . - N (D.4.107)
= 7\@»\&(&;”/)045]\46.)(“” + ﬁin (>‘1M2 o /\2M1)
= —ﬁiX&(&”y)&éMéxlw — \/EinX&Mo.‘
where we used the fact that
0=ty =Ygy = o1 = 0B (D.4.108)
6.
V2igr X = —V2ig by
— VBN (x5 + D) B
. . e e . (D.4.109)
= VRN i — V2 (leﬁ f M2ﬁ1)
= ﬂiﬂéﬁ‘fgﬁéxw +V2in Myji® .
«
7.
V2G0T A — V2IMpioN,
B . (D.4.110)
= —V2iMy (") * Aaty -
8.
Va2ixdrgh — V2ix*y, M”
(D.4.111)

= \/iiXQUZBMBwM .

The next step is to perform the following simplification

v EE S ey g oy 3 &b
/d4x\/§ (D#M&D“M - g RM:M > - /d4x\/§ (D My D, ;MP — My(F*) 5Mﬁ-)
(D.4.112)

This will give us the following twisted action

Shyisted = g% / d*z\/gTr BFWFW + D¢ DF ¢y — dix,, DMYY — 2inD, " + %DWD’“’
1, ~ -~ : y ,
7§[¢a ¢’]2 + \/§1¢ [7/)#7 T/ﬂ + \/§1qu [¢a XH ] - \/§1¢[777 n]:|
i0
6472

+ / d*z PO Tr (B Fpo)

+ / d4z./g [DQ&M&DQ sMP — NG (F )M — m? M M® — V2im My M
FiV2mMydMS — V2N, (77)3° M X — V2inAa M + \fziﬂ%gg %X

+ V2inMg T — Mo Dy — VM, (574)5 Aty + V2ot MPY, — ipo” D, i

+ Fy F& 4 V2ipg) + V2AGi + mpd — mAi — Mg{o, o} M* +M(&T§MB)A7(&T§M6- } ,
(D.4.113)
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where
Dy = 0,6+ A, 9],
D¢ = 0,0+ [Ay, ],
Dythy = Oty — T0,06, + (A, 0]

1
DMMa 8 MOt 5 %b(aab) Mﬁ—f—AaTaMa (D4114>
1
D, M% = 9,M* — §w%b(0ab) NP 4 AT
& & 1 ab/~ ﬁ aray&
DA = 9,) - Sui (Gap) A" + AGTRN
~& ~& 1 a a
Dp uh = iwfé(gab) ﬂ + AT,

Since the proof of (D.4.112) is rather tedious, we present it in a separate subsection.

D.4.3 Proof of (D.4.112)

We start with

— .1 —~ . s
D, M4D'M® = §DQ&MBD‘WM5 (D.4.115)
Let
1 e
D, =V, — 5%%&9 : (D.4.116)

We first show that we can perform partial integration with D,,. On a closed Riemannian 4-manifold

we have
/ d*z\/gALD,B* = / d*zy/gAL (6NB°" —% wi? ( ﬁ) Bﬁ>
& & g L a ~ & 3
= /d% <aﬂ (@A';B ) -8, (VyAL) B %A/&wﬁé (Gab) B.Bﬁ>

& & 1 ~ «
— /d4x\/§ (B OuAly + T, AGBY + Jw 40 (Ggp) BA;M)
lSé 1 a -~ « 3
f/d4x\/§ <(V#Ag)B — iwf (Gab) 55 A" Bﬂ>
- / d*z\/g (D,A%) B
(D.4.117)
where we used the fact that
1 ab (= B Y
'D#A& = 8MA& — ie&éwﬁ* (Uib) "Y A
1 (D.4.118)
= 0uAs — Wit (Fan) g5 A7

We also need the integration by parts of the form

/ d4x\/§egée”aéM&DuDVMé = / d4x@eiée"aéDNM&DyMé (D.4.119)
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To prove this note that

Y 1 1 ~ Y vaf 774
Oy (ﬁegée”aﬁM“> =9 <_Fup Pat 2w7; (O'QQ) e 4 Zab (UQQ)M 657) e’ BN

3 1 -~ 3 ]/OL. N(;l
+Vgel . ( r, epal + szb (Ugb)aﬁ PP 4 gw%} (Uab)ﬁ- e 'V) M
+Fpp\/’€/t. UaﬁMa+\[e uﬁaﬂj\\j&
= —7fe W (O_QQ)’Y& b & ﬁszeZ&ePO‘BM&

a'yll«

+ = \fe LW (aa b)B. e’V ¢ ﬂeg&e”aﬁ@tl\j&

ad” M

ad M

= \/gel e ”O‘BD M+ = fe w*f(agb)ﬁ&e”a%]/\\jé

B fF/LP ad Po‘ﬁM’l ’
(D.4.120)

where we used the fact that
Dye’ . =0. (D.4.121)
Using this we have
/d4x\/§egde”°‘é/Z\Z&DuDyMé
— [ dtoyget e (aﬂ (DuM;) ~ 10, DMy — et (Ba) 3, Do M%)
- / ate [0, (Vaelye P MAD, My ) — 0, (el ye M%) D,
Vi (TP, 4t (5un) D) |
—/d4x\/§egae”aé (DHM&) Dy Mg — /d4x\fe(mwﬁf (G Q)’é. e”a%M&DVMﬁ-
+ / d4x\/§FZPeZ&ep“5'M&DVMB - / d*a\/ge e (r;;,,p M +% % (ab) 53 D M7>

- / d'zy/gel e (D, M%) D, M;

(D.4.122)
It is easy to check that D, satisfies the following Leibniz rule:
o (4,M%) = (9,4,) M* + 4,D, M7 (D.4.123)
Indeed ) .
Dy (AMY) = 0, (A,M*) = T4, 4,M% = Set? (340) 5 A M
& &L oabx= V& 2B
= (V,A)) M* + A, (@LM - 5%9 (Tab)s Mﬁ> (D.4.124)
= (V,A,) M& + A, D, M% .
We also have that
;1 AN
D, D, MP = _iR’“”@b (542 S M (D.4.125)
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Now we have
/ d4ar/gD, My D" M= = / d'ag (Dully + AuM ) (DM + A M)
- / dia\/g (D#M&D“M"X + (D, M) AP M + A, MsDPM*
+ AL Mz A M)

- / d'ey/g (~ Mz DD M = M;D,, (4" M¥) + A, Nz D*M?

+ My A, A0 M%)
_ / de/G (~ MDD M — N (V,A4) M 4 Mz A, AU M%)
(D.4.126)
Using the exchange identity (D.1.5) we have
— A . e
. HATY — Z M. Do 1B
MgDu D' M* = S MsD, ;DM
_ 1= ad b _ L T v pad b
= 3MsD ;DM — Ses MyDID* M (D.4.127)
1~ R ;
_ - . N p1eket B - N p1eet . B
= 5MsD, ;DM + S MzD*D ;M7
We now write
MD, éDaO"Mﬁ = e .’ MyD,D,M"
o _ (D.4.128)
MyD**D_ ﬂ-Mﬁ = e#we;éM&DHDVMﬁ .
Commuting D,, past D, using (D.4.125) we get
/ d*z\/gM;D, D" M*
_1 dizy/g |e" e MDD, MP + ehode? N D,D Mﬁ'}
2 i a,B au=v aB atpuHv
1 4 [ vad s 5 1 ~ab [3’ 3 vad r 5
=3 / d'z\/g |l e My (DyDuMﬁ = 5 Ruvas (o22) &M7> +e eZBM&DVDHMﬁ]

1 4 vad 7 3 1~ vad ~ab é s
=—3 /d /g [26256 DVMaD#MB + §M5‘6Z4§6 Ryvab (O’**) :YM ]

B. Mﬂ .
B

P ;1 vk ~a
= —/d41‘\/§ D M&Daﬁ.Mﬁ + ZM&@Zﬁ-e RN”QQ (Ufb)

(D.4.129)
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Next we have

—. 1~
o o .- YT af
M (9, A1) My = 5 (VaﬁA )M
1~
= SM* (VMAQB) My — —eu M (v AO‘B) M7
1~
2M“ (v Aaﬁ) My~ 7M (v Aaﬁ) MY
. ) (D.4.130)
N 1) l/Oéﬂ AT . _ ok rap
= S¢ha M (V,A)) Mg 5Ca M, (V,A,)
1 vB T 1 oy v B
= 5egée CM(V,Ay) My + 3¢ "YeaéMﬁ (V,A) M
1 s
= ehae M (V Ay + Vi Ay) My .
Similarly
—~ .1~ s .
Mg A APM® = DM A s AP M
1~ L = s ga
- aB & VA Y AaB Ao
2MﬁAWA M e(mMyAa AP Mg
1~ —~ :
- aB & LAY . B
2MBAWA M MVA A M (D.4.131)
1 —~ .1 . —~ .
N 1) l/a,B . a _ Zpay v T, B
= 2eaée MﬁAHAl,M 26 eaBMWAHA,,M
1 s —
- iegée”aﬁMﬁ- (A A, + A A,) M™
Next

/ d4x¢§e““&eZBDMM&DVMé - / d'ey/gerade” (D MD,MP + (DMM&) A, MP
+AMDMP 4 4, M5 A,MP)
(D.4.132)

We now claim that

/d41:\/§6“°‘5‘62é ((DHZ/\\/[/&> AVMB + AM]/\Z/&DVMB) =— /d4x\/§e“a&e:éﬁé(VHAy)M
(D.4.133)
To prove this we use integration by parts. We have
/ d'zy/geroder [ (D, M) A, M7 + A, MzD, M|
_ / dteygereie” [ My (DA, MP) + A, 03D, 07| (D.4.134)
_ / dbey/gerede s [ My (Vudy) MP — A, M D MP 4 4,M,D, M%) .
Now using the exchange identity we get
enader A, MsD,MP = —erederl A, My D, My
= —ehade ”aAMDM +egs erad ”BAMDM
(D.4.135)
= —eg&e"aﬁAuMéD“Ma

