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ABSTRACT OF THE DISSERTATION

Algebraic and topological structures from quantum field

theories

By RANVEER KUMAR SINGH

Dissertation Director:

Gregory W. Moore

In this thesis, we study algebraic and topological structures that emerge from quantum field theories

in two and four dimensions. In four dimensions, we study the topological twisting of arbitrary 4d

N = 2 theories and show that the correlation functions of the twisted theory depend only on the

smooth structure on the 4-manifold, characteristic classes for background gerbe connection and a

generalized spin-c structure. We illustrate our proposal for topological twisting by working out

some Lagrangian and non-Lagrangian class S theory examples. In two dimensions, we study a class

of rational conformal field theories (CFT), called Wess-Zumino-Witten (WZW) models and their

gaugings. Algebraically, 2d rational conformal field theories can be described using vertex operator

algebras and their irreducible modules. We discover that this is not strictly true for gauged Wess-

Zumino-Witten models, it is related to the Goddard-Kent-Olive coset CFT, which is the algebraic

description of gauged WZW models, via the coupling of a 2d topological quantum field theory. We

also study the application of vertex operator algebras to Monstrous Moonshine. We show that the

spin lift of the Monster CFT, which is a c = 24 holomorphic CFT, has superconformal symmetry by

explicitly constructing the superconformal current. We use classical and quantum error correcting

codes for this construction.
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Chapter 1

Introduction

Physics is the study of patterns in the observations of the external world in such a way as to formulate

a set of rules which could then be used to predict phenomena. For example, Newton’s second law,

F = ma, captures all observations pertaining to the acceleration of an object when a force is applied

on it, as well as it predicts the outcome of the experiment of applying a certain force on a body.

This amounts to a theory in physics. A spectacular example of this endeavor is the standard model

of particle physics. It explains observations of subatomic particles in the Large Hadron Collider as

well as predicts the existence of new particles. It is based on the framework of quantum field theory

(QFT). Unsurprisingly, QFT is one of the most important areas of theoretical physics. QFT is a

culmination of efforts to unify quantum mechanics with special relativity and it must be admitted

that it is still a work in progress.1 As we keep uncovering new principles and new rules of QFT, we

need new mathematics to describe it. Naturally, ever-increasing sophistication in mathematics finds

a perfect spot in the description of QFTs. For a large part of the history of theoretical physics, this

has been a one way street, where mathematics played a pivotal role in formulating physical theories.

This started to change in the 1970s when some mathematicians, including Michael Atiyah, Vladimir

Drinfeld, Nigel Hitchin, Yuri Manin, Isadore Singer started using physics motivated equations to

prove new mathematical theorems [AHDM78, AW77]. This two way communication has become

stronger since then. We will explore some of the aspects of this relationship in this thesis. This

program of proving new results in mathematics using insights from physics has been called Physical

mathematics [Moo14a, Moo14b]. This thesis is based on two such examples which we now describe.

The first example concerns the classification of smooth structures on 4-manifolds. Physics stud-

ies changes in systems, for example change in position, speed, acceleration and so on. These changes

are measured by taking successive derivatives. Thus, the ability to take derivatives is of fundamental

1In a lecture titled “What is a quantum field theory?” (can be accessed on the link: https://www.youtube.com/watch?

v=GZvs-ae4YRA), Nathan Seiberg explains that the signature of a mature field is that the books and courses on the

subject are more or less structured in a standard way. He concludes that “QFT is thus not only incomplete but also

an immature field because every university and every book has its own way of teaching the subject”.

https://www.youtube.com/watch?v=GZvs-ae4YRA
https://www.youtube.com/watch?v=GZvs-ae4YRA
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importance in physics. This is of particular significance in four dimensions because we happen to

inhabit a four-dimensional spacetime. In mathematics, the ability to take derivatives is studied in

differential calculus and a space on which we can take derivatives is called a smooth manifold or

simply a manifold. Specifying a way of taking derivatives is specifying the smooth structure on

the manifold. Naturally, we want to consider spacetimes which are manifolds. Now the following

problem arises: typically there are many (sometimes uncountably many) inequivalent smooth struc-

tures on a 4-manifold. In mathematics, it is not clear how to differentiate between these smooth

structures. But in physics, particles moving on a spacetime may be able to distinguish two different

smooth structures on the spacetime. This indeed turns out to be true. There are solutions to the

nonabelian Yang-Mills equations, the same equations that govern the dynamics of particles in the

standard model, which detect this difference. These solutions are called instantons [BPST75]. In

1982, Simon Donaldson defined the Donaldson polynomial [Don90] for a given 4-manifold X, which

is a two variable polynomial with rational coefficients. The coefficients are computed by integrat-

ing certain differential forms on the space of instantons (the so called moduli space of instantons)

on X. These polynomials are invariants of smooth structures, meaning that they only depend on

the smooth structure of X and2 can distinguish smooth structures on X. This was a major break-

through in mathematics. Many new results were proved using the Donaldson polynomials. At this

stage, it was clear that physics had a role to play in classification of smooth structures. Michael

Atiyah, speculating such a connection, asked if Donaldson invariants could be interpreted as phys-

ical quantities. Edward Witten answered the question in 1988 in a landmark paper [Wit88]. This

paper initiated two fields, both led to significant developments in physical mathematics as we will

explain below. First, he defined a topological quantum field theory (TQFT). Roughly speaking, a

TQFT is a theory which does not depend on the metric on spacetime3. Atiyah then axiomatized

the essential features of the definition given by Witten in [Ati89]. Getting back to the story, Witten

also discovered topological twisting, a procedure of constructing a topological quantum field theory

from certain supersymmetric field theories. He discovered that applying topological twisting to four

dimensional N = 2 supersymmetric Yang-Mills (SYM) theory with gauge group SU(2), which can

2This is true only for some special 4-manifolds, see below (1.1.6) below.
3Technically speaking, Witten defined, what are called TQFTs of cohomological type. These theories admit a symmetry

generated by a nilpotent scalar supercharge Q with the property that the stress tensor is Q-exact. The relevant

observables of the theory are correlation functions of Q-closed operators. We give some more details in Section 1.1.3.



3

only be defined on a certain class of 4-manifolds called spin 4-manifolds,4 we get a theory (called

twisted SYM theory) which can be defined on any oriented Riemannian 4-manifold. The remarkable

achievement of [Wit88] was that it showed that Donaldson invariants are the correlation functions

of certain operators in the twisted SYM theory. This equality motivated Witten to use equations

much simpler than instanton equations, the so called Seiberg-Witten equations or monopole equa-

tions, to define new 4-manifold invariants [Wit94]. These new invariants were called Seiberg-Witten

invariants. They can also be computed from twisted SYM theory with matter with gauge group

U(1). Computing Seiberg-Witten invariants is much easier than computing Donaldson invariants.

Many new results were proved using Seiberg-Witten invariants.

In physics, the basic object for computing correlation functions is the path integral. Path integrals

are usually not mathematically well defined but physicists have learned to work with it in a way

which can be used to produce sensible results. Many physical principles, for example dualities and

renormalization group flow, relate the path integrals of two completely different theories. This opens

up the possibility of using physical ideas to compute the Donaldson invariants or even construct new

invariants. Moore-Witten realized this dream in [MW97]. Under renormalization group flow, the

SYM theory with gauge group SU(2) is related to the SYM theory with gauge group U(1). Physics

then tells us that we can write Donaldson invariants in terms of Seiberg-Witten invariants and

this was precisely what was shown in [MW97]. This physical result was then rigorously proven by

mathematicians [FL01, FL02, FL15]. This was a major contribution of physical mathematics. We

give some more details of this story in Section 1.1 below.

It turns out that there is an infinite class of 4d N = 2 supersymmetric field theories and one can

apply topological twisting to all of them. Potentially, they can lead to new 4-manifold invariants. In

this thesis, we study the first step in this program. We study the topological twisting of an arbitrary

4d N = 2 field theory and determine what extra structures are needed on the 4-manifold X to define

the twisted theory.

We now discuss the second application of physical mathematics. Conformal field theories (CFTs) have

been an immensely important area of physics owing to its application to critical phenomena. These

theories are scale-invariant, meaning that the observables are invariant under scaling of lengths.

4The traditional viewpoint is that since 4d N = 2 SYM has fermions, the theory can only be defined on 4-manifolds

which admit spin structure, i.e., on spin manifolds. We also need a metric to write the action of the theory. As

we argue in Chapter 4, this is not the correct viewpoint. We show that 4d N = 2 theories can be defined on any

oriented Riemannian 4-manifold by choosing appropriate background fields. Topological twisting then amounts to

specifying the background field in a specific way.
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Conformal field theories describe phase transitions, for example the water to vapor transition. In

1984, Belavin-Polyakov-Zamolodchikov (BPZ) discovered that in two-dimensional conformal field

theories, the scale and Lorentz invariance symmetry actually enhances to an infinite-dimensional

symmetry algebra, called the Virasoro algebra [BPZ84]. This led to a flurry of work which devel-

oped ways to solve the theory exactly. Deep algebraic structures, like vertex operator algebras, and

number theoretic functions, like modular forms, were discovered in 2d CFTs.

A few years before the BPZ paper, mathematicians had completed the classification of finite

simple groups. The conclusion was that there are 18 infinite families and 26 sporadic groups which

do not fit into any of the infinite families. The largest of the sporadic group, which is called the

Monster group [Gri82], exhibited some peculiar features [Tho79a]. The dimension of the irreducible

representations of the Monster group was related to the coefficients of a certain modular form,

called the J-invariant [Tho79a, Tho79b]. Since this observation seemed to be coincidental and an

explanation seemed far-fetched, it was dubbed Monstrous Moonshine [CN79]. Due to conformal

symmetry, the torus partition function of a 2d CFT is modular invariant [DFMS97]. Moreover, the

torus partition function in a 2d CFT counts states. This means that the coefficients of the torus

partition function of a 2d CFT are the dimensions of certain subspaces of the vector space of states

of the theory. This indicates that 2d CFT might have a role to play in the explanation of Monstrous

Moonshine. Indeed, it was shown by Frenkel-Lepowsky-Meurman [FLM88a] that there is an infinite-

dimensional representation of the Monster group with the structure of a vertex operator algebra. The

full Monstrous Moonshine conjecture was later proved by Borcherds [Bor86a, Bor92a]. In physics,

we interpret it as a 2d CFT with the Monster group as the symmetry group and whose torus partition

function is the J-function. This CFT was called the Monster CFT. This gave a conceptual explanation

for the Monstrous Moonshine phenomena. Some more details of this aspect of physical mathematics

have been reviewed in Section 1.2. In 1988, Dixon-Ginsparg-Harvey [DGH88] observed, based on

the physical description of the Monster CFT given by Harvey [Har85], that the conformal symmetry

of the Monster CFT can in fact be enhanced to a larger symmetry, called superconformal symmetry.

The essential aspect of this symmetry is the existence of a superconformal current. While they gave

compelling evidence for the existence of a superconformal current in the Monster CFT, an explicit

construction was missing. In this thesis, we will give an explicit construction of a superconformal

current.

Another class of 2d CFTs studied in this thesis are the Wess-Zumino-Witten (WZW) models

[Wit84]. These models are specified a compact semisimple Lie group G and a level k. They belong

to a class of 2d CFTs which can be constructed completely using algebraic data of vertex opera-

tor algebras. Algebraically, in WZW models the Virasoro symmetry gets enhanced to the affine
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Kac-Moody algebra. Now, given a subgroup H of G, one can construct another CFT from WZW

models called gauged WZW model. These CFTs are denoted by WZW(G/H). These models are

important because they give the explicit construction of many of earlier CFTs, minimal models for

example, constructed completely using the algebraic data of vertex operator algebras5. The alge-

braic construction of these vertex operator algebras goes by the name Goddard-Kent-Olive (GKO)

coset construction [GKO85, GKO86]. It was believed that gauged WZW models are algebraically

described by GKO coset construction [BRS88, ABR88, GK89]. In this thesis, we explore the rela-

tionship between the two in more detail. Topological quantum field theory makes an appearance in

this relationship. We argue that the precise relationship between gauged WZW models and GKO

coset construction is by coupling to a 2d TQFT.

In the rest of the chapter, we will give a more technical summary of the topics discussed above.

1.1 Topological twisting and 4-manifold invariants

1.1.1 Basics of 4-manifold topology

Recall that a topological n-manifold is a topological space6 Mn which is locally homeomorphic to

Rn, i.e., for every point p ∈ Mn, there is an open set U ⊂ Mn with p ∈ U and a homeomorphism7

φU : U → φU (U) ⊂ Rn. On overlapping charts (Ui, φUi) and (Uj , φUj ) with Ui ∩ Uj ̸= ∅, the

transition map

φij := φUi ◦ φ−1
Uj

: φUi(Ui ∩ Uj) −→ φUj (Ui ∩ Uj) , (1.1.1)

is required to be a homeomorphism. A pair (U,φU ) is called a chart and a set of pairs {(Ui, φUi)}

such that ∪iUi = Mn is called an atlas. We usually choose a maximal atlas, which is a maximal

collection of charts such that the transition functions are homeomorphisms, and denote it by A.

Two topological manifolds are equivalent if they are homeomorphic as topological spaces. In many

subfields of Physics, we are interested in smooth manifolds8.

A smooth n-manifold or simply an n-manifold is a topological n-manifold such that all transition

functions are smooth i.e., infinitely differentiable. The choice of a maximal atlas with smooth

transition functions is called a smooth structure on Mn. A smooth structure allows us to differentiate

5Up to a caveat that we will see below.
6There are some technical requirements, namely Mn must be paracompact and Hausdorff [Mun00].
7A map between topological spaces is called a homeomorphism if it is bijective, continuous with a continuous inverse.
8For example, Kinematics which studies the motion of objects. Many quantities quantifying motion of object, for

example velocity, acceleration, jerk, is measured by derivatives. But there are also quantities which are not measured

by derivatives, for example static and kinetic friction.
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functions on a manifold or study the notion of smooth maps between two manifolds. Two n-manifolds

are said to be equivalent if there exists a diffeomorphism between them, i.e., a smooth bijective

homeomorphism such that the inverse is also smooth. Note that two manifolds may be equivalent

as topological manifolds but not as smooth manifolds. We now ask the question

Question 1. Given a topological manifold, can it be endowed with a smooth structure? If yes, how

many inequivalent smooth structures are there?

In dimensions other than four, any compact topological manifold has a finite number of inequiv-

alent smooth structures [KS77, Sco05]. For example, there are 28 inequivalent smooth structures on

the 7-sphere S7 [Mil56, KM63]. These 7-spheres equipped with various smooth structures are called

exotic spheres. In contrast, any compact 4-manifold can have countably infinite number of inequiv-

alent smooth structures. For noncompact 4-manifolds, the situation is hopeless. A typical example

of noncompact case is R4 itself which admits uncountably many inequivalent smooth structures9

[Gom85, Tau87]. We will thus restrict to compact 4-manifolds. In addition, we will assume that it

is closed, oriented and without boundary and denote it by X.

Simon Donaldson in 1983 [Don83b] used gauge theory motivated equations to define new invari-

ants of 4-manifolds, now called Donaldson invariants [Don90]. These are polynomials with rational

coefficients defined using the homology cycles of X. The significance of these invariants is that it

can distinguish between smooth structures on a 4-manifold: if the Donaldson invariants computed

using two smooth structures are different, then the two smooth structures cannot be equivalent. In

the next section, we give an overview of the construction of Donaldson invariants and its relation to

physics.

1.1.2 Donaldson invariants

In 1975, Belavin-Polyakov-Schwartz-Tyupkin [BPST75] found a localized, finite-energy solution to

Yang-Mills equation on R4 and called them instantons. Their realization was that if the field strength

F of a gauge field A is (anti) selfdual, i.e., (F+ = 0) F− = 0 , where

F± =
1

2
(F ± ⋆F ) , (1.1.2)

where ⋆F is the Hodge dual of F , then F automatically satisfies the Yang-Mills equation. Conse-

quently,

F+ = 0 , (1.1.3)

9On Rn with n ̸= 4, there is a unique smooth structure up to equivalence [Sta62].



7

is called the anti selfdual instanton equation. Mathematicians then started studying the instanton

equation [AW77, AHDM78, AHS77]. The space of solutions to the instanton equation modulo gauge

transformations is called the moduli space of instantons, and denoted by MG,k,µ. The notation

involves dependence on the gauge group G, which we take to be a compact connected semisimple

Lie group, k, µ(b), called the instanton number and ’t Hooft flux 10 respectively, are topological

invariants of the principal G-bundle on which the gauge fields and field strength are defined. In

general, the moduli space of instantons is noncompact but it was shown that it can be compactified

and made into a smooth manifold [AHS78]. Moreover, its dimension can be calculated using index

theory [AS68a, AS68b, AS68c, APS75].

Donaldson invariants are defined as integrals of certain cohomology classes on the (compactified)

moduli space of instantons. The cohomology classes are defined by the Donaldson map

µD : Hn(X) −→ H4−n(MG,k,µ) . (1.1.4)

On simply connected 4-manifolds, we only need to consider H0(X), H2(X). For p(0) ∈ H0(X), S(2) ∈

H2(X), we define the Donaldson invariants by

Pℓ,r
D :=

∫
MG,k,µ

µD(p
(0))ℓµD(S

(2))r . (1.1.5)

The Donaldson polynomials are then generating function of the Donaldson invariants [Don90]:

ZD[g, p, S] :=
∑
ℓ,r≥0

pℓ

ℓ!

Sr

r!
Pℓ,r

D , Pℓ,r
D ∈ Q , (1.1.6)

where g is the metric on X, p, S are formal variables corresponding to p(0) ∈ H0(X), S(2) ∈ H2(X)

respectively. The rational numbers Pℓ,r
D are independent of the metric on X as long as the dimension

b+2 (X) of the space of selfdual 2-forms on X is greater than 1.

1.1.3 Topological twisting and Seiberg-Witten invariants

Physics made a reentry into the scene in 1988 when Edward Witten showed that Donaldson invari-

ants can be understood as correlation function of certain operators of a topologically twisted theory

[Wit88]. More precisely, Witten showed that topological twisting of the 4d N = 2 supersymmetric

Yang-Mills (SYM) theory with gauge group G leads to a topological field theory of cohomologi-

cal type. What this means is that after performing topological twist, the theory admits a scalar

supercharge Q which is nilpotent

Q2 = 0 , (1.1.7)

10In Chapter 4, we will see that the ’t Hooft flux can be thought of as background field for “1-form symmetry”

corresponding to a subgroup of the center of G.
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and the stress tensor of the theory, which is the response of the theory to variation of the metric on

X, is Q-exact, i.e.,

Tµν = {Q,Λµν} . (1.1.8)

The resulting theory is called Donaldson-Witten theory. This has profound consequences:

1. The partition function of the theory is independent of the metric. Let SSYM be the action of

the twisted 4d N = 2 SYM theory. Then

δ

δgµν
ZW =

∫
[DVM] e−SSYM

= −
∫

[DVM]
δSSYM

δgµν
e−SSYM

∝
∫
[DVM]Tµν e

−SSYM

=

∫
[DVM]Q · Λµν e−SSYM .

(1.1.9)

Here VM is the notation for fields in the vector multiplet11. The construction of Q comes from

the supercharges and it acts as a differential operator on the field space. Moreover, since the

action SSYM is invariant under Q, we can write

δ

δgµν
ZW ∝

∫
[DVM]Q ·

(
Λµν e

−SSYM
)

=

∫
[DVM] (Total derivative) = 0 ,

(1.1.10)

assuming that fields vanish on the boundary of the field space12.

2. The same argument shows that the correlation function of Q-exact observables are identically

zero.

This means that the correlation function of observables in the Q-cohomology:

HQ :=
KerQ
ImQ

, (1.1.11)

are metric independent and hence potential invariants of smooth manifolds. The theory admits

a Q-closed point observable O(0)(p(0)), p(0) ∈ X. Witten constructed Q-closed surface observable

O(2)(S(2)) for S(2) ⊂ X a closed surface in X, using the so called descent equations. These observables

only depend on the homology class of p(0) ∈ H0(X) and S(2) ∈ H2(X) up to Q-exact terms which

11Vector multiplet is a supermultiplet of the 4d N = 2 super Poincaré algebra. It contains a gauge field, a complex

scalar and two Weyl fermions.
12Sometimes this is not true and the partition function depends on the metric. This is the reason for metric dependence

of Donaldson invariants for b+2 (X) ≤ 1.
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decouple from the theory [KMMN19]. On simply connected 4-manifolds, these are the only nontrivial

observables in HQ. We can then formally write the path integral for the generating function of the

correlation function for these observables as

ZW[g, p, S] :=

∫
[DVM] exp

(
pO(0)(p(0)) + SO(2)(S(2))

)
e−SDW

=
∑
ℓ,r≥0

pℓ

ℓ!

Sr

r!

(
O(0)(p(0))

)ℓ (
O(2)(S(2))

)r
.

(1.1.12)

The remarkable result of [Wit88] is that up to a constant13

ZD[g, p, S] = ZW[g, p, S] . (1.1.13)

This story gets even better. In 1994, Seiberg and Witten found the exact low energy effective theory

(LEET) of the 4d N = 2 SYM with gauge group SU(2) [SW94]. This UV theory admits a moduli space

of vacua labeled by a complex parameter u. The LEET at a generic point u is a U(1) SYM theory

completely determined by a prepotential. Seiberg and Witten determined the exact prepotential

using an auxiliary Riemann surface called the Seiberg-Witten curve. There are some singular points

on the moduli space of vacua at which there are additional massless degrees of freedom. More

precisely, there are singularities at u = ±Λ0, where Λ0 is the dynamically generated scale of the

theory, called the monopole and dyon singularities and there is another singularity at u = ∞. At

the monopole and dyon points, there is a U(1) SYM theory with a massless hypermultiplet14 coupled

to the U(1) gauge group with fixed electromagnetic charge. Looking ahead, Witten generalized the

topological twisting to the U(1) SYM with a massless hypermultiplet coupled to it [Wit94]. The

twisted scalar field in the hypermultiplet was called the monopole field. The equations of motion of

this abelian theory is called Seiberg-Witten equations or monopole equations. Witten then used the

moduli space of solutions to the Seiberg-Witten equations to construct new 4-manifold invariants

[Wit94]. These new invariants were called the Seiberg-Witten invariants. Since these invariants

were constructed using the theory on the moduli space of vacua of SU(2) SYM theory, Witten also

conjectured that Donaldson invariants can be written in terms of Seiberg-Witten invariants. This

was a remarkable statement because Seiberg-Witten invariants are easier to compute owing to the

fact that the gauge group is abelian. Later in [MW97], Moore and Witten gave a more precise

relation between Donaldson and Seiberg-Witten invariants using renormalization group flow. The

precise form of the relation is

ZD = Zu +
∑

u=±Λ0,∞
ZuSW , (1.1.14)

13See [Sin22] for a review.
14Hypermultiplet is another supermultiplet of 4d N = 2 super Poincaré algebra. It contains a complex scalar and

two Weyl fermions.
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where Zu is the contribution from the generic points on the moduli space given by an integration

over the u-plane away from the singularities, and is called the u-plane integral, and ZuSW is the

Seiberg-Witten contributions from the singularities given in terms of Seiberg-Witten invariants and

some universal couplings obtained from the Seiberg-Witten curve [MW97]. Later, mathematicians

gave a rigorous proof of the Witten conjecture relating Donaldson and Seiberg-Witten invariants

[FL01, FL02, FL15, FL18, FL19, GNY11]. This is one of the greatest successes of the program

physical mathematics. Many old known results in 4-manifold theory were given new simpler proofs

using Seiberg-Witten invariants [Don96, Moo17].

1.1.4 New 4-manifold invariants from physics?

The physical theory used in the above discussion is the 4d N = 2 SYM theory with gauge group

SU(2). But the process of topological twisting described in [Wit88] only uses the features of 4d

N = 2 supersymmetry algebra and there is an infinite class of such theories. Many of them are

Lagrangian theories but a large class of them are non-Lagrangian, the so called theories of class S

[Wit97, GMN09, Gai09]. The natural question is

Do we get new 4-manifold invariants from any 4d N = 2 theory?

These computations have been done for SU(N) SYM theory [MM98], the minimal Argyres-

Douglas theory [MN17] but have not led to new 4-manifold invariants. The computation has also

been done for Lagrangian theories with matter with gauge group SU(2), again without new invariants

[LMn95, HPP95, AFM22, AFM23, MM21]. But not all hope is lost because it is not yet known if

class S theories also lead to old invariants. The first step to answer this question is to understand

the topological twisting of a general 4d N = 2 field theory.

Let us first discuss the original notion of topological twisting in context of 4d N = 2 SYM theory.

The symmetry group of the theory is

Γ = G× SU(2)− × SU(2)+ × SU(2)R , (1.1.15)

where G is the gauge group, Spin(4) = SU(2)−×SU(2)+ is the Lorentz group (in Euclidean signature)

and SU(2)R is the R-symmetry group. The basic idea of topological twisting in [Wit88] is to replace

the symmetry group by

Γ′ = G× SU(2)− × SU(2)′ , (1.1.16)

where SU(2)′ = diag(SU(2)+ × SU(2)R). Then fields of the vector multiplet are then considered

as representation of Γ′. It turns out that as representation of Γ′, all fields of the vector multiplet
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are bosonic (see (D.4.95) for details). The theory can thus be defined on an arbitrary oriented

Riemannian 4-manifold X. The twisted action on an arbitrary oriented Riemannian 4-manifold X

can be obtained by minimally coupling the SYM action in terms of twisted fields to gravity (see

Chapter 4 for the precise description). This gives us the twisted theory. If we now follow the same

procedure to a theory with hypermultiplets, then we run into an issue: the fields in the twisted

hypermultiplet (see (D.4.98) for details) are all fermionic as representation of Γ′. Thus, it seems

that the twisted theory with hypermultiplets can only be defined on spin 4-manifolds. It was realized

that the twisted theory with hypermultiplets can be defined on arbitrary 4-manifolds by turning on

background fields [HPP95, LMn97, Wit94, MW97]. This procedure requires a Spinc(4)-structure on

X which exists on any oriented 4-manifold X. In this view of topological twisting, we can twist any

Lagrangian 4d N = 2 theory by introducing background fields and choosing appropriate topological

structure on X.

1.1.5 Contributions of this thesis

The view of topological twisting described above is not appropriate for non-Lagrangian theories. In

[MSS24], we developed a more geometric view of twisting using the functorial definition of quantum

field theory. We then applied the procedure to some non-Lagrangian class S theories and determined

the necessary topological structure needed on X to define the twisted theory. A result of this analysis

is the distinction between the physical theory and the twisted theory. We explain that any 4d N = 2

field theory can be defined on an oriented Riemannian compact 4-manifold by appropriately choosing

background fields. Then the topological twisting of the theory amounts to changing the symmetry

group of the theory by using the notion of transfer of structure group. For Lagrangian theories,

by using the Q-symmetry of the path integral, we show that formally the correlation functions of

the twisted theory are independent of the metric and background fields and only depend on the

orientation and smooth structure on X.

1.2 Moonshine, 2d conformal field theory and 2d topological quantum

field theories

1.2.1 Moonshine and 2d conformal field theories

Moonshine phenomena have played an important role in the history of string theory. The explanation

of Monstrous Moonshine by Borcherds, Frenkel, Lepowsky, and Meurman [Bor86b, Bor92b, Bor97,

FLM88a] played an important role in the development of vertex operator algebra theory and string

compactification on orbifolds [DFMS87, DHVW85, DHVW86]. For a nice recent review see [HHP22].



12

We now briefly review the first example of Moonshine phenomena, called Monstrous moonshine.

The classification of finite simple groups15 in pure mathematics was completed in a long series

of papers over several decades by several mathematicians16. There are 18 infinite families of finite

groups and 26 sporadic groups which do not fit into any of the 18 infinite families. Out of the

26 sporadic groups, the largest finite simple group is called the Monster group, denoted by M.

The number of elements in M is of the order of ∼ 8.08 × 1053. The existence of the Monster

group was predicted by Bernd Fischer (unpublished) and Griess [Gri76] and later proved by Robert

Griess in 1982 [Gri82]. Griess gave the explicit construction of M as the automorphism group of a

196883-dimensional commutative nonassociative algebra [Gri82]. The character table of M, which

is a 194 × 194 array was calculated by Fischer and Livingston in 1979. The smallest dimensional

nontrivial complex irreducible representation of M is a 196883-dimensional representation. In 1979,

John McKay, in a letter to John G. Thompson [Tho79a, Tho79b], made the following intriguing

observation:

196884 = 1 + 196883 . (1.2.1)

This might seem a triviality, but the crucial observation is the following: 196884 is the first nontrivial

coefficient of the Fourier expansion of the J-function, which is the unique modular-invariant function

on H with zero constant coefficient:

J(τ) =
1

q
+ 196884q + 21493760q2 + 864299970q3 + . . . , q := e2πiτ , τ ∈ H := {x+ iy : y > 0} .

(1.2.2)

Modular invariance means that

J

(
aτ + b

cτ + d

)
= J(τ) ,

a b

c d

 ∈ SL(2,Z) , (1.2.3)

where SL(2,Z) is the group of 2×2 integer matrices with determinant 1. The systematic observation

is the following: let rn denote the dimension of the nth (in the increasing order of dimension)

irreducible complex representation of M and cn be the coefficient of qn of J(τ). Then

c−1 = r1

c1 = r1 + r2

c2 = r1 + r2 + r3

c3 = 2r1 + 2r2 + r3 + r3

. . .

(1.2.4)

15A finite group is called simple if the only normal subgroups are either trivial or the entire group.
16The Wikipedia page (https://en.wikipedia.org/wiki/Classification_of_finite_simple_groups) on classifica-

tion of finite simple groups is a very good summary of the subject along with the history.

https://en.wikipedia.org/wiki/Classification_of_finite_simple_groups
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Later, this observation was made precise into a conjecture17 by Conway and Norton in 1979 [CN79],

what is called the Monstrous-Moonshine conjecture, which is now a theorem as we will explain below.