- —e““&eZBA#MdDVMﬁ ,
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where we used the fact that e“a""egﬁ. = epob 62‘3‘. The identity now follows. Thus we have
/ Az /gD N, D s M = / d'zygerote” . (M (V,4,) MP M&AMAVME)
) (D.4.136)
- / d4x\/§e“°‘&e;éDuj\7&DyMﬁ :
Using this relation we get
/ d*a\/gD, My D" M*
_ / d'z/g (= MyD D" M — My (V,, A%) M* + My A, A M)
- / d*z /g {DQ&J\?&DQ SMP iﬁéegﬁ.em&m@ (5@9)3& M%]
—~ % / d'z\/ge! e’ [JTI& (ViAy + VA My — My (A,A, + A Ay) Mﬂ
= / dizygerede <D#]\7aDuMé + 31\7&1@@ (F2b) i M%)
+ / dizygerede (1\7& (V. Ay) MP — M&AMAVMé) (D.4.137)
+ % / d'z/ge!  cvo [JTI& (ViAy + VA My + My (A, A, + A Ay) Mﬂ
= / dizygerede <D#MaD,,Mé + EM&RW@ (F2b) ‘: Mﬁ)
- % / Al /Gel o' [N¥ (T, Ay =V, 4,) My + M (A4, — A, 4,) ME]
= / N <D#]\7aDuMé + EM&R#@ (F2b) i M“'Y)
- %/d‘lx\/gegéem'é],\zﬁ-FwM& )

Now
(D.4.138)

Finally
MY = ZMgRE P

= fM&eBO‘e&ﬁe*%R MY

1~ Ve o
= gM&eﬁo‘ea"655676R

i BB
. . v D.4.1
anppsdi (D-4.139)

1 e o~
= 1731’?,60”76;7%M5[M“Y
R~ .
— —MyM*
16
Plugging these expressions in (D.4.137) we obtain (D.4.112).
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D.4.4 QO-transformations, and closure of commutations and Q-exactness

Recall that topological twisting, as explained in Section 4.6, gives us a conserved scalar supercharge.

To construct this scalar supercharge, we first note that after twisting, the supercharges change as
Qar = Q5 Qar— Qs - (D.4.140)

The scalar supercharge is then given by

(Qs5 — Qs1) - (D.4.141)

From the supersymmetry transformation of untwisted fields, we can find out the transformation of
the twisted fields under the scalar supercharge. From the supersymmetry algebra, we see that

1 o8 o2 (~ ~
Z.aB s . .
g © {Q&ﬂ’Q%}

L s 25
= —e*Pe
4

1
Q2 = §{Q7 Q} =

arenZ
.y n (D.4.142)

1
———7.
2

Thus on Z-invariant operators of the theory, we have a Q-cohomology. We need to check that
this is true in field space. The Q-transformations of the twisted fields can be determined from the
supersymmetry transformations of the untwisted fields. Since, we are working with gauge theory,

the most we can expect is that

Q2 — _%(grelntralfcharge + Seauee ’ (D4143)

where §central—charge j5 th U(1)-transformation by mass parameter m and 057" is the gauge transfor-
mation by parameter ¢.

It turns out that the off-shell formulation with F, F auxiliary fields does not satisfy (D.4.142).

So we need a different off-shell formulation of the action. Such an off-shell formulation was proposed
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in [KR88|. Following [LMn05], introduce two new spinorial auxiliary fields hq, ha as follows:
twisted 1 4 1 v 7 : v : 1 v
SN2t = — [ day/gTr ZFWFN + Dy¢pD"p — dix,, D*YY — 2inD " + §DWD“
g
1., ~ Y . v .
75[(257 ¢]2 + \/§1¢ [w/u 77[1”] + ﬁIXW [¢7 Xﬂ ] - \@1(25[77, 77]
i0
6472
+ / diz /g [EQUZ&DMM& + D, M4 h® + hh — m* My M® — V/2imMgpM*

+

/ d*z P Tr (Fu F,p)

+1V2mMgM® — M(s AP My — V2, (G1)3P MjyXuw = V2inhs M* + \/iiM&ag; %X
FV2inM i — AP DX — V2iMy ()4 Aot + \/ii,uaa“ﬁ.Méwﬂ —ipot D, Ji

V2ipdA + VNG + mph — mAji — Ma{o, oYM +M(&T§M5)M(dT§Mé } .
(D.4.144)

The equation of motion of 71“, he is

ha =o', D, M% |
(D.4.145)

ha = —D, MG .
Plugging in the action, we obtain
ho" . DM + D, MG h® + h®hq

= E%“B.DMMﬂ - ﬁ"a“éDuMﬂ — D, M5, o', D,M"

= —D,M%G% (0¥)* s D, M"

= —D, My (6")* 0" sDvM° (D.4.146)

=D, M%c",(c")* B-DVMB

= Do MOD® s MP

= D**MaD_ 3M7
Thus we get back the old action with Fj, F » integrated out. To write down the Q-transformation,
we use the following convention: Q acts on fields as

6P =eQP (D.4.147)

while on operators
(9,2} =0 9. (D.4.148)

Thus we can get the Q-commutators from infinitesimal variation of fields by stripping off the Grass-

mann odd parameter e. Before proceeding we rescale fields to get rid of factors of i and /2. We
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make the following rescalings:

~ o~ 1 ~
¢ — ¢ =—V2ip, ¢—>¢’=ﬁ¢, Y — V), = V24,

Xpv — X:w = i\/iX/un n— 77/ = i\@nv DZV - D:Lau = _iDZV + M(&TI%MB) (D.4'149)

p— =i, A= N =i\, Ao N=-\ Hoi=-0 h*osh =—h".

The action then takes the following form (after dropping the primes):

wiste: 1 1 v 1 v v 1 v
Shyisted — g—2/d4x\/§Tr {4FWF“ — §DWD“ — 2x,u DMy + 5 X (6, X""] — D"
- 1 1 ~ -
+ 6DD"¢ ~ Soln.n) - 316 01% — 8[1, 0]
i© Voo
+ oI /d4z etPe Tr (FuFpo)

+ / d'z\/g [—EO‘UZ&D#M& + Dy My b — hh — m? My M® + mMgpM*

— omM; M + A (7)Y MXp + nA M* — Mdc?ggﬁéxw

— pMyi® + )\O'#DMX — M, (5“)&0‘ AWy + ,uo‘o';‘ﬁ.Méib,L + uo* D, ji

+ ppA — 2X<Z/7 — MU — mXﬂ

+ My {o, o) M —M&F&éMé) n J\Z&DWM&)} .

(D.4.150)

In this formulation, the central charge is realized as a global U(1) symmetry which acts with param-
eter 2m. Vector multiplet fields are singlets under the central charge. A consistent assignment of
charges for hypermultiplet fields is given in Table 4.6. This assignment is same as assigning charge
(—1,1) to N' =1 chiral multiplets @ and Q' and charge (1,—1) to @ and Q.

The Q-action on fields is given in (D.4.151), we reproduce them here for ease of reference.

[Q,¢] =0, Q0] =n, {Qnt=Il¢,¢],
[Q, ALl =ty {Qvu} =—Duo,
{QXuw} =Fl =Dy QD) =2(Dptb) " = [0, X0
[0, M;] = fig [0, M;] =X , (D.4.151)

{Q,11g} = mMg — oM, | {Q,Xa} = —mMy + Mo ,
{Q. N} = ha, {9, tta} = ha

(O, ha] = MAg — Ao (O, hal = —Mpta + fat -
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On the vector multiplet fields, we have

{Q,[Q,¢]} =0,

{Qa [Q,¢]} = {Qa 77} = [(ba ¢]7
[Q.{Q.n}] =1[2.[6, 4] = —[6, Q. ¢]] - [, (¢, Q)] = [, 7],

(D.4.152)
{Q, [QaAu]} = {Q’ wu} = _Du¢7
(9. {Q.¥u}] = = [Q, Dud] = = [Q, 0ud + [Ay, ¢]] = [¢,[Q, A]
= [¢7¢M] .
Next, we have
[Q{Q X} = [Q F,] = [Q D]
=2 (D[lﬂ/’v])+ -2 (D[uwu])Jr - [va 9] (D.4.153)
= [#, Xpv]
where we used
[Q, F,“,] = [Qa 8MAV - 8,,Au + [Aw A,,H
= u¢u - 3%% - [A,,, [Q,A#H - [A;u [Auv QH
(D.4.154)

= pwu + [A,ua 7/11/] - 3:/1/1# + [A,,, %]

= Dﬂ/l/}l/ - Duwu =2 (D[,ﬂ/)u]) .
Finally, we have

(2,12, D]} =2 ({Q. Dby ) ™ + {9, [xpu» 01}
=2({Q.0,0} + {140, ) ™ = foeaT5 [Q, 6] + focaT® {2, X0, } 6
=-2 (a[uDy]¢)+ + [A,ua {Qawu}]+ - {wuv [Alu Q]}+ + fbcaTa (F:yb - wa) ¢c

= —2(DDye) " + {Yp. v} + [Fh 8] + (6, D)

= [¢v D;w]
(D.4.155)
where we used [D,,, D,| = F,,,. Next, on hypermultiplet, we have
{Q.[Q, Mg]} ={Q, fig} = —dM¢ +mM,
{97 [@M&}} = {Q,Xa} = My — mM,
[Q.{Q. fs}] = (m — ¢) [Q, My] = —dpg + miig
(D.4.156)

[Q, {Q7 X&}] - {Q, 1\7&} (—m+¢) = Agd —mAs
[Qv {Qv Aa}] = [Q7 hot] = —QAa + M,

(Q{Q oY) = [QFa| = ot —ma
This shows that on the fields, (D.4.143) is true.
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O-exactness of the action

We now show that the action is Q-exact up to topological term. We claim that

Stuisted — (0 V) + %/Tr (F AF) (D.4.157)

where

1 1, 1 ~ ~
V= [ e T (e + D) - e+ 0D,
1 Tfesn ya T S G S SRS Sy 7. P
+ [ &'z /g | DuM%c A+ D, M%" .11 +§m/\éM +§uah JrimM s (D.4.158)
Sha 4 4 (MG + 3G ) - LMy M
2 2 He &) 79 Xag '
and
i ©
=—5 T 5= D.4.1
7t (D.4.159)

is the complexified coupling. Let us check term by term. We will repeatedly use the identities:

[A, BC] = [A, B]C + B[A, (],
{A,BC} = {A, BYC — BIA,C] | (D.4.160)

{A,BC} = [A, BIC + B{A,C} .

We have

{Q X FH} = =X [Q FTM T+ {Q, Xy JFT
= —2X,u (da) ™ + (F,}, — Dy,) FH (D.4.161)
— 2y, D"y¥ + FL FH — D, P
{9 xuw D"} = =X [Q, D" ] +{Q, Xy } DM
= = 2X,u (da)* = Xy X", ¢] + Ff,, DM — D, D
= —2Xu D" = X X", 0] + F,f, D" — D, D" (D.4.162)

= =2xX,u D" = X XM, @] + Ff, D" — D, DM
{Q: (¢, 01} = {Q.n}o, ] — nlo, [, QI = [6, 8" +nlo, ] - (D.4.163)
{Q, 4" Dy} = {Q, 4"} Dy — ¢(Q, D9
= —D"6D,6 — P (0,(Q. 8] + (2, [4,. )
= ~D"6D,6 — v (00 — [6,1Q Aul] — [An, [, Q)] (D.4.164)
= —D"$Dyud — WOy + M, ] — ¥ [Ay, 1)

= 7DH¢DH$7 qu[Ln + ?/1”[%’ d}#]
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{Q, D, M&% N} = [Q,8, M + A, M5k \*+ D, MY {Q,\"}
= (9. X% — Q. 4, - M — 4, - [M*, Q]) 7%, \* + D, MG he
= D AYGH N — ¢, MOGh A\ + D, MG% he (D.4.165)
= D, M4 1™ + X", M, + A\%0", DA

{Q, DMM&JZO;NQ} =[Q, auM& + AHM&]UQ&N& + DMM&JZ&{Qv n}
= Dy it o" o u® + 9 M%"  ji® + D, Mok b (D.4.166)
= po" Dy + potap, M — hat D, M

{Q MaA*} = [Q MzA* +{Q, A%}

= Aig + (—mM% + M%) M,

[0}

(D.4.167)
= —mM*Mg + Myo - My + Afi
{Q, 1ah} = {Q, pa}h® — palQ, h*]
= hoh® — MpaA® + fiad - A (D.4.168)
= hoh® + mpX — e - A
{Q 7" My} = BQ, My) +{Q, i } M,
= %Ny + mM* Mgy, — M¢M (D.4.169)
{Q Aah®} = =2a[Q. 8%+ {Q, Ao }h® = mAap® — Aadp® + hoh®
= —mAU — Aadp® + hoh® (D.4.170)
{QXs0M%} = —Xs[Q, $M%] +{Q, A }oM*
= ([Q, JIME + [0, M&]) — mMsdM® + MypdM® (D.4.171)
=AM — Nyl — mMaodM® + MaddM*
{Q. Mg} = [Q. M%oliig + MOp{ Q. fiz}
= ([Q, Mg + M4[Q, q?}) fis, + mMEGM, — MEpdM, (D.4.172)
= N30fig + MOnjig + mM® oMy, — M*ppMy
(9, M(aX&BMm} - {Q, XZB}M(&TEMB) - 4500, METa )
_ (F;éa _ DZ&) MG — X310, M TEd — XZBM(dTE[Q’ MO

- M(&F;éMB) ~ MGD, s MP — X@X&BM@ — MGy (D.4.173)
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Combining all terms and using

1 1
Tr(FT AxFT) =Tr (2F A*F + SF A F)
. . . (D.4.174)
= G TrELFT) = [ Tr(EL ) + g€ Tr(FuFy)
we get

(@)= [ateva T (SO (FL + D)} - 5(Q.006.80) + (0.0 D,5)

o~ ~u &y, L T Tra
+ [ d'0vs ((Q DTG +(Q DM G ) + HOmAM) — S{QmiTg)
1 oy Lia vy L AT L Ya&T Loy 7 3)
+5{Q nah®} = 5{Q haA®} +5{Q, (M Gfig + A%Ma)} — S{Q M x5 M7}
1 1
= 9—2 /d4x g Tr [2 (—QXWD“l/J” + FJ,,F'“W - D#VF+ ‘“’)
1

+ (_QXHVDuwu _ XMV[XILV7 ¢] + FJVD”" _ D;WDW

2
+ (Mg, + Xax®03))) = 5 (16,07 +0lon)) + (~D#6D"G — v Dyn -+ 045, |
+ % A2 /g EVPATH(Fp Fon) + giz / d*z/g [(DHM&GS(JLO‘ + Aot M, + )\O‘JZ&D#XE‘)
- % <7X&X&/§Mﬁ- — Max*Pfiy + My, — M&D&ﬂ'Mé)

+ (/m“D,Lﬁ + ot M, — EJ“D#M> n % (—mM&M& MM + Xﬁ)

- % (ﬁah“ mph — MsA) - % (ﬁX +mMy M — M&qu&)

+ % (—m,u)\ G haﬁa) + (—mM&gZM& MM+ mhg M — Xéaﬁd)
+ (X%ﬁa + MOnjiy — mMgdM* + J\7a¢$M&)]

= g% / diz\/gTr [iFWF*“’ + D¢ D" ¢ — dix DM — 2inD,p* + %DWD’“’

— 510,82 + VB [0, ] + VB [6,1] — VEio, n]]

1
+ @ d4l' QGMVPATF(FuVFpA)

+ / d'w/g [~hoat, DM + D M5l b — b — m*MgM* + mMgoM*
= 2mMg M 4 Ag (6) Myxpur + nAGM® — MEFT X
— Mg+ A" Dk = My (3)* Aoty + p®0" M7, + po" D fi
+ X — 2XQfi — mpX — mAji
+ My{o, ) ME —M(&F&éMﬁ- v M(&D&EM[;J .

)
(D.4.175)
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Thus, we obtain

wiste 1 "y Oi vpo
SR = (QV} - gz [ eGP THE L E ) + e TH B o)
i (4. ©
—{Q,V} + % <g72ri+ 27T> /d4x G P Te(Fy Fly) (D.4.176)

iT
{QV}+ 16”/ ((FAF)
It is straightforward to include multiple flavors of hypermultiplets. We now check that the twisted

action is @-closed. Indeed,

{Q. S3E5") = {Q.{Q, V}} — {Q. top. term}

1 (D.4.177)
= —§Z -V 4+ total derivative

It is easy to see that Z -V = 0 from the charges given in Table 4.6.

D.4.5 Twisted action on nonspin manifolds: inclusion of background fields

To write the twisted action with background fields such that the (untwisted) theory makes sense on
nonspin manifolds (see Remark 4.2.3), we first write the untwisted action with massless hypermul-
tiplets for the gauge group G x Tf and then “freeze” the background Tf vector multiplet in a special
way consistent with the cohomological conditions. This is again done using the N' = 2 conformal
supergravity background. To then get the twisted action, we change variables from untwisted fields
to twisted fields. We will directly write the twisted action with background fields. To this end, let
Let

Vi, = (Ag,w,q?u, ,’j,xZé,n“,DZé), w=1,... rank(T?) (D.4.178)

be the background vector multiplets. The Q-transformations on these fields is given by
[Q.6"]=0, [Q,6.=0, {Q.n"}=I[¢" ¢ (no sum over )
[QvA:i] = va {Qa Z/J}f} = D/L¢ua

) . (D.4.179)
u _ u o u . — : . 'g, .

{9, X&,é} = F&B D&B 21Mu(aM6) (no sum over u)

9, Dg,é] =2 (dAuw“):/é -2 (Mu(&ﬁg) + /\u(&Mé‘)> (no sum over u) ,

where we have taken the generator of U(1) to be i. We now write the twisted action with these fields
with the fermions as well as their Q-variation in the background vector multiplets set to 0 while the

field strength F}j;, is set to first Chern class of the U(1)/p3..(CP"®)-bundle:

{1;} — () (D.4.180)

where ¢;(u) is as in (4.4.18). The scalars are set to the mass parameters of the hypermultiplets:
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Then the mass terms in the action is obtained from
M, {6, O}M* + xu X' — 20, O1" (D.4.182)
by replacing one or more ¢, 5 by —my,, “5*. We obtain
Mo {, GYME® + 1, G — 20, 01" — — 2my My, @M + my, My, oM
(D.4.183)

— mi]T/[/auM‘i“ — Myl A" — muxuﬁ“

which are all the mass terms. All covariant derivatives are covariant with respect to the Tf symmetry
and they appear explicitly in (4.7.12)—(4.7.18). The extra terms with background field strength,

monopole fields and auxiliary fields is

rank(T")
(C)1 1 5
4 U pY eHVPO U pu a,B v u af
/d /g E <4g2 FWFU + 647T2 FWFM MmFu M —492 D&BD“

u=1 (D.4.184)
1 . o
_ ﬁMU(aMﬂ)uMu(&M? ) .
g B)
The Q-closed equation {Q, X?B.} =0 gives
DYy = Flt = 2My oMy (D.4.185)
We have )
“pu, D = (Ff.“ — %M, MY ) ( Fib _ QngaMﬁ>u)
4748 4\ aB B)
1 . . . (D.4.186)
— —pu, FOB e MR AT M MG B
4F&6Fu 1Fé5Mu M Mu(aMﬁ)Mu M
The extra term becomes
rank(T") oi 1 ) )
4 v vpo U U aﬁ u u &p
/d g Z (4 2 Eu B 4 g @ Furbpe = M“O‘F“ M g 152 DapPu
1 . o
i gZM“”M”“MM&Mé‘))
rank(T") oi 1 . )
4 v 170 nV VR nlT) (&arBu _ U aﬁ
/d e Z < Fu b + 647r2eu P E i E o 921F&5‘Mu M 4g 2FaﬁFu