Theorem 1.2.1. [Conway-Norton Monstrous Moonshine,1979] There exists a natural infinite-dimensional

graded representation of M

V ♮ =

∞⊕
n=0

V ♮(n) = V ♮(0) ⊕ V ♮(1) ⊕ V ♮(2) ⊕ . . . , (1.2.5)

such that each V ♮(n) is finite dimensional and for each conjugacy class [g] of the Monster M, the

McKay-Thompson series Tg(τ), defined by

Tg(τ) := TrV ♮ g q
L0−1 , (1.2.6)

where L0 is the grading operator, L0|V ♮
(n)

= n, is a normalized Hauptmodul for a subgroup Γg ⊂

SL(2,R) commensurable with SL(2,Z).

Some terms require clarification. The normalized Hauptmodul for a subgroup Γ ⊂ SL(2,R) is the

unique generator of the function field on the modular curve Y (Γ) := H/Γ with no constant term and

first coefficient in q-expansion equal to 1. This requires the Riemann surface Y (Γ) to be genus zero.

In other words, the Hauptmodul for Γ is the unique modular invariant function for Γ, i.e., satisfies

(1.2.3) for Γ, with no constant term and first coefficient 1. Two subgroups G,H of SL(2,R) are said

to be commensurable to each other if the group G∩H is finite index in both G and H. To connect

to the observation of McKay and Thompson, the conjecture states that the graded dimension of the

representation

Te(τ) := TrV ♮q
L0−1 =

∞∑
n=0

(
dimV ♮(n)

)
qn−1 = J(τ) , (1.2.7)

or more succinctly, Γe = SL(2,Z).

The first major achievement towards the proof of the Monstrous Moonshine conjecture was

announced in the celebrated work of Frenkel, Lepowsky and Meurman (FLM) [FLM85, FLM89]

in which they introduced the notion of vertex operator algebras18 (VOAs). The notion of vertex

operators was motivated from conformal field theory and string theory, see Appendix B for details of

the definition. FLM constructed the natural representation V ♮ and showed that it has the structure of

a vertex operator algebra whose automorphism group is precisely the Monster M. Their construction

17There is a generalization of the Conway-Norton conjecture, called the generalized Monstrous Moonshine conjecture,

formulated by Queen [Que81] and Norton [Nor87] in 1987 and proved by Carnahan in a series of papers in 2010

[Car10, Car12a, Car12b]. A more thorough discussion is beyond the scope of this thesis.
18The notion of vertex algebra was introduced by Borcherds in 1986 [Bor86a] which was not motivated by physics.

Vertex operator algebras, on the other hand, introduced in [FLM88a] was motivated by string theory.
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was generalized to general lattices by Dolan, Goddard and Montague [DGM90, DGM94]. Borcherds

then used the Monster module V ♮ and introduced the notion of generalized Kac-Moody algebra

to finally complete the proof of the Monstrous Moonshine conjecture [Bor86a, Bor92a]. Since then

many different Moonshine phenomena have been observed but the conceptual understanding of most

of them remains elusive [EOT11, CDH14, DMC14, Dun05, DMO20, DGO15].

Monstrous Moonshine raises two conceptual questions:

1. (Modularity) Why are the McKay-Thomspson series Tg modular?

2. (Genus zero property) Why are the modular curves Y (Γg) genus zero?

A conceptual explanation for the first question is provided by physics. VOAs and its represen-

tation theory can be understood as the algebraic formulation of rational conformal field theories19

(RCFTs), the precise dictionary has been summarized in Appendix B.3. In the language of CFTs,

the Monster VOA V ♮ is a holomorphic CFT with central charge 24. Its physical construction was

given by Harvey as the orbifold of the holomorphic CFT described by strings moving on the Leech

torus [Har85]20. In 2d CFT, the torus partition function is modular invariant owing to conformal

invariance of the theory21. The torus partition function of the Monster CFT is precisely J(τ). This

explains the modular invariance of J(τ). Other McKay-Thompson series Tg have the interpretation

of partition functions with twisted boundary conditions and hence they must be invariant under

subgroups of SL(2,Z) which commutes with g. A conceptual explanation of the enhancement of the

invariance groups of Tg to subgroups of SL(2,R) as well as the genus zero property22 of the Monster

was attempted in [PPV16, PPV17].

19Roughly, a rational conformal field theory is defined by the finiteness of the number of primary fields in the theory.

Mathematically, this means that there are finitely many isomorphism classes of irreducible representations of the

VOA, see Appendix B for precise definitions.
20The Leech lattice ΛL is the unique 24 dimensional even selfdual lattice with no vectors of length squared 2. The

Leech torus is then the space R24/2πΛL, see Chapter 2 for more details.
21More precisely, the torus partition function must only depend on the conformal class of the torus. Since the moduli

space (equivalence class determined by conformal equivalence) of tori is H/SL(2,Z), the partition function must be

invariant under SL(2,Z).
22A more rigorous approach to the genus zero property comes from the interpretation of the Monster CFT as the

boundary dual of a 3d gravity theory [Wit07] combined with the Rademacher series expansion of [DF09]. To

complete the discussion, one needs to prove the duality of 3d gravity with the boundary CFT.
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Contributions of this thesis

Soon after the announcement of the work of FLM, Dixon, Ginsparg and Harvey (DGH) observed

that the Monster VOA could be extended to a vertex operator superalgebra (SVOA) with a subsector

containing a representation of the N = 1 superconformal algebra [DGH88]. We will call this module

the Beauty and the Beast module following [GJF18] and [MS23]. It was noted in [DGH88] that

the extended symmetry in the Monster CFT can shed some light on the genus zero property of the

Monster. As discussed in [GJF18], the analysis of [DGH88] has an important gap, it did not explicitly

construct the superconformal vector. The SVOA structure of the module considered by DGH was

rigorously proven by Huang in [Hua94] but the explicit construction of the superconformal vector

remained open. Finally, a new method of constructing superconformal vectors appeared in the work

of Harvey and Moore [HM20]. They used quantum error correcting codes to give the construction

of superconformal vectors in many of the known superconformal field theories including the Conway

supermoonshine SVOA of Duncan [DMC14]. One might then naturally wonder if the superconformal

vector in the Beauty and the Beast module can be written using quantum error correcting codes.

One of the contributions of this thesis is to give an explicit construction of a superconformal vector in

the Beauty and the Beast module using the ideas from [HM20]. This construction first appeared in

[MS23] and has also been used to construct superconformal vector in the entire class of holomorphic

CFTs with central charge 24 [FEH25]. We give the construction using the formalism of vertex

operator algebras and extensions in the sense of Dolan-Goddard-Montague [DGM94] in Chapter 2.

In Chapter 2.6, we recast the proof in the more standard language of VOAs in the sense of Borcherds

and Frenkel-Lepowsky-Meurmann [Bor86a, FLM88a]. We show that although there are more than

one superconformal currents, the supersymmetry does not enhance beyond N = 1. We also define

the notion of spin lift of a CFT and show that the Beauty and the Beast module is the spin lift of

the Monster module.

1.2.2 WZW models and 2d TQFTs

Another aspect of this thesis deals with a large class of RCFTs constructed from a compact semisimple

Lie group G and a level k ∈ Zn>0, where n is the number of simple components of G. These are

the so called Wess-Zumino-Witten (WZW) models, denoted by WZW(G). It is described by the

following action principle [Wit84]: for simplicity assume G to be simple and simply connected, then

the action is given by

SG,k(g) = − k

8π

∫
Σ

Tr
[
(g−1dg) ∧ ⋆(g−1dg)

]
− ik ΓWZ(Σ; g) , (1.2.8)
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where the Wess-Zumino term ΓWZ(Σ; g) is given by

ΓWZ(Σ; g) :=
1

12π

∫
B

Tr
[
(g̃−1dg̃) ∧ (g̃−1dg̃) ∧ (g̃−1dg̃)

]
, (1.2.9)

where

• Σ is a closed Riemann surface without boundary,

• g : Σ → G is a smooth map called the WZW field,

• B is a 3d manifold with boundary Σ,

• g̃ : B → G is an extension of g to B, i.e., g̃|Σ = g.

The quantization of the theory results in the representation theory of affine Kac-Moody algebra.

More precisely, the action has a global (G×G)-symmetry:

SG,k(gLgg
−1
R ) = SG,k , (gL, gR) ∈ G×G . (1.2.10)

The generators of the affine Kac-Moody algebra are the modes of the conserved currents for this

symmetry. In particular, the Hilbert space of the theory on the circle is given by the direct sum

of finitely many irreducible representations of the affine Kac-Moody algebra at level k [GW86].

Algebraically, the theory is described by the representation theory of affine vertex operator algebra

based on g = Lie(G) [FZ92, LL12].

In 1984, Goddard-Kent-Olive (GKO) [GKO85, GKO86] described the algebraic construction of

a new VOA starting from an affine VOA based on a Lie algebra g and a subalgebra h ⊂ g. Roughly,

the construction can be described as follows: given the stress tensor T g, T h of the affine VOAs based

on g, h respectively, the difference

T g/h := T g − T h , (1.2.11)

is also a valid stress tensor for a 2d CFT, i.e., it satisfies the expected properties. The central charge

of the resulting GKO coset VOA is

cg/h := cg − ch , (1.2.12)

where cg, ch is the central charge of T g, T h respectively. Other generators of the GKO coset VOA are

those generators of the VOA based on g which commutes with all generators of the VOA based on

h. Using the representation theory of the GKO coset VOA, we can construct the minimal modular

invariant RCFT, which we denote by GKO(g/h).
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The natural question is whether this algebraic RCFT GKO(g/h) can be given a Lagrangian de-

scription. The obvious guess would be to consider gauged WZW model : let H < G and gauge H

diagonally embedded in the global G×G symmetry of WZW(G). The gauged action can be written in

the standard way by coupling the theory to H-gauge fields. The resulting theory will be denoted by

WZW(G/H). Strong evidence was given in [BRS88] that WZW(G/H) provide a Lagrangian descrip-

tion for the GKO coset theory GKO(g/h) based on the embedding Lie(H) =: h ⊂ g := Lie(G). Indeed,

it was shown in [BRS88, ABR88] that the G/H-WZW model path integral correctly reproduces the

coset central charge. Finally, in [GK88, GK89], the path integral of gauged WZW model was used to

compute the torus partition function and some correlation functions of the GKO(g/h). In one part

of this thesis, we will explore the precise relationship between gauged WZW model and GKO coset

construction. Among other things, we will give a mathematically precise description of GKO coset

construction using the notion of commutant of a VOA [FZ92]. According to our definition, the coset

theory GKO(g/g) is trivial, i.e., the VOA is isomorphic to C and there are no nontrivial irreducible

representations. Consequently the torus partition function is 1. On the other hand, analysis of the

path integral of WZW(G/G), one can show that the partition function is independent of the metric

[Spi90, SY92, Wit92a, Wit93]. Consequently, WZW(G/G) is a 2d topological quantum field theory

(TQFT), not only in the sense of being metric independent but also in the sense of Atiyah [Ati89],

i.e., it satisfies the axioms of a 2d TQFT. This observation should make it plain that gauged WZW

model is not identical to the GKO coset theory.

Contributions of this thesis

One of the central results of Chapter 3 is that under certain assumptions, we have the following

relation

WZW(G/H) ∼= GKO(g/h)⊗ End(B) , (1.2.13)

where End(B) is the algebra of endomorphisms of an algebra object in a modular tensor category.

We explicitly construct a Frobenius algebra structure on End(B) turning it into a 2d TQFT. Another

interpretation of the topological degeneracy in generic cases is the following relation

WZW(G/H) ∼= GKO(g/h)⊗Z WZW(H/H)Z , (1.2.14)

where Z = Z(G)∩Z(H) is the common center of G,H, WZW(H/H)Z denotes the equivariantization

of the 2d TQFT WZW(H/H) with respect to the Z-symmetry, and the subscript ⊗Z means that

GKO(g/h) and WZW(H/H) are coupled in a precise way via the common Z-action on the two theo-

ries. We also clarify the relationship between three ways of describing the identification of modules
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in GKO theory, i.e., we discuss the relationship between identification via outer automorphism group

action [Gep89], identification via simple currents [SY90b] and identification via the Chern-Simons

theory [MS89d]. We also clarify the categorical coset construction by building on the results of

Fröhlich-Fuchs-Runkel-Schweigert [FFRS03b, FFRS03a]. We also include an Appendix B on the

rigorous construction of a modular tensor category from a VOA.

1.3 Outline of the thesis

This thesis is based on the following papers:

[MS23] G. W. Moore and R. K. Singh, Beauty and the Beast Part 2: Apprehending the Miss-

ing Supercurrent, Commun. Math. Phys. 406 (2025) 303, arXiv:2309.02382 [hep-th].

[MSS24] G. W. Moore, V. Saxena, and R. K. Singh, Topological Twisting of 4d N = 2 Super-

symmetric Field Theories, arXiv:2411.14396 [hep-th], , To appear in Adv. Theor. Math. Phys.

[MRS26b] G. Moore, E. Rabinovici, and R. K. Singh, Comment On Topological degeneracy in

gauged WZW models, In preparation, 2026.

[MRS26a] G. Moore, E. Rabinovici, and R. K. Singh, Gauged WZW models vs. the GKO con-

struction, In preparation, 2026.

• In Chapter 2, which is based on [MS23], we describe the explicit construction of (more than 1)

superconformal current in the spin lift of the Monster module, also called the Beauty and the

Beast module. We use the formalism of Hermitian vertex operator algebras and its extensions

of [DGM94]. We also show, using the functorial definition of gauging finite group symmetries,

that the Beauty and the Beast module is a spin lift of the Monster module. We also explain

the construction of the supercurrent in the standard formalism of vertex operator algebras of

Frenkel-Lepowsky-Meurman [FLM88a].

• In Chapter 3, we discuss the relationship between gauged WZW models and GKO coset con-

struction. We give a precise definition of GKO theory and explain the construction of the

category of modules of the GKO vertex operator algebra using the results of Fröhlich-Fuchs-

Runkel-Schweigert [FFRS03b]. We compute the Hilbert space of the gauged WZW model on

the circle and compare it with the Hilbert space of the corresponding GKO theory.

• In Chapter 4, we discuss the topological twisting of 4d N = 2 field theories using the functorial

definition of quantum field theory. We show that the correlators of the twisted theory only

depend on the smooth structure on X, ’t Hooft flux and a generalized spin-c structure. We
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apply it to Lagrangian theories and discuss the localization of the path integral to the moduli

space of non-abelian monopole equations. Finally, we discuss the topological twisting of class

S theories.

• Appendix A complements Chapter 2 and introduces some of the definitions and results required

in Chapter 2. One of the main results of Appendix A is the proof of the locality of twist fields.

• Appendix B is a summary of the rigorous construction of a modular tensor category from a

vertex operator algebra. The material in this Appendix is well known in mathematics literature

but not usually discussed in the physics literature. Appendix B.2.1 is a dictionary between

physics and math literature, which again is well known to experts but not exactly spelled out

in literature.

• Appendix C complements Chapter 3 and introduces notations and definitions used in Chapter

3. We prove the equivalence of various ways of explaining field identifications in GKO coset

construction and also explain the degeneracy of 4 observed in [ABR88].

• Appendix D complements Chapter 4. We define and give some examples of generalized spin-c

structure. We give a detailed derivation of the twisted action of Lagrangian theories and the

proof of its Q-exactness. We also record the topological twisting of trinion theories with full

and simple punctures.

1.4 Other works not included in this thesis

During the PhD, the author also worked on the following projects which are not included in this

thesis.

[FS26] E. Furrer, and R. K. Singh, Virtual SU(N) Segre Numbers from Seiberg–Witten Theory, In

preparation, 2026.

[Sin26] R.K. Singh, Generating Function of single-centered Black Hole Index in CHL Models,

arXiv:2606.19479 [hep-th].

[ABB+25] G. Andrews, A. Banerjee, R. K. Singh, and R. Tao, Macdonald index from a refined

Kontsevich-Soibelman operator, Phys. Rev. D 113 (2026) 105011, arXiv:2511.07521 [hep-th].

[BSS25] A. Bhand, A. Sen, and R. K. Singh, Generating Function of Single Centered Black Hole

Index from the Igusa Cusp Form, arXiv:2510.05219 [hep-th], To appear in Adv. Theor. Math. Phys.

[ABST25] G. Andrews, A. Banerjee, C. Bhargava, R. K. Singh, and R. Tao, Argyres-Douglas The-

ories, Macdonald Indices and Arc Space of Zhu Algebra, arXiv:2507.06294 [hep-th].
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[BBS25] N. Banerjee, V. Bhutra, and R. K. Singh, Mock modularity of twisted index in CHL mod-

els, JHEP 10 (2025) 008, arXiv:2505.17182 [hep-th].

[BS25] A. Bhand and R. K. Singh, Generalisation of the Asai-Kaneko-Ninomiya identity to higher

level, Journal of Mathematical Analysis and Applications 542 (2025) 128849.

[SST24] R. K. Singh, M. Sinha, and R. Tao, Rationality of Lorentzian lattice CFTs and the asso-

ciated modular tensor category, Lett. Math. Phys. 115 (2025) 134, arXiv:2408.02744 [hep-th].

[Sin24] R. K. Singh, Algebraic structures in closed superstring field theory, homotopy transfer, and

effective actions, Phys. Rev. D 110 (2024) 126007, arXiv:2405.08063 [hep-th].

[SS23] R. K. Singh and M. Sinha, Non-chiral vertex operator algebra associated to Lorentzian lat-

tices and Narain CFTs, SciPost Phys. 17 (2024) 047, arXiv:2312.16296 [hep-th].

[BSS23] A. Bhand, A. Sen, and R. K. Singh, Mock modularity in CHL models, Res. Math. Sci.

12 (2025) 8, arXiv:2311.16252 [hep-th]

[BRS22a] N. Banerjee, T. Rahnuma, and R. K. Singh, Asymptotic symmetry algebra of N=8 su-

pergravity, Phys. Rev. D 109 (2024) 046010, arXiv:2212.12133 [hep-th].

[BRS22b] N. Banerjee, T. Rahnuma, and R. K. Singh, Soft and collinear limits in N = 8 super-

gravity using double copy formalism, JHEP 04 (2023) 126, arXiv:2212.11480 [hep-th].
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Chapter 2

Superconformal symmetry in the Monster module

The contents of this chapter appeared in the paper [MS23] written jointly with G.W. Moore. In this

chapter, we will explain the explicit construction of superconformal current in the Monster module.

2.1 Introduction

As discussed in the Introduction, in [Har85] Harvey sketched out a clear physical interpretation of

the construction of Frenkel, Lepowsky, and Meurman and a few years later, in a beautiful paper

[DGH88], Dixon, Ginsparg, and Harvey elaborated on the construction and suggested that there is an

underlying superconformal algebra in the FLM construction. But reference [DGH88], as was recently

emphasized in [GJF18], did not provide an explicit construction of the underlying supercurrent.

Although it was proved in [Hua96] that the Beauty and the Beast module does contain a vertex

operator superalgebra (see Theorem 2.5.1 for the precise statement) but the problem of constructing

a supercurrent remained open. The aim of this chapter is to provide explicit construction of a

supercurrent. The key idea is to construct superconformal currents using the theory of (quantum

and classical) error correcting codes, following ideas from [HM20]. When those ideas are applied to (a

spin lift of) the Moonshine module1 one is obliged to compute the operator products of bosonic twist

fields. Such computations are technically difficult. Indeed the first such computation was a tour-de-

force [DFMS87]. In our computation we make heavy use of the formalism of Dolan, Goddard, and

Montague [DGM90, DGM94] (which differs slightly from the standard formalism of vertex operator

algebras) and arrive at sufficiently precise formulae that we can carry out the general ideas of [HM20]

and reduce the construction of a superconformal current to the existence of certain error correcting

codes related to sublattices of the Leech lattice. Along the way, we clarify the notion of spin lift of

a CFT and show that the CFT in [DGH88] is a spin lift of the Monster CFT.

1There are several terms used in the literature (and in this chapter) for the Moonshine module, for example, FLM

module, FLM Moonshine module, FLM VOA, Monster CFT, Monster module, Monster theory, Monster VOA,

Moonshine CFT.
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2.1.1 Summary for physicists

We give here an abbreviated technical summary of the chapter aimed for physicists. We start with

the Leech torus theory - the holomorphic conformal field theory (CFT) described in Subsection

2.3.1 based on the Leech lattice. Let ΛL be the Leech lattice, considered as a subset of R24, with

quadratic form inherited from the standard R24 inner product ⟨·, ·⟩ (see Subsection A.1.3 for the

detailed construction). Consider 24 free chiral bosons Xj(z), j = 1, . . . , 24 with target space the

Leech torus T24 := R24/ΛL. The quotient R24/ΛL is defined by the equivalence relation

x ∼ x′ ⇐⇒ x− x′ = 2πλ (2.1.1)

for some λ ∈ ΛL. The field Xj is expanded as

Xj(z) = qj + ipj ln z + i
∑
n̸=0

ajn
n
z−n. (2.1.2)

The modes satisfy the commutation relations

[qj , pk] = iδjk, [ajn, a
k
m] = nδjkδn+m,0. (2.1.3)

We also require that aj†n = aj−n. For each λ ∈ ΛL we construct the Fock space Fλ over the highest

weight vector |λ⟩ defined by ajn|λ⟩ = 0 for n > 0 and pj |λ⟩ = λj |λ⟩, see Subsection 2.3.1 for details.

The Hilbert space H (ΛL) is then spanned by the Fock spaces. The stress tensor is given by

T (z) = −1

2
: ∂zX · ∂zX : (2.1.4)

where the dot indicates contraction of i index using δij . The Virasoro modes are given by

Ln =
1

2

∑
m∈Z

an−m · am, n ̸= 0

L0 =
1

2
p2 +

∑
n∈N

a−n · an.
(2.1.5)

They satisfy the Virasoro algebra with central charge 24. The torus partition function is then given

by

ZΛL
(q) = TrqL0−c/24 =

ΘΛL(q)

η24(q)
=

1

q
+ 24 + 196884q + · · · = J(q) + 24, q = e2πiτ (2.1.6)

with J(q) = j(q)− 744 where j(q) = 1/q+744+ . . . is Klein’s famous weight-zero modular function

generating the field of modular functions and τ is the complex moduli of the torus. In particular

J(q) has no constant term.
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One can give a field theory description of the theory as follows: Consider fields X j(z, z̄) satisfy-

ing the half lattice periodicity

X j ∼ X j + 2π(λj/2), λ = (λ1, . . . , λ24) ∈ ΛL. (2.1.7)

Let {eµ}24µ=1 be a generating set of ΛL so that λ = nµeµ with nµ ∈ Z for λ ∈ ΛL. We then start with

the field theory action

S =
1

2π

∫
d2z

(
∂X j ∂̄X j +Bjk∂X j ∂̄X k

)
=

1

2π

∫
d2z

(
gµν∂X µ∂̄X ν +Bµν∂X µ∂̄X ν

)
, (2.1.8)

where gµν = ⟨eµ, eν⟩, X j = (eµ)
jX µ, Bjk is a constant antisymmetric B-field andBµν = Bjk(eµ)

j(eν)
k.

In general, the partition function for this field theory depends on both the holomorphic and anti-

holomorphic coordinates q = e2πiτ , q̄ = e−2πiτ̄ . If we require

Bµν ≡ ⟨eµ, eν⟩ mod 2, (2.1.9)

then the partition function takes the factorised form

Z(q, q̄) =

∣∣∣∣∣ 1

η(q)24

∑
λ∈ΛL

q
⟨λ,λ⟩

2

∣∣∣∣∣
2

, (2.1.10)

where η is the Dedekind eta function. The Hilbert space of the theory also decomposes as a tensor

product of holomorphic and antiholomorphic sectors. The restriction to the holomorphic sector gives

us the Leech torus theory in the field theory description. We can relate the on-shell fields to the

field Xi(z) of the algebraic description above via X i(z, z̄) = 1
2 (X

i(z) +Xi(z̄)).

The Monster CFT is constructed as a Z2-orbifold of the Leech torus CFT. To construct this

orbifold CFT, we gauge the global Z2 symmetry defined by:

θXjθ−1 = −Xj , θajnθ
−1 = −ajn, θ|λ⟩ = | − λ⟩ (2.1.11)

where θ is the generator of the Z2 automorphism. This defines an action on the Fock spaces and

extends linearly to the Hilbert space. Now gauge it. The result is a theory of fields Xj on the

orbifold T24/Z2 where Z2 acts on T24 as x 7→ −x. The fixed points of this action, 1
2ΛL/ΛL, form a

group isomorphic to T2(ΛL) := ΛL/2ΛL. The B-field defines a bilinear form ε on T2(ΛL):

ε(λ1, λ2) = eπi
∑
j<k Bjk(λ1)

j(λ2)
k

. (2.1.12)

From eq. (2.1.9) we see that
ε(λ1, λ2)

ε(λ2, λ1)
= (−1)⟨λ1,λ2⟩. (2.1.13)



24

Following the standard rules of gauge theory, the Hilbert space of the orbifold theory is a direct

sum of spaces associated with the trivial and nontrivial Z2 bundles over the circle. The subspace

associated with the trivial bundle is the θ = 1 subspace H +(ΛL) of H (ΛL), called the untwisted

sector. The subspace associated with the nontrivial bundle is known as the twisted sector.

To construct the twisted sector we start with fields Xj(z) on T24/Z2 satisfying the antiperiodic

boundary condition

Xj(e2πiz) = −Xj(z) (mod ΛL). (2.1.14)

These fields have mode expansion of the form

Xj(z) = q̃j + i
∑

k∈Z+ 1
2

cjk
k
z−k (2.1.15)

where the modes satisfy the same algebra as eq. (2.1.3):

[cjk, c
m
ℓ ] = kδjmδk+ℓ,0. (2.1.16)

Classically, the Z2-orbifold breaks the translation symmetry on the torus to the order two points

T2(ΛL). The unbroken translational symmetry is realised in the quantum theory via the represen-

tation of a central extension of T2(ΛL), as is often the case in quantum theory. In the present case

the central extension is the Heisenberg extension and fits in an exact sequence:

0 −→ Z2 −→ Γ(ΛL)
−−−−→ T2(ΛL) −→ 0 (2.1.17)

where − is the surjective homomorphism. This central extension is characterised by a cocycle ε

which is provided by the B-field (see eq. (2.1.12)). We may choose a section T : T2(ΛL) −→ Γ(ΛL)

such that

T ([λ1])T ([λ2]) = ε(λ1, λ2)T ([λ1 + λ2]) (2.1.18)

The commutator function is given by eq. (2.1.13). There is a unique unitary irreducible real

representation of the Heisenberg group Γ(ΛL) up to isomorphism. Let us denote it by S. Since

|T2(ΛL)| = 224, S ∼= R212 as a vector space and can be constructed using gamma matrices (see the

discussion below eq. (2.5.87) for detailed construction). Let FT be the Fock space constructed using

the half-integral moded oscillators cjr. Then the twisted Hilbert space is

HT (ΛL) = SpanC{FT ⊗R S}. (2.1.19)

Note that FT is complex and hence HT (ΛL) is a complex vector space. One can extend the action

of the involution θ to HT (ΛL) by defining

θcjkθ
−1 = −cjk, θχ0 = −χ0, χ0 ∈ S. (2.1.20)
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Thus HT (ΛL) also decomposes as a direct sum of θ = ±1 subspaces which we denote by H ±
T (ΛL).

The total Hilbert space of the Monster CFT is then

HFLM := H +(ΛL)⊕ H +
T (ΛL). (2.1.21)

The vertex operators are defined precisely in Subsection 2.3.2 where the space HFLM is also denoted

H̃ (ΛL). This theory has the famous property that the automorphism group of the operator product

algebra is the Monster group. The partition function for the theory is

ZHFLM(q) = J(q). (2.1.22)

In section 2.4 below we give a careful explanation of a result of [LS19] that the theory studied in

[DGH88] is a spin lift 2 of the Monster CFT corresponding to an involution ι of the Monster which

acts as the identity on H +(ΛL) and as multiplication by −1 on H +
T (ΛL). The Hilbert space of the

theory is

HBB = H (ΛL)⊕ HT (ΛL). (2.1.23)

The main claim of [DGH88] is that this theory is superconformal. As we will discuss, some care must

be taken here since HBB is not actually a vertex operator superalgebra (SVOA). As in [DGH88], we

decompose

HBB = H NS
BB ⊕ H R

BB , (2.1.24)

where

H NS
BB := H (ΛL)

+ ⊕ HT (ΛL)
−, H R

BB := H (ΛL)
− ⊕ HT (ΛL)

+ . (2.1.25)

We will show in Theorem 2.5.1 that the subspace

H NS
BB = H (ΛL)

+ ⊕ HT (ΛL)
− (2.1.26)

is an SVOA. Then we will show that there exists a conformal dimension 3
2 vertex operator that

can serve as a supercurrent, thus making (2.1.26) a superconformal VOA (SCVOA). The remaining

space H R
BB = H (ΛL)

− ⊕ HT (ΛL)
+ is a module for this SCVOA.

In some more detail, the construction of the superconformal current proceeds as follows. The

spinor representation S, which was projected out in the Monster CFT, contains states with conformal

weight 24 · 1
16 = 3

2 . These are the twist fields in the theory and have the correct conformal dimension

of a supercurrent. The main new observation of the in this chapter is that there does in fact exist a

spinor Ψ ∈ S such that the corresponding vertex operator V (Ψ, z) can be identified with TF (z) in the

2Reference [DGH88] uses the term “Z2 cover,” without giving a precise definition. We make this notion precise by

explaining the spin lift of a CFT, see Section 2.4.1.
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OPE eq. (2.4.3). It is not difficult to see that for any Ψ ∈ S the vertex operator V (Ψ, z) is a Virasoro

primary of weight 3/2. With more effort, and making use of the formalism of [DGM90, DGM94],

we show that the vertex operator V (Ψ, z) satisfies the OPE

V (Ψ, z)V (Ψ, w) ∼ ⟨Ψ|Ψ⟩
(z − w)3

+
1

8

⟨Ψ|Ψ⟩
z − w

T (w) +
1

z − w

∑
λ∈ΛL

⟨λ,λ⟩=4

κλ(Ψ)eiλ·X(w) (2.1.27)

where

κλ(Ψ) = ⟨Ψ|T ([λ])|Ψ⟩, T ([λ]) ∈ Γ(ΛL). (2.1.28)

The problem of constructing a supercurrent then reduces to finding a spinor Ψ such that κλ(Ψ) = 0

for every λ of norm-squared 4. Given such a non-zero vector we can normalise it so that ⟨Ψ|Ψ⟩ = 4

and then V (Ψ, z) is a supercurrent with central charge ĉ = 16.

Note that for any Abelian subgroup L̂ ⊂ Γ(ΛL), the operator

P (L̂) := N
∑
[λ]∈L̂

T ([λ]) (2.1.29)

is a projection operator for a suitable normalization factor N = |L̂|−1. Moreover if L̂ is a maximal

Abelian subgroup then P (L̂) is a rank one projection operator. We will show that there exist

maximal Abelian subgroups L̂ such that, for a suitably normalized Ψ ∈ ImP (L̂), the vertex operator

V (Ψ, z) is a supercurrent. Our proof relies on the existence of sublattices ΛSC ⊂ ΛL such that:

1. For every λ1, λ2, λ ∈ ΛSC, ⟨λ1, λ2⟩ ≡ 0mod 2 and ⟨λ, λ⟩ ≡ 0mod 4.

2. ΛSC does not contain any vector of norm-squared 4.

3. 2ΛL ⊂ ΛSC with index 212.

Hypothesis (1) and (3) implies that Γ̃(ΛSC) := {T ([λ]) : [λ] ∈ Λ̃SC} is an order 212 Abelian sub-

group of Γ(ΛL), where Λ̃SC := ΛSC/2ΛL. Hypothesis (2) is a technical requirement crucial for the

construction of the supercurrent. We call such sublattices superconformal sublattices. We define a

specific isomorphism3 T2(ΛL) ∼= F24
2 using the representation of Γ(ΛL) in terms of the Dirac gamma

matrices (see (2.5.95) and the discussion below it). Then the chain of maps

Γ(ΛL) −→ T2(ΛL) −→ F24
2 (2.1.30)

determines a [24, 12] binary code CSC when restricted to Γ̃(ΛSC). Finally we show that

⟨λ, λ⟩ = 4 =⇒ κλ(Ψ) = 0 (2.1.31)

3Note that there is an obvious isomorphism between the two spaces once we choose a generating set for ΛL.
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if Ψ ∈ ImP (Γ̃(ΛSC)) because of the error-correcting properties of CSC.

An example of a superconformal lattice is given by an embedding of
√
2ΛL into ΛL. In fact

there can be several embeddings which cannot be rotated into each other by an element of the

automorphism group Co0 of the Leech lattice. We investigate the different supercurrents that can

be constructed in this way in Section 2.5.3. We give an explicit construction of two inequivalent

superconformal sublattices using the theory of Z4 codes. One of these superconformal lattices gives

rise to the binary Golay code, so that the corresponding supercurrent can be considered analogous

to the Duncan spinor in Conway supermoonshine [DMC14]. In principle there might be further

superconformal sublattices of ΛL not obtained by embeddings of
√
2ΛL, but we have nothing to say

about these. Since there are inequivalent supercurrents one naturally asks if there is N ≥ 2 super-

symmetry in the BB module. Unfortunately, the answer appears to be no, since there is no suitable

U(1) R-symmetry current. Nevertheless, there is an unusual algebraic structure in this model. A

deeper understanding would most likely turn out to be fruitful.

We comment here on some related recent literature. Vertex operator superalgebras (SVOAs) of

central charge c = 24 were classified in [HM23]. The SVOA of equation (2.1.26) is entry 968 of

[HM23, Table 9]. Recently, it was also observed that most of the vertex operator superalgebras as-

sociated to the odd unimodular lattices of rank 24 have an N = 4 superconformal structure [HM18].

Moreover, one of the results of [GJF18] was that the vertex operator superalgebra obtained by an

orbifold of the VOA based on the odd Leech lattice has at least two inequivalent N = 1 supercon-

formal structures. Indeed, [GJF18] also shows that the orbifold of the VOA based on odd Leech

lattice is isomorphic to the Beauty and the Beast SCFT, thus providing an indirect construction of

a supercurrent in the Beauty and the Beast SCFT. As far as we understand, the isomorphism of

their description to that used by [DGH88] is non-explicit. Our construction, which deals with the

orbifold theory based on the even Leech lattice, gives a direct construction of the supercurrents in

the Beauty and the Beast SCFT and hence is different from the considerations of [GJF18, HM18].

Here is a brief outline of the remainder of the chapter: In Section 2.2 we review the formalism of

[DGM94] for vertex operator algebras (VOAs) and their extensions by representations. In Section

2.3 we review the twisted and untwisted construction of lattice VOAs. We discuss the Monster
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VOA as the prime example. In Section 2.4 we review the notion of a superconformal vertex operator

algebra (SCVOA) and the spin lift of CFTs and apply it to Monster CFT in Subsection 2.5.1 to show

that the theory in [DGH88] is a spin lift of the Monster CFT. Finally in Section 2.5 we show how

superconformal lattices give rise to supercurrents. In Section 2.5.3 we construct two inequivalent

supercurrents by constructing two inequivalent superconformal sublattices. There are two technical

appendices. In Appendix A.1 we review some aspects of binary and quaternary codes and their

associated lattices that are used in this chapter. A second Appendix A.2 gives a detailed proof of a

crucial locality relation satisfied by twist fields.

2.2 Vertex Operator Algebras And Their Extensions

In this section, we review vertex operator algebra in the formalism of [DGM94]. See [FLM88a] for

the mathematical definition of vertex operator algebras. We refer the reader to [DGM94] for more

details and the proofs of the results in this section.

2.2.1 Definition Of A Vertex Operator Algebra

We begin with the definition of a vertex operator algebra.

Definition 2.2.1. A vertex operator algebra (VOA) is a tuple4 (H ,F ,V, |0⟩, ψL) where H is a

Hilbert space of states, F a dense subspace called the Fock space and V a set of linear operators

on H called vertex operators V (ψ, z) which are linear in ψ and depend meromorphically on z ∈

C. They in one-to-one correspondence with the states ψ ∈ F . The product of vertex operators

V (ψ1, z1)V (ψ2, z2) · · · is defined, a priori, only in the region |z1| > |z2| > . . . . There are two special

states in F , the vacuum |0⟩ and a conformal state ψL. The first five properties listed below must

be satisfied. If in addition the last property (6) is satisfied, we call it an Hermitian vertex operator

algebra

4 What we call a vertex operator algebra is called a conformal field theory in [DGM94]. In the physics literature,

a VOA is the chiral part of a CFT and the full CFT is constructed from the irreducible representations of the

VOA, see Subsection 2.2.2 for the definition of representation of a VOA. It is in this sense that we will use the

word vertex operator algebra and conformal field theories in this paper, see [MS89c, MS89a] for more details on this

viewpoint. For the Monster VOA, there are no other irreducible representations other than itself. So we can (and

do) use Monster CFT synonymously with Monster VOA. An attempt to formalize the full CFT in terms of the full

non-chiral algebra and its modules was made in [HK07, Mor20, SS23]. Finally, we use the term spin CFT to mean

a CFT whose state spaces on circle (a time slice of the cylinder) depends on the spin structure on the circle.
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1. The moments of the vertex operator of ψL is given by

V (ψL, z) =
∑
n∈Z

Lnz
−n−2 (2.2.1)

and satisfies the Virasoro algebra

[Lm, Ln] = (m− n)Lm+n +
c

12
m
(
m2 − 1

)
δm,−n (2.2.2)

with L†
n = L−n and Ln|0⟩ = 0, n ≥ −1. The vertex operator T (z) = V (ψL, z) is called the

stress tensor.

2. The vertex operators satisfy

(i) V (ψ, z)|0⟩ = ezL−1ψ (ii) V (ψ, z)V (ϕ,w) = V (ϕ,w)V (ψ, z) (2.2.3)

The relation (ii) is called the bosonic locality relation and is interpreted as follows: the left

hand side is a priori well defined for |z| > |w| and the right hand side is well defined for

|w| > |z|. The locality relation means that the analytic continuation of the matrix elements of

both sides to the whole (z, w) plane must be equal except for poles at z = w and z, w = 0,∞.

A vertex operator is said to be local with respect to V if it satisfies the bosonic locality relation

with every vertex operator in V.

3. The operator wL0 := eL0 lnw acts locally with respect to V, that is wL0V (ψ, z)w−L0 is local

with respect to V.

4. L0 is diagonalizable and the spectrum of L0 is bounded below. The eigenvalues hψ of eigen-

states ψ of L0 are called conformal weights.

5. The vacuum is the only su(1, 1) invariant state in the theory, i.e. the only state annihilated

by L0 and L±1.

6. For all ψ ∈ F , the vertex operator V (ez
∗L1z∗−2L0ψ, 1/z∗)†, where z∗ is the complex conjugate

of z, is local with respect to V.

Definition 2.2.2. 1. A state ψ ∈ H is called a quasi-primary state if L1ψ = 0. It is called a

conformal primary state if Lnψ = 0 for n = 1, 2 (and hence for all n > 0 by Virasoro algebra).

The corresponding vertex operator V (ψ, z) is called quasi-primary field and conformal primary

field respectively.

2. The moments of a vertex operator corresponding to an eigenstate ψ of L0 with conformal

weight hψ are defined to be the modes in the Laurent expansion around zero:

V (ψ, z) =
∑
n∈Z

Vn(ψ)z
−n−hψ (2.2.4)
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where z ̸= 0,∞.

The following properties can be proved as a consequence of the definition of an Hermitian VOA (see

[DGM94] for proofs):

Proposition 2.2.1. Let (H ,F ,V, |0⟩, ψL) be an Hermitian vertex operator algebra. Then the

following statements hold:

1. We have that
d

dz
V (ψ, z) = V (L−1ψ, z). (2.2.5)

This is called the translation property.

2. The conformal weights of an Hermitian VOA are non-negative integers.

3. Any conformal primary field V (ψ, z) with ψ an eigenstate of L0 with conformal weight hψ

satisfies the commutator

[Ln, V (ψ, z)] = zn
(
z
d

dz
+ (n+ 1)hψ

)
V (ψ, z). (2.2.6)

Equivalently, the moments satisfy

[Lm, Vn(ψ)] = ((hψ − 1)m− n)Vn+m(ψ). (2.2.7)

For a quasi-primary field, (2.2.6) and (2.2.7) is true only for L0, L±1.

4. The operator product expansion (OPE) of any two vertex operators V (ψ, z) and V (ϕ,w)

corresponding to eigenstates of L0 is given by

V (ψ, z)V (ϕ,w) =

∞∑
n=0

(z − w)−n−hψ−hϕV (ϕn, w)

=

∞∑
n=0

(z − w)−hϕn−hψ−hϕV (ϕn, w),

(2.2.8)

where

ϕn := Vhϕ−n(ψ)ϕ. (2.2.9)

Equivalently, 5

V (ψ, z)V (ϕ,w) = V (V (ψ, z − w)ϕ,w) . (2.2.10)

5The left hand side of (2.2.10) is defined in the domain |z| > |w| while the right hand side of (2.2.17) is defined in

the domain |w| > |z−w|. So the equality in (2.2.10) must be understood in the sense of analytic continuation of the

matrix elements of the two sides as in the bosonic locality relation (ii) in (2.4.4).
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5. For each ψ ∈ F , the locality of V (ez
∗L1z∗−2L0ψ, 1/z∗)† implies that we have an antilinear

map

ψ 7−→ ψ, (2.2.11)

where

V (ez
∗L1z∗−2L0ψ, 1/z∗)† = V (ψ, z) (2.2.12)

so that

ψ := lim
z→0

V (ez
∗L1z∗−2L0ψ, 1/z∗)†|0⟩. (2.2.13)

6. For a quasi-primary vertex operator, the moments satisfy Vn(ψ)† = V−n(ψ).

Remark 2.2.1. We would like to put the definition above into perspective. The notion of vertex

(operator) algebras was introduced by Borcherds in [Bor86b] and Frenkel-Lepowsky-Meurman in

[FLM88a]. The notion of vertex operator algebra in [FLM88a] differs from ours in the sense that

[FLM88a] uses formal calculus to define vertex operators and the locality axiom is replaced by Jacobi

identity. In [FHL93b], it has been shown that locality (called commutativity in [FHL93b]) and OPE

(2.2.10) (called associativity in [FHL93b]) of vertex operators is equivalent to the Jacobi identity.

The lower boundedness of the spectrum of L0 in item 4 corresponds to a grading-restriction condition

on the VOA. Moreover, the Hermiticity axiom in item 6 above is equivalent to the statement that

the VOA is isomorphic to its contragradient as modules for itself, see [FHL93b] for more details.

Remark 2.2.2. Usually primary fields in a VOA are defined based on their OPE with the stress

tensor. A field ϕ(z) is called a primary field of conformal dimension h if it has the following OPE

with T (z):

T (z)ϕ(w) ∼ h

(z − w)2
ϕ(w) +

∂wϕ(w)

z − w
. (2.2.14)

Using the standard contour integral manipulations, one can show that this definition is equivalent

to commutator (2.2.7).

Definition 2.2.3. A sub-vertex operator algebra (sub-VOA) of a VOA H is defined to be a subspace

I ⊂ H such that

1. I is an invariant subspace for all the vertex operators V (ϕ, z) for ϕ ∈ FI := F ∩ I .

2. I is invariant under the su(1, 1) algebra spanned by L±1, L0.

3. FI := {ϕ : ϕ ∈ FI } = FI .

One can show that the sub-VOA contains a conformal state and that a sub-VOA of a (Hermitian)

VOA is itself a (Hermitian) VOA.
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Definition 2.2.4. We say that two VOAs H and H ′ with Fock spaces F and F ′ respectively and

corresponding vertex operators V (ψ, z) and V ′(ψ′, z) are isomorphic if there exists a unitary map

u : H −→ H ′ such that

V ′(uψ, z) = uV (ψ, z)u−1, ψ ∈ F . (2.2.15)

An isomorphism u : H −→ H which preserves |0⟩, ψL is called an automorphism. The group of all

automorphisms of a VOA H is called the automorphism group of the VOA.

If u : H −→ H ′ is an isomorphism then

u|0⟩ = |0′⟩ , uψL = ψ′
L, (2.2.16)

where |0⟩, |0′⟩ are the vacuum states and ψL, ψ′
L are the conformal states in H and H ′ respectively.

2.2.2 Representation Of A Vertex Operator Algebra

Definition 2.2.5. A representation (U,K ) of a vertex operator algebra (H ,V,F , |0⟩, ψL) is a

Hilbert space K and a set of linear operators U(ψ, z) : K −→ K meromorphic in z and linear in

ψ for ψ ∈ F and for all ψ, ϕ ∈ F , we have:

U(ψ, z)U(ϕ, ζ) = U(V (ψ, z − ζ)ϕ, ζ) (2.2.17)

with U(|0⟩, z) ≡ 1. The equality is understood as in (2.2.10).

One can show that the operators U(ψ, z) are local in the sense of bosonic locality relation.

Moreover, the modes of U(ψL, z) satisfies the Virasoro algebra and U(ψL, z) also satisfies the

translation property as in (2.2.5). For χ ∈ K let us define a meromorphic family of operators

W (χ, z) : H −→ K by

W (χ, z)ϕ := ezL−1U(ϕ,−z)χ. (2.2.18)

Then we have the following proposition.

Proposition 2.2.2. [DGM94, Proposition 3.4] The existence of a representation is equivalent to

the existence of “intertwining” operators W (χ, z) : H −→ K for χ ∈ K (or a dense subspace of

K ) satisfying

U(ψ, z)W (χ, ζ) =W (χ, ζ)V (ψ, z) (2.2.19)

and

lim
ζ→0

W (χ, ζ)|0⟩ = χ. (2.2.20)
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2.2.3 Extension Of A Vertex Operator Algebra By A Real Hermitian Representation

Definition 2.2.6. A representation U is said to be Hermitian if

U(ϕ, z) = U(ez
∗L1z∗−2L0ϕ, 1/z∗)† (2.2.21)

for every ϕ ∈ F . Here L1 is the Laurent mode of U(ψL, z). The representation is said to be real if

there is an antilinear map χ 7→ χ in K satisfying

χ = χ, L−1χ = −L−1χ,

fχ1ϕχ2
= (−1)hχ1+hϕ+hχ2 fχ1ϕχ2

(2.2.22)

where

fχ1ϕχ2 := ⟨χ1|U(ϕ, 1)|χ2⟩. (2.2.23)

Moreover if L0χ = hχχ then L0χ = hχχ.

Remark 2.2.3. The above condition (2.2.21) is equivalent to

U(ϕ, z) = z−2hϕU(ez
∗L1ϕ, 1/z∗)† (2.2.24)

for ϕ ∈ F with conformal weight hϕ.

Definition 2.2.7. Define the conjugate W of the operator W (χ, z) : H −→ K by the relation:

W (χ, z) = z−2hχW (ez
∗L1χ, 1/z∗)†. (2.2.25)

Proposition 2.2.3. [DGM94, Proposition 4.3] The operator W : K −→ H satisfies the following

intertwining relations

W (χ, ζ)U(ψ, z) = V (ψ, z)W (χ, ζ)

W (χ1, ζ)W (χ2, z) =W (χ2, z)W (χ1, ζ).
(2.2.26)

We have the following important theorem:

Theorem 2.2.1. [DGM94, Proposition 4.4] Suppose that the operator W (χ, z) satisfy the additional

locality relation

W (χ1, ζ)W (χ2, z) =W (χ2, z)W (χ1, ζ) (2.2.27)

and the spectrum of L0 in the representation is strictly positive, then we may extend the vertex

operator algebra H to a Hermitian vertex operator algebra H̃ := H ⊕ K with Fock space F̃ :=

F ⊕ K and vertex operators defined by

Ṽ (ψ, z) =

V (ψ, z) 0

0 U(ψ, z)

 , Ṽ (χ, z) =

 0 W (χ, z)

W (χ, z) 0

 (2.2.28)
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where we used the notation ψ = (ψ, 0) and χ = (0, χ) for ψ ∈ H and K and the definition

is extended to all of F̃ by linearity. The vacuum and conformal states are (|0⟩, 0) and (ψL, 0)

respectively.

Remark 2.2.4. The extended vertex operator algebra H̃ has an automorphism ι which acts as

identity on H and multiplication by −1 on K .

2.3 Lattice Vertex Operator Algebras And Their Orbifolds

In this section, we study VOAs associated to lattices, first studied in [Bor86b, FLM88a] Let Λ be

an even Euclidean lattice of dimension r. We can construct a VOA using this lattice. We can

construct two types of VOAs, the untwisted or straight VOA and the twisted VOA. We describe

this construction in this section. We follow [DGM94] for this construction.

2.3.1 Untwisted Vertex Operator Algebra

Consider the r-torus Tr := Rr/Λ where the equivalence relation is

x ∼ x′ ⇐⇒ x− x′ = 2πβ (2.3.1)

for some β ∈ Λ. We consider r fields

Xj(z) = qj + ipj ln z + i
∑
n̸=0

ajn
n
z−n (2.3.2)

which we can view as in correspondence with the coordinates on the torus Tr. We impose the

commutation relations on the modes:

[qj , pk] = iδjk, [ajn, a
k
m] = nδjkδn+m,0. (2.3.3)

We then introduce a family of orthogonal lines Lλ, one for each λ ∈ Λ. We require that ajn for n > 0

annihilates Lλ and pj acts on Lλ as scalar multiplication by λj . We may choose a family of basis

vectors |λ⟩ for Lλ which are orthonormal: ⟨λ|λ′⟩ = δλ,λ′ . Any two choices are related by a uniform

multiplication by a phase. With this inner product, we have the Hermitian conjugates aj†n = aj−n.

For each λ ∈ Λ, we then construct the Fock space Fλ by creating states using ajn. Thus a basis is

of the form:

ψ =

(
M∏
a=1

aja−ma

)
|λ⟩, (2.3.4)

where ma and ja are positive integers 1 ≤ ja ≤ r and M ∈ Z+ with the understanding that ψ = |λ⟩

when M = 0. The Hilbert space of states is then the (completion of the) span of the Fock spaces
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Fλ for λ ∈ Λ. The Fock space of the VOA is defined as

F =
⊕
λ∈Λ

Fλ. (2.3.5)

We denote the Hilbert space by H (Λ). For ψ ∈ Fλ given by (2.3.4), we define the vertex operator

V (ψ, z) by the expression

V (ψ, z) = :

(
M∏
a=1

i

(ma − 1)!

dmaXja

dzma
(z)

)
exp {iλ ·X(z)} : σλ, (2.3.6)

where :: denotes normal ordering and is defined as follows:

: ajna
k
m :=: akm a

j
n :=


akm a

j
n m ≤ n,

ajn a
k
m m ≥ n,

: ajmp
k :=: pk ajm := ajmp

k,

: qj akn :=: aknq
j := aknq

j ,

: qjpk :=: pk qj := qjpk.

(2.3.7)

In particular

: exp {iλ ·X(z)} := exp {iλ ·X<(z)} eiλ·qziλ·p exp {iλ ·X>(z)} (2.3.8)

where

Xj
≶(z) = i

∑
n≶0

ajn
n
z−n. (2.3.9)

The operator σλ is a cocycle operator such that

σ̂λσ̂µ = (−1)λ·µσ̂µσ̂λ (2.3.10)

with σ̂λ = eiλ·qσλ. Also the operator q acts on the states |λ⟩ only via the exponential

eiµ·q|λ⟩ = |λ+ µ⟩, λ, µ ∈ Λ. (2.3.11)

This cocycle is introduced to ensure the mutual locality and associativity of the operator product

expansion. The vacuum state is |0⟩ corresponding to 0 ∈ Λ and the conformal state ψL is defined as

ψL =
1

2
a−1 · a−1|0⟩. (2.3.12)

It can be shown that the energy momentum tensor T (z) is given by

T (z) = V (ψL, z) = −1

2
: ∂zX · ∂zX : (2.3.13)

and the Virasoro modes are given by

Ln =
1

2

∑
m∈Z

an−m · am, n ̸= 0,

L0 =
1

2
p2 +

∑
n∈N

a−n · an.
(2.3.14)
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One can also show that the Virasoro generators satisfy the Virasoro algebra with central charge

c = r. The partition function of the theory is given by

ZΛ(τ) = q−c/24TrH (Λ)q
L0 =

ΘΛ(τ)

ηr(q)
, q = e2πiτ , (2.3.15)

where

ΘΛ(τ) =
∑
λ∈Λ

q
1
2λ

2

(2.3.16)

is the theta function for the lattice Λ and τ ∈ H := {z = x+ iy ∈ C : y > 0}. The partition function

is said to be modular invariant if it is invariant under the modular action of SL(2,Z):

ZΛ

(
aτ + b

cτ + d

)
= ZΛ(τ),

a b

c d

 ∈ SL(2,Z). (2.3.17)

The partition function (2.3.15) is modular invariant if and only if the lattice Λ is selfdual.

Remark 2.3.1. In physics, (2.3.15) defines what is called the torus partition function and is the

partition function of a conformal field theory on the torus. In general, partition function can be

defined on any general Riemann surface via a path integral. Due to conformal symmetry, the path

integral on the torus simplifies to the above expression involving trace over the Hilbert space.

Theorem 2.3.1. [DGM94] If Λ is even, self-dual with dimension r ≡ 0(mod 24), then the Hilbert

space H (Λ) with the vertex operators and structures defined above forms a Hermitian vertex operator

algebra with central charge c = r and modular invariant partition function. Moreover the Hermitian

structure is given by

ϕ = e−iπL0θϕ (2.3.18)

where ϕ is a real linear combination of states of the form (2.3.4) and can be extended to complex

linear combinations using the antilinearity of the above map and θ is an involution given by

θajnθ
−1 = −ajn, θ|λ⟩ = | − λ⟩, θXiθ−1 = −Xi. (2.3.19)

Remark 2.3.2. It can easily be checked that the basis states (2.3.4) have conformal dimensions

hψ =
1

2
λ2 +

M∑
a=1

ma (2.3.20)

which is an integer since Λ is even.

2.3.2 Twisted Vertex Operator Algebra

Given a modular invariant vertex operator algebra with a discrete subgroup G of the automorphims

group, one can construct a new vertex operator algebra by “modding out” or “twisting” or “orb-

ifolding” by G given that G satisfies certain restrictions. This simply corresponds to gauging the
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symmetry, and the restriction is simply the condition that G is not anomalous. For the lattice vertex

operator algebra constructed above, the automorphism group Z2, consisting of the involution θ in

Theorem 2.3.1 satisfies all the restrictions given that
√
2Λ∗ is even. Thus we can construct the

twisted vertex operator algebra. The essential idea is to construct a representation of a sub-vertex

operator algebra which satisfies the hypotheses of Theorem 2.2.1 and then consider the extended

vertex operator algebra given in Theorem 2.2.1. We now describe the construction in detail.

Let Λ,H (Λ) and θ be as in Theorem 2.2.1. Then θ is an involution of H (Λ). We have the

direct sum decomposition

H (Λ) = H +(Λ)⊕ H −(Λ) (2.3.21)

where

H ±(Λ) := {ψ ∈ H (Λ) : θψ = ±ψ}. (2.3.22)

Lemma 2.3.1. [DGM94] H +(Λ) is a sub-vertex operator algebra of H (Λ).

Note that H +(Λ) is not a modular invariant VOA. To get a modular invariant VOA, we construct

a representation of this VOA and then extend it as described in Section 2.2. To construct the

representation of the VOA H +(Λ), we first construct a Hilbert space HT (Λ), known as the space

of twisted states. To do so, we consider the bosonic oscillators cjℓ indexed by ℓ ∈ Z + 1
2 satisfying

the same algebra as ajn:

[cjℓ , c
k
m] = ℓδjkδℓ+m,0. (2.3.23)

To construct the space over which these oscillators can act, we start with the Z2 extension of

the (abelian group) lattice Λ with commutator function (λ, µ) 7→ (−1)λ·µ. We choose a 2-cocycle

ε(λ, µ) = ±1 which the describes the extension:

0 −→ Z2 −→ Λ̂
−−−−→ Λ −→ 0 (2.3.24)

where − denotes the projection map. Consider the subgroup6 K of Λ̂ given by

K = {a2(−1)
ā2

2 : a ∈ Λ̂}. (2.3.25)

Then [FLM88a, eq. 10.3.18]

K̄ ∼= 2Λ (2.3.26)

and we get the central extension

0 −→ Z2 −→ Λ̂/K
−−−−→ Λ/2Λ −→ 0 (2.3.27)

6It takes a few lines of algebra to verify that K is a subgroup. It helps to choose (as one may) ε to be a bihomomor-

phism.
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with commutator map ([λ], [µ]) 7→ (−1)λ·µ. Clearly the commutator map does not depend on the

choice of representatives.

Lemma 2.3.2. The extension (2.3.27) is a Heisenberg extension.

Proof. We want to show that the commutator map of the extension is nondegenerate [Moo22, Section

15.5]. Consider the bilinear form

b :Λ/2Λ× Λ/2Λ −→ Z2

([λ], [µ]) 7−→ λ · µmod 2.
(2.3.28)

Pick a basis {λi} of Λ and the corresponding basis {[λi]} of Λ/2Λ. Then the matrix of the bilinear

form b in the basis {[λi]} is the mod 2 reduction of the gram matrix of the basis {λi} of Λ. Then

since Λ is unimodular, the determinant of the latter matrix is ±1. Hence the determinant of b is 1

and hence b is nondegenerate. This implies that the commutator map is nondegenerate, that is for

every [λ] ̸= 0, there exists [µ] such that (−1)λ·µ = −1.

We denote by Γ(Λ) the Heisenberg group Λ̂/K. Let [λ] 7→ e[λ] be a section of this extension.

For a function u : Λ/2Λ −→ {±1}, [λ] 7→ ẽ[λ] := u([λ])e[λ] defines another section of the extension.

Moreover the cocycle changes by a coboundary:

ẽ[λ]ẽ[µ] = ε̃(λ, µ)ẽ[λ+µ] (2.3.29)

where

ε̃(λ, µ) =
u([λ])u([µ])

u([λ+ µ])
ε(λ, µ). (2.3.30)

Using this “gauge freedom” we can choose7 ε(0, λ) = 1 for all λ and e[0] = 1 ∈ Γ(Λ). To simplify

notations, we write e[λ] =: eλ. We can then write

Γ(Λ) = {±eλ : λ ∈ Λ}

eλeµ = (−1)λ·µeµeλ = ε(λ, µ)eλ+µ, e2λ = (−1)
1
2λ

2

,
(2.3.31)

The last relation e2λ = (−1)λ
2/2 comes from the fact that K is modded out in the Heisenberg group

Γ(Λ). Note that these relations do not depend on the choice of representatives of [λ], [µ] when

calculating λ · µ.

Lemma 2.3.3. The cocycle ε satisfies

ε(λ, λ) = (−1)
λ2

2 . (2.3.32)

7Note that (2.3.26) implies that e[0] = ±1.
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Proof. To prove this, we use a result of [FLM88a]. For a central extension of an elementary abelian

2-group8 E by Z2

0 −→ Z2 −→ Ê
−−−−→ E −→ 0 (2.3.33)

with commutator map (x, y) 7→ (−1)c(x,y), the squaring map s : E −→ Z2 is defined by

a2 = (−1)s(ā), a ∈ Ê. (2.3.34)

The bilinear form corresponding to s is the commutator map:

c(x, y) = s(x+ y)− s(x)− s(y). (2.3.35)

Then by [FLM88a, Proposition 5.3.3], for any central extension Ê of an abelian 2-group E by Z2

with squaring map s, the cocycle satisfies

(−1)s(x) = ε(x, x). (2.3.36)

Moreover, by (2.3.30) cohomologous cocycles do not change this relation. For the central extension

(2.3.27) at hand, it is easy to check that the squaring map is

[λ] 7→ λ2

2
mod 2. (2.3.37)

The required relation thus holds.