I VA3 Ve LR v A Ve V(3 Ve U M“(QMB)“M MY
+g21 ap v +92 w(@ gy g2 u(é B)

rank(T")
/d4x\f Z

C) 1 .
v vpo U U u af
(g e G FiFio — T3’ )

(D.4.187)
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Now . .
FLUE = (6) 5y, (670) 0 Fy,

(Uuu)ﬁ (apa) Fu i

5 uvtpo
= pupe (Lo g Lynogre L guogue D.4.188
— Y uvtpo - ( SE )
2 2 2
1 vpo pu pu 1 U v 1 u v
= e F L F 4+ S Fs Fi — S F4Fu

1 vpo u u u v
= e E Ey + Fl F

Thus the extra term becomes

Va”k(Tf) 1 i® 4 L po w 1 ra”kT) 4 Uvpo pu u
7;1 (_892+ 647r2> /d r\/g e PIF FL, = T ( ) Z /d VLRl v
rank ']I‘f
327r / dla/g e Ey Fy

(D.4.189)

which is a topological term. The full action with background fields is thus written as
twisted 1 4 1 1% 1 % o)V 1 nz o
S —2+back — ? d :L'\/g Tr ZF[LUF - iD;wD - 2X,uv-D Py — ixlw[x a¢] - 77D;ﬂ/1

~ ~ 1 1 ~
=Bl ]+ 3D,D"0 — Jotnnl - 516,57
Oi ; rank(T")
vpo T vpo u u
+ 52" Tr(FuwF,e) + o > @Ry F

u=1

1 rank(T")
t / d*zy/g | —hgot D, M — D, MGG b = hauh™ + ) (—mZM&uMO‘“
+muM&u¢)M&“ - 2muM&u$M&i — Myl A — muxuﬁ“)
+ Xaw(5””)‘.“"1\47-6(”” +Ag M — M“U“”uﬁux w

Mg i 4 N0t DA = M (6") 5 Mot + pigo” M%
+ 100" Dy i + A" — 2O + Mg, {6, oYM — MIEF, Mﬁ)“

M, . D pre
+ M5 D Mﬁ)} .

(D.4.190)

We have already shown that this action is Q-exact up to a topological term. More precisely

rank(T")
StWIStZEiback {0, V} + / THFAF) + Z FUANFY | (D.4.191)

where V is still given by (D.4.158) but now the covariant derivatives in V' are given as in (4.7.12)—
(4.7.18).
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Action with General Coupling Matrix

The twisted action (D.4.190) can be generalized by replacing the complexified coupling 7 be a general
symmetric coupling matrix 777 where I = (a, u) are the Lie algebra indices for G x Tf. In general 77,
are taken to be field dependent and the action is written in terms of a complex function F, called

the prepotential. The potential satisfies the following homogeneity relations:

OF =F1¢', Frj¢! =F1, Frxd =0, (D.4.192)
2F = Fi¢', Frs¢' =Fi, Frxo™ =0, (D.4.193)
where
o 0 0 — o 9 0 _

The coupling matrix is then identified as
Fry=115, F17=7r17 - (D.4.195)

The hypermultiplet part of the action (D.4.150) does not depend on the prepotential and hence is

unchanged, while the vector multiplet part of the action takes the form [CMRS23]:

T / tayg [ (Fra By ) =y F PP =) i (imayg) Dy, ' DM
+2F D, D'l — 2F; D, D*¢! — 2115 (Don?) w77 — 271 m! Doy’
+ 2715 (Dpxo”") 77 + 2715 (Dpuaby”) X7

1* — 12
+ §]:IJK771 (F) + D) XM 5 + Frowe (F* =1 = D 1) ap, T, =

s , ; ~ ~ . ~ (D.4.196)
+ 2]:1["% 77] + 277_IJ77 [777 (b] + 2]:1 [¢ [(b qﬁ]] - 2]:I[¢a [¢7 (b]]
i
+ E}-IJKLnIX,uP’JXWT’KX + ]:IJK (E5 =Dy NxtoIxe o™
_17 I oy L wed _ o7F ml 49 I H~J
2TIJ [¢7XW/] + 2TIJ [d)aXull] X ]:I [¢uaw ] + TIJ¢H Tﬁ 7¢
i 4 nuvpo I J K L
+ e /xd x Frorre"7 0 b, e
where o
Imrry = @ . (D.4.197)
i

We can decompose this action into dynamical and background. Ad(G x Tf)-invariance of 777 implieas

that

Tow = Tua =0 . (D.4.198)
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Noting that in the background vector multiplets, the fermions are set to zero and the scalars are set

to the mass parameters, we can use the homogeneity relations to get
F1D,D'¢! — FrD,DF¢! = —2i(Im7,) " D, DH ¢

Fl[av [¢7 g]]l - ?I[(rb? [¢7 g]]l - i(ImTab)[¢7 (;]a[d)v %]b

(D.4.199)
Frlnon)" + 7' [, ¢)” = i(Imrap) ¢ [0, 7)°
~J ~
o [99,0)" = F 1l v + = 2i(Imran) 9 15, v]
Then we see that
Sgeneral _ denamical +Sbackground (D4200)
where
background ,__ i 4 1 — “+u v+uv 1 —u v—u : u v,
Sv:f ground .= ﬂ /Xd x\/ﬁ (27—qu#1/ B - gTqup‘I/ FH + l(lmTuv)DlﬁuDM .
(D.4.201)
and

nami lmTab 1 a v a v Ta a
Sgypamical . — ?/Xd“x\/ﬁ {4 (Ffeprtt — D DHY) 4+ ¢* D, D¢ — 0 Dt

a v Ta 1 a v 1 a 1 a Py
+2(Dyuthy)* X" = 6% [y, ") +5 X [0, X" - 5@ [nl" = 5le: olle, cﬁ]b]

i 1 ) o )
+ T6r Xd4$\/§ |:2]:abc77(l (ijb + D;wb) YU 4 Fope (F” a_ pu ,a) %bW

j— i—
+E-Fabcd77aXup7bXHa7cXpad + Zfabc (F:;)a - Dupa) X“mbxpac]

i

+ 1927

/ d4l‘ ]:abcdsuypa¢uawub¢pc¢ad + ;Tab\/\ F A Fb y
X 32 x
(D.4.202)

where we used the relation

1 1 1
/ d*z\/g <2TabF,j;Flw+b — QTabFM_V“F“”_b) = 5ab / F*ANFY — / d*zy/gi(Imrey) Fi FHott
X X X

(D.4.203)
To prove this, note that
1
=Tab / F*AF’ — / d*z/gi(ImTay) it FHYH0
2 X X
1 ab — _a
- iTab/ (Fto 4 F=%) A (Ft0 4 pby - Tab—Tab . Tab / FHe p xFta
% % (D.4.204)

1 1
:77_'ab/F+a/\*F+b7*Tab/Fia/\*Fib
2 X 2 X

1 1
— 4 = + v+b - v—>b
= /xd /g <2TabFWaFu — §TabFWaFu ) .
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Similarly, one can prove
1 1
/ d%f( Tuo F PRV — 2TM,FWMJWU> = 5w / FYANFY — / d*a/gi(ImTy, ) Ff PR
X X
(D.4.205)
Finally using the Q-closed background configuration D}, = F| L" which comes from {Q, x};,} = 0,

we get

background i u v 4 +u v+uv u v,v
Svea: groun @Tuy/ F /\F + Tlm’ruv/d x\/g (F;Ll/ F,U« - D'LLVDM )

. (D.4.206)
= —7Tuw | FYNF" .
321 /X
Collecting all these calculations together, we can write
Sg::eral {Q V;/ec} +Stopologlcal Sextra , (D4207)
where
ImT, 1 ~ 1 ~
Viewi= [ o (0 (Ffy+ D)’ = 0,0+ 00,3 )
47T X 2
Stopological — ; . / Fe A Fb ; - / FY A FV d be Qrpo, ) a Vb c od
321 % Jy 3T +192 Z Fabede™ " Pu" P oY
extra i i o,c T a a o c
S t = ﬁ4d4$ |:12-Fabcdn XH XI—L ’ X;)O'd+ Z-Fabc (FJ;) _DMP )XIL ’bXPO' :| .
(D.4.208)
Thus the full N = 2 action can be written as
Sjg\?n:eQral _ {Q,Vgeneral} + +Stopological +Sextra , (D4209)
where
4 PV «@ a~, « 1~ « 1 @ 1 Aro~
‘/general = ‘/vec + d I\/§ D/LM O—doz>\ +DILM O salt + im)\aM — §Mah — imM &
X
1~ 1 /e o~ . .
+§ha)\a + 5 (Ma¢ﬂd + AaqéMd) — M(aXdBMﬁ)> ,
(D.4.210)

where we suppressed the flavor index on the hypermultiplet part of V. This agrees with the action
(D.4.191) when we specialize to the quadratic prepotential with constant coupling proportional to
identity:

F = %ms?, F= %?52 . (D.4.211)

We have thus derived (4.7.8)—(4.7.11).
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D.5 Superconformal Multiplets

In this section, we will briefly review superconformal multiplets for the d = 4 N' = 2 superconformal
algebra su(2,2|2).! The reader is referred to [CDI16b, RR14, DO02, Ebe20] for more details. The

superconformal algebra admits a bosonic subalgebra,
s5u(2,2) @ su(2)r @ u(1)g C su(2,2[2) . (D.5.1)

Note that su(2,2) = so0(4,2), and there is an su(2)g @ u(1)r symmetry, we will denote the charge
under the R-symmetry by (R;r) where R € Zx( is the Dynkin label for the su(2)g and r € R
is the charge under u(1)gr. The scaling dimension will be denoted by A and the Dynkin labels
for the representation under the (spin lift of) the 4d rotation group Spin(4) = SU(2) x SU(2) will
be denoted by (ji1;j2) € Z>o X Z>¢. An operator with these eigenvalues under the generators of
the superconformal algebra will then be denoted by [ji; jQ}fﬂ‘). In particular, the supercharges

transform in the following representations:

1;1)

0e;0" Y, Qel01] (D.5.2)

=

The basic generating multiplets are the long multiplets and short multiplets satisfying certain uni-
tarity bounds [Min97]. Short multiplets are obtained from the long multiplet by imposing certain
shortening conditions. These multiplets are listed in Tables D.1 and D.2.