Let S(Λ) be the carrier space of the unique (up to isomorphism) 2r/2-dimensional irreducible

unitary representation of Γ(Λ). Such a representation can be constructed using Dirac gamma ma-

trices, see [DGM90, Appendix C] for an explicit construction. When the representation is real we

choose it to be a real vector space of dimension 2r/2. The vector space S of the introduction is

S(ΛL) in our present notation.

The algebra of oscillators {cjℓ} is represented on a Fock space FT with a unique vacuum line

spanned by |0⟩T , so cjℓ |0⟩T = 0 for ℓ > 0. Then the twisted sector Hilbert space is the (completion

of):

HT (Λ) = FT ⊗R S(Λ) . (2.3.38)

A general Fock space state is a linear combination of vectors of the form:

χ =

(
N∏
a=1

cja−ka

)
|0⟩T ⊗ χ0, (2.3.39)

8For a prime number p, an elementary abelian p-group is a direct product of cyclic groups of order p.
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where N ∈ Z+ and ka = ma +
1
2 with ma ∈ Z+ and 1 ≤ ja ≤ r, and χ0 ∈ S(Λ). We endow HT (Λ)

with an Hermitian structure such that (cj)†k = cj−k. The Virasoro modes are given by

LTn =
1

2

∑
k∈Z+ 1

2

: ck · cn−k : +
r

16
δn,0. (2.3.40)

In particular, the ground states S(Λ) have conformal weight r/16 and the conformal weight of the

state χ given by (2.3.39) is

hχ =
r

16
+

M∑
a=1

ka. (2.3.41)

To construct the vertex operators corresponding to states in HT (Λ), we start with the an expression

analogous to the untwisted vertex operator (2.3.6). We will then need to modify the naive expression

in order to satisfy the translation property (2.2.5) and the conformal transformation property (2.2.6).

Thus, we consider the fields

Rj(z) = i
∑

k∈Z+ 1
2

cjk
k
z−k (2.3.42)

and we first define the naive vertex operator V 0
T (ψ, z), corresponding to the state ψ in (2.3.4), to be:

V 0
T (ψ, z) :=

(
M∏
a=1

i

(ma − 1)!

dmaRja

dzma
(z)

)
exp {iλ ·R(z)} : eλ, (2.3.43)

where the normal ordering :: is defined analogous to the untwisted case. This operator fails to

satisfy the LTn commutator (2.2.6). Including a factor of (4z)−
λ2

2 rectifies the commutator with LTn

[DGM90] but now the translation property (2.2.5) is not satisfied. To remedy this, we introduce the

vertex operator

VT (ψ, z) := V 0
T (e

A(−z)ψ, z), (2.3.44)

and try to solve for A(z) demanding the required properties. The constraints imposed on A(z) by the

LTn commutators and the translation property (2.2.5) is solved by the operator [DGM90, FLM88a]

A(z) =
1

2

∑
n,m≥0
m+n>0

 − 1
2

m

 1
2

n

 (−z)−m−n

m+ n
am · an − 1

2
a0 · a0 ln(−4z), (2.3.45)

where ai0 = pi. Note that the last term corresponds to the factor (4z)−
λ2

2 which is needed for the

LTn commutator (2.2.6).

Remark 2.3.3. The definition of the vertex operator VT (ψ, z) depends on the choice of the section

in (2.3.31). Indeed if we pick a different section λ 7→ e′λ, then the new cocycle ε′(λ, µ) is related to

the old cocycle by a coboundary b : Λ/2Λ 7→ {±1}:

ε′(λ, µ) = ε(λ, µ)
b(λ)b(µ)

b(λ+ µ)
. (2.3.46)



41

The unitary operators e′λ and eλ acting on S(Λ) are related by a unitary operator S [DGM94, eq.

6.10]

Se′λS
† = b(λ)eλ. (2.3.47)

For the conformal weights (2.3.41) to be integers, we need both the terms to be either strictly

half-integers or integers simultaneously. This immediately implies that r has to be a multiple of

8 [Ham17, Chapter 6],[Moo18]. When the second term is an integer (half-integers), the state χ is

obtained by acting an even (odd) number of oscillators on a twisted ground state. To quantify this,

we extend the action of the C-linear involution θ to H (Λ)⊕ HT (Λ) by

θcikθ
−1 = −cik, θχ0 = (−1)r/8χ0, θRjθ−1 = −Rj . (2.3.48)

It is now clear that when r is a multiple of 16, in which case the first term is an integer, hχ can be

integer only when χ is obtained by acting an even number of oscillators on a twisted ground state.

Since the twisted ground states are even under θ for r a multiple of 16, the state χ is also even under

θ. On the other hand if r ≡ 8mod 16, the twisted ground states are odd under θ and if we take χ

to be an odd number of oscillators acting on a twisted ground state, χ will be even under θ. In this

case the two terms in hχ in (2.3.41) are strictly half-integers. Thus we see that the only way the

conformal weights can be integers is when the following two conditions are satisfied:

1. The dimension r is a multiple of 8.

2. The state χ ∈ H +
T (Λ) where H +

T (Λ) is θ = 1 subspace with the action of θ as defined in

(2.3.48).

We now need to put an Hermitian structure on the twisted sector, see Definition 2.2.6. Choose an

orthonormal basis of S(Λ) and let γλ be the matrix of eλ with respect to this basis. Let M be a

symmetric, unitary matrix satisfying

Mγ∗λ = γλM. (2.3.49)

Such a matrixM exists because the unitary representation of the Clifford algebra is real in dimensions

divisible by 8 and the unique (up to isomorphism) unitary representation of the Heisenberg extension

(2.3.31) can be constructed using Dirac gamma matrices. Moreover one can choose M such that

M2 = 1 when r ≡ 0mod 8, see [Kuu19, Table 1] for more details and [DGM90, Appendix C] for an

explicit construction. Define the action of M on HT (Λ) by:

M : χ =

(
N∏
a=1

cja−ka

)
χ0 7−→M(χ) =

(
N∏
a=1

cja−ka

)
Mχ∗

0, χ0 ∈ S(Λ) (2.3.50)

where χ∗
0 is defined with respect to the chosen basis of S(Λ). We now have the following theorem.
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Theorem 2.3.2. [DGM90, DGM94] Let Λ be an even lattice and
√
2Λ∗ be even. Then the following

statements are true.

1. The vertex operators VT (ψ, z) and the Hilbert space H +
T (Λ) define a real, Hermitian represen-

tation of the vertex operator algebra H +(Λ) with the conjugation map on the twisted sector

H +
T (Λ) given on states of the form (2.3.39) by

χ = e−iπL
T
0 θM(χ), (2.3.51)

with extension to all states of the twisted sector defined by antilinearity.

2. The extended vertex operator algebra H̃ (Λ) := H +(Λ)⊕ H +
T (Λ) is a real, Hermitian vertex

operator algebra and is modular invariant if Λ is self-dual. This is called the Z2-orbifold model.

Remark 2.3.4. The extended vertex operator algebra H̃ (Λ) is independent of the choice of section

eλ used to define the operators VT (ψ, z) in (2.3.44) up to isomorphism. Indeed, if we choose a

different section λ 7→ e′λ of the Heisenberg extension and denote the operators in (2.3.44) with eλ

replaced by e′λ by V ′
T (ψ, z), then the VOA (H̃ (Λ), Ṽ ) is isomorphic to the VOA (H̃ (Λ), Ṽ ′) where

for ψ ∈ H +(Λ), and χ ∈ H +
T (Λ)

Ṽ (ψ, z) =

V (ψ, z) 0

0 VT (ψ, z)

 , Ṽ (χ, z) =

 0 W (χ, z)

W (χ, z) 0

 ,

Ṽ ′(ψ, z) =

V (ψ, z) 0

0 V ′
T (ψ, z)

 , Ṽ ′(χ, z) =

 0 W
′
(χ, z)

W ′(χ, z) 0

 ,

(2.3.52)

and W
′
(χ, z) is defined as in (2.2.18) using V ′

T . The explicit isomorphism u : H̃ (Λ) −→ H̃ (Λ) is

given by |λ⟩

|χ⟩

 7−→

b(λ)|λ⟩
S|χ⟩

 , |χ⟩ ∈ S(Λ) , (2.3.53)

where b(λ), S is as in Remark 2.3.3 and u commutes with ain, cik.

Applying this theorem to the Leech lattice defines the Monster module, also known as the FLM

module HFLM := H̃ (ΛL), see (2.1.21) above.

Remark 2.3.5. Note that we can take M = 1 in (2.3.49) by choosing the spin representation S(Λ)

of the Heisenberg group Γ(Λ) to be real. In that case the representation matrices γλ for eλ acting

on the twisted sector Hilbert space

HT (Λ) ∼= FT ⊗R S(Λ) (2.3.54)

are real, i.e., γ∗λ = γλ. We will use this to simplify the discussion in Subsection 2.5.2.
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2.4 N = 1 Superconformal Vertex Operator Algebra And Spin Lifts

We now describe a superconformal vertex operator algebra (SCVOA). Roughly speaking, an N = 1

SCVOA is a super-VOA with, in addition, N = 1 conformal supersymmetry.

Definition 2.4.1. An N = 1 superconformal vertex operator algebra (SCVOA) is a tuple (H ,F ,V, |0⟩, ψL)

where H = H0̄ ⊕ H1̄ is a super Hilbert space of states, F = F0̄ ⊕ F1̄ with Fα ⊂ Hα a dense

subspace called the Fock space and V a set of linear operators called vertex operators V (ψ, z) which

are meromorphic in z and linear in ψ. They are in one-to-one correspondence with the states ψ ∈ F .

We will denote the degree of ψ ∈ Hα with respect to the Z2-grading by |ψ| and call it the parity

of ψ. There are three special states in F , the vacuum |0⟩ ∈ F0̄, the conformal state ψL ∈ F0̄ and

the superconformal state ψG ∈ F1̄. The theory must satisfy the properties listed below, and is said

to be a Hermitian N = 1 superconformal vertex operator algebra if it satisfies in addition the last

property (7).

1. The moments of the vertex operator V (ψL, z) and V (ψG, z) are given9 by

TB(z) := V (ψL, z) =
∑
n∈Z

Lnz
−n−2

TF (z) := V (ψG, z) =
∑
r

Grz
−r− 3

2

(2.4.1)

and satisfy the N = 1 superconformal algebra

[Lm, Ln] = (m− n)Lm+n +
ĉ

8
m
(
m2 − 1

)
δm,−n

[Gr, Ln] =
(
r − n

2

)
Gr+n

{Gr, Gs} = 2Lr+s +
ĉ

2

(
r2 − 1

4

)
δr,−s

[Lm, ĉ] = [Gr, ĉ] = 0

(2.4.2)

with L†
n = L−n and Ln|0⟩ = 0, n ≥ −1. Equivalently, the operators TB and TF satisfy the

OPE

TB(z)TB (w) ∼ 3ĉ/4

(z − w)
4 +

2

(z − w)
2TB (w) +

1

(z − w)
∂wTB (w)

TB (z)TF (w) ∼ 3/2

(z − w)
2TF (w) +

1

(z − w)
∂wTF (w)

TF (z)TF (w) ∼ ĉ/4

(z − w)
3 +

1/2

(z − w)
TB (w)

(2.4.3)

9Whenever we have strictly half-integral powers of a complex number, we will choose the principal branch of square

root to define it: in the principal branch, we choose
√
−1 = eiπ/2, the square root of a complex number in the upper

half plane is mapped to the first quadrant and the lower half plane is mapped to fourth quadrant.
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where ∼ denotes that the relation is true up to a holomorphic term. When the operators Gr

are integer moded, i,e r ∈ Z, the superconformal algebra is called the Ramond (R) algebra and

for half-integer moding, r ∈ Z + 1
2 , the superconformal algebra is called the Neveu-Schwartz

(NS) algebra.

2. For homogenous ψ, the moments of vertex operators V (ψ, z) are linear operators of parity |ψ|,

where |ψ| is the Z2-grading of ψ ∈ H .

3. The vertex operators satisfy

(i) V (ψ, z)|0⟩ = ezL−1ψ (ii) V (ψ, z)V (ϕ,w) = (−1)|ψ||ϕ|V (ϕ,w)V (ψ, z) , (2.4.4)

The relation (ii) is defined for vertex operators corresponding to homogeneous states and is

called the locality relation, see Definition 2.2.1 for details. We say that the vertex operator

V (ψ, z) is local with degree |ψ| with respect to V.

4. The operator wL0 := eL0 lnw acts locally with respect to V, that is wL0V (ψ, z)w−L0 is local

with parity |ψ| with respect to V.

5. L0 is diagonalisable and its spectrum is bounded below. The eigenvalues hψ of eigenstates ψ

of L0 are called conformal weights.

6. The vacuum is the only su(1, 1) invariant state in the theory, that is the only state annihilated

by L0 and L±1.

7. For all ψ ∈ F , the vertex operator V (ez
∗L1z∗−2L0ψ, 1/z∗)† is local with parity |ψ| with respect

to V.

Remark 2.4.1. If we only require the existence of a conformal vector and the associated Virasoro

algebra in the above definition, it is called a vertex operator superalgebra (SVOA). So an SCVOA is

in particular an SVOA.

Definition 2.4.2. We say that two SCVOAs H and H ′ with Fock spaces F and F ′ respectively

and corresponding vertex operators V (ψ, z) and V ′(ψ′, z) are isomorphic if there exists a unitary

map u : H −→ H ′ such that

V ′(uψ, z) = uV (ψ, z)u−1, ψ ∈ F , uψG = ψ′
G , (2.4.5)

where ψG, ψ′
G are the superconformal states in H and H ′ respectively. An isomorphism u : H −→

H which preserves |0⟩, ψL, ψG is called an automorphism of H .
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Note that an isomorphism u : H −→ H ′ of SCVOAs (or simply VOAs) automatically satisfies

[DGM94, Proposition 2.14]

u|0⟩ = |0′⟩ , uψL = ψ′
L , (2.4.6)

where |0⟩, |0′⟩ are the vacuum states and ψL, ψ′
L are the conformal states of the two SCVOAs.

As will be shown in the proposition below, the conformal weights of an N = 1 superconformal

vertex operator algebra are elements of 1
2Z. Note that the locality relation forces the singularities

in the OPEs of vertex operators to be integral powers of (z − w).

In superconformal field theories in physics, one often encounters OPEs with half-integer power sin-

gularities. This clearly violates the locality relation. Indeed, the meromorphic function (z − w)−
1
2

defined on |z| > |w| when analytically continued to |w| > |z| picks up a fourth root of unity and vi-

olates the locality relation above which only allows ±1 factor. Such fields are called non-local fields.

A superconformal field theory is a spin CFT (see Footnote 4). The states in the spin CFT associated

to the nonbounding circle10 are called the Ramond (R) sector states while the states associated to

the bounding circle are called the Neveu-Schwartz (NS) sector states. The subspaces of R and NS

states in H is denoted by HR and HNS respectively. The corresponding vertex operators are called

the R fields and NS fields respectively. Consequently the R fields have square root singularity in

their OPE with the superconformal field TF and the NS fields have integer power singularities in

their OPE with the superconformal field TF . We will show that the “Beauty and the Beast” SCFT

has a subspace which forms an SCVOA while the full space is a non-local superconformal field theory

in the sense that it contains non-local fields.

The vertex operators can be Laurent-expanded as before

V (ψ, z) =
∑
n

Vn(ψ)z
−n−hψ (2.4.7)

where the summation index is such that n + hψ ∈ Z for R vertex operators and n + hψ ∈ Z + 1
2

for NS vertex operators. Note that if V (ψ, z) is an NS vertex operator then ψ ∈ H1̄. The moments

again satisfy

V−hψ (ψ)|0⟩ = ψ, V−n(ψ)|0⟩ = 0, n > hψ. (2.4.8)

A state ψ ∈ H with conformal weight h is called a superconformal primary if

L0ψ = hψ, Lnψ = 0, Grψ = 0, n, r > 0. (2.4.9)

10 Spin structures on a circle are classified by H1(S1,Z2) ∼= Z2. The circle with spin structure corresponding to the

trivial class is called nonbounding circle while the circle with the spin structure corresponding to the nontrivial class

is called bounding circle.
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Proposition 2.4.1. 1. If U(z) satisfies U(z)|0⟩ = ezL−1ϕ and is local with degree |ϕ| with respect

to V, then U(z) = V (ϕ, z). In particular

d

dz
V (ψ, z) = V (L−1ψ, z). (2.4.10)

2. The duality relation V (ψ, z)V (ϕ,w) = V (V (ψ, z − w)ϕ,w) is true.

3. Skew-symmetry: V (ψ, z)ϕ = (−1)|ψ||ϕ|ezL−1V (ϕ,−z)ψ.

4. For each ψ ∈ F , the locality of V (ez
∗L1z∗−2L0ψ, 1/z∗)† implies that we have a grading-

preserving antilinear map

ψ 7−→ ψ,

where

V (ez
∗L1z∗−2L0ψ, 1/z∗)† = V (ψ, z) (2.4.11)

so that

ψ = lim
z→0

V (ez
∗L1z∗−2L0ψ, 1/z∗)†|0⟩. (2.4.12)

Moreover, for a quasi-primary vertex operator, the moments satisfy Vn(ψ)† = V−n(ψ).

5. The conformal weights are non-negative.

6. For any ϕ, ψ ∈ F , the following holds:

(a) if L0ψ = hψψ then L0ψ = hψψ.

(b) L−1ψ = −L−1ψ.

(c) ψ = ψ.

(d) fϕ1ϕ2ϕ3 = (−1)|ϕ1||ϕ2|+|ϕ2||ϕ3|+|ϕ3||ϕ1|e−iπ(hϕ1+hϕ2+hϕ3 )(fϕ1ϕ2ϕ3
)∗ where ϕ1, ϕ2, ϕ3 ∈ F

with L0ϕj = hjϕj for 1 ≤ j ≤ 3 and

fϕ1ϕ2ϕ3
=
〈
ϕ1 |V (ϕ2, 1)|ϕ3

〉
. (2.4.13)

(e) L1ψ = −L1ψ.

(f) the spectrum of L0 is non-negative half-integers 1
2Z.

(g) ⟨ψ|ϕ⟩ = ⟨ϕ|ψ⟩.

7. The operator product expansion of any two vertex operators V (ψ, z) and V (ϕ,w) corresponding

to eigenstates of L0 is given by

V (ψ, z)V (ϕ,w) =
∑
n

(z − w)n−hψ−hϕV (ϕn, w)

=
∑
n

(z − w)−hϕn−hψ−hϕV (ϕn, w)

(2.4.14)
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where

ϕn := Vhϕ−n(ψ)ϕ. (2.4.15)

Proof. We will only prove (1), (3) and (6) since the proof of others is similar to the VOA case and

can be found in [DGM94].

(1) We have

U(z)eζL−1ψ = U(z)V (ψ, ζ)|0⟩ = (−1)|ϕ||ψ|V (ψ, ζ)U(z)|0⟩

= (−1)|ϕ||ψ|V (ψ, ζ)ezL−1ϕ = (−1)|ϕ||ψ|V (ψ, ζ)V (ϕ, z)|0⟩

= V (ϕ, z)V (ψ, ζ)|0⟩ = V (ϕ, z)eζL−1ψ

Thus, taking ζ → 0, we deduce U(z) = V (ϕ, z). The second part follows from the fact that d
dzV (z, ψ)

is local with respect to V and satisfies

d

dz
V (z, ψ)|0⟩ = ezL−1L−1ψ. (2.4.16)

(3) Using duality and (3)(i) of Definition 2.4.1, we have

V (ψ, z)V (ϕ,w)|0⟩ = V (V (ψ, z − w)ϕ,w)|0⟩ = ewL−1V (ψ, z − w)ϕ. (2.4.17)

Using the locality (3) (ii) of Definition 2.4.1 first, we obtain

V (ψ, z)V (ϕ,w)|0⟩ = (−1)|ϕ||ψ|V (ϕ, z)V (ψ,w)|0⟩ = (−1)|ϕ||ψ|ezL−1V (ϕ, z − w)ψ. (2.4.18)

Taking w → 0 in both expressions and comparing, we get the claimed skew-symmetry.

(6) The proof of (a), (b), (c), (e) and (g) is exactly as in [DGM94, Proposition 2.9]. We now
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prove (d). We have

fϕ1ϕ2ϕ3
=
〈
ϕ1 |V (ϕ2, 1)|ϕ3

〉
= (−1)|ϕ2||ϕ3|

〈
ϕ1
∣∣ eL−1V (ϕ3,−1) |ϕ2⟩ (by skew-symmetry)

= (−1)|ϕ2||ϕ3|
〈
ϕ2

∣∣∣V (ϕ3,−1)
†
eL1

∣∣∣ϕ1〉∗
= (−1)|ϕ2||ϕ3|−2hϕ3

〈
ϕ2
∣∣V (e−L1ϕ3,−1

)
eL1
∣∣ϕ1〉∗ (by (4) and (b),(c) of (6))

= (−1)|ϕ2||ϕ3|−2hϕ3+|ϕ1||ϕ3|
〈
ϕ2
∣∣e−L−1V

(
eL1ϕ1, 1

)
e−L1

∣∣ϕ3〉∗ (by skew-symmetry)

= (−1)|ϕ2||ϕ3|−2hϕ3+|ϕ1||ϕ3|
〈
ϕ2

∣∣∣e−L−1V (ϕ1, 1)
†
e−L1

∣∣∣ϕ3〉∗
= (−1)|ϕ2||ϕ3|−2hϕ3+|ϕ1||ϕ3|+|ϕ1||ϕ2|

〈
ϕ1

∣∣∣V (e−L1ϕ2,−1
)†∣∣∣ϕ3〉∗ (by skew-symmetry)

= (−1)|ϕ2||ϕ3|−2hϕ3+|ϕ1||ϕ3|+|ϕ1||ϕ2|−2hϕ2
〈
ϕ1
∣∣V (ϕ2,−1

)∣∣ϕ3〉∗
= (−1)|ϕ2||ϕ3|−2hϕ3+|ϕ1||ϕ3|+|ϕ1||ϕ2|−2hϕ2 eiπ(−hϕ1+hϕ2+hϕ3 )

(
fϕ1ϕ2ϕ3

)∗
= (−1)|ϕ1||ϕ2|+|ϕ2||ϕ3|+|ϕ3||ϕ1|e−iπ(hϕ1+hϕ2+hϕ3 )(fϕ̄1ϕ̄2ϕ̄3

)∗

where in the last step we used

wL0V (ψ, z)w−L0 = whψV (ψ, zw) for w = −1. (2.4.19)

This is proved using the axiom (4) of Definition 2.4.1 as follows: we have

wL0V (ψ, z)w−L0 |0⟩ = wL0ezL−1ψ,

since L0|0⟩ = 0 and V (ψ, z)|0⟩ = ezL−1ψ. We now use the following version of the Baker-Campbell-

Hausdorff formula:

Theorem 2.4.1. If [X,Y ] = sY , where s is a complex number with s ̸= 2πin for all integers n,

then we have

eXeY = eexp(s)Y eX . (2.4.20)

We can write

wL0ezL−1 = eL0 lnwezL−1 .

Using the fact that [L0, L−1] = L−1, we see that the above theorem implies

eL0 lnwezL−1 = eexp(lnw)zL−1wL0 .

Thus we get

wL0ezL−1 = ezwL−1wL0 .

Thus we get

wL0V (ψ, z)w−L0 |0⟩ = ezwL−1whψψ.
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Part (1) of this proposition then gives

wL0V (ψ, z)w−L0 = whψV (ψ, zw). (2.4.21)

To prove (f), we follow [DGM94, Proof of Proposition 2.9 (vi)] to get

⟨eL1ψ|eL1ψ⟩ = (−1)2hψ+|ψ||ψ|⟨eL1ψ|eL1ψ⟩ =⇒ (−1)2hψ+|ψ||ψ| = 1.

If ψ is Fermionic then |ψ| = |ψ| = 1 and hψ ∈ Z+ 1
2 . In other cases hψ ∈ Z. Thus hψ ∈ 1

2Z.

Isomorphisms of SCVOAs and SVOAs is defined analogous to those for VOAs. A consequence

of the definition is that isomorphisms also preserve the superconformal vector in addition to the

conformal vector and the vacuum.

2.4.1 Spin Lifts Of A Conformal Field Theory

Given a modular invariant holomorphic conformal field theory H with a non-anomalous Z2 automor-

phism, there is a natural way to construct a spin CFT. The essential idea goes back to the GSO pro-

jection applied to string worldsheet superconformal field theories to obtain a consistent string theory

[GSO77] and played an important role in discussions of bosonization on arbitrary Riemann surfaces

[AGBM+87, AGMN+86]. More general versions of the construction of [AGBM+87, AGMN+86]

have been discussed in the recent literature [GK15, JSW19, KT17, KTT19, LS19, Sha23]. This

spin-conformal field theory is called a spin lift of H . The idea is to couple the non-anomalous Z2

automorphism of the CFT to an invertible topological field theory sensitive to spin structure known

as the Arf theory [DG18], and then gauge the diagonal global Z2 automorphism of the product

theory. The resulting theory depends on the spin structure and in general the vertex operators do

not satisfy the standard locality conditions of a super-vertex operator algebra. Nevertheless the

GSO projection of the spin lift reproduces the original CFT. The spin lift also has an emergent Z2

symmetry which we will identify with the fermion number symmetry (−1)F . Let us describe the

construction in more detail.

Formal Description Of Gauging A Discrete Symmetry

Let us recall some well-known general facts. We are following [MS06, Section 7.1]. Let F be a d-

dimensional quantum field theory, that is, a functor F : Bordd −→ Vect from the bordism category,

whose objects are (d−1)-dimensional manifolds (possibly with extra structure) and whose morphisms

are d-dimensional oriented bordisms, to the linear category of vector spaces and linear maps. We say

that F has global symmetry G when, for every (d−1)-manifold Y , the vector space H (Y ) := F(Y ),



50

called the space of states, is a representation space of G and for any bordism X : Y1 −→ Y2, the

linear map F(X) : H (Y1) −→ H (Y2), called the transition amplitude, is G-equivariant. Gauging

the symmetry group involves two steps:

1. Construct the “equivariant theory” by enlarging the number of fields. In the present example

our new fields are a principal G-bundle with connection. In our case G is a finite group so the

bundle has a unique connection. 11

2. “Sum” or “integrate” over the principal G-bundles with connection with a suitable measure.

To construct the equivariant theory, we define a new bordism category BordGd whose objects are

(d − 1)-manifolds Y equipped with principal G-bundles P → Y with connection and morphisms

are d-dimensional bordisms X : Y1 −→ Y2 also equipped with principal G-bundles with connection

P ′ → X such that the restriction of P ′ → X to the ingoing boundary is isomorphic to P1 → Y1

and the restriction to the outgoing boundary is isomorphic to P2 → Y2. Note that Bordd can be

regarded as a subcategory of BordGd with trivial bundles associated to the objects and bordisms.

Now, the equivariant theory Feq : BordGd −→ Vect assigns to every object P → Y a vector space

H eq(P ) := H (P → Y ) and for every bordism (P ′ → X) between P1 → Y1 and P1 → Y1 a transition

amplitude

Feq(P ′) := Feq(P ′ → X) : H eq(P1) −→ H eq(P2) (2.4.22)

such that when P → Y is the trivial bundle Y ×G, H eq(Y ×G) = H (Y ) and for trivial bordism

X×G between trivial objects Y1×G and Y1×G, Feq(P ′) reduces to the original transition amplitude

F(X). The automorphisms of the bundle P → Y must act on H eq(P ). For the trivial bundle, this

corresponds to the original global symmetry G-action on H (Y ). The amplitudes are equivariant

maps.

Once we have the equivariant theories we can perform the second step of gauging, that is sum over

bundles with connection. We need to take into account the fact that the isomorphic bundles have the

same space of states. More precisely, if we have a bundle isomorphism f : P −→ Q of bundles P → Y

and Q → Y then we have an isomorphism f̃ : H eq(P ) −→ H eq(Q) such that f̃(ψ(P )) = ψ(Q) for

states ψ(P ) ∈ H eq(P ). In particular, when f : P −→ P is a bundle automorphism of P → Y then

f̃(ψ(P )) = ψ(P ). This is the mathematical equivalent of gauge invariant states. The gauged theory

thus contains only gauge invariant states. The space of states of the gauged theory is then defined

11We use the term “field” in the generalized sense explained in Section 3 of [FH13]. This step is the mathematical

version of “coupling the theory to background gauge fields” in physics.
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as a direct sum over isomorphism classes of principal bundles:

H gd(Y ) :=
⊕

[P ]∈PrinG(Y )

H eq(P )Aut(P ) (2.4.23)

where H eq(P )Aut(P ) is the subspace of Aut(P )-invariant states of H eq(P ) and PrinG(Y ) denotes

the set of isomorphism classes of principal G-bundles over Y . For a a d-dimensional bordism without

boundary, the partition function Z(X) of the theory is the complex number Z(X) := F(X). We also

have partition function Zeq(P ′) for equivariant theories corresponding to principal bundle P ′ → X.