Name Primary Unitarity Bound
Lo | [ o8 A>2+ji+R-1Lr
A ;508 i>1 | A=2+4+R-1
1 Uisd2la” /s 1> =2+ + 5T
A2 [O;jg}(AR;T) A =2 + R — %’I"

B | [0:j2) ") A=R-jr

Table D.1: Multiplets with Q-shortening conditions, adapted from [CDI16b, Table 13].

1 This is the real form appropriate to d = 4 Lorentzian signature, which is implicit in standard treatments of radial
quantization. The appropriate real form for d = 4 Euclidean signature is su*(4|2), which would lead to a noncompact
summand in the Euclidean R-symmetry group. This distinction will be unimportant for us, however, see [CMRS23]

for a discussion in the context of topological twisting.
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Name Primary Unitarity Bound
L | [ugli A>21jo+ Rt L
A L 1(Byr) > 1 | A—24 i + R+l
1 Uisdela™s G2 2 =244+ R+3r
Az | [ 0)5" A=2+R+1ir
By | [j; 008" A=R+1ir

Table D.2: Multiplets with O-shortening conditions, adapted from [CDI16b, Table 14].

Full multiplets are two-sided, i.e., they satisfy both Q and Q-shortening conditions which leads
to restrictions on some of the quantum numbers. The consistent two-sided multiplets are listed
below.'? We refer the reader to [CDI16b, Table 15| for details on the restrictions on the quantum

numbers.!?

AR 1515 = LTl 3287

R?”‘(jla]é
CRJ‘(jhjz) = AEL[jl;jﬂ(R;r) ) Bfﬂ"(o»jz) = BlL[O;j2](R>O;‘T) >- (D.5.3)
Er(0,42) = BlL[O;jQ](O?T> 7 CR(jrin) = AeAz[jl;jﬂ(Rmﬂz) ,
Dr0,js) = B1Ag[0; jo] 77272 | Br = B1B1[0;0]0) .

where £,/ = 1,2. The conjugate multiplets @R,r(jl,jl)vBR,r(jl,Obzr(jl,O)? and fR(jl,O) can be ob-
tained by complex conjugation. The full operator content of each of these multiplets is tabulated in
[CDI16D).

Vectormultiplets realize the short multiplet A, B;[0;0](%") and hypermultiplets realize the short
multiplet By B1[0; 0](1?0). Superconformal multiplets containing currents for symmetries are called
conserved current multiplets. Here we are only interested in the flavor current multiplet and the stress
tensor multiplet (also called the energy-momentum multiplet). See [CDI16b] for other conserved

current multiplets.

Flavor current multiplet.

The R = 2 multiplet B;B;[0; 0];2;0) is a flavor current multiplet containing eight bosonic and eight

fermionic operators. The full flavor multiplet [CDI16b] has the structure shown in Fig. D.1.

12The notation on the LHS of (D.5.3) is borrowed from [DO02].
13Note that the scaling dimensions of the short multiplets are determined by shortening conditions; this is not indicated

in the notation.
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0; 0J5"”

[0; 0] ;179 [0; 0]

Figure D.1: The structure of the flavor multiplet, adapted from [Ebe20, Fig. 5].

Let us denote the bottom component by (A5)e where A = 1,2 is the index for the fundamental
representation of SU(2)r and a is the index for the adjoint representation of the flavor group.'* Then

the full multiplet can be constructed by acting on the bottom component by the supercharges:

—~
—
=

[ B “} AP € [0/ (D.5.4)
[ ((BC»“} e 01", (D.5.5)
{QAa,sz“} = 045 T € 15157 (D.5.6)
{Qan. 0} = 5ABUZB.J; € 131 (D.5.7)

The current J; is the conserved current for the flavor symmetry of the theory.

Stress tensor multiplet.

The multiplet AsA5[0; 0]50;0) is the stress tensor multiplet whose top component is the stress tensor
of the theory. The generators of the d = 4 N' = 2 superconformal algebra must be integrals of local
currents over a spatial slice. The bosonic generators are integrals of the stress tensor 7}, and the
(R)) :(R)

su(2)r®u(l)r R-symmetry currents (j ,dn . The fermionic generators are integrals of conserved

fermionic supercurrents G 1o and G;‘&. The superconformal algebra dictates that the stress tensor,

(6%
R-symmetry current, and supercurrent sit in the same multiplet, called the stress tensor multiplet.
In particular,

{QaAa } = U 6A n s {é&A,Gig} = A MV . (D58)

The full stress tensor multiplet has the form [CDI16b, Ebe20]| shown in Fig. D.2.

4 The notation T(AB) denotes a symmetric traceless rank-2 tensor transforming in the adjoint (3) of SU(2)g.



384

[0; 0]
Q/ \Q}
;0" [0; 1)
2 - 2
Q Q Q o
0;—2 2;0 0;0 0;2
20 1159 @ [1; 19 [0; 2]
o) o) Q
2; 1% ;2857
2 2
\é‘ y

0;0
[2; 2]

Figure D.2: The structure of the stress tensor multiplet, adapted from [Ebe20, Fig. 6].

The top component of the supermultiplet is the stress tensor (which is, in fact, at the bottom of
the diagram), and the middle components (with A = 3) are the R-symmetry currents. The operators

with A = % are the supercurrents.

D.6 The Superconformal Index

In this appendix, we review the superconformal index. For recent reviews, see [RR14, RR16, Gad20].
First, let us review the supersymmetric index as a trace over the Hilbert space in the Hamiltonian
quantization of a generic supersymmetric theory in d spacetime dimensions, coupled to conserved
currents of some global symmetries (i.e., to background flavor bundles). To compute it, we pick a
supercharge!® Q with an adjoint Q7 where {Q, @} = 2H, and Q2 = 0. In a unitary theory, this
implies that the spectrum of H is positive semidefinite. The index is simply a weighted supertrace
of states in Ker H, i.e., states in the cohomology of Q and Q7, or equivalently, the Hilbert space of

a radially quantized theory on S9! x R. Concretely, the index has a trace formula of the form

T({pi}) = Tricern(—1)Fe™ ZumTie=2HQ.073 (D.6.1)

15In terms of background supergravity, this is a choice of generalized Killing spinor, i.e., a solution to the differential
constraints obtained by demanding the vanishing of the supersymmetry variations of the gravitino, in a bosonic
background where the auxiliary fields of the supergravity multiplet may have nontrivial profiles [FS11, KTZ12,
CKMT12, KZ13, KR88, CMRS23|.
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where {T;} is a complete set of generators that commute with @ and with each other, {u;} is a set
of “fugacities,” or “chemical potentials” for the associated global symmetries'® and F is the fermion
number. As is the case for the original Witten index [Wit82], only the states with H = 0 contribute
to the index, and consequently the index does not depend on 5. The index so defined is a function
of the fugacities that couple to the conserved charges of the corresponding global symmetries.'”
There are various refinements of the index, and specializations that are useful in different contexts,
especially for probing enhanced supersymmetry [GRRY11b].

Expressed as a trace over the full Hilbert space H of states on S® the d = 4 N’ = 2 superconformal

index has the generic form

Z(p g, t;{ai})

rk G
— TrH(_1)Fp%(A+%j1fRfr)Jr%jzq%(AJr%h*Rfr)f%jzt%(RJrr)e*ﬁ(Afh*RJr%r) H aiﬁ ) (D62)

i=1
Recall that the index is written with respect to a choice of supercharge!'® Q, which determines an
N = 1 subalgebra of an N' = 2 algebra. The commutant of Q in the superconformal algebra su(2, 2|2)
is su(2,1|1), which has rank 3. Here (p, ¢,t) are the three superconformal fugacities, and {a;} is a
set of fugacities associated with global symmetries Gf that commute with each other and with the
superconformal algebra (and {f;} are the conserved flavor charges), A is the dilatation generator
(a.k.a. the conformal Hamiltonian in radial quantization), j; and jo are the Cartan generators of the
SU(2), x SU(2),, isometry group of the spatial S, and R and r are the Cartan generators of SU(2)g
and U(1)r respectively. As previously stated, the trace formula makes a choice of supercharge.
The formula (D.6.2) is written for a supercharge with quantum numbers A = %R = —r = %,
(j1,J2) = (0,—1)."

The superconformal index counts short multiplets modulo an equivalence relation that sets to zero

16 At the moment, we are including superconformal fugacities (finitely many in number) as well as fugacities associated

with flavor symmetries (which could be arbitrarily many in number, and which commute with all generators of the

superconformal algebra). We will shortly refine this definition.

17Sometimes, the factor e~ i #iTi is replaced by 1L ﬁzcl with fi; referred to as the fugacities and C; the conserved

charges.