The partition function of the gauged theory is defined as

Zgd(X) =
∑

[P ′]∈PrinG(X)

1

|Aut(P ′)|
Zeq(P ′). (2.4.24)

We now want to apply the above general procedure to (1 + 1)d quantum field theory. We take

the spatial slices to be disjoint unions of circles to determine the gauged space of states. We start

by noting that any g ∈ G we can construct a principal G-bundle Pg → S1 whose isomorphism class

only depends on the conjugacy class of g, and moreover there is a 1-1 correspondence of conjugacy

classes of G and isomorphism classes of principal G-bundles over the circle. More explicitly we have

Pg := R×Z G −→ S1 (2.4.25)

where the equivalence relation is

(s+ 1, g′) ∼ (s, gg′). (2.4.26)

The projection map is [s, g′] 7→ e2πis and the right action of G is given by [s, g′] · g′′ = [s, g′g′′]. The

automorphism group of this bundle is the centraliser Z(g) of g in G. Thus for each [g] ∈ Conj(G) we

have an equivariant space of states H eq(Pg) which is a representation of the centraliser Z(g) and

the space of states of the gauged theory is

H gd(S1) :=
⊕

[g]∈Conj(G)

H eq(Pg)
Z(g). (2.4.27)

Using the structure (2.4.27) of the gauged space of states, we obtain the partition function on the

torus

Zgd(τ)(T 2) = TrH gd(S1)e
−2πIm(τ)He2πiRe(τ)P (2.4.28)

where τ is the complex moduli of the torus and H and P are the Hamiltonian and momentum

operators generating time and space translations respectively. By expanding the sum, one can also

write the partition function as

Zgd(T 2)(τ) =
1

|G|
∑

[g1,g2]=1

Zeq(Pg1,g2)(τ) (2.4.29)
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where

Zeq(Pg1,g2)(τ) = TrH eq(Pg1 )
g̃2e

−2πIm(τ)He2πiRe(τ)P (2.4.30)

The g2 action on H must be extended, in a consistent way, to an action by g̃2 on the spaces

H eq(Pg1). How this is done is part of the definition of the gauged theory, but it is constrained by,

e.g. modular invariance. On the left hand side of (2.4.30) Pg1,g2 denotes the bundle over T 2 with

monodromy g1, g2 around the two cycles. To be explicit, we have

Pg1,g2 = R2 ×Z⊕Z G (2.4.31)

and the equivalence relation is given by

(s+ 1, t, g) ∼ (s, t, g1g) , (s, t+ 1, g) ∼ (s, t, g2g) . (2.4.32)

A standard fact is that when the gauge group G is Abelian, the gauged theory has a global

symmetry isomorphic to the Pontrjagin dual G̃ := Hom(G,U(1)) of G. An element χ ∈ G̃ acts on

the equivariant Hilbert space H eq(Pg) by multiplying χ(g) ∈ U(1). Note that this action is well

defined since χ being a group homomorphism only depends on the conjugacy class of g ∈ G. This

defines the action of χ on H gd(S1). We can write the action schematically as:

χ · H gd(S1) =
⊕

[g]∈Conj(G)

χ(g) · H eq(Pg)
Z(g), χ ∈ G̃. (2.4.33)

For a conformal field theory, the partition function takes the form

Zgd(T 2) =
1

|G|
∑

[g1,g2]=1

TrH eq(Pg1 )
g̃2q

L0− c
24 q̄L̄0− c̄

24 , q = e2πiτ , q̄ = e−2πiτ̄ (2.4.34)

after recognising that

H = L0 + L̄0 −
c

24
− c̄

24
, P = i(L0 − L̄0). (2.4.35)

For vertex operator algebras (chiral algebra of conformal field theories), we only have q dependence

in the partition function. We will be mostly interested in the case when G = Z2. In this case, we

only have two isomorphism classes of principal bundles since we only have two conjugacy classes.

The space of states corresponding to the conjugacy class of −1 is called the twisted sector.

The Arf Theory

The Arf theory is a 2 dimensional spin topological quantum field theory (spin TQFT) defined on a

generic Riemann surface Σ. See [MS06, Page 14] for a discussion on spin TQFT and the Arf theory

as an example ([MS06, Page 17]), see also [DG18] for a nice discussion of this theory. Recall that all

orientable Riemann surfaces have vanishing second Stiefel-Whitney class [Nak03] and hence are spin
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manifolds. Moreover the set of spin structures on Σ is in 1-1 correspondence with H1(Σ,Z2) ∼= Z2g
2

[Ati71] where g is the genus of Σ. In fact, the set of spin structure on Σ is an H1(Σ,Z2)-torsor over

Z2. Thanks to a beautiful paper of M. Atiyah [Ati71] we can define the Arf invariant [Arf41] of a

spin structure to be the mod-two index of the Dirac operator:

Arf[ρ] = ind2(Dρ). (2.4.36)

Thus there is a dichotomy of even and odd spin structures:

Arf[ρ] :=


1 ρ odd

0 ρ even.
(2.4.37)

On a genus g orientable surface Σ there are 2g−1(2g − 1) odd and 2g−1(2g +1) even spin structures.

Using the Arf invariant, one can define a 2 dimensional invertible topological field theory 12 called

the Arf theory, see [DG18] for the detailed definition. The partition function of the Arf theory on a

closed oriented Riemann surface Σ with spin structure ρ is:

Arf(Σρ) := ZArf[Σρ] := eiπArf[ρ]. (2.4.38)

Note that the partition function is topological in that it does not depend on the conformal structure

of the Riemann surface but it is sensitive to the choice of spin structure on Σ. To describe the Hilbert

space of the Arf theory, we consider the Arf theory on a cylinder R×S1 where R is the time direction.

The (complex) Hilbert space of the Arf theory on the spatial circle is one dimensional. In fact, the

Hilbert space is Z2-graded and the grading is defined by the action of the spin automorphism on

the space. In the physical literature this operator is denoted (−1)F . The Hilbert space for the

NS (bounding) spin structure has (−1)F = 1 and for the R (nonbounding) spin structure has

(−1)F = −1. Thus, as supervector spaces we have 13 Arf(S1
NS)

∼= C1|0 and Arf(S1
R)

∼= C0|1 and

(−1)F is just the parity operator.

Coupling A CFT To The Arf Theory

Let C be a modular invariant CFT (i.e. a functor from Bord2 to Vect) with statespace on a circle

C (S1) := H and suppose C has a non-anomalous Z2 automorphism σ. We start by taking the

tensor product of the σ-equivariant lift of C with the (−1)F -equivariant lift of the Arf theory. The

product theory has as domain a bordism category BordZ2,Spin
2 consisting of 1-manifolds and their

12The notion of an invertible TQFT is discussed in [Fre14, FH16, FM04].
13For any field F we denote by Fp|q the supervector space Fp|q := Fp ⊕ Fq where Fp is the even subspace (Z2-parity

0̄) and Fq is the odd subspace (Z2-parity 1̄).
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bordisms equipped with a spin structure and, independently, with a principal Z2-bundle. Let P0̄

and P1̄ be the trivial and nontrivial principal Z2 bundles over the circle corresponding to the trivial

and nontrivial double-covers, respectively.

We need to define the “equivariant lift” of the Arf theory on the category BordZ2,Spin
2 . We do

this as follows: Isomorphism classes of principal Z2 bundles over any manifold X are in 1− 1 corre-

spondence with cohomology classes H1(X,Z2). 14 For each t ∈ H1(X,Z2) choose a representative

bundle π : Pt → X. As noted above, the set of spin structures on X is a torsor for H1(X,Z2).

If ρ denotes a spin structure and t ∈ H1(X,Z2) we write the action as ρ → ρ + t. We define the

equivariant lift of the Arf theory to be

Arfeq[Pt, Xρ] := Arf[Xρ+t] (2.4.40)

where Xρ is the manifold X with spin structure ρ. In particular,

Arfeq[P0̄, S
1
NS] = C1|0

Arfeq[P1̄, S
1
NS] = C0|1

Arfeq[P0̄, S
1
R] = C0|1

Arfeq[P1̄, S
1
R] = C1|0

(2.4.41)

We define the lifted global symmetry (−1)FArfeq on Arfeq again to be the parity operator.

The equivariant theory C eq inherits a Z2 symmetry σ̃ from the action of σ on C . The action

of σ̃ on H = C eq(P0̄) is just the original action of σ. The action of σ̃ on H eq := C eq(P1̄) is

part of the definition of the gauging. In our case, as we will see presently, the action is constrained

by the modular covariance of the torus partition functions when combined with the Hilbert space

interpretation of torus partition functions. 15 Now, the product theory C eq ⊗ Arfeq has a Z2

automorphism given by the diagonal σd := σ̃⊗ (−1)FArfeq . The spin lift C SL of C is the spin theory,

with domain category BordSpin
2 , obtained by gauging the group of automorphisms generated by σd.

Thus, the Hilbert spaces on the two spin circles (S1
NS is the circle with bounding spin structure and

14Recall that for a discrete group G, ismorphism classes of principal G-bundles over a connected space X are classified

by Hom(π1(X,x0), G)/ ∼ where the equivalence relation is given by conjugation. For G Abelian we have:

H1(X,G) ∼= Hom(H1(X), G) ∼= Hom(π1(X,x0), G)/ ∼ . (2.4.39)

Taking G = Z2, an alternate way to prove this result is to observe that the classifying space of Z2 is RP∞ and the

set of homotopy classes of maps from a space X to RP∞ is isomorphic to H1(X,Z2).
15In topological theories this action must be the identity. See Theorem 4 of [MS06]. But in general CFT this need

not be so.
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S1
R is the circle with nonbounding spin structure, see Footnote 10) are

H SL
NS := C SL(S1

NS) =
(
H (S1)⊗ C1|0

)σd=+1

⊕
(
H eq ⊗ C0|1

)σd=+1

∼= H + ⊕ H eq,−

H SL
R := C SL(S1

R) =
(
H (S1)⊗ C0|1

)σd=+1

⊕
(
H eq ⊗ C1|0

)σd=+1

∼= H − ⊕ H eq,+,

(2.4.42)

where H eq,± is the ±1 eigenspace of H eq under the action of σ̃. Now, whenever we gauge a theory

by an Abelian group A the gauged theory has a global symmetry group isomorphic to the Pontryagin

dual Ã. In our case A is generated by σd so the Pontryagin dual is Ã ∼= Z2. We denote the nontrivial

element by σ̌d. From eq. (2.4.33) we see that the action of σ̌d on the spin lift is given by

σ̌d =


+1 on H + ⊕ H −

−1 on H eq,+ ⊕ H eq,−.

(2.4.43)

Now we turn to the partition functions of the spin-lifted theory. As we remarked above, the

principal Z2 bundles over a Riemann surface Σ are in 1-1 correspondence with H1(Σ,Z2). When Σ

is connected the automorphism group of these bundles is isomorphic to Z2. When we consider the

σd-equivariant lift of C ⊗ Arf there are a total of |H1(Σ,Z2)| = 22g equivariant partition functions

indexed by “background Z2-connections” T . The partition function for the equivariant lift of the

product theory is given by (see eq. (2.4.38) and eq. (2.4.40))

Zeq[PT ,Σρ] := ZC eq [PT ]ZArfeq [PT ,Σρ] = ZC eq [PT ]e
iπArf[ρ+T ]. (2.4.44)

Next, we gauge the equivariant theory, so we promote the background connection T to a dynamical

connection t. That is, we sum over isomorphism classes of principal Z2-bundles over Σ. Applying
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(2.4.24) the partition function of the gauged theory is given by 16

ZSL[Σρ] =
1

2

∑
t∈H1(Σ,Z2)

Zeq[Pt,Σρ]

=
1

2

∑
t∈H1(Σ,Z2)

ZC eq [Pt] exp (iπArf[ρ+ t]) .

(2.4.45)

Now we would like to check compatibility of (2.4.45) with the Hilbert space description (2.4.42)

by examining the special case where Σ is a torus. There are four spin structures on the torus and

we can denote them by T 2
00, T

2
01, T

2
10, T

2
11 where 0 and 1 denotes the bounding and nonbounding spin

structure on a cycle of the torus. The corresponding partition functions of the spin-lifted theory are

denoted by ZSL[00], . . . , ZSL[11], respectively. Interpreting the first circle factor of T 2 = S1 × S1 as

the spatial circle we can expect that the partition functions (2.4.45) can be interpreted as the NS

and R partition functions with and without σ̌d insertion:

ZSL[00] = TrH SL
NS
qL0− c

24 ,

ZSL[01] = TrH SL
NS
σ̌dq

L0− c
24 ,

ZSL[10] = TrH SL
R
qL0− c

24 ,

ZSL[11] = TrH SL
R
σ̌dq

L0− c
24 , q = e2πiτ .

(2.4.46)

We now verify that the relations in eq. (2.4.46) is consistent with eq. (2.4.45) and eq. (2.4.42).

From (2.4.45) we have

ZSL[00] =
1

2

[
Zeq(P0̄,0̄) + Zeq(P0̄,1̄) + Zeq(P1̄,0̄)− Zeq(P1̄,1̄)

]
ZSL[01] =

1

2

[
Zeq(P0̄,0̄) + Zeq(P0̄,1̄)− Zeq(P1̄,0̄) + Zeq(P1̄,1̄)

]
ZSL[10] =

1

2

[
Zeq(P0̄,0̄)− Zeq(P0̄,1̄) + Zeq(P1̄,0̄) + Zeq(P1̄,1̄)

]
ZSL[11] =

1

2

[
−Zeq(P0̄,0̄) + Zeq(P0̄,1̄) + Zeq(P1̄,0̄) + Zeq(P1̄,1̄)

]
(2.4.47)

16A version of (2.4.45) appeared as equation (2.5) of [LS19], but our (2.4.45) differs from equation (2.5) of [LS19] in

a few minor ways. First we have chosen S = 0 relative to that paper. This is inconsequential since spin structures

form a torsor for H1(Σ,Z2). Second, there is no factor of exp[iπArf[ρ]] in our version. This is merely a choice

of “gravitational counterterm,” making our formula more in line with the description in terms of gauging the Z2

symmetry ⟨σd⟩. Finally we have an overall factor 1/2, again because in the description in terms of gauging the

automorphism group of a principal Z2 bundle over a connected surface is simply Z2. Equation (2.5) of [LS19] has a

factor of 2−g , giving a factor of 21−g relative to our normalization. Again this can be interpreted as coupling to a

background invertible TQFT (an Euler character theory) so the difference is not essential. The choice 2−g made in

[LS19] has the nice property that if the original bosonic theory couples trivially to the background Z2 gauge theory

then the spin lift has the same partition function.
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Using (2.4.30) we see that

ZSL[00] =
1

2

[
Zeq(P0̄,0̄) + Zeq(P0̄,1̄) + Zeq(P1̄,0̄)− Zeq(P1̄,1̄)

]
= TrH

(
1 + σ̃

2

)
qL0− c

24 + TrH eq

(
1− σ̃

2

)
qL0− c

24

= TrH +qL0− c
24 + TrH eq−qL0− c

24 = TrH SL
NS
qL0− c

24 .

(2.4.48)

Similarly one can check all other relations in (2.4.46).

We now review how modular invariance helps us determine the equivariant Hilbert space H eq(P1̄)

as a ⟨σ̃⟩-module. To this end, note that since g1, g2 are involutions

Zeq(Pg1,g2)(τ) = Zeq(Pg2,g1)(−1/τ) (2.4.49)

since exchanging the two cycles on the torus changes τ → −1/τ and Pg1,g2 → Pg2,g1 . Note that

this in particular implies that Zeq(Pg,g)(τ) is invariant under τ → −1/τ . For g = 0̄, this is obvious

since it is the partition function of the original theory. But for g ̸= 0̄ we obtain a nontrivial identity.

Taking g2 = 0̄, we see that the trace over17 H eq(Pg1) can be obtained from the trace over the original

Hilbert space H with the insertion of g1 and performing the modular transformation τ → −1/τ :

TrH eq(Pg1 )
qL0− c

24 = Zg1H (−1/τ) (2.4.50)

where

Zg1H (τ) := TrH g1q
L0− c

24 . (2.4.51)

This relation for g1 = 1̄ in principle can be used to determine the nontrivial equivariant Hilbert

space with the understanding that

Z 1̄
H eq(τ) = TrH eq σ̃qL0− c

24 . (2.4.52)

where σ̃ acts on the equivariant Hilbert space. Moreover modular invariance also implies that

Zeq(P1̄,1̄)(τ) = Zeq(P1̄,0̄)(τ + 1). (2.4.53)

Using the equivariant Hilbert space, one can determine the σ̌d = ±1 R and NS sectors as follows:

ZSL
NS−(τ) := TrH SL−

NS
qL0− c

24 =
1

2

[
Zeq(P1̄,0̄)− Zeq(P1̄,1̄)

]
,

ZSL
R+(τ) := TrH SL+

R
qL0− c

24 =
1

2

[
Zeq(P1̄,0̄) + Zeq(P1̄,1̄)

] (2.4.54)

where H SL±
NS is the σ̌d = ±1 subspace of H SL

NS and so on. More explicitly

H SL
NS := H SL+

NS ⊕ H SL−
NS , H SL

R := H SL+
R ⊕ H SL−

R . (2.4.55)

17In modern terminology, H eq(Pg1 ) is called the defect Hilbert space corresponding to the Z2 line defect inserted

along the longitude of the cylinder [HLS21, PS20].
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One can also check that

ZSL
NS+(τ) := TrH SL+

NS
qL0− c

24 =
1

2

[
Zeq(P0̄,0̄) + Zeq(P0̄,1̄)

]
,

ZSL
R−(τ) := TrH SL−

R
qL0− c

24 =
1

2

[
Zeq(P0̄,0̄)− Zeq(P0̄,1̄)

] (2.4.56)

As we will show with the explicit example of the Monster CFT, these relations determine the action

of σ̃ on H eq.

Finally, if we gauge the σ̌d symmetry of the spin conformal field theory we just obtained, we

recover the original theory. Let ZH denote the gauged torus partition function of the resulting

bosonic theory. By eq. (2.4.29) we have

ZH =
1

2

∑
g1,g2∈Z2

Zeq(Pg1,g2) = ZSL
NS+ + ZSL

R+

= TrH +qL0− c
24 + TrH −qL0− c

24 = TrH qL0− c
24

(2.4.57)

where we used eq. (2.4.54) and (2.4.56) in the second equality and eq. (2.4.43) and eq. (2.4.42) for

the final equality. Thus we obtain the partition function for the original theory. On the other hand

using eq. (2.4.46) we see that

1

2

∑
ρ∈H1(T 2,Z2)

ZSL[ρ] = TrH SL
NS

(
1 + σ̌d

2

)
qL0− c

24 + TrH SL
R

(
1 + σ̌d

2

)
qL0− c

24

= TrH SL+
NS

qL0− c
24 + TrH SL+

R
qL0− c

24 = ZH .

(2.4.58)

This is the usual GSO projection which involves summing over spin structures with the insertion

of 1+σ̌d
2 in the traces over NS and R sectors [GSO77]. From this trace formula for the partition

function, we see that the gauged Hilbert space is the σ̌d = 1 space of the spin theory but without

the spin dependence, i.e. we forget the supervector space structure of the RHS below:

H SL+
NS ⊕ H SL+

R
∼= H + ⊕ H − ∼= H . (2.4.59)

In mathematical terms, the spin lift of a CFT is an abelian intertwing algebra, see Remark 2.5.1

below. In general the spin lift of a holomorphic CFT defined by a VOA is not an SCVOA or even

an SVOA. But in some cases, one might be able to identify a subspace of the spin lift which forms

an SVOA and view the spin lift as a non-local extension of the SVOA. Suppose such an SVOA

subsector exists in a spin lift of a CFT, then from Proposition 2.4.1, the SVOA contains vertex
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operators of half-integral conformal dimensions. It is possible that the SVOA contains a conformal

weight 3
2 primary which satisfies the OPE (2.4.3) and hence is in fact an SCVOA. Our goal in this

paper is to show that the Monster CFT carries precisely that structure. In Subsection 2.5.1 we will

show that the “Beauty and the Beast” SCFT is the spin lift of the Monster CFT with respect to a Z2

automorphism of the Monster CFT and has a dimension 3
2 primary satisfying the OPE (2.4.3). We

will also identify a subsector of the “Beauty and the Beast” SCFT which has an SCVOA structure.

2.5 Superconformal Symmetry And The Moonshine Module

In this section, we will first review the Monster VOA H̃ (ΛL) as the Z2-orbifold model of the Leech

lattice ΛL and then, following [LS19], interpret the “Beauty and the Beast” theory of [DGH88] as a

spin lift of the Monster theory. We next identify a SVOA subalgebra of HBB and then, in section

2.5.2 we proceed to the main result of the paper: The explicit construction of a dimension 3
2 primary

inside that SVOA which can serve as a superconformal current.

2.5.1 The Beauty And The Beast Theory As The Spin Lift Of The FLM VOA

The FLM Moonshine module is constructed, as we have reviewed, by applying Theorem 2.3.2 part

(2) to the Leech lattice. The construction can be interpreted as gauging the Leech torus theory

using the Z2 automorphism group generated by θ. The value of the gauged theory on the bundle P1̄

is the θ = +1 subspace of HT (ΛL). The quantum automorphism group dual to ⟨θ⟩ (see discussion

around (2.4.33)) is the Z2 automorphism group of H̃ (ΛL) generated by ι, where ι is the identity on

the untwisted sector H +(ΛL) and acts as −1 on the twisted sector H +
T (ΛL).

Following [DGH88] the FLM Moonshine module can be extended by considering the Hilbert

space

HBB := H (ΛL)⊕ HT (ΛL). (2.5.1)

The spin lift of the Monster VOA with respect to the quantum symmetry ι of the Monster theory

gives HBB [LS19] and we will now review why this is so. 18 The σ̌d = +1 NS and R sector of the

spin lift corresponding to ι is simply given by eq. (2.4.42):

H +
NS = H +(ΛL), H +

R = H +
T (ΛL). (2.5.2)

18Incidentally, there is another nontrivial Z2 automorphism σ of the Monster module called the triality involution in

[FLM88a, DGM94]. The involution σ mixes the untwisted and twisted sectors. It is also shown in [LS19] that the

spin lift of the Monster VOA with respect to σ gives the tensor product of the Baby Monster VOA [H0̈7] and a

Majorana-Weyl CFT.
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The twisted sector corresponding to the gauging of ι can be determined using (2.4.50). The right

hand side of (2.4.50) is the McKay Thompson series

Zι
H̃ (ΛL)

(τ) = Tr
H̃ (ΛL)

ιqL0−1 = q−1TrH +(ΛL)q
L0 − q−1TrH +

T (ΛL)
qL

T
0

=
1

2

[
ΘΛL(τ)

η(τ)24
+ q−1

∞∏
n=1

(1 + qn)−24

]
− 212q

1
2

2

[ ∞∏
n=1

(1− qn−
1
2 )−24 −

∞∏
n=1

(1 + qn−
1
2 )−24

]

=
1

2

ΘΛL(τ)

η(τ)24
+

1

2η(τ)24
[
(ϑ3ϑ4)

12 − (ϑ2ϑ3)
12 + (ϑ2ϑ4)

12
]

=
1

2
(J(τ) + 24)− 1

2
(J(τ)− 24) +

(ϑ3ϑ4)
12

η(τ)24

=
η(τ)24

η(2τ)24
+ 24

=
1

q
+ 276q − 2048q2 + 11202q3 +O

(
q4
)

(2.5.3)

where we used the infinite product expansions for the Jacobi theta functions:

ϑ2(q) =
2η2(2τ)

η(τ)
= 2q

1
8

∞∏
n=1

(1− qn) (1 + qn)
2

ϑ3(q) =
η5(τ)

η2
(
1
2τ
)
η2(2τ)

=

∞∏
n=1

(1− qn)
(
1 + qn−

1
2

)2
ϑ4(q) =

η2
(
1
2τ
)

η(τ)
=

∞∏
n=1

(1− qn)
(
1− qn−

1
2

)2
.

(2.5.4)

along with numerous identities such as ϑ2ϑ3ϑ4 = 2η3 and ϑ43 = ϑ42 + ϑ44. Now we can take the

modular transform [LS19]:

Zι
H̃ (ΛL)

(−1/τ) = 212
η(τ)24

η(τ/2)24
+ 24

= 24 + 4096q1/2 + 98304q + 1228800q3/2 + 10747904q2 +O
(
q5/2

)
= TrH eq(P1̄) q

L0−1

:= ZH eq(P1̄)(τ),

(2.5.5)
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On the other hand, we have

TrH −(ΛL)q
L0−1 +TrH −

T (ΛL)
qL

T
0 −1

=
1

2

[
ΘΛL(τ)

η(τ)24
− q−1

∞∏
n=1

(1 + qn)−24

]
+

212q
1
2

2

[ ∞∏
n=1

(1− qn−
1
2 )−24 +

∞∏
n=1

(1 + qn−
1
2 )−24

]

=
1

2

ΘΛL(τ)

η(τ)24
+

1

2η(τ)24
[
(ϑ2ϑ3)

12 + (ϑ2ϑ4)
12 − (ϑ3ϑ4)

12
]

=
η(τ)24

η(2τ)24
+ 24− 1

2η(τ)24
[
2(ϑ2ϑ3)

12 − 2(ϑ3ϑ4)
12
]

= 212
η(τ)24

η(τ/2)24
+ 24

= 24 + 4096q1/2 + 98304q + 1228800q3/2 + 10747904q2 +O
(
q5/2

)
.

(2.5.6)

Thus we identify the nontrivial equivariant Hilbert space of the Monster module as

H eq(P1̄) = H −(ΛL)⊕ H −
T (ΛL). (2.5.7)

Next by eq. (2.4.53) we have

ZιH eq(P1̄)
(τ) := TrH eq(P1̄) ιq

L0−1 = ZH eq(P1̄)(τ + 1). (2.5.8)

Note that we must have

ZιH eq(P1̄)
(−1/τ) = ZιH eq(P1̄)

(τ) (2.5.9)

for consistency. It is true and can be checked using the fact that the McKay Thompson series

Zι
H̃ (ΛL)

(τ) is a Hauptmodul for Γ0(2). Indeed

ZιH eq(P1̄)
(−1/τ) = ZH eq(P1̄)

(
−1

τ
+ 1

)
= Zι

H̃ (ΛL)

(
− τ

τ − 1

)
= Zι

H̃ (ΛL)

(
− τ

τ − 1
+ 1

)
= Zι

H̃ (ΛL)

(
− 1

τ − 1

)
= ZH eq(P1̄)(τ − 1) = ZH eq(P1̄)(τ + 1) = ZιH eq(P1̄)

(τ)

(2.5.10)

where we used the fact that Zι
H̃ (ΛL)

(τ) is invariant under τ → τ + 1 and ZH eq(P1̄)(τ) is invariant

under τ → τ + 2. From eq. (2.4.54) we see that

TrH −
NS
qL0− c

24 =
1

2

[
ZH eq(P1̄)(τ)− Zι

H̃ (ΛL)
(τ)
]

=
212

2

[
η(τ)24

η(τ/2)24
− η(τ)24

η
(
τ+1
2

)24
]

=
212q

1
2

2

[ ∞∏
n=1

(1− qn−
1
2 )−24 +

∞∏
n=1

(1 + qn−
1
2 )−24

]

= TrH −
T (ΛL)

qL0− c
24 ,

(2.5.11)
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where we used the infinite product expansion of the Dedekind eta function:

η(τ) = q
1
24

∞∏
n=1

(1− qn)24. (2.5.12)

Thus we identify

H −
NS = H −

T (ΛL). (2.5.13)

This also confirms that ι acts as −1 on H −
T (ΛL). Similarly one can check that

H −
R = H −(ΛL) (2.5.14)

which also implies that ι acts as +1 on H −(ΛL). This completes the demonstration (at least at the

level of state spaces) that the spin lift of the Monster CFT with respect to ι is the Beauty and the

Beast SCFT (2.5.1).

To summarize, we have

HNS = H +(ΛL)⊕ H −
T (ΛL), HR = H +

T (ΛL)⊕ H −(ΛL) (2.5.15)

in agreement with (2.5.2) and (2.5.13). The superscripts on the RHS refer to the θ eigenvalue. These

formulae can be refined to:

H +
NS

∼= H +(ΛL), H −
NS

∼= H −
T (ΛL), H +

R
∼= H +

T (ΛL), H −
R

∼= H −(ΛL), (2.5.16)

where the superscripts on the LHS refer to the (−1)Fq eigenvalue. Here (−1)Fq is the emergent

automorphism σ̌d (see discussion around (2.4.43)).

As an aside note that a corollary of the above discussion is that the ι-symmetry of the Monster

theory is the quantum Z2 symmetry of the θ-gauged Leech torus theory, and if we gauge the ι-

symmetry of the Monster theory we recover the Leech torus theory, as expected on general grounds.

Similarly, if we apply the GSO projection to the BB theory we obtain the Monster theory.

Let us now begin the search for a SVOA structure within HBB . We stress that this space is not

itself a SVOA.

As a preliminary, note that the vertex operators on HBB can be described using the block form

relative to the direct sum:

Ṽ (ψ, z) =

V (ψ, z) 0

0 VT (ψ, z)

 , ψ ∈ H (ΛL), (2.5.17)

where V (ψ, z) and VT (ψ, z) for homogeneous states are defined in eq. (2.3.6) and eq. (2.3.44)

respectively and the extension to general states is defined by linearity. Vertex operators for twisted

states take the form:

Ṽ (χ, z) =

 0 W (χ, z)

W (χ, z) 0

 , χ ∈ HT (ΛL). (2.5.18)
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Here W and W are the intertwiners associated to the representation HT (ΛL) of the VOA H +(ΛL)

(see Theorem 2.3.2) defined by the relations in eq. (2.2.18) and (2.2.25). The stress tensor is defined

as

T (z) := Ṽ (ψL, z) =

V (ψL, z) 0

0 VT (ψL, z)

 . (2.5.19)

Proposition 2.5.1. The OPE of a vertex operator corresponding to a state in H −
T (ΛL) with a

vertex operator corresponding to ψ ∈ H −(ΛL) or χ ∈ H +
T (ΛL) has square root singularity and

the OPE with vertex operator corresponding to ψ ∈ H +(ΛL) or χ ∈ H −
T (ΛL) has integer power

singularity.

Proof. Consider the vertex operator Ṽ (χ, z), χ ∈ H −
T (ΛL). We first analyse its OPE with an

untwisted vertex operator Ṽ (ψ, z) for ψ ∈ H −(ΛL). Note that any vector in H −(ΛL) is a linear

combination of states of the form:

Ψλ =

(
M∏
a=1

aja−ma

)(
|λ⟩ ± | − λ⟩√

2

)
(2.5.20)

where we choose + sign when M is odd and − sign when M is even. It is easy to see that the Laurent

expansion of VT (Ψλ, z) contains Z + 1
2 powers of z. Indeed when M is odd, the derivatives of the

fields Rja in the expression (2.3.44) gives Z+ 1
2 powers of z while the exponential factor in (2.3.44)

combines to give cosh(iλ · R) which still contributes integer powers of z and hence the final vertex

operator contains Z + 1
2 powers of z. Similarly when M is even the derivatives of the fields Rja

contains integer powers of z while the exponentials combine to give sinh(iλ · R) which contributes

Z + 1
2 powers of z and hence the final vertex operator contains Z + 1

2 powers of z. Thus we can

expand as

VT (Ψλ, z) =
∑

n∈Z+ 1
2

(VT (Ψλ))n z
−n−hΨλ . (2.5.21)

Now the duality of this vertex operator with Ṽ (χ, z) implies

Ṽ (Ψλ, z)Ṽ (χ,w) =
∑

n∈Z+ 1
2

(z − w)n−hΨλ Ṽ (χn, w)

=
∑
n∈Z

(z − w)n−hΨλ
−hχ Ṽ (χ̃n, w)

(2.5.22)

where

χ̃n = (VT (Ψλ))hχ−n χ (2.5.23)

Noting that hχ ∈ Z + 1
2 and hΨλ ∈ Z, we see that the OPE has square root singularity. Similarly

if Ṽ (χ′, z), χ′ ∈ H +
T (ΛL) is a twisted vertex operator then χ′ has the form (2.3.39) with M even.

The duality now gives

Ṽ (χ′, z)Ṽ (χ,w) = Ṽ (W (χ′, z − w)χ,w), (2.5.24)
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where we used the fact that

Ṽ (χ′, z − w)χ =W (χ′, z − w)χ. (2.5.25)

The Laurent expansion of W (χ′, z) is of the form

W (χ′, z) =
∑
n

Wn(χ
′)z−n−hχ′ (2.5.26)

Thus we get

Ṽ (χ′, z)Ṽ (χ,w) =
∑
n

(z − w)n−hχ−hχ′ Ṽ (χ̃(n), w) (2.5.27)

where

χ̃(n) =Wn−hχ(χ
′)χ. (2.5.28)

Now using (2.2.7), we have

L0Wn(χ)−Wn(χ)L
T
0 = −nWn(χ) (2.5.29)

This implies that Wn(χ
′)χ = 0 for n ∈ Z since the untwisted sector has integer conformal weights.

Thus we see that

Ṽ (χ′, z)Ṽ (χ,w) =
∑
n∈Z

(z − w)n−hχ−hχ′ Ṽ (χ̃(n), w) (2.5.30)

Again since hχ′ ∈ Z and hχ ∈ Z+ 1
2 , we see that the OPE has square-root singularity. The second

part of the statement follows by similar arguments.

We will now identify a subspace of HBB which forms an SVOA. To get an SVOA, we anticipate

that we need to include the θ = −1 subspace of the twisted sector. But then from Proposition 2.5.1,

we see that we can neither have the θ = +1 subspace of the twisted sector nor the θ = −1 subspace

of the untwisted sector. Thus we are led to the following theorem which was first proved in [Hua96]

in the standard formalism of VOAs.

Theorem 2.5.1. The subspace

HSC := HNS = H +(ΛL)⊕ H −
T (ΛL) (2.5.31)

of the “Beauty and the Beast” SCFT possesses the structure of an SVOA.

Proof. We first put a super-vector space structure on HSC by declaring H +(ΛL) to the even space

and H −
T (ΛL) to be the odd space. We will call them respectively the untwisted (bosonic) and

twisted (fermionic) sector. The Fock space of HSC is

FSC = F+ ⊕ F−
T (2.5.32)

where F and FT is the untwisted and twisted Fock spaces respectively and the superscript ±1

indicates the θ = ±1 subspaces of F ,FT . The conformal and vacuum vector is as in the BB module
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HBB and the vertex operators are also defined analogous to the BB module. We now need to prove

the locality relation

Ṽ (ψ, z)Ṽ (ϕ,w) = (−1)|ψ||ϕ|Ṽ (ϕ,w)Ṽ (ψ, z), ψ, ϕ ∈ HSC . (2.5.33)

For bosonic states ψ, ϕ, the locality relation eq. (2.5.33) is equivalent to the locality relations

V (ψ, z)V (ϕ,w) = V (ϕ,w)V (ψ, z), VT (ψ, z)VT (ϕ,w) = VT (ϕ,w)VT (ψ, z). (2.5.34)

The first relation is proved in [DGM90, Section 5, 6] and the second follows from [DGM94, Propo-

sition 3.2 (1)]. This implies the duality of the untwisted vertex operators

Ṽ (ψ, z)Ṽ (ϕ,w) = Ṽ (Ṽ (ψ, z − w)ϕ,w). (2.5.35)

The locality of an untwisted and a twisted vertex operator is

Ṽ (ψ, z)Ṽ (χ,w) = Ṽ (χ,w)Ṽ (ψ, z) (2.5.36)

This follows from the locality relations

V (ψ, z)W (χ,w) =W (χ,w)VT (ψ, z), VT (ψ, z)W (χ,w) =W (χ,w)V (ψ, z). (2.5.37)

The first relation is proved in [DGM90, Section 6] while the second follows from Proposition 2.2.3

and Theorem 2.3.2 (1). This implies the duality of the twisted-untwisted vertex operators

Ṽ (ψ, z)Ṽ (χ,w) = Ṽ (Ṽ (ψ, z − w)χ,w). (2.5.38)

The locality relation for twisted vertex operators with χ, χ′ ∈ H −
T (ΛL) is

Ṽ (χ, z)Ṽ (χ′, w) = −Ṽ (χ′, w)Ṽ (χ, z). (2.5.39)

For this, we need to prove the locality relations

W (χ, z)W (χ′, w) = −W (χ′, w)W (χ, z),

W (χ, z)W (χ′, w) = −W (χ′, w)W (χ, z),
(2.5.40)

for χ, χ′ ∈ H −
T (ΛL). These relations, especially the second, are highly nontrivial. It is proven in

Appendix A.2 that the locality relations are satisfied if the conjugation operation on H +
T (ΛL) is

extended to HT (ΛL) as follows:

χ = e−iπL
T
0 θM(χ), (2.5.41)

where χ is a general homogeneous state as in (2.3.39) in H −
T (ΛL) and the conjugation is extended

to all other states by antilinearity. It is easy to check that this modification still satisfies χ = χ

using the fact that zχ = z∗χ for a complex number number z. All other axioms in Definition 2.4.1

follows from the results of [DGM90, DGM94].
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Remark 2.5.1. Let us give a broader context on Theorem 2.5.1. The first proof of Theorem 2.5.1

in the standard formalism of super vertex operator algebra appeared in [Hua96]. Alternatively, the

existence of the SVOA structure on HSC follows in general from Theorem 3.9 in [CKL19]. This

requires the simple current property of the odd module, which was worked out by Dong in [Don94].

This construction of (super) vertex operator algebras can be generalized vastly using the general

theory of abelian intertwining algebras. Given a nice (called strongly rational in VOA literature)

holomorphic vertex operator algebra V and an automorphism g of the VOA one can consider the

fixed-point vertex operator algebra V g. Then one can show that V g again satisfies the niceness

assumptions [DM97, Miy14, CM16, McR21]. Then one can determine the representation category

of V g, which is a twisted Drinfeld double [Mö21, vEMS17] (see also [MT04, DRX17]), essentially

proving a conjecture in [DPR91]. In particular, all irreducible V g-modules are simple currents,

which translates into the statement that on the direct sum of irreducible V g-modules one gets the

structure of an abelian intertwining algebra in the sense of [DL93]. What this entails is that the

extensions of V g to larger vertex operator (super)algebras (with the same conformal vector) can

be fully described in terms of isotropic subgroups of discriminant forms (again, this is described in

[Mö21, vEMS17] and essentially a special case of [HKL15]). Specializing to order 2 and assuming

that g is anomaly-free, the structure of the representation category (and hence of the extensions)

of V g is described by the abelian group Z2 × Z2 with quadratic form 0, 0, 0, 1/2. The situation is

now very simple: V g has three non-trivial extensions, all of which are holomorphic. One is the

original vertex operator algebra, one is the orbifolded vertex operator algebra and the third is a

vertex operator superalgebra. When we apply this general result to the Monster VOA, then the

two holomorphic vertex operator algebras are the Leech lattice vertex operator algebra H (ΛL) and

the moonshine module H̃ (ΛL) (usually denoted by V ♮ in literature), and the holomorphic vertex

operator superalgebra is the SVOA of Theorem 2.5.1.

In the next section, we will finally construct a superconformal vector inside HSC making it into

an N = 1 SCVOA.

2.5.2 Constructing The Supercurrent

Our supercurrent will be a vertex operator associated to a twisted sector ground state S(ΛL), which

is the 212-dimensional representation of the Heisenberg group 19 Γ(ΛL) defined analogous to (2.3.31).

For any χ ∈ S(ΛL), the corresponding vertex operator (see Theorem 2.2.1 for notations) has the

19Also known in the finite group theory literature as an extraspecial group and denoted by 21+24
+ .
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block diagonal form relative to the direct sum decomposition HBB = H (ΛL)⊕ HT (ΛL):

Ṽ (χ, z) =

 0 W (χ, z)

W (χ, z) 0

 , χ ∈ S(ΛL) (2.5.42)

are well-defined and are present in the extended theory HBB . We Laurent expand the vertex

operators Ṽ (χ, z) :

Ṽ (χ, z) =
∑
n

Ṽn(χ)z
−n− 3

2 , (2.5.43)

where

Ṽn(χ) =

 0 Wn(χ)

Wn(χ) 0

 (2.5.44)

and

W (χ, z) =
∑
n

Wn(χ)z
−n− 3

2 , W (χ, z) =
∑
n

Wn(χ)z
−n− 3

2 (2.5.45)

Proposition 2.5.2. The twisted vertex operators Ṽ (χ, z) are conformal primary operators of weight

3/2.

Proof. First note that the states χ are of conformal weight 3/2. We now compute the OPE of

Ṽ (χ, z) with the energy momentum tensor Ṽ (ψL, z). From the locality of all vertex operators and

intertwiners and using the general form (2.2.8) of the OPE of vertex operators, we get

Ṽ (ψL, z)Ṽ (χ,w) =
∑

n∈Z+ 1
2

n≥0

(z − w)n−2−3/2Ṽ (χ(n), w) (2.5.46)

where

χ(n) = LT3/2−nχ. (2.5.47)

We easily see that

Ṽ (ψL, z)Ṽ (χ,w) =
3/2

(z − w)2
Ṽ (χ,w) +

1

(z − w)
∂wṼ (χ,w) + reg. (2.5.48)

For any χa, χb ∈ S(ΛL), we now compute the OPE of Ṽ (χa, w) and Ṽ (χb, w). We have

Ṽ (χa, z)Ṽ (χb, w) =
∑
n≥0

(z − w)n−3Ṽ (χ̃ab(n), w) (2.5.49)

where we can identify

χ̃ab(n) =W 3/2−n(χa)χb (2.5.50)
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because the formalism identifiesχ̃ab(n)
0

 = Ṽ3/2−n(χa)

 0

χb

 =

 0 W 3/2−n(χa)

W3/2−n(χa) 0

 0

χb

 . (2.5.51)

Note that using (2.2.7), we have

L0Wn(χa)−Wn(χa)L
T
0 = −nWn(χa) (2.5.52)

and hence:

L0

(
Wn(χa)χb

)
+ n

(
Wn(χa)χb

)
= 3/2

(
Wn(χa)χb

)
(2.5.53)

which immediately implies that Wn(χa)χb = 0 for n ∈ Z since the untwisted sector has integer

conformal weights. In particular, the OPE of any two twist fields Ṽ (χa, z), Ṽ (χb, w) is local. We

now restrict to the case a = b.

Lemma 2.5.1. The states W 3/2(χ)χ is su(1, 1)-invariant and the states W 1/2(χ)χ and W−1/2(χ)χ

are of conformal weights 1 and 2 respectively.

Proposition 2.5.3. We have that

W 3/2(χ)χ = α(χ)|0⟩,

W 1/2(χ)χ = 0,

W−1/2(χ)χ =
α(χ)

8
ψL +

∑
λ2=4

κλ(χ)|λ⟩

(2.5.54)

where20

α(χ) = ⟨χ|χ⟩, κλ(χ) = 16⟨χ|eλ|χ⟩∗. (2.5.55)

and

Proof. By uniqueness of an su(1, 1)-invariant state we have

W 3/2(χ)χ = α(χ)|0⟩. (2.5.56)

Taking the inner product with ⟨0| and using the fact that W 3/2(χ)
† = W−3/2(χ) (see Proposition

2.2.1 (3)), we get

α(χ) = ⟨χ|χ⟩. (2.5.57)

Next, we prove the third relation of (2.5.54). Since W−1/2(χ)χ has conformal dimension 2, we can

expand it in a complete basis of states of conformal dimension 2 as:

W−1/2(χ)χ =
∑
i

κiia
i
−1a

i
−1|0⟩+

∑
i<j

κija
i
−1a

j
−1|0⟩+

∑
j

κja
j
−2|0⟩+

∑
λ2=4

κλ(χ)|λ⟩ (2.5.58)

20The sign of κλ(χ) depends on the choice of lift of λ to the Heisenberg group. Given such a lift, κλ(χ) depends only

on the class [λ] ∈ ΛL/2ΛL.
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Under the Z2-orbifold action (see [DGM90, eq. (3.11), eq. (3.27)])

θṼ (χ, z)Ṽ (χ,w)θ−1 = θṼ (χ, z)θ−1θṼ (χ,w)θ−1 = Ṽ (θχ, z)Ṽ (θχ,w) = Ṽ (χ, z)Ṽ (χ,w) . (2.5.59)

Thus the LHS of (2.5.49) is even. Thus the invariance of RHS of (2.5.49) under θ implies that

Wn(χ)χ must be invariant under θ for all n. Observing that ajn is anti-invariant under θ we conclude

that κi = 0. Next using (2.2.7) for m = 2 and n = −1/2, we get

L2W−1/2(χ)−W−1/2(χ)L
T
2 =

3

2
W 3/2(χ). (2.5.60)

Applying it on χ, we get

L2W−1/2(χ)χ = α(χ)
3

2
|0⟩ (2.5.61)

Using the above expansion of W−1/2(χ)χ, we get

∑
i

κiiL2a
i
−1a

i
−1|0⟩+

∑
i<j

κijL2a
i
−1a

j
−1|0⟩+

∑
λ2=4

κλ(χ)L2|λ⟩ = α(χ)
3

2
|0⟩. (2.5.62)

Using the fact that

L2a
i
−1a

j
−1|0⟩ = δij |0⟩, L2|λ⟩ = 0, (2.5.63)

we get ∑
i

κii =
3

2
α(χ). (2.5.64)

We now find the explicit form of and κii and κij . Taking inner product of ⟨0|am1 an1 with W−1/2(χ)χ

and using the expression (2.5.58) for W−1/2(χ)χ, we get

⟨0|am1 an1W−1/2(χ)|χ⟩ = κnm; n ̸= m

= 2κmm; n = m.
(2.5.65)

where we used the fact that

⟨0|am1 an1ai−1a
j
−1|0⟩ = δniδmj + δmiδnj , ⟨0|am1 an1a

j
−2|0⟩ = 0, ai1|λ⟩ = 0. (2.5.66)

Note that

⟨0|am1 an1W−1/2(χ)|χ⟩ = ⟨χ|W1/2(χ)a
m
−1a

n
−1|0⟩∗. (2.5.67)

Using eq. (2.2.18), we get

W (χ, z)am−1a
n
−1|0⟩ = ezL

T
−1VT (a

m
−1a

n
−1|0⟩,−z)χ. (2.5.68)

To compute VT (am−1a
n
−1|0⟩, z), we need to calculate eA(−z)am−1a

n
−1|0⟩ (see eq. (2.3.44)), we have (see

[DGM94, Page 92])

eA(−z)am−1a
n
−1|0⟩ = am−1a

n
−1|0⟩+

1

8
z−2δnm|0⟩. (2.5.69)
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This gives

W (χ, z)am−1a
n
−1|0⟩ = −ezL

T
−1 :

(
dRm(−z)

dz

dRn(−z)
dz

+
1

8
z−2δnm

)
: χ

= ezL
T
−1

 ∑
r,s∈Z+ 1

2

(−1)−r−s : cmr c
n
s : z−r−s−2 +

1

8
δmnz−2

χ

=

 ∑
r,s∈Z+ 1

2
t∈N0

(−1)−r−s
(LT−1)

t : cmr c
n
s :

t!
zt−r−s−2 +

δmn

8

∑
t∈N0

(LT−1)
t

t!
zt−2

χ.

(2.5.70)

Thus we have ∑
r∈Z+ 1

2

Wr(χ)z
−r−3/2

 am−1a
n
−1|0⟩ =

 ∑
r,s∈Z+ 1

2
t∈N0

(−1)−r−s
(LT−1)

t : cmr c
n
s :

t!
zt−r−s−2

+
δmn

8

∑
t∈N0

(LT−1)
t

t!
zt−2

)
χ,

(2.5.71)

which on comparing the powers of z−2 gives

W1/2(χ)a
m
−1a

n
−1|0⟩ =

 ∑
r∈Z+ 1

2
t∈N0

(−LT−1)
t : cmr c

n
t−r :

t!
+
δmn

8

χ.

=
δmn

8
χ

(2.5.72)

This implies that

κmn = 0, κii =
1

16
α(χ) for all i. (2.5.73)

Note that this result is consistent with eq. (2.5.64). To compute κλ(χ), note that

κλ(χ) = ⟨λ|W− 1
2
(χ)|χ⟩. (2.5.74)

Next using (2.2.18) we get

W (χ, z)|λ⟩ = ezL
T
−1VT (|λ⟩, z)χ. (2.5.75)

Since

eA(−z)|λ⟩ = (−4z)−
λ2

2 |λ⟩, (2.5.76)

we get

W (χ, z)|λ⟩ = ezL
T
−1(−4z)−

λ2

2 : exp(iλ ·R(−z)) : eλχ (2.5.77)

Thus using the fact that λ2 = 4 and comparing the coefficient of z−2 on both sides of (2.5.77) we

obtain

W 1
2
(χ)|λ⟩ = coefficient of z−2 in

16

z2
ezL

T
−1 : exp(iλ ·R(−z)) : eλχ. (2.5.78)
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Because of the factor 16/z2, the only contribution to z−2 on the RHS comes from the product of

terms with zℓ in ezL
T
−1 and z−ℓ in : exp(iλ · R(−z)) : with ℓ ≥ 0. Note that ℓ must be an integer

since ezL
T
−1 only has integer powers of z in its expansion. The quantity ezL

T
−1 contributes (LT−1)

ℓzℓ

but : exp(iλ ·R(−z)) : may have nontrivial contributions. Write

: exp(iλ ·R(−z)) := 1 +

∞∑
n=1

1

n!
:

i ∑
k∈Z+ 1

2

λ · ck
k

(−z)−k
n

: . (2.5.79)

When ℓ = 0, only the constant term 1 in (2.5.79) contributes. When ℓ > 0, to get a term with z−ℓ

from the sum, we have to consider n > 0 terms in the sum. This involves the product of at least

two oscillators ck since ℓ is an integer and the summation index k runs over strictly half-integers.

But then the normal ordering annihilates eλχ. So the only nontrivial contribution from the sum is

1 when ℓ = 0. When ℓ > 0, there is no nontrivial contribution. So we finally have

W 1
2
(χ)|λ⟩ = 16eλχ. (2.5.80)

Thus

κλ(χ) = ⟨λ|W− 1
2
(χ)|χ⟩ = ⟨χ|W 1

2
(χ)|λ⟩∗ = 16⟨χ|eλ|χ⟩∗. (2.5.81)

Thus, we have

W−1/2(χ)χ =
α(χ)

8
ψL +

∑
λ2=4

κλ|λ⟩. (2.5.82)

It remains to prove the second equation in (2.5.54). By (2.2.7) we have

L1W−1/2(χ)−W−1/2(χ)L
T
1 =W 1/2(χ). (2.5.83)

Applying this on χ and using the fact that LT1 χ = 0, we obtain

W 1/2(χ)χ = L1W−1/2(χ)χ

=
α(χ)

8
L1ψL +

∑
λ2=4

κλL1|λ⟩.
(2.5.84)

Using the commutator [aim, Ln] = maim+n, which is easy to check using the expression (2.3.14) for

Virasoro generators, we see that L1ψL = 0. Moreover, L1|λ⟩ = 0. Thus we obtain

W 1/2(χ)χ = 0. (2.5.85)

This concludes the proof of (2.5.54) above.

We use the OPE (2.5.49) and the expression (2.5.54) to get:

Ṽ (χ, z)Ṽ (χ,w) =
α(χ)

(z − w)3
+
α(χ)/8

(z − w)
TB(w) +

∑
λ2=4

κλ(χ)

z − w

eiλ·X(w)σλ 0

0 eiλ·R(w)eλ

 . (2.5.86)
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Our goal is to provide a superconformal current. This will be achieved if the third term above

vanishes. Therefore we now search for a twisted ground state χ such that α(χ) = 1 and κλ(χ) = 0

for every λ ∈ ΛL with λ2 = 4. Choose an orthonormal basis of S(ΛL). Then we have

α(χ)∗ = ⟨χ|χ⟩ = −is†Ms∗, (2.5.87)

where s is the column vector representing χ in the chosen basis and and M is as in (2.3.49). We

have also used (2.5.41) here. As discussed in Remark 2.3.5, we will take the representation matrices

γλ to be real and M = 1.

We next construct an explicit matrix representation of the Heisenberg group Γ(ΛL), defined analo-

gous to (2.3.31). Let {γi}24i=1 be (212 × 212) real gamma matrices in 24 dimensions satisfying γ2i = 1

and γiγj = −γjγi for i ̸= j. Let Γ denote the group generated by the 24 Dirac gamma matrices. It

has order 2 · 224 and is a Heisenberg extension of Z24
2 . Introduce the notation:

γw := γw
1

1 · · · γw
24

24 for w = (w1, . . . , w24) ∈ F24
2 . (2.5.88)

Then clearly

Γ := {±γw : w ∈ F24
2 }. (2.5.89)

As is well-known, there is a unique irreducible representation of the Heisenberg group, up to isomor-

phism. Since Γ is a group of matrices it has a canonical representation, we take S(ΛL) to be this

canonical representation. See [DGM90, Appendix C] for one choice of γi. The group Γ(ΛL) is also

a Heisenberg extension of Z24
2 and hence is isomorphic to Γ. To construct an explicit isomorphism,

pick a Z2-basis {[αi]}24i=1 for ΛL/2ΛL using Leech lattice vectors αi with the property that

αi · αj ≡ (1− δij)mod 4. (2.5.90)

An explicit demonstration of the existence of such a basis is given in (2.5.140) et. seq. Because of

the property (2.5.90),

ρ(eαi) = γi, ρ(−eαi) = −γi (2.5.91)

defines a group isomorphism ρ : Γ(ΛL) −→ Γ. Here {eαi ,−eαi} is the fiber above [αi]. For any

λ ∈ ΛL with [λ] =
∑24
i=1 w

i[αi] with wi ∈ Z2, we get

eλ = v([λ])

24∏
i=1

ew
i

αi (2.5.92)

where v(λ) ∈ {±1} is determined using the value of the cocycle ε on the basis vectors. We can then

easily check that

ρ(eλ) = v([λ])

24∏
i=1

γw
i

i = v([λ])γw (2.5.93)
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where w = (w1 . . . w24) ∈ F24
2 . As mentioned in Remark 2.2.3 we will often write

γλ := ρ(eλ) . (2.5.94)

Remark 2.5.2. A choice of basis {[αi]}24i=1 for ΛL/2ΛL with the property (2.5.90) is equivalent

to a choice of representation of the Heisenberg group Γ(ΛL), the representation being specified by

the group isomorphism (2.5.91). The choice of representation gives the action of eλ on S(ΛL). A

difference choice of such a basis and hence a distinct isomorphic representation of Γ(ΛL) gives another

isomorphic realization of the Beauty and the Beast SCFT. The explicit isomorphism is identical to

the one in Remark 2.3.4. Throughout the paper, we choose one such basis and fix it.

The choice of basis {[αi]}24i=1 of ΛL/2ΛL with the property (2.5.90) gives us a map

f : ΛL −→ F24
2

± λ 7→
(
w1 . . . w24

) (2.5.95)

where

[λ] =

24∑
i=1

wi[αi], wi ∈ F2. (2.5.96)

This map is well defined, surjective and an F2-module homomorphism. It is easy to see that Ker(f) =

2ΛL. We denote the induced isomorphism of F2-modules ΛL/2ΛL and F24
2 by the same symbol f .

We now have the following lemma.

Lemma 2.5.2. Let Γ12 ⊂ Γ be an Abelian subgroup of order 212 consisting of elements of the form

ξwγw, with w ∈ F24
2 and ξw ∈ {±1} such that −1 ̸∈ Γ12. Then the image C12 of Γ12 under the map

Γ → F24
2 given by ±γw 7→ w is a [24, 12] binary linear code.

Proof. Since Γ12 is a subgroup, 1 ∈ Γ12 and hence (00 . . . 0) ∈ C12. Moreover since γwγw′ = ±γw+w′

we see that C12 is a linear subspace of F24
2 . Since −1 ̸∈ Γ12, we cannot have both γw and −γw in

Γ12. It is thus clear that |C12| = 212. The statement now follows.

Lemma 2.5.3. Let Γ12 and C12 be as in Lemma 2.5.2 with the additional property that γ2w = 1 for

all γw ∈ Γ12. Then the cocycle ε is trivialisable on C12 by a U(1) coboundary b : F24
2 −→ U(1). That

is

ε(w1, w2) =
b(w1 + w2)

b(w1)b(w2)
. (2.5.97)

Proof. The isomorphism class of U(1) central extensions is determined by the commutator function

[FMS06, Proposition A.1]

κ(w1, w2) = γw1
γw2

γ−1
w1
γ−1
w2
. (2.5.98)

Since elements of Γ12 square to identity, γ−1
w = γw for all w ∈ C12 and since Γ12 is abelian, it is clear

that κ(w1, w2) = 1 for all w1, w2 ∈ C12.
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Lemma 2.5.4. Let b : F24
2 −→ U(1) be the coboundary from Lemma 2.5.3. Define γ̃w = b(w)γw for

w ∈ F24
2 . Then the operator

P12 :=
1

212

∑
w∈C12

γ̃w (2.5.99)

is a rank one projection operator acting on S(ΛL).

Proof. Observe that

γ̃w1
γ̃w2

= b(w1)b(w2)ε(w1, w2)γw1+w2
= b(w1 + w2)γw1+w2

= γ̃w1+w2
. (2.5.100)

Thus

P 2
12 =

1

224

∑
w∈C12

∑
w′∈C12

γ̃w+w′ =
1

212

∑
w∈C12

P12 = P12. (2.5.101)

Moreover using the identity

Tr (γµ1
. . . γµn) = δµ1µ2

Tr (γµ3
. . . γµn)− δµ1µ3

Tr (γµ2
γµ4

. . . γµn) + . . .

+δµ1µn Tr
(
γµ2 . . . γµn−1

)
,

(2.5.102)

it is clear that

Tr(γw) = 0, ∀ w ∈ F24
2 \{0}. (2.5.103)

Thus

TrP12 = 1. (2.5.104)

Since the only eigenvalues of P12 are 0 and 1, it is clear that P12 is rank one.

Definition 2.5.1. A sublattice ΛSC ⊂ ΛL is called a superconformal sublattice if the following

properties are satisfied:

1. For every λ1, λ2, λ ∈ ΛSC, ⟨λ1, λ2⟩ ≡ 0mod 2 and ⟨λ, λ⟩ ≡ 0mod 4.

2. ΛSC does not contain any vector of norm-squared 4.

3. 2ΛL ⊂ ΛSC with index 212.

Hypothesis (1) and (3) implies that Γ̃(ΛSC) := {eλ : [λ] ∈ Λ̃SC} is an order 212 Abelian subgroup of

Γ(ΛL), where Λ̃SC := ΛSC/2ΛL. Hypothesis (2), as we will see below, is crucial for the construction

of the supercurrent.

We can extend the map f , defined in (2.5.95) to a homomorphism f : Γ(ΛL) −→ F24
2 as follows:

f : Γ(ΛL) −→ F24
2

± eλ 7→
(
w1 . . . w24

) (2.5.105)



75

where wi is defined as in (2.5.96). We then claim that for any superconformal sublattice ΛSC

CSC := f(Γ̃(ΛSC)) (2.5.106)

is a [24, 12] binary code. It is clear that the group ρ(Γ̃(ΛSC)) satisfies all hypotheses of Lemma 2.5.2,

where ρ : Γ(ΛL) −→ Γ is the group isomorphism described in (2.5.91). Indeed using Property (1) of

Definition 2.5.1

eλeµ = (−1)λ·µeµeλ = eµeλ ∀ [λ], [µ] ∈ ΛSC/2ΛL. (2.5.107)

Thus Γ̃(ΛSC) is abelian. By the same property, we have

e2λ = (−1)
λ2

2 1 = 1, ∀ [λ] ∈ ΛSC/2ΛL. (2.5.108)

Finally −1 ̸∈ ρ(Γ̃(ΛSC)) since otherwise if eλ ∈ Γ̃(ΛSC) then so does −eλ ∈ Γ̃(ΛSC) and
∣∣∣Γ̃(ΛSC)

∣∣∣ =
|ΛSC/2ΛL| = 211 contradicting the index of 2ΛL in ΛSC. Hence CSC := f(Γ̃(ΛSC)) is a [24, 12] binary

code.

Theorem 2.5.2. Let ΛSC ⊂ ΛL be a superconformal sublattice and let CSC = f(Γ̃(ΛSC)) be the

[24, 12] binary code with corresponding projection operator PSC. Then there exists χSC ∈ ImPSC

such that α(χSC) = 1 and κλ(χSC) = 0 for all λ ∈ ΛL with norm squared 4, where α(χ), κλ(χ) is as

in (2.5.55).