18The supercharges of the d = 4 N' = 2 superconformal algebra in radial quantization are QAQ,QQ,SAO‘ =
QTA‘)‘,gﬁ = @LO‘ Here A is an SU(2)r symmetry index, and « and ¢& are spinor indices, which take values
+,— and +, = respectively. The supercharge used to define the index is Q := Q;_, for which {Q;_,(Q;_)} =
A—j1—2R+ %7\ This is the coefficient of —f in (D.6.2). This Q should not be confused with the scalar supercharge

in the bulk of the paper.
19As in the main text, we use the same symbols for the generators and their eigenvalues. The eigenvalues are

normalized in accordance with Appendix D.5.
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the contributions of short multiplets that can recombine to long ones [KMMR05].%° Superconformal
multiplets and their shortening conditions are briefly reviewed in Appendix D.5. (See [BLLT13,
App. B] for further details).

The background S® x S' has been studied extensively in the context of supersymmetric lo-
calization (see [PT16] for a review). S® x S! is a non-Kéhler complex manifold that admits a
Hermitian metric, and admits nontrivial holomorphic line bundles classified by a rank one Dol-
beault cohomology group H%!(S3 x S') (although complex line bundles on it are trivial since
H?(S® x S';Z) = 0). The parameter dependence of the partition function on background fields
is discussed in [CDFK13, CDFK14]|, where it is argued that the path integral of a supersymmetric
theory on a Hermitian manifold depends only on the complex structure deformations of the manifold.

While it is often remarked that the supersymmetric index is the partition function on S3 x
S1, a more precise statement is that it is proportional to the partition function up to a scheme-
independent (and hence physical) multiplicative factor involving the supersymmetric Casimir energy
[ACM14, LM14, ACDP*15]. This multiplicative factor is dependent on the central charges a4q and
c4q and reduces to 1 for a conformal theory.

In general, the three-parameter superconformal index (D.6.2) is not known in closed analytic
form as a function of (p, q,t). There is at least one technique for determining it in terms of a series
expansion in these variables by exploiting generalized S-duality and recasting the problem to one of
diagonalizing a set of commuting difference operators known as the elliptic Ruijsenaars-Schneider
Hamiltonians [GRR12, Raz13]. The eigenfunctions of these operators are functions of (p, ¢,t) and
one can reconstruct the index as a sum of products of these “wavefunctions,” weighted with coefficient
functions that encode data at the punctures in Class S theory. In principle, this algorithm can be
used to determine a series expansion of Z(p, g, t, {a;}) in all fugacities.!

In practice, however, it is preferable to have a specialization that is computable with less effort
and nevertheless contains useful information. One such specialization is the so-called Schur limit of
the superconformal index, with the resulting index known as the Schur index.?? It can be obtained

from (D.6.2) by setting ¢ = t and noting that the p-dependence is Q-exact and drops out®? leading

20 A consequence of the definition (D.6.2) is that the index is zero on long multiplets, and therefore, it cannot be used
to distinguish between two short multiplets for which it evaluates to the same result. See [GPRO09] for a discussion

of this issue.
21See also [PP21] for some recent work on expressing the Schur index (with flavor fugacities) in closed form.
22Its name stems from the existence of closed-form expressions for the “wavefunctions,” in terms of Schur polynomials.
230ne uses the fact that the index is independent of 3, and in particular, counts states with

1
A-ji—R+r=0.



387

to

rk Gf
Tsenur(q, {ai}) = Tragssy (1) ¢ 7% [ of . (D.6.3)
=1

The states counted by this index — known as Schur operators (or equivalently, Schur states) — are
harmonic representatives of cohomology classes of a nilpotent supercharge defined by the sum of
a Poincaré supercharge Q and a conformal supercharge S.?* The Schur index is, in fact, related
to g-deformed 2d topological Yang-Mills theory [GPRR09, GRRY11a]. It is now known that Schur
operators form the structure of a two-dimensional chiral algebra [BLLT13, BPRvR14, LP14|, and
the Schur index is the supercharacter of the vacuum module of this chiral algebra. The Schur
index also has interesting modularity properties related to conformal anomalies [Raz12]|. Finally,
the Schur index is also conjecturally related to a wall-crossing invariant [CS15] defined in terms
of the protected spin character of [GMN10]. So, despite its apparent simplicity relative to the
“full” superconformal index, it encodes a lot of useful information about the protected operator
spectrum of the theory.?’ For a superconformal N = 2 theory, the index is the partition function on
53 x 81 as stated above. A natural question is whether there is a supergravity background on which
the partition function computes the superconformal index, with couplings to background N = 2

26" Such superconformal backgrounds have been discussed in [HH12,

conformal supergravity fields.
Pesl14], with a detailed discussion in [PP19], where explicit expressions may be found for the metric,
the generalized Killing spinors, and profiles of background fields of A/ = 2 conformal supergravity (in
suitable parametrizations, bases of fields, and spinors).?” (For a recent quick introduction to N = 2
conformal supergravity, see [CMRS23].) The background is an S fibration over S, where the fiber
53 itself is a T2 fibration over an interval. In this formalism, one can turn on flat connections

for background N = 2 vectormultiplets for a maximal torus of the flavor symmetry group. These

correspond to the flavor fugacities appearing in the index.

This determines j; for a given (A,r, R). The exponents of p, ¢, and t in (D.6.2) are combinations of Cartan
generators that commute with the supercharge Q used to define the index in the first place. The power of p in
(D.6.2) becomes %{@1,4.-’ (él,-?-)f} = %(A +je—R— %r) — see footnote 18. The p-dependence is therefore Q-exact,
and the index counts states with A + jo — R — %r = 0. This simplification leads to (D.6.3)

24The Schur index is an intrinsically N = 2 index.

258ee also [GV24] for a relation between pure SU(2) SYM and the SYK model, where Schur indices play an important

role.
26For the N = 1 index, a background based on new minimal supergravity was found in [FS11, Sec. 5].
271t would be interesting to apply the methods of [CMRS23] to determine a background on which the partition

function computes a “topologically twisted Schur index,” but as discussed in the main text, the interpretation of
such an index would probably be appropriate only for a conformal theory. As is well known [Wit88]|, the trace of
the energy-momentum tensor for topologically twisted N/ = 2 SYM is a total derivative: the theory has global scale

invariance, but not conformal invariance.
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To our knowledge, a mass deformation of the Schur index is not known. On the one hand, it is
quite natural — from the standpoint of N/ = 2 supergravity — to consider couplings to background
N = 2 vectormultiplets with their scalars tuned to mass deformations (e.g., as we did in (4.7.6)).
However, for non-conformal theories, one cannot perform a Weyl rescaling from S® x R to R*, and
there is no state-operator correspondence. The interpretation of the resulting mass-deformed index

is therefore less clear.?®

D.7 Lagrangian Analysis Of The ffs Trinion Theory

In this appendix, we describe the ffs trinion theory as a Lagrangian theory of a free hypermultiplet
and present the action. Let V' be the N-dimensional defining representation of SU(N). The field
content of the theory is a hypermultiplet valued in the quaternionic space E @ E where E is the
representation V ® V of SU(N) x SU(N) x U(1) with U(1) acting as scalars.?”

To write the Lagrangian, we write the hypermultiplet in terms of a pair of N' = 1 chiral multiplets.
The field content is same as a chiral multiplet Q™" and an anti-chiral multiplet Q™" both in V@V.2

Let us write their component fields as®!
Q™" = ()™, (®a)™) , Q™" = ((¢")™, (Xa)™) - (D.7.1)
Define complex scalars g2 valued in V ® V via

~A.nm

q = (QA,mﬁ)T = Qmmnm €ABC]B,m’ﬁ’ s (D72)

where  is a symplectic form®? on V@V @V ®V, and €48 is the completely antisymmetric invariant

28The authors of [CS15] propose an extension of the Schur index to non-conformal Lagrangian A/ = 2 theories (with
Ge&Uge_yectormultiplets and hypermultiplets in some representation of G8!8¢) in terms of a matrix integral over the
maximal torus of G88%. However, they note that it is a priori unclear why this extension will lead to a protected
observable and that further investigation is merited. Another non-conformal generalization of the Schur index which
is based on isolating a subalgebra of the superconformal algebra that includes only the isometries of S3 x R and

SU(2)g was proposed in [Dum16], but remains an unpublished proposal at the time of writing this.

291n fact we could have chosen global symmetry group U(N) x U(N) x U(1) but a subgroup of the center isomorphic
to U(1) x U(1) acts trivially, so we choose to take SU(N) x SU(N) x U(1) for simplicity. Otherwise, we would need
to discuss non-effective group actions and stacks. This is beyond the scope of this paper.

30 An anti-chiral multiplet is distinguished from a chiral multiplet by having a Weyl spinor of the opposite chirality.
In Euclidean signature, chiral and antichiral multiplets are independent and unrelated by complex conjugation: the

complex conjugate of a chiral multiplet is another chiral multiplet.

31Here m,n = 1,..., N are indices for V, and m,7 = 1,..., N are indices for V. We use the convention that upper

left (right) indices are for the first (second) factor and lower left (right) indices are for the dual space of the first

nm

(second) factor. We could equivalently have treated (¢2)™™ and (g')™™ as independent scalars.

32There exists a choice of basis exhibiting V @ V@&V ® V as a real vector space with real dimension 4N?2. In this

basis, Q is a 2N2 x 2N? matrix with a block diagonal form, with N2 blocks each of the form (—01 (1))
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tensor of su(2)g, with €' = 1. The matrix

1 2
q q
, (D.7.3)
@1 Q2
(with V ® V indices suppressed) is then a quaternion in the standard quaternionic structure on
VeV eV eV and SU(2)r acts on the scalars by right multiplication by unit quaternions.