Proof. Choose a normalised vector χ1 (i.e., scaled such that its norm is 1) in ImPSC and extend it

to a basis {χ1, χ2, . . . , χ212} of S(ΛL). We have

PSC = |χ1⟩⟨χ1|, (2.5.109)

where |χ⟩⟨χ| denotes the outer product of vectors. By (2.5.87) α(χ1)
∗ = −i. So we scale χ1 by

eiπ/4:

χSC := e−iπ/4χ1. (2.5.110)

then we have

α(χSC)
∗ = −i⟨e−iπ/4χ1|eiπ/4χ1⟩ = ⟨χ1|χ1⟩ = 1 = α(χSC). (2.5.111)

We now prove that κλ(χSC) = 0. Since ΛSC does not contain vectors of norm squared 4, we see that

if γλ = γw with w ∈ F24
2 and λ′ ∈ [λ] with λ′2 = 4, then w ̸∈ CSC. Thus if γλ = γw′ with w′ ̸∈ CSC,

we have

κλ(χSC) = 16⟨χSC|eλ|χSC⟩ = −16i⟨e−iπ/4χ1|eλ|eiπ/4χ1⟩

= 16⟨χ1|eλ|χ1⟩

=
16

212
Tr

∑
w∈CSC

b(w)γλγw

=
16

212

∑
w∈CSC

b(w)Trγw′γw,

(2.5.112)
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where we used the property of outer product:

⟨Ψ|Φ⟩ = Tr(|Ψ⟩⟨Φ|) . (2.5.113)

Now since w + w′ ̸∈ CSC for any w ∈ CSC and w′ ∈ F24
2 \CSC, we have that w + w′ ̸= 0 and hence

Trγw′γw = 0 since w ∈ CSC and κλ(χSC) = 0. The proof is complete.

Thus the existence of a superconformal vector reduces to the existence of a superconformal

sublattice. We now prove that such a superconformal sublattice exists completing the proof of

superconformal symmetry in the (spin lift of the) Moonshine module.

Theorem 2.5.3. There exists a superconformal sublattice of ΛL.

Proof. It is proved in [DLMN96, Lemma 4.3] that for any Niemeier lattice L, the lattice
√
2L, the

lattice isomorphic to L with all norms doubled, can be isometrically embedded21 in ΛL. We denote

this embedded sublattice by
√
2Lι ⊆ ΛL where ι :

√
2L −→ ΛL is the emebedding map. Moreover, it

is also true that 2ΛL ⊂
√
2Lι and

√
2Lι/2ΛL is a Lagrangian subspace of ΛL/2ΛL. In particular, if

we choose the Niemeier lattice L to be the Leech lattice itself, then we have the following properties

(i) λ2 ∈ 4N, λ ∈
√
2ΛιL\{0}

(ii) λ1 · λ2 ∈ 2Z, λi ∈
√
2ΛιL

(iii) λ2 ̸= 4 ∀ λ ∈
√
2ΛιL.

(2.5.114)

The last property follows from the fact that Leech lattice has minimal norm 4. Since
√
2ΛιL/2ΛL is

a Lagrangian subspace of ΛL/2ΛL, it is clear that the subgroup of Γ(ΛL): 22

Γ̃(
√
2ΛιL) := {eλ : [λ] ∈

√
2ΛιL/2ΛL} (2.5.115)

has order 212. By (2.5.115)
√
2ΛιL is a superconformal sublattice.

Theorem 2.5.4. Let χSC be the twisted ground state of Theorem 2.5.2 for a choice of a supercon-

formal sublattice ΛSC. Then TF (z) := 2V (χSC, z) is a superconformal current.

Proof. From (2.5.86), the OPE is

Ṽ (χSC, z)Ṽ (χSC, w) ∼
1

(z − w)3
+

1/8

(z − w)
TB(w). (2.5.116)

Any potential supercurrent for HSC must have central charge ĉ = 16. This is obvious since the

Monster VOA has central charge c = 24. It is now clear that TF has the required OPE of a

supercurrent with central charge ĉ = 16.

21For an explicit embedding, see [HK00].
22Recall that we can choose a cocycle that is trivial on this subset
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2.5.3 Classification Of N = 1 Structures Obtained From Codes

Our construction of the supercurrent crucially depends on a choice of superconformal sublattice ΛSC

of the Leech lattice. If there exists one such choice of superconformal sublattice ΛSC, then for any

R ∈ Co0, where Co0 is the Conway group, R · (ΛSC) is again a superconformal sublattice.

Definition 2.5.2. Two supercurrents constructed from superconformal lattices are said to be equiv-

alent if the superconformal lattices are related by an automorphism of the Leech lattice or the codes

associated to the two superconformal lattices are isomorphic.

This terminology is motivated by the fact that the N = 1 structures obtained from ΛSC and

R · (ΛSC) (i.e., the SCVOA HSC with superconformal states obtained from ΛSC and R · (ΛSC)) are

isomorphic (see Definition 2.4.2). Similarly N = 1 structures obtained from two isomorphic codes

is isomorphic. We now explicitly demonstrate the isomorphism.

Proposition 2.5.4. Let χSC, χ
′
SC be two supercurrents obtained from either two isomorphic codes

or from two Conway equivalent (i.e., related by a Conway rotation) superconformal sublattices. Then

there exists vertex operators V ′(ψ, z) such that the SCVOAs (HSC , V, |0⟩, ψL, χSC) and (HSC , V
′, |0⟩, ψL, χ′

SC)

are isomorphic.

Proof. Let us first suppose that

|χSC⟩ = P |χ0⟩, |χ′
SC⟩ = P ′|χ0⟩ , |χ0⟩ ∈ S(ΛL), ⟨χ0|χ0⟩ = 1 , (2.5.117)

where

P :=
1

212

∑
w∈C

γw , P ′ :=
1

212

∑
w∈C′

γw , (2.5.118)

and C, C′ are isomorphic [24, 12] codes such that P, P ′ are rank 1 projectors. Let S : F24
2 −→ F24

2 be

a permutation such that C′ = CS. Note that

Γ′ := {±γwS : w ∈ F24
2 } , (2.5.119)

is defines another unitary irreducible representation of the Heisenberg extension of Z24
2 acting on

S(ΛL). By uniqueness of the representation, there exists a unitary matrix Ŝ such that23

ŜγwŜ
† = γwS , w ∈ F24

2 . (2.5.120)

Now define the map uS : HBB −→ HBB by

uSa
j
nu

−1
S = ajn, uSc

j
ku

−1
S = cjk

uS |λ⟩ = |λ⟩, uS |χ⟩ = Ŝ|χ⟩ .
(2.5.121)

23Note that there is no ±1 factor because S preserves the cocycle ε(w,w′) = ε(Sw, Sw′).
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Define V ′ as in (2.5.17), (2.5.18) with V ′
T defined as in (2.3.44) with eλ replaced by e(f−1◦S◦f)([λ]).

Then one can check that uS satisfies uSV (ψ, z)u−1
S = V ′(uSψ, z) for all ψ ∈ HBB and preserves the

vacuum and conformal vector. We now show that

uS |χSC⟩ = |χ′
SC⟩ . (2.5.122)

It is clear from (2.5.120) that ŜP = P ′Ŝ. Thus we have

uS |χSC⟩ = ŜP |χ0⟩ = P ′Ŝ|χ0⟩ = |χ′
SC⟩ . (2.5.123)

Next suppose that χSC and χ′
SC =: χRSC be the superconformal vectors constructed from supercon-

formal sublattices ΛSC and R · (ΛSC) respectively for some R ∈ Co0. Notice that {±γRλ : λ ∈ ΛL}

is another unitary representation of the Heisenberg group Γ(ΛL). Thus by uniqueness of unitary

representation of the Heisenberg group, there exists a unitary matrix S such that

SγλS
† = vR(λ)γRλ , (2.5.124)

for some vR(λ) = ±1 which satisfies

vR(λ)vR(λ
′)

vR(λ+ λ′)
ε(λ, λ′) = ε(Rλ,Rλ′) . (2.5.125)

Define the map uR : HBB −→ HBB by

uRa
ℓ
nu

−1
R = Rℓja

j
n, uRc

ℓ
ku

−1
R = Rℓjc

j
k

uR|λ⟩ = vR(λ)|Rλ⟩, uR|χ⟩ = S|χ⟩ .
(2.5.126)

One can check that uR satisfies uRV (ψ, z)u−1
R = V (uRψ, z) for all ψ ∈ HBB and preserves the

vacuum and conformal vector. We now show that

uR|χSC⟩ = |χRSC⟩ . (2.5.127)

Observe that if b(λ) = ±1 trivializes the cocycle on Γ̃(ΛSC) then b(λ)vR(λ) trivializes the cocycle

on Γ̃(R · (ΛSC)). Indeed, using (2.5.125) we have

b(λ)b(λ′)

b(λ+ λ′)

vR(λ)vR(λ
′)

vR(λ+ λ′)
= ε(λ, λ′)

vR(λ)vR(λ
′)

vR(λ+ λ′)
= ε(Rλ,Rλ′) . (2.5.128)

Let PSC and PRSC be the projection operators corresponding to the superconformal sublattices ΛSC

and R · (ΛSC) respectively. Then we have

SPSCS
† =

1

212

∑
λ∈ΛSC/2ΛL

b(λ)SγλS
† =

1

212

∑
λ∈ΛSC/2ΛL

b(λ)vR(λ)γRλ = PRSC . (2.5.129)

Since |χSC⟩ ∈ ImPSC we have

S|χSC⟩ = SPSC|χSC⟩ = PRSCS|χSC⟩ = |χRSC⟩ , (2.5.130)

where we used the fact that PRSC has rank 1.
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In the previous section we used the existence of an embedding of
√
2ΛL into ΛL. In fact, there

can be different embeddings not related by the action of the Conway group. In our language, these

give inequivalent supercurrents as long as the resulting codes are also non-isomorphic. We will

now show that there can be at most 9 inequivalent supercurrents constructed using embeddings

ι :
√
2ΛL ↪→ ΛL. Moreover we construct two such inequivalent supercurrents explicitly. Since there

are several supercurrents in the Beauty and the Beast SCFT, a natural question to ask is whether

supersymmetry can be enhanced to N > 1. At the end of this section we show that there cannot be

N > 1 supersymmetry in the Beauty and the Beast SCFT.

Suppose that we can find another sublattice Λ′ of the Leech lattice with the properties listed in

(2.5.114), then we can construct another supercurrent using the code f(Λ′/2ΛL) and the associated

projection operator. Our construction is based on the isometric embedding of
√
2ΛL into ΛL which

provides such a sublattice. Now there are many inequivalent embeddings of
√
2ΛL into ΛL. We now

want to classify all the supercurrents that can be constructed using these embeddings. As before,

let us denote the image ι(
√
2ΛL) of an embedding ι :

√
2ΛL −→ ΛL by

√
2ΛιL. We need the following

proposition.

Proposition 2.5.5. Let ι :
√
2ΛL −→ ΛL be an embedding and {[αi]}24i=1 be the basis of ΛL/2ΛL

chosen in (2.5.90). Suppose further that

24∑
i=1

[αi] ∈
√
2ΛιL/2ΛL . (2.5.131)

Then the code

Cι12 := {w ∈ F24
2 : γw = γλ = ρ(eλ) for some eλ ∈ Γ̃(

√
2ΛιL)} (2.5.132)

where Γ̃(
√
2ΛιL) is defined analogous to (2.5.115), is a self-dual, doubly even code.

Proof. Let {αi}24i=1 be a set of Leech vectors representing the basis cosets {[αi]}24i=1 in the hypothesis.

Then we have

αi · αj = (1− δij)mod 4 . (2.5.133)

Then condition (2.5.131) on an embedding implies that

f

(
24∑
i=1

[αi]

)
= (11 . . . 1) ∈ F24

2 . (2.5.134)

This implies that (11 . . . 1) ∈ Cι12. Next note that for any w,w′ ∈ F24
2 [Moo22],

γwγw′ = (−1)wt(w)wt(w′)+w·w′
γw′γw. (2.5.135)
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Now since Γ̃(
√
2ΛιL) is abelian, using (2.5.135) with w′ = (11 . . . 1), we conclude that wt(w) is even

for every w ∈ Cι12. Since γ2w = 1 for every w ∈ Cι12 and

γ2w = (−1)
wt(w)(wt(w)−1)

4 1, (2.5.136)

we must have wt(w) = 4k or 4k + 1 for k a non-negative integer. But since wt(w) is even for every

w ∈ Cι12, we see that the code Cι12 is doubly even. The fact that it is self-dual follows by the fact

that (11 . . . 1) ∈ Cι12.

We now show that for any embedding ι :
√
2ΛL −→ ΛL, there is an equivalent embedding R ◦ ι,

for some suitable R ∈ Co0, such that the hypotheses in Proposition 2.5.5 are satisfied for R ◦ ι.

We start by constructing 24 Leech lattice vectors {αi}24i=1 such that αi ·αj = 3δij+1. (Reference

[Bas] contains some useful information for this construction.) Recall that the Mathieu groupM24 acts

on ΛL by permuting the coordinates. In particular, M23 acts by permuting the first 23 coordinates.

Now start with the norm-squared 4 vector [CS99]

α1 =
1√
8

(
−1, 1, 1, 1, 1,−1, 1,−1, 1, 1,−1,−1, 1, 1,−1,−1, 1,−1, 1,−1,−1,−1,−1,−3

)
.

(2.5.137)

Obtain 22 more vectors α2, . . . , α23 by acting on this vector by the order 23 permutation (12 . . . 23) ∈

M23 ↪→ S23 ↪→ S24, where S23 ↪→ S24 is the embedding by the action on the first 23 coordinates.

Notice that in these 23 vectors, the +1s and −3 is supported on dodecads which intersect at 6 places

pairwise. This will be very important. Choose the last vector to be another norm squared 4 vector

[CS99]

α24 =
1√
8

(
1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,−3

)
. (2.5.138)

It is easily checked that these 24 vectors αi have mutual inner product 1 and hence are inequivalent

modulo 2ΛL. This is because if [αi] = [αj ] then αi = αj +2λ for some λ ∈ ΛL and αi ·αj ≡ 0mod 2

contradicting the fact that αi · αj = 1. Thus we conclude that {[αi]} with αi constructed above is

a basis for ΛL/2ΛL. 24 Alternatively, the Gram matrix for the 24 classes [αi] has 1 on off diagonal

and 0 on diagonal and hence is invertible implying that [αi] is a basis for ΛL/2ΛL. Next, note that

the norm squared of each of the 24 vectors αi is 4 and hence any representative of [αi] will also have

norm-squared divisible by 4. Finally it is easily checked that

24∑
i=1

[αi] =

[
1√
8
(0, 0, . . . ,−72)

]
=

[
1√
8
(0, 0, . . . ,−8)

]
. (2.5.139)

24We remark that the αi do not form a basis for the Leech lattice. Rather, they span a sublattice of index 313.
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Note that 1√
8
(0, 0, . . . ,−8) is a norm-squared 8 vector.

Now consider an arbitrary embedding ι :
√
2ΛL −→ ΛL. Of course

√
2ΛιL contains norm squared

8 vectors. Choose one. Since the Conway group Co0 is transitive on norm-squared 8 vectors [CS99,

Theorem 29, Chapter 10] we can postcompose the embedding map ι by an automorphism of ΛL to

obtain an equivalent embedding containing the vector 1√
8
(0 0 · · ·−8). This means that [ 1√

8
(0 0 · · ·−

8)] ∈ Γ̃(
√
2ΛR◦ι

L ) and we have satisfied the key condition (2.5.131) of Proposition 2.5.5.

This proves the following proposition.

Proposition 2.5.6. Every equivalence class of embeddings25 contains a representative ι :
√
2ΛL −→

ΛL such that Cι12 is a self-dual doubly even [24, 12] code.

Theorem 2.5.5. Embeddings of
√
2ΛL into ΛL give rise to at most 9 inequivalent supercurrents in

the “Beauty and the Beast” SCFT HBB.

Proof. By Proposition 2.5.6, the code generating the supercurrents obtained from equivalence classes

of embeddings is self-dual and doubly even. There are only 9 such codes up to equivalence [PS75].

Moreover, by Porposition 2.5.4, equivalent codes give rise to equivalent supercurrents. Hence the

supercurrents constructed from such embeddings can only be one of the 9 constructed from the 9

selfdual, doubly even binary linear codes.

We now explore some explicit examples of the codes in above theorem. We pick the following

representation of the Heisenberg group: for the basis [αi] of ΛL/2ΛL constructed in (2.5.137) and

(2.5.138), assign

ρ(eαi) = γαi = γi, i = 1, . . . , 24 (2.5.140)

where γi are the standard Dirac gamma matrices. This is well defined because αi ·αj = 3δij +1 and

hence is compatible with {γi, γj} = 2δij1. For any other λ, we first write

[λ] =

24∑
i=1

xi[αi], xi ∈ {0, 1} (2.5.141)

and then we have

γλ = ±γx1
1 · · · γx24

24 (2.5.142)

where the choice of sign is fixed by the cocycle ε of the Heisenberg extension.

Proposition 2.5.7. With the above representation of the Heisenberg group Γ(ΛL), if wt(w) = 4 with

γw = γλ for λ ∈
√
2ΛιL for any embedding ι :

√
2ΛL −→ ΛL then there is a representative λ of [λ]

with norm-squared 12 and of the shape 1√
8
(±28,±44, 012), 1√

8
(±212,±43, 09) or 1√

8
(±216,±42, 06).

25Two embeddings ι1, ι2 are equivalent if there exists R ∈ Co0 such that ι2 = R ◦ ι1.
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Proof. Observe that for wt(w) = 4, if γλ = γw then there is a λ ∈ [λ] such that

λ = αi1 + αi2 + αi3 + αi4 , (2.5.143)

for some i1, . . . , i4 ∈ {1, . . . , 24}. Notice that since the dodecads on which the −1s of αi, i = 1, . . . , 23

are supported intersect at 6 places pairwise, for any 1 ≤ i1, i2 ≤ 23, αi1 + αi2 has the shape

8−1/2(25,−26, 012,−6) with the nonzero coordinates supported on a dodecad. Moreover, for any

αi + α24 for i = 1, . . . 23 has the shape 8−1/2(211, 012,−6). This moreover implies that λ has the

shape 8−1/2(±2k1 ,±4k2 , 023−k1−k2 ,−12). Next, using the fact that αi · αj = 3δij + 1, we see that

λ2 = 28. Thus the norm squared of 8−1/2(±2k1 ,±4k2 , 012,−12) being 28 implies that

k1 + 4k2 = 20. (2.5.144)

The integral solutions to this equation are (k1, k2) = (20, 0), (16, 1), (12, 2), (8, 3), (4, 4), (0, 5). More-

over, the only possible choices of k1 are 8, 12, 16 in which case k2 = 3, 2, 1. Other choices can be ruled

out using the fact that ±4 appears only where the dodecads in αi1 +αi2 and αi3 +αi4 intersect and

the fact that dodecads can only intersect in 0,4,6, and 8 places. Adding 8−1/2(023, 16) to λ does not

change the class, so we have another representative of [λ] of the shape 8−1/2(±2k1 ,±4k2+1, 023−k1−k2).

Thus [λ] can have representative of the shape 8−1/2(±28,±44, 012), 8−1/2(±212,±43, 09) or 8−1/2(±216,±42, 06).

Using the construction of [HK00], we will now explicitly construct two embeddings of
√
2ΛL into

ΛL which will give rise to inequivalent codes and hence inequivalent supercurrents.

To construct an embedding, we start with a Z4-code C which is generated by codewords g ∈ Z24
4

such that the following holds: for each generator g of C , there is a vector g̃ ∈ Z24 such that g̃√
2
∈ ΛL

and g ≡ g̃(mod 4). In simple terms g√
2
∈ ΛL if g√

2
is considered as an element of R24 under the

map Z4 → R which sends 0 → 0, 1 → 1, 2 → 2 and 3 → 3. Pseudo Golay codes and the Harada-

Kitazume codes are examples of such Z4-codes, described in Appendix A.1.2. A typical element of

the associated lattice A(C ) (see Theorem A.1.4) is of the form

g

2
+

4x

2
, x ∈ Z24. (2.5.145)

This implies that
√
2

(
g

2
+

4x

2

)
=

g√
2
+

8x

2
√
2
∈ ΛL (2.5.146)

since g√
2

∈ ΛL and 8x
2
√
2

∈ ΛL for any x ∈ Z24. Hence
√
2A(C ) ⊆ ΛL which gives an explicit

embedding if we choose C such that A(C ) ∼= ΛL. To explicitly construct the embedding, recall

that
√
2ΛL = (ΛL, 2⟨·, ·⟩) where ⟨·, ·⟩ is the Euclidean inner product in R24. This means that



83

√
2ΛL

∼=
√
2A(C ) isometrically. The inclusion map i :

√
2A(C ) −→ ΛL then provides the embedding

ιC :
√
2ΛL −→ ΛL.

Duncan’s Spinor Defines A Supercurrent In The BB Module

Recall that pseudo Golay codes C are Z4 codes such that Res(C ) = G. From [Rai99, Theorem 9], we

see that every pseudo Golay code is Type II with minimum Euclidean distance dE(C ) = 16. Thus

by Theorem A.1.4 and the uniqueness of Leech lattice, we see that A(C ) ∼= ΛL. We now show that

the generators g of the code satisfy g√
2
∈ ΛL. Indeed since g (mod 2) ∈ G, the positions of 1 and 3

in g must be an octad in the Golay code and there are even number of 2s in g. So the shape of g√
2

is

g√
2
=

2g

2
√
2
=

1√
8
(2k, 68−k, 42ℓ, 016−2ℓ)

=
1√
8
(2k,−28−k︸ ︷︷ ︸

octad

, 016) +
1√
8
(88−k, 42ℓ, 016+k−2ℓ).

(2.5.147)

Moreover k is even for all the 13 pseudo Golay codes [Rai99]. Clearly from the list of vectors in the

Leech lattice given in [CS99, Table 4.13, Chapter 4], we see that g√
2
∈ ΛL.

Proposition 2.5.8. Let ιi :
√
2A(Ci) ↪→ ΛL, i = 1, . . . , 13 be the embedding of

√
2ΛL into ΛL

obtained from the 13 pseudo Golay codes Ci. Then

Cιi12 ∼= G, i = 1, . . . , 13 (2.5.148)

where Cιi12 is defined as in (2.5.149).

Proof. By Proposition 2.5.5, the code Cιi12 is a self-dual, doubly even binary [24, 12] code. It suffices

to prove that for every w ∈ Cιi12, wt(w) ̸= 4. We prove this computationally using Mathemat-

ica. In view of Proposition 2.5.7, it suffices to prove that the
(
24
4

)
= 10626 vectors of the shape

1√
8
(±28,±44, 012), 1√

8
(±212,±43, 09) and 1√

8
(±216,±42, 06) does not belong to

√
2A(Ci). This is

equivalent to proving that the 10626 codewords of the form 26 (±18,±24, 012), (±112,±23, 09) and

(±116,±22, 06) does not belong to Ci. This was explicitly checked using Mathematica for each of

the 13 pseudo Golay codes and we indeed found that this is true.

Remark 2.5.3. Recall that the Harada-Kitazume code CHK is another Z4 code satisfying all prop-

erties required to construct an embedding
√
2A(CHK) ⊆ ΛL. Using similar Mathematica calculations

as in Proposition 2.5.8, we found that CHK12 defined by

CHK12 := {w ∈ F24
2 : γw = γλ = ρ(eλ) for some eλ ∈ Γ̃(

√
2A(CHK))} (2.5.149)

26Note that −1,−2 are considered mod 4 in the code.
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is isomorphic to the Golay code G.

The above results imply that one of the supercurrent is generated by the projection operator

constructed out of the Golay code as is the case for Conway supermoonshine elucidated in [HM20].

It was called the Duncan spinor in [HM20] as it was first constructed by John Duncan in [Dun05,

DMC14]. Thus one of the supercurrents in the “Beauty and the Beast” SCFT is based on the Duncan

spinor.

Supercurrent From Quaternary Golay Code

Using the quaternary Golay code, we now construct a supercurrent which is inequivalent to the

Duncan spinor, see (A.1.12) and Table A.1 for the definition of quaternary Golay code. We first

show that the quaternary Golay code Q̂4 gives rise to an embedding of
√
2ΛL into ΛL. Depending

on n±1 ∈ {0, 8, 12, 16, 24}, it is clear that any element of the code Q̂4 is of the shape

g = (1k, 3n±(g)−k, 024−n±(g)) + (22ℓ, 024−2ℓ), (2.5.150)

where k is even since otherwise the Euclidean norm of g would be odd and hence it cannot form an

even lattice. This implies that

g√
2
=

2g√
8
=

1√
8
(2k, 6n±(g)−k, 024−n±(g)) +

1√
8
(42ℓ, 024−2ℓ)

=
1√
8
(2k,−2n±(g)−k︸ ︷︷ ︸

Golay codeword

, 024−n±(g)) +
1√
8
(8n±(g)−k, 024+k−n±(g)) +

1√
8
(22ℓ, 024−2ℓ).

(2.5.151)

It is now clear that g√
2
∈ ΛL. Finally, by [BSC06, Theorem 4.3] we see that A(Q̂4) = ΛL. Thus

using (2.5.146) this code gives us an embedding of
√
2ΛL into ΛL.

Theorem 2.5.6. The code CQ̂4
12 defined as in (2.5.149) is not isomorphic to the Golay code.

Proof. It suffices to show that the code CQ̂4
12 contains a weight 4 codeword and hence cannot be the

Golay code. Indeed from Lemma A.1.1, we see for any dodecad w ∈ G, the code Q̂4 contains the

codeword (±112, 23, 09) for any choice of position of the three 2s with ±1 supported on w. From

the proof of Proposition 2.5.7, we see that there exists a vector of the shape 8−1/2(±212, 43, 09)

which map to a weight 4 codeword under the homomorphism f . But then this means that
√
2A(Q̂4)

contains Leech vectors which under the homomorphism f of (2.5.95) map to weight 4 codewords.

Thus the code CQ̂4
12 cannot be the Golay code.

Thus we see that the code CQ̂4
12 thus gives rise to a new supercurrent different from the Duncan

spinor.
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We have now shown that there are at least two inequivalent supercurrents in the Beauty and the

Beast module. Let us now calculate the OPE of the supercurrents with dimension 1 primaries in

the theory since they are required for N > 1 supersymmetry. There are 24 linearly independent

dimension 1 fields: Ṽ (ai−1|0⟩, z). In terms of the fields Xi, Ri it is given by

Ṽ (ai−1|0⟩, z) =

: ∂zX
i(z) : 0

0 : ∂zR
i(z) :

 (2.5.152)

Let Ṽ (χs, z) be a supercurrent. By (2.5.22) and (2.5.23) we have the OPE

Ṽ (ai−1|0⟩, z)Ṽ (χs, w) =
1

(z − w)
1
2

Ṽ (ci−1/2χs, w) +O((z − w)
1
2 ), (2.5.153)

where we used the fact that cikχ = 0 for k > 0 and χ ∈ S(ΛL). Thus the dimension 1 primaries have

a square root singularity with the supercurrents. Therefore there is no mutually local dimension one

U(1) R-symmetry current and therefore we cannot have extended supersymmetry in the BB mod-

ule. It might be possible to define an N = 2 supersymmetry algebra by passing to suitable covering

spaces. In any case, there is a novel symmetry structure here which might be worth understanding

more deeply.

We also note that similar calculations as in Section 2.5.1 give us the OPE of two vertex opera-

tors Ṽ (χa, z) and Ṽ (χb, z) corresponding to twisted ground states χa, χb ∈ S to be

Ṽ (χa, z)Ṽ (χb, w) ∼
αab

(z − w)3
+

αab/8

(z − w)
TB(w) +

∑
λ2=4

κabλ
z − w

eiλ·X(w)σλ 0

0 eiλ·R(w)eλ

 (2.5.154)

where

αab := ⟨χa|χb⟩, κabλ = 16i⟨χa|eλ|χb⟩. (2.5.155)

Thus any two supercurrents are local with respect to each other. For the two supercurrents con-

structed above, it may be possible to calculate the coefficients αab and κabλ explicitly. But we will

leave this calculation for future. This suggests that there is a novel chiral algebra in the BB module.

2.6 Mathematical construction of the Beauty and the Beast module

In this section, we will explain the construction in Chapter 2 in the language of vertex operator

algebras (VOAs). VOAs have been reviewed in Appendix B. To be precise, we prove the following

Theorem 2.6.1. aLet VBB be the Beauty and the beast module. Then VBB has the structure of an

N = 1 superconformal vertex operator algebra with central charge ĉ = 16.

See Section 2.6.1 for the precise definition of an N = 1 superconformal vertex operator algebra.
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2.6.1 Superconformal Vertex Operator Algebras

We start by defining the notion of an N = 1 superconformal VOA, we refer the reader to Appendix

B for the definition of vertex operator superalgebra and related notations.

Definition 2.6.1. An SVOA (V, YV ,1, ω) is called an N = 1 superconformal vertex operator algebra

with central charge denoted by ĉ if there is a superconformal vector τ ∈ V(3/2) with corresponding

vertex operator

YV (τ, x) =
∑
r∈ 1

2Z

τrx
−r−1 =

∑
r∈ 1

2Z

Grx
−r− 3

2 (2.6.1)

such that the operators Ln and Gr furnish a representation of the N = 1 superconformal algebra:

[Lm, Ln] = (m− n)Lm+n +
ĉ

8
m
(
m2 − 1

)
δm,−n

[Gr, Ln] =
(
r − n

2

)
Gr+n

{Gr, Gs} = 2Lr+s +
ĉ

2

(
r2 − 1

4

)
δr,−s

[Lm, ĉ] = [Gr, ĉ] = 0.

(2.6.2)

where {·, ·} is the anticommutator. We denote an N = 1 SCVOA by the tuple (V, YV ,1, ω, τ).

Remark 2.6.1. If the modes Gr of the vertex operator YV (τ, x) are zero for r ∈ Z, the the algebra

(2.6.2) is called the N = 1 Neveu-Schwartz algebra. If Gr = 0 for r ∈ Z+ 1
2 then the algebra (2.6.2)

is called the N = 1 Ramond algebra.