For later use, we also define conjugate spinors

: t_ _aBommam
a,nm . _ (dja,mﬁ) _ E(xﬁﬂmn,n m wﬁ,m’ﬁ’ ;

X
L : e (D.7.4)
wa,nm = (%&,WLH) = EaBan,n " %é,m’ﬁ’ .
Let }3T denote a principal éT bundle over X, where
Gr = Spin(4) x SU(2)r x SU(N) x SU(N) x U(1) . (D.7.5)

For this bundle to exist, X must be a spin manifold. We assume this is so for the moment. In the
main text, we have discussed how this can be relaxed by defining the theory in terms of a éT /Cr
bundle, for a suitable choice of subgroup Cr of the center of CNY'T.

To write the action in curved space, we follow the procedure outlined in Section 4.7 or [KRS88,
CMRS23|, coupling the hypermultiplet theory to a bosonic background of off-shell A' = 2 conformal
supergravity that preserves N’ = 2 supersymmetry. Such a background can be defined by consistently
setting the gravitinos and auxiliary spinor fields in the N' = 2 conformal supergravity multiplet to
zero, as well as their supersymmetry variations to zero.?® The supergravity background contains a
connection for SU(2)g x U(1)r symmetry, but we treat the U(1)g symmetry as rigid and gauge its
connection to zero (see [CMRS23] for details). The SU(2)g connection plays an important role in
the specialization of twisting, discussed later. We also couple to background vectormultiplets for
the aforementioned SU(N) x SU(N) x U(1) flavor symmetry: to this end, we introduce connections
AiU(N)(l), AzU(N)(2>, A,lj(l). Although we write separate connections to clarify how they contribute
to the covariant derivatives, it is useful to think of a composite background vectormultiplet for the
SU(N) x SU(N) x U(1) flavor symmetry. We denote the composite curvature for this background

vectormultiplet by F}j, where a,b=1,..., 2(N% — 1) +1 run over the generators of the Lie algebra of

33For the untwisted theory, this leads to a differential constraint on the supersymmetry parameter. However, as is well
known from [Wit88, KR88, CMRS23|, upon twisting, there is a globally-defined scalar supersymmetry parameter
corresponding to Q symmetry, and no differential constraints are needed. The bosonic auxiliary fields of the
supergravity multiplet are allowed to have nontrivial profiles consistent with supersymmetry [FS11]. However, for
simplicity we assume that the 2-form field in the N’ = 2 conformal supergravity multiplet is set to zero: T‘Li,, =0,

as this simplifies our partition function. For examples of more general backgrounds, see [HH12, Pes14].
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the gauge group as usual. The background vectormultiplet also contains an adjoint-valued auxiliary
field D% 5 which transforms as a triplet of SU(2)g.

The action of the free hypermultiplet coupled to background fields is
~ \nm 1 ~ \nm
Stper = [ ¥0(0) [ TG T ) — 5+ ) @)™ ()
X

~ \nm s Tam AT M AT v
+ (QA) DAB (qB)mﬁ + M/} w\)@vwmﬁ —1X lpV®Van:|

1 1 a v,b 1 a AB.,b i a b
+E/XVO|(g) [lmTab <4F;WF“ _ iDABD -I-ETQQ(F ANF?)| . (D.7.6)

Here, 2 is the auxiliary scalar in the A/ = 2 conformal supergravity multiplet, % is the Ricci
scalar curvature of X, VL (or V) are (metric + background gauge (flavor f) + SU(2)gr)-covariant
derivatives, and lD+ denotes the chiral Dirac operator coupled to background gauge (flavor) and
SU(2)r connections — we will momentarily write their explicit expressions.

We have made the following important specialization of the background vectormultiplet: we have
set its scalars to zero (to preserve the full flavor symmetry) and we have set its fermions to zero
as doing so eliminates coupling terms between spinors in the hypermultiplet and the spinors in the
background vectormultiplet. However, this imposes an algebraic constraint on D¢ g in terms of the
supersymmetry parameter defining the A/ = 2 supergravity background and the curvature F;fl,.34

The covariant derivatives appearing above are connections on associated bundles induced from
the éT—connection Vr on IBT, and ¢$®V denotes the Dirac operator coupled to the vector bundle
V ®V associated to Pp by the representation V @ V of SU(N) x SU(N) x U(1).

Let w,,, AR AZU(N)(D, AzU(N)(Z) and A,li(l) denote local coordinate representatives of the connec-

|73

tions on vector bundles associated to (p1), (V1) , (p2), (V1) , (®3), (V1), (pa), (Vr),and (ps), (V1)

34Upon further specialization to the twisted theory, this constraint will simplify to (D.7.17). The supersymmetry
constraints on the background vectormultiplet can be easily deduced from the results of [CMRS23], but are not

needed to follow the present discussion.
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respectively. Here w,, is the spin connection. The covariant derivatives are
A @)\ m/ @\
VL Amﬁ = ,qumﬁ + (AE) B quﬁ + (AiU(N) )m m qzm’ﬁéé4 + (A;SLU(N) )n n qlmﬁ’ai4
+ Ag(l)quﬁ , (D.7.7)
~ ~ B - m O\ ~ 7 &) ~
VLC]Am" =0uqa™" + (A,'j) Aqe™"" + (AzU(N) )" @ 0%+ (AiU(N) ) @84

1 (W m/ N
(DV®V)Mwamﬁ = 8u¢amﬁ - 7Wugb(0gg>ﬂa¢6mﬁ + (AZU(N) ) mwam’ﬁ + (AiU(N) ) ﬁ'(/]amﬁ/

2
+ Ag(l)wamﬁ , (D.7.9)

(DV®V)/D~(&ME = 8u)~(&mﬁ - %Wugb(‘?gé)é&%f}mﬁ + (AZU(N)(l))mm’%&m/ﬁ + (AZU(N)<2)>ﬁﬁf)zamﬁ
+AYVTZmT (D.7.10)

Recall that for chiral spinors valued in a vector bundle £ — X with connection, the chiral Dirac

operators are maps

Dr:T(ST®E) >T(S” ®E),

(D.7.11)
Dy :T(S"®E)—=T(ST®E),
where S* are chiral spinor bundles on X.?> The corresponding Dirac operator is
0 —iby
pe=| . 7). (D.7.12)
in a basis determined by the chiral splitting. For us,
+ - —
vey = 0" (Dveﬁ)u , Dygy =" (DV®V)# : (D.7.13)
The partition function of the theory is
Zr = [ (DGDGDIDUDIDNe S
— Det(il0%, ) Det( — i) / (DiDJeSHE" (D.7.14)

where Sﬁ?g‘;‘ic is the bosonic part of the action (D.7.6), and Det (i]]ﬁéﬁ) Det( — ilpy,5y) is a section

of the determinant line bundle
DET (i) DET( — ily,55) - (D.7.15)

Recall that the determinant line bundle of a chiral Dirac operator coupled to a bundle E with

connection has fiber

(A““'XKer(lDE))v ® A" Cok( ) = (AmaXKer(zﬁ))v © A" Ker (IDE)T (D.7.16)

35For a complex vector bundle E, the adjoint of Dg is (lDE)T =Dy
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over the space of connections on 15T. Note that DET( — ilD$®v) is dual to DET (iE;®g), therefore
(D.7.15) is isomorphic to the trivial line bundle, and therefore, the partition function of a free

hypermultiplet is just a c-number, as expected.

D.7.1 Topological Twisting Of The ffs Theory

Upon twisting, g4 becomes Mgy and g4 becomes M&. Note that My € T'(S™ ® V® V) and M& €
I'(S~®V®YV). After topological twisting, for Q-symmetry, and in particular, for SHyper to define a
Q-exact energy-momentum tensor — as we have already noted in Section 4.7 — the fermions in the
background vectormultiplet must be set to zero, and therefore, their Q-variations must be required

to vanish for consistency. In particular, the vanishing of the Q-variation of x,, yields the condition

D,, = F},

pv

=F.. (D.7.17)

or equivalently D(.y 5 PR

where F),,, is the composite curvature for the background SU(N) x SU(N) x U(1) connection (which,
for purposes of writing the covariant derivatives above, was split into three connections for the three
individual factors) and D, is the self-dual 2-form auxiliary field of the background vectormultiplet.

We also set
D=-X%, (D.7.18)

to specialize to the twisted background.*°

To obtain the twisted action Sﬁ‘;,“:fted from the untwisted action (D.7.6) we use the constraints

(D.7.17) and (D.7.18) and the Lichnerowicz identity [Lic63]*"
+ = e of a_ 1 & éb
DYy DyoepM® =V VEMS — GAM+F M, . (D.7.19)
to combine terms in the twisted action containing Mg and M, & as follows:

— . 1  ~ o~
/Xvol(g) (V;M&V#Ma — 15 AM M + M&FQBM[;)

integrate ot e e i VR VYA &5 .
by parts /XVOI(g) <J\40‘V#V]c M IGQMQM + MaF Mﬁ)
Lichnerowicz 17 ht -
I(g) M > SM . D.7.20
(D.7.19) /XVO (9) lec@lev(@v ( )

36See [KR88, CMRS23| for a derivation of this condition.
37In standard mathematical literature, and indeed if the conventions/normalizations of [CMRS23] were used, the

Lichnerowicz identity would have the more familiar form

B . .1 R
+ & _of ok - o ZpaBar,
V®V¢V®VM =V,VeM 4=%M +2F MB.

However, the conventions of this paper differ slightly from [CMRS23|, leading to (D.7.19).
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The path integral of the twisted theory is expressed as

Zt]\ivisted _ exp( 16 /Tab (Fa /\Fb)) /[’DHM] *Srt\‘;v;',sted , (D721)

where Sﬁ"y";ﬁed is the twisted version of the hypermulitplet part of the action of equation (4.7.10).
Thus the Gaussian path integral in (D.7.21) yields

1M 55— (Det (DYupbyap) ) DetliBlop)Det(~ iyep) = 1. (D722)

Because of Q-symmetry, the determinants cancel. The prefactor in (D.7.21) is a topological invariant,

and in fact,

Ziwisted — oy ( Ton / Tap (FN Fb)) . (D.7.23)

D.7.2 Central Action And Extension Of Domain

Since the two determinant line bundles in (D.7.15) are dual, the action of the global symmetry
associated to the center of G acts trivially on the product. Therefore we cannot use that expression
to derive C'7®. However, a further extension of the domain allows us to derive this group. Note
that equation (D.7.6) just involves massless free bosons and fermions coupled to external fields. For
trivial background fields, the flavor symmetry of the action is in fact larger than the product of

flavor symmetries associated to the separate punctures (as often happens in theories of class S). Let
Gy :=SU(N) x SU(N) x U(1) . (D.7.24)

There is (classically) a G}r x G} symmetry where G}r acts trivially on ¥, x and acts on ¥, ¥ in
the standard way. Similarly, GJT acts trivially on 1;, 1. We introduce a background bundle with
connection for G}" X G]T. The coupling to the bosonic fields breaks SU(2)g symmetry by choosing
a complex structure for the quaternionic target space: We couple GJT to the chiral multiplets Q™"
and (Q'™™)f, and G to the anti-chiral multiplets (Q™™)" and Q"™". Then our full symmetry group
is extended to:

G?tended = Spin(4) x SU(2)g x G? x G, (D.7.25)
Now we can consider the chiral actions of subgroups of the center. Elements of C:,'f are of the form
kf kS +
(C71aC7w 11N7w 21]\/‘7§ ’1G;) s (D726)
while elements of C;. are of the form

(17Ca<a 1Gj[7wk1_ 1N7wk2_ 1N7£7) 5 (D727)
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The action on the partition function is:

~ ~ ~ + ~ ~ ~
(61, ¢wM 1y M 1n 67,16 ) - Zr(Pr, Vr) = (M @ )™ Pvev 20 (Pr, V) . (D7.28)

(1,¢,¢, 1Gj,wk;11v7wk; 1y,&7,) Zp(Pp, V) = (kafwk;F)Ind(w‘:@V)ZT(ﬁ%eT) . (D.7.29)
Demanding that these actions are trivial implies:

€5 = (uhi TR (D.7.30)

and we thus produce invariance groups C’% "M@ isomorphic to CP® in (4.8.17). We can, of course,
restrict to the vectorlike couplings used above. In general, we expect it is important to use the

maximal symmetry group to find the most stringent conditions for defining CF®*.

D.8 Examples Of Cohomological Conditions For Ay_; Class S Theories
With Full And Simple Punctures

In this section, we will derive cohomological conditions for the existence of weakly coupled descrip-
tions of Ax_1 class S theories on general non-spin manifolds following the discussion in Section 4.8.
These cohomological conditions depend on the chosen pants decomposition for the weakly coupled
description of the theory. For simplicity, we will restrict to the theories constructed from trinions
with ffs and fff punctures and only full punctures being gauged.

Let us briefly recall the notation from Section 4.8. Choose a pants decomposition of Cj , into
a set T of trinions. The external cutting curves are denoted by ¢; and internal cutting curves are
denoted by c¢,. We will denote the external cutting curve bounding a full (resp. simple) puncture
by cf (resp. ).

For the cutting curves bounding a trinion 7', we will write cr;, cr . The simply connected cover
of the flavor group at an external cutting curve ¢; is denoted by CNQ’Ci and the simply connected cover

of the gauge group at an internal cutting curve ¢, is denoted by SU(N)CQ. Define the group
Gs = (Spin(4) x SU@2)r x [ Gi x HSU(N)Q) /o” , (D.8.1)
i «

where C7 is defined below (4.8.46).

The cohomological conditions for the theory are obtained from the existence of the principal Gg
bundle Ps — X. To determine these cohomological conditions, we will follow the same strategy as
in Section 4.4. Let p1,p2, P3,c;,P4,c, be projection maps to various factors:

Gs

P1 Pa,cq
% PSN\ (D.8.2)

Spin(4) SU(2)r Ge, SU(N)

Ca
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Let us also denote the transfer of structure groups of Ps along various projections by

Fr(X) == (p1)«(Ps)

PR = (p2)«(Ps)

(D.8.3)
PR = (p3e,)w(P5)
PEUESCe = (pa,cy )+ (Ps) -
Define a set of positive integers n. by
D3, (O%/—) = Z/’FLCSLZ . (D84)
Let us write
Ccf_ = p37cf_ (C'/{*) - ZN 5 Cca = P4,cq (C!{—) - ZN . (D85)
We can then introduce flat Cr, C._-gerbes b, b, respectively. Their characteristic classes
plbs) € HA(X;Cy) . plbe,) € H*(X;C, ) (D.8.6)

can be identified with the obstruction to lifting the structure groups of Pfici and peaveeca respectively
from SU(N)/CI')?"or and SU(N)/C&®, to SU(N). In particular, pu(b.,) can be identified with the 't

Hooft flux of the SU(N), factor of the gauge group. Now choose transition functions

= [t b by togs 82)] 1 Upg — Gs (D.8.7)

Pq’ "pq’ "pq’ "pq’ "pq

for the Gs-bundle Ps — X. The cocycle on triple overlaps is given by

£ tortoy = [(Chors Goars Crors Chars )] (D.8.8)

pg"qrirp = L\Spgr> Spar> Spars Spgrs
Thus the cocycle condition is given by

(G oo CR

f "
pqr Spqr? pqr’Cqu qu’) € CT' (DSQ)

As before, the cocycles piqT and Eqr can be identified with the second Stiefel-Whitney class of X
and PR respectively:
wa(X) = [, ] € H* (X, Zy)

pqr

(D.8.10)
way (PR) : = [¢},] € H* (X, Zy) .

The projections of the cocycles Q;qr and (7, can be identified with representatives of the character-

istic classes p(b; ¢) and u(by) by

pbe) = [Pae (Char) ] € H(X:Ct)

N(bca) = [p4,ca (ngr)] € H2(X; Cc(,) .

(D.8.11)
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Finally, let ¢1(cf) € H?(X;Z) be the first Chern class of the U(1)-bundle obtained by transfer of

structure group of P along the isomorphism (see footnote 22)

U(1)/Zy,s = u(). (D.8.12)

s

The cocycle D3,c ({Eqr) represents the modn; s reduction of ¢;(c}):

[Ps.ct (Cpar)] = 7,y (ea(eD)) - (D.8.13)

We are now equipped to write the cohomological conditions. Due to the definition of C//, we must

have

par = Coar = Char (D.8.14)
which implies

wa(X) = w2 (PF) . (D.8.15)

Next, if two trinions T, T" € T are bounded by a common internal cutting curve ¢r o = ¢77 o, then

we must have
Paero (Glgr) = Paeqs ., (Clyr) (D.8.16)
which implies the cohomological condition

p(ber.) = pibe,, ) - (D.8.17)

Next, we derive cohomological conditions for the two types of trinions.

fff Trinion.

For every trinion 7" € T of type fff with two external cutting curves ch’Z-, c}yj and one internal

cutting curve ¢, ,, equations (4.8.41), (4.8.44) and the explicit form (4.8.30) implies that

(Goar) Pa.ct,, (Goar) D3, (Cpgr) Paes, (Gpgr) =1, N even, (D.8.18)
pS,chyi (ng;qr) pS,ch‘j ( Iqur) p4,cgﬂya ( Ifﬂﬂ”) =1 ’ N odd. (Dglg)

This gives the cohomological condition

po(wa () + (b, )+ olplbs, )+ 1lplbs, ) =0 € HA(K Ziny) . N even,  (D820)
t(pulbes, )+ e(plbes, ) +uulbe, ) =0€ H*(X;Zy), N odd, (D.8.21)
where [2, N] = lem(2, N), ps is the map in cohomology induced from the inclusion map ps : Zo —

Zi3,N), and ¢ is the map in cohomology obtained from inclusions in (D.8.5). If the trinion is bounded
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by two internal cutting curves Cnya’CfT”B and one external cutting curve chﬂ-, the cohomological

condition we get is

polwa(0) + ilpulb, ) + by, ) + e(plbs, ) =0 € H¥(KiZpy) . N even,  (D822)

L(u(bch’i)) + L(u(bch’a)) + L(,u(bchﬁ)) =0€ H*X;Zy), N odd. (D.8.23)

If the trinion is bounded by three internal cutting curves c‘;«’a,ch’ 5 and cgw, the cohomological

condition we get is
pu(wa (X)) + olbis, ) + b, ) + b, ) =0 € HA(KiZp) . N even,  (D8:24)
t(plbeg, D)+ e(ulbes, ) +o(ulbe, ) =0€ H*(X;Zy), N odd. (D.8.25)
ffs Trinion.

For every trinion T' € T of type ffs with two external cutting curves ch’Z-, ¢r ; and one internal cutting

curve chﬂ, equations (4.8.41), (4.8.44) and the explicit form (4.8.17) implies that

1
( I:JEIT) (p37ch,,; (C;tfiqr)) Pa,cf. (ngr) D3, ; (levqr) =1. (D.8.26)

This gives the cohomological condition

ps(w2(5)) = e(plbs, )+ 1ulbu, ) +r0mnsy (e1(5) =0€ HAKZpy) ,  (D.827)

i ;o

where r,, denotes reduction mod n. If the trinion is bounded by two internal cutting curves cff o ch 3

and one external cutting curve ¢ ,, the cohomological condition we get is

ps(wa (X)) + L(/L(bCfT’a)) - L(p(bch’B)) +teorn, (ci(cry)) =0¢€ H?(X; Zpa,Ny) - (D.8.28)

Note that in this case, we cannot have all three internal cutting curves.
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