The commutation relations for the superconformal algebra of central charge ĉ is equivalent to

the operator product expansion:

YV (ω, x1)YV (ω, x2) ∼
3ĉ/4

(x1 − x2)
4 +

2YV (ω, x2)

(x1 − x2)
2 +

1

(x1 − x2)

d

dx2
YV (ω, x2)

YV (ω, x1)YV (τ, x2) ∼
3

2

YV (τ, x2)

(x1 − x2)
2 +

1

(x1 − x2)

d

dx2
YV (τ, x2)

YV (τ, x1)YV (τ, x2) ∼
ĉ/4

(x1 − x2)
3 +

2YV (ω, x2)

(x1 − x2)
.

(2.6.3)

This gives us another definition of an N = 1 SCVOA which we record as

Proposition 2.6.1. Suppose (V, YV ,1, ω) is an N = 1 SVOA with central charge c. Then τ ∈ V(3/2)

is a superconformal element for the N = 1 SCVOA V with central charge ĉ = 2
3c if

τ2τ =
2c

3
1, τ1τ = 0, τ0τ = 2ω. (2.6.4)

2.6.2 The Monster Vertex Operator Algebra

A large class of VOAs can be constructed using even, positive definite lattice equipped with a

symmetric nondegerate bilinear form. The lattice used to construct the Monster VOA is the Leech
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lattice Λ (see [FLM89, Chapter 7,8] for the construction). In this section we review the construction

of the Monster VOA which will be useful in later sections. This complements the discussion in

Section 2.3.

The untwisted vertex operator algebra

Let Λ be the Leech lattice. Define

h := Λ⊗Z C (2.6.5)

viewed as a finite dimensional C-vector space with a nonsingular, even, symmetric, nondegerate form

⟨·, ·⟩. Let {αi}24i=1 ⊂ h satisfying

⟨αi, αj⟩ = 2δij . (2.6.6)

We can write thus write

h = SpanC{α1, . . . , α24}. (2.6.7)

An orthonormal basis for h can then be constructed using αi by defining

hi =
1√
2
αi, i = 1, . . . , 24. (2.6.8)

Considering h as an abelian Lie algebra, we construct the Heisenberg algebra of h as:

ĥZ :=
⊕
n∈Z
n̸=0

h⊗ tn ⊕ Cc (2.6.9)

where c is a central element of the algebra and the Lie bracket is given by

[x⊗ tn, y ⊗ tm] = ⟨x, y⟩mδm+n,0c. (2.6.10)

Let

ĥ−Z :=
⊕
n∈Z
n<0

h⊗ tn (2.6.11)

and S(ĥ−Z ) be the symmetric algebra of ĥ−Z . We will consider the Z-grading on S(ĥ−Z ) obtained

by extending the Z-grading on ĥZ to the tensor product in the usual way. S(ĥ−Z ) is an induced

ĥZ-module (see [FLM89, Section 1.7]). Let Λ̂ be the central extension of Λ by a cyclic group ⟨κ⟩,

κ2 = 1, κ ̸= 1 of order 2:

0 −→ ⟨κ⟩ −→ Λ̂
−−→ Λ −→ 0. (2.6.12)

For any subgroup L ⊆ Λ we define

L̂ := {a ∈ Λ̂ : ā ∈ L}. (2.6.13)
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Let Cχ be the 1-dimensional space on which ⟨κ⟩ acts according to χ : ⟨κ⟩ −→ C, χ(κ) = −1. That

is κ · 1 = −1. Let us denote by C{Λ} the induced Λ̂-module of Cχ by the subgroup ⟨κ⟩ ↪→ Λ̂:

C{Λ} := C[Λ̂]⊗C[⟨κ⟩] Cχ (2.6.14)

where C[G] denotes the group algebra of G. The elements of C{Λ} are linear combinations of

elements of the form a ⊗ 1 where a ∈ Λ̂. Using this, we put a Z-grading on C{Λ} by defining the

weight27

wt(a⊗ 1) =
1

2
⟨ā, ā⟩, a ∈ Λ̂ (2.6.15)

Form the untwisted vector space

VΛ := S(ĥ−Z )⊗ C{Λ}. (2.6.16)

VΛ inherits the Z-grading from that of S(ĥ−Z ) and C{Λ}. We consider S(ĥ−Z ) as a trivial Λ̂-module

so that VΛ is a tensor product of Λ̂ modules and hence again a Λ̂-module. Similarly we consider

C{Λ} as a trivial ĥZ-module. Let us denote by α(n) the element α⊗ tn ∈ ĥZ for α ∈ h and for any

α ∈ h define

α(0) : C{Λ} −→ C{Λ}, α(0)(a⊗ 1) = ⟨α, ā⟩(a⊗ 1). (2.6.17)

Also for any α ∈ Λ and x a formal variable, define

xα ∈ (EndC{Λ})[x, x−1], xα(a⊗ 1) = x⟨α,ā⟩(a⊗ 1). (2.6.18)

For α ∈ h, put

α(x) =
∑
n∈Z

α(n)x−n−1. (2.6.19)

VΛ is generated by elements of the form

v = α1(−n1) · α2(−n2) · · ·αk(−nk) · ι(a) := α1(−n1) · α2(−n2) · · ·αk(−nk)⊗ ι(a) (2.6.20)

where ι(a) = 1⊗ (a⊗ 1) ∈ VΛ and a ∈ Λ̂. For a ∈ Λ̂ define the untwisted vertex operator associated

to ι(a) as

YVΛ(a, x) := YVΛ(a, x) =
◦
◦ exp

(∫
ā(x)

)
◦
◦

= ◦
◦ exp

(
−
∑
n<0

ā(n)

n
x−n

)
exp

(
−
∑
n>0

ā(n)

n
x−n

)
axā ◦

◦

(2.6.21)

where the normal ordering is defined as

◦
◦α1(m)α2(n) ◦

◦ = ◦
◦α2(n)α1(m) ◦

◦ =


α1(m)α2(n) m ≤ n

α2(n)α1(m) m ≥ n

◦
◦α(m)a ◦

◦ = ◦
◦aα(m) ◦

◦ = aα(m),

◦
◦x

αa ◦
◦ = ◦

◦ax
α ◦

◦ = axα

(2.6.22)

27The notation ā denotes the image of the projection map − : Λ̂ −→ Λ.
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for α1, α2, α ∈ h,m,m ∈ Z, α ∈ Λ, a ∈ Λ̂. To extend this to all of VΛ we define the vertex operators

for the generating set

YVΛ(v, x) =

k∏
i=1

◦
◦

(
1

(ni − 1)!

dni−1αi(x)

dxni−1

)
YVΛ(a, x)

◦
◦ (2.6.23)

where v is as in (2.6.20) and extend it to all of VΛ by linearity. This gives us the map

YVΛ : VΛ −→ (EndVΛ)[[x, x−1]], v 7→ YVΛ(v, x). (2.6.24)

To construct a conformal element pick an orthonormal basis {h1, h2, . . . , h24} of h and define

ω :=
1

2

24∑
i=1

hi(−1)2. (2.6.25)

Then we have the following theorem

Theorem 2.6.2. [FLM89, FLM85] The quadruple (VΛ, YVΛ
, ι(1), ω) is a vertex operator algebra with

central charge 24.

The twisted module

Let us now construct the VΛ-module V TΛ . We consider the Z+ 1
2 -graded twisted Heisenberg algebra

ĥZ+ 1
2
:=

⊕
r∈Z+ 1

2

h⊗ tr ⊕ Cc (2.6.26)

and its subalgebra

ĥ−Z+ 1
2

:=
⊕
r<0

h⊗ tr. (2.6.27)

The symmetric algebra S(ĥ−Z+ 1
2

) is 1
2Z-graded and as before an irreducible ĥZ+ 1

2
-module.To construct

the twisted module, we need the Λ̂-module T which we describe below. Set

K := {a2κ⟨ā,ā⟩/2 : a ∈ Λ̂}. (2.6.28)

Then K is a central subgroup of Λ̂ and

K̄ = 2Λ. (2.6.29)

Moreover Λ̂/K is a finite subgroup and is a central extension of Λ/2Λ:

1 −→ ⟨κ⟩ −→ Λ̂/K −→ Λ/2Λ −→ 1. (2.6.30)

One can show that Λ̂/K is an extraspecial 2-group with

|Λ̂/K| = 225. (2.6.31)

The space T is then characterized as follows:
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Proposition 2.6.2. [FLM89, Proposition 10.3.1] The extraspecial group Λ̂/K has a unique (up to

equivalence) irreducible module T such that

κK 7→ −1 on T. (2.6.32)

Moreover, the corresponding representation of Λ̂/K is the unique faithful irreducible representation

and

dimT = 212. (2.6.33)

To construct T , let Φ be any subgroup of Λ such that

2Λ ⊂ Φ ⊂ Λ,

|Φ/2Λ| = 212,

1

2
⟨α, α⟩ ∈ 2Z, for any α ∈ Φ.

(2.6.34)

Then Φ̂ is a maximal abelian subgroup of Λ̂ and Φ̂/K (cf. (2.6.13)) is an elementary abelian 2-group.

Let

ψ : Φ̂/K −→ C× (2.6.35)

be any homomorphism such that

ψ(κK) = −1 (2.6.36)

and denote by Cψ the one-dimensional Φ̂-module with the corresponding character. Then viewed as

a Λ̂-module,

T = C[Λ̂]⊗C[Φ] Cψ

≃ C[Λ/Φ] (linearly).
(2.6.37)

From (2.6.37) we see that T is generated by elements of the form t(a) := a⊗ 1 where a ∈ Λ̂. We

then define the module V TΛ as

V TΛ := S(ĥ−Z+ 1
2

)⊗ T. (2.6.38)

We give a gradation to T by defining the weight

wt(t) =
3

2
, t ∈ T. (2.6.39)

Then V TΛ has a 1
2Z-grading induced from the tensor product gradation. Let us again denote α⊗ tr

by α(r) for α ∈ h and r ∈ Z+ 1
2 and also define

α(x) =
∑

r∈Z+ 1
2

α(r)x−r−1, α ∈ h. (2.6.40)
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Let us now define the twisted vertex operators. For any a ∈ Λ̂, define

YV TΛ (a, x) := 2−⟨ā,ā⟩ ◦
◦ exp

(∫
ā(x)

)
◦
◦ax

⟨ā,ā⟩/2

= 2−⟨ā,ā⟩ ◦
◦ exp

∑
n≥0

ā(n+ 1
2 )

n+ 1
2

x−n+
1
2

 · exp

(∑
n<0

ā(n+ 1
2 )

n+ 1
2

x−n+
1
2

)
◦
◦ax

⟨ā,ā⟩/2
(2.6.41)

where the normal ordering is defined as

◦
◦α1(r)α2(s) ◦

◦ = ◦
◦α2(s)α1(r) ◦

◦ =


α1(r)α2(s) r ≤ s

α2(s)α1(r) r ≥ s

(2.6.42)

for α1, α2 ∈ h, r, s ∈ Z+ 1
2 . For a general v ∈ VΛ of the form (2.6.20) we define

YV TΛ (v, x) = Y0

exp

 ∑
m,n≥0

24∑
i=1

cmnhi(m)hi(n)x
−m−n

 v, x

 (2.6.43)

where

Y0(v, x) =

k∏
i=1

◦
◦

(
1

(ni − 1)!

dni−1αi(x)

dxni−1

)
YV TΛ (a, x) ◦

◦ , (2.6.44)

{h1, . . . , h24} is an orthonormal basis of h and cmn are complex numbers determined by the relation

∑
n,m≥0

cmnx
myn = − log

(
(1 + x)1/2 + (1 + y)1/2

2

)
. (2.6.45)

This defines the vertex operator map

YV TΛ (·, x) : V TΛ −→ (EndV TΛ )[[x
1
2 , x−

1
2 ]]. (2.6.46)

The Monster module

To define the Monster module, we define an involution θ on VΛ and V TΛ . Let v ∈ VΛ be as in (2.6.20)

and w ∈ V TΛ be of the form

w = α1(−r1) · · ·αk(−rk) · t := α1(−r1) · · ·αk(−rk)⊗ t, t ∈ T, r1, . . . , rk ∈ Z+
1

2
. (2.6.47)

Define

θ(v) = (−1)kα1(−n1) · · ·αk(−nk) · ι(a−1)

θ(w) = (−1)k+1α1(−r1) · · ·αk(−rk) · t
(2.6.48)

and extend it as a map θ : VΛ −→ VΛ and θ : V TΛ −→ V TΛ by linearity. Clearly θ2 = 1. Let V ±
Λ and

(V TΛ )+ be the ±1 eigenspaces of θ. We then define the Moonshine module V ♮ as

V ♮ := V +
Λ ⊕ (V TΛ )+. (2.6.49)
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V ♮ has a Z-grading given by the weight gradation on VΛ and V TΛ :

V ♮ =
⊕
n∈Z
n≥0

V ♮n . (2.6.50)

In particular

V ♮0 = Cι(1), V ♮1 = 0, V ♮2 = t⊕ p (2.6.51)

where

t := S2(h)⊕
⊕
a∈Λ̂4

Cx+a , x+a := ι(a) + ι(a−1), (2.6.52)

and

p := h⊗ T. (2.6.53)

To match this with (1.2.5), we define the degree of a vector by

deg(v) = −wt(v) +
1

24
dimh = 1− wt(v). (2.6.54)

We now want to construct the vertex operator map

V ♮ −→ (EndV ♮)[[x
1
2 , x−

1
2 ]]. (2.6.55)

For v ∈ V +
Λ we define

YV ♮(v, x) =

YVΛ(v, x) 0

0 YV TΛ (v, x)

 . (2.6.56)

To define vertex operators for v ∈ (V TΛ )+ we first introduce a bilinear form on V TΛ . On T there is a

unique positive definite hermitian bilinear form (·, ·)T such that

(t(a), t(b))T =


0, aΦ̂ ̸= bΦ̂

1, a = b.

(2.6.57)

This can be extended to a unique bilinear from ⟨·, ·⟩V TΛ on V TΛ as follows:

⟨1⊗ t(a), 1⊗ t(b)⟩V TΛ = (t(a), t(b))T

⟨α(n) · u, v⟩V TΛ = ⟨u, α(−n) · v⟩V TΛ

(2.6.58)

where α(n) · u is the module multiplication in the ĥZ+ 1
2
-module V TΛ . Now for v ∈ (V TΛ )+ we define

YV ♮(v, x) =

 0 Z̄(v, x)

Z(v, x) 0

 (2.6.59)
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where Z(v, x) : V +
Λ −→ (V TΛ )+[[x

1
2 , x−

1
2 ]] is defined as

Z(v, x)u = exL(−1)YV TΛ (u,−x)v, u ∈ V +
Λ (2.6.60)

and Z̄(v, x) : (V TΛ )+ −→ (V +
Λ )[[x

1
2 , x−

1
2 ]] is defined by

〈
w, Z̄(v, x)u

〉
VΛ

=
〈
YV TΛ (w,−x−1)exL(1)(−x2)−L(0)v, ex

−1L(1)u
〉
V TΛ

, for all w ∈ VΛ. (2.6.61)

Theorem 2.6.3. [FLM89] The quadruple (V ♮, YV ♮ , ι(1), ω) is a vertex operator algebra of central

charge 24 with automorphism group the Monster M.

2.6.3 N = 1 Neveu-Schwartz algebra in the Beauty and the Beast module

In this section, we explcitly construct a superconformal vector in the meromorphic extension of

the Monster module called the Beauty and the Beast module in [MS23]. We will show that the

superconformal vector is contained in the image of a rank 1 projection operator acting on the

module T .

The Beauty and the Beast SVOA

In this section, we recall the SVOA structure of the Beauty and the Beast module. We consider the

extended space

VBB := VΛ ⊕ V TΛ . (2.6.62)

Clearly VBB is 1
2Z-graded. Let us write

VBB =
⊕
n∈ 1

2Z
n≥0

(VBB)n =

⊕
n∈Z
n≥0

(VBB)n

⊕

 ⊕
n∈Z+ 1

2
n>0

(VBB)n

 (2.6.63)

and define

(VBB)0̄ :=

⊕
n∈Z
n≥0

(VBB)n

 , (VBB)1̄ :=

 ⊕
n∈Z+ 1

2
n>0

(VBB)n

 . (2.6.64)

This defines a Z2-grading so that VBB has a super vector space structure. Let us now define the

vertex operator map

YVBB : VBB ⊗ VBB −→ VBB [[x
1
2 , x−

1
2 ]].

For v ∈ VΛ we define

YVBB (v, x) =

YVΛ(v, x) 0

0 YV TΛ (v, x)

 . (2.6.65)
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For v ∈ V TΛ we define

YVBB (v, x) =

 0 Z̄(v, x)

Z(v, x) 0

 (2.6.66)

where Z(v, x) : VΛ −→ (V TΛ )[[x
1
2 , x−

1
2 ]] is defined as

Z(v, x)u = exL(−1)YV TΛ (u, eπix)v, u ∈ VΛ (2.6.67)

and Z̄(v, x) : V TΛ −→ (VΛ)[[x
1
2 , x−

1
2 ]] is defined by

〈
w, Z̄(v, x)u

〉
VΛ

=
〈
YV TΛ (w, eπix−1)exL(1)(eπix2)−L(0)v, ex

−1L(1)u
〉
V TΛ

, for all w ∈ VΛ (2.6.68)

and then extend to all of VBB by linearity. We thus have the following theorem.

Theorem 2.6.4. The quadruple (VBB , YVBB , ι(1), ω) is a super vertex operator algebra of central

charge 24.

Sketch of Proof : The statement follows from general theory of logarithmic tensor category [HLZ10a,

HLZ10b, HLZ10c, HLZ10d, HLZ10e, HLZ10f, HLZ11a, HLZ11b]. To be specific, one can use [CKL19,

Theorem 3.9] with the odd module (VBB)1̄ as a simple current for (VBB)0̄. Note that the fact that

(VBB)1̄ is a simple current for (VBB)0̄ follows from the results in [Don94]. See also Remark 2.5.1.

Alternatively, one can also prove it in the formalism of [DGM90, DGM94] as done in [MS23] by taking

the formal variable to be a non zero complex number and using analytic continuation. The only

nontrivial part of the proof is the Jacobi identity for the vertex operators YVBB (u, x1) and YVBB (v, x2)

with u, v ∈ (VBB)1̄. For other cases, the Jacobi identity follows from similar calculations as in the

proof of the same for the Monster VOA [FLM89, DGM90, DGM94]. This has been reviewed in

Appendix A.2. □

2.6.4 Superconformal vector in the Beauty and the Beast module

The superconformal vector τ is a weight 3
2 vector, this means that τ ∈ T ↪→ VBB . To construct

τ we must show that YVBB (τ, x) satisfies the OPE in (2.6.3) or equivalently show that τ satisfies

Proposition 2.6.1 with ĉ = 16.

Lemma 2.6.1. Suppose we have

YVBB (v, x) =
∑
n∈ 1

2Z

vnx
−n−1, vn ∈ End(VBB). (2.6.69)

Then for v ∈ V +
Λ we have vn = 0 when n ∈ Z+ 1

2 and

vn =

ṽn 0

0 v̌n

 , n ∈ Z, ṽn ∈ End(VΛ), v̌n ∈ End(V TΛ ). (2.6.70)
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For v ∈ V −
Λ

vn =

ṽn 0

0 0

 , n ∈ Z, vn =

0 0

0 v̌n

 , n ∈ Z+
1

2
. (2.6.71)

Proof. We expand the vertex operator as

YVBB (v, x) =
∑
n∈ 1

2Z

vnx
−n−1 =


∑
n∈Z

ṽnx
−n−1 0

0
∑
n∈ 1

2Z
v̌nx

−n−1

 , v ∈ VΛ, ṽn ∈ End(VΛ), v̌n ∈ End(V TΛ ).

(2.6.72)

We want to see when the sum in the formal series for YV TΛ (v, x) runs over Z and Z + 1
2 . Using the

action of θ on VΛ we see that V ±
Λ is generated by elements of the form

α1(−n1) · · ·αk(−nk) ·
(
ι(a)± ι(a−1)

)
(2.6.73)

with (k,±) ≡ (odd,−), (even,+) for V +
Λ and (k,±) ≡ (odd,+), (even,−) for V −

Λ . Using the defini-

tion of the vertex operator YV TΛ (v, x) in (2.6.40)–(2.6.45) the result follows.

Lemma 2.6.2. Let t ∈ T and write the corresponding vertex operator as

YBB(t, x) =
∑
n∈ 1

2Z

tnx
−n−1, tn ∈ End(VBB). (2.6.74)

Then we have

wt(t2t) = 0, wt(t1t) = 1, wt(t0t) = 2. (2.6.75)

Proof. Using (B.1.30) and (B.1.29) for v = t we get

[L0, tn] =

(
3

2
− n− 1

)
tn (2.6.76)

and the result follows.

Proposition 2.6.3. For any t ∈ T , we have that

t2t = ⟨1⊗ t, 1⊗ t⟩ι(t), t1t = 0 (2.6.77)

and

t0t =
1

8
⟨1⊗ t, 1⊗ t⟩ω + 16

∑
a∈Λ̂4

⟨1⊗ t, 1⊗ [a] · t⟩(ι(a) + ι(a−1)) (2.6.78)

where [a] · t denotes the action of the image [a] of a under the map Λ̂ −→ Λ̂/K (see Proposition

2.6.2) on T .
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Proof. By Lemma 2.6.2 and (2.6.51) we can write

t2t = κ(t)ι(1), t1t =

24∑
i=1

κi(t)αi(−1) · ι(1), κ(i), κi(t) ∈ C. (2.6.79)

Next since t ∈ T ⊂ V TΛ , we have28

YVBB (t, x)t = Z̄(t, x)t ∈ ((VΛ)2)[[x
1
2 , x−

1
2 ]]. (2.6.80)

Using (2.6.51) we can write

t0t =

24∑
i=1

δi(t)αi(−1)αi(−1) · ι(1) +
24∑

i,j=1
i̸=j

κij(t)αi(−1)αj(−1) · ι(1)

+

24∑
i=1

κ′i(t)αi(−2) · ι(1) +
∑
a∈Λ̂4

κa(t)(ι(a) + ι(a−1)), δi(t), κij(t), κ
′
i(t), κa(t) ∈ C.

(2.6.81)

Using the relation〈
w, Z̄(t, x)t

〉
VΛ

=
〈
YV TΛ (w, eπix−1)exL(1)(eπix2)−L(0)t, ex

−1L(1)t
〉
V TΛ

, w ∈ VΛ. (2.6.82)

from (2.6.68) and performing similar calculations as in Chapter 2 we get the required result.

We now want to show that there exists a t ∈ T such that for every a ∈ Λ̂4

⟨1⊗ t, 1⊗ [a] · t⟩ = 0. (2.6.83)

We will explicitly construct such an element. Let {ti}212i=1 be an orthonormal basis for T , that is

⟨1⊗ ti, 1⊗ tj⟩ = δij , i, j = 1, . . . , 212. (2.6.84)

Let γa be the matrix representing [a] ∈ Λ̂/K. Then it easy to see that

γ2a = (−1)
⟨ā,ā⟩

2 . (2.6.85)

Let us choose a section e : Λ −→ Λ̂. Then since the commutator map for the central extension Λ̂ is

c0(α, β) = ⟨α, β⟩+ 2Z, α, β ∈ Λ (2.6.86)

we see that (see [FLM89, Chapter 5] for details)

γaγb = (−1)⟨ā,b̄⟩γbγa = ε0(ā, b̄)γe(ā+b̄). (2.6.87)

where ε0 is the cocycle defining the central extension. It is known that the matrix representation

of this algebra is unique upto unitary equivalence. It is constructed recursively using the standard

Dirac gamma matrices (see [DGM90, Appendix C]). This means that

Trγa = 0 for a ̸= 1. (2.6.88)

28We have abused notation a little to write a the vector (0, t) ∈ VBB simply as t.
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Let us define a superconformal sublattice ΛSC ⊂ Λ to be a sublattice of the Leech lattice with the

following properties:

(i) ⟨α, α⟩ ∈ 4N, α ∈ ΛSC\{0}

(ii) ⟨α, β⟩ ∈ 2Z, α, β ∈ ΛSC

(iii) ⟨α, α⟩ ̸= 4 ∀ α ∈ ΛSC .

(2.6.89)

The proof of the following lemma is immediate from [FMS06] and the assumptions in (2.6.89).

Lemma 2.6.3. The cocycle ε0 is trivialisable over ΛSC by a coboundary b : ΛSC −→ U(1). That is

ε0(α, β) =
b(α+ β)

b(α)b(β)
. (2.6.90)

Define the operator

P12 :=
1

212

∑
a∈Λ̂SC

γ̃a, (2.6.91)

where γ̃a = b(ā)γa. It is easy to check that P12 is a rank 1 projection operator, that is

P 2
12 = P12, TrP12 = 1. (2.6.92)

This means that ImP12 is one dimensional.

Theorem 2.6.5. Let τ ′ ∈ ImP12 be the unique vector such that ⟨1⊗ τ ′, 1⊗ τ ′⟩ = 1. Then

1⊗ τ := 2(1⊗ τ ′) (2.6.93)

is a superconformal vector with central charge ĉ = 16.

Proof. It is clear from Proposition 2.6.3 that

τ2τ = ⟨1⊗ τ, 1⊗ τ⟩ = 4. (2.6.94)

It remains to show that

⟨1⊗ τ, 1⊗ [a] · τ⟩ = 0, ∀ a ∈ Λ̂4. (2.6.95)

Let us write

τ ′ =

212∑
i=1

sit
i, si ∈ C (2.6.96)

where
212∑
i=1

|si|2 = 1. (2.6.97)
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The matrix for the projection operator can be written as P12 = ss† where s = (s1, . . . , s212)
tr and †

denotes conjugate-transpose. Then we see that

⟨1⊗ τ, 1⊗ [a] · τ⟩ =
212∑
i=1

s∗i (γa)ijsj

= TrγaP12

=
1

212
Tr

∑
a′∈Λ̂SC

γaγ̃a′

=
1

212
Tr

∑
b∈Λ̂SC

ε0(ā+ ā′)b(ā′)γe(ā+ā)

= 0

(2.6.98)

where we used the fact that since a ̸∈ Λ̂SC , ā + ā′ ̸= 0 for any a′ ∈ Λ̂SC and hence each of the 212

terms in the above sum is 0 because of the fact that Trγa = 0 for each a ∈ Λ̂/K.

Thus the problem of constructing a superconformal vector is equivalent to constructing super-

conformal sublattices of the Leech lattice. For this we use the important theorem of Dong-Li-Mason-

Nortan:

Theorem 2.6.6. [DLMN96, Theorem 4.1] Let L be any Niemeier lattice and let
√
2L be the same

lattice with the bilinear form scaled by a 2. Then there is at least one (and in general many) isometric

embedding
√
2L ↪→ Λ.

If we take L = Λ in this theorem, then we get an isometric embedding of
√
2Λ into Λ and this

embedding satisfies all the properties of a superconformal sublattice. This finishes our proof of the

existence of a superconformal vector in VBB .

From the above construction, it is clear that there can be more that one superconformal vectors

in the Beauty and the Beast module. One just needs to construct a superconformal sublattice, but

all such sublattices do not give rise to inequivalent superconformal vectors. It is proved in [MS23]

that there can be atmost 9 inequivalent such superconformal vectors using the classification of bi-

nary linear codes. Explicit construction of ΛSC using certain Z4-codes corresponding to inequivalent

superconformal vectors is shown in Section 2.5.3. It turns out that one of the superconformal vector

is same as that in the in the Conway supermoonshine module of Duncan [DMC14].
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Chapter 3

Topological degeneracy in gauged WZW models

The contents of this chapter is based on an upcoming paper written joinitly with E. Rabinovici and

G.W. Moore. In this chapter, we discuss the relation between gauged Wess-Zumino-Witten (WZW)

models and Goddard-Kent-Olive (GKO) algebraic coset construction. We give a precise categorical

construction of GKO coset theory. We present evidence that the spectrum of gauged WZW model

differs from that of GKO coset theory via coupling with a nontrivial 2d topological quantum field

theory (TQFT).

3.1 Introduction

WZW models are an important class of Lagrangian conformal field theory from which several rational

conformal field theories can be derived [Wit84, GW86, KZ84]. Algebraically, given any semisimple

Lie algebra, one can construct a vertex operator algebra associated to it, called the affine VOA.

Then the modules of this affine VOA at integer level can be organized into a modular invariant

CFT [DFMS97, FZ92, LL12]. WZW models give a Lagrangian description for the diagonal modular

invariant algebraic CFT1.

Goddard-Kent-Olive described a procedure to construct a new VOA from any affine VOA based on

a Lie algebra g and a subalgebra h ⊂ g. This new VOA was called the algebraic GKO coset VOA. One

can study the modules of this VOA and organize them into a Hilbert space on S1 with a modular

invariant torus partition function from this the coset VOA. We will only consider the diagonal

modular invariant theory. Let us denote the algebraic GKO coset theory by GKO(g/h). On the other

hand, given a WZW model based on a semisimple Lie group G, it has a global (G × G)-symmetry

arising from the left-action of G×G on G where (g1, g2) maps g 7→ g1gg
−1
2 . For any subgroup H < G,

we can choose the diagonally embedded H < (G×G). Gauging this subgroup H, we obtain a gauged

1The WZW field g(z, z̄) is in the representation V ⊗ V ∨ if we try to separate into left- and right-moving degrees of

freedom. Here V is a “fundamental” representation of G (considered as a matrix Lie group). If ρλ is a representation

of G we can make fields ρλ(g(z, z̄)) and some of these will be primary fields. But again these fields are in the

representation Vλ ⊗ V ∨
λ . So for the primaries we always have the “same” representation on the left and right leading

to diagonal modular invariant.
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WZW model often called the G/H-WZW model. 2 We will denote it by WZW(G/H). As discussed

in Chapter 1, [BRS88] gave some evidence that gauged G/H-WZW models provide a Lagrangian

description for the GKO coset CFT based on the embedding Lie(H) =: h ⊂ g := Lie(G). Indeed, it

was shown in [BRS88, ABR88] that the G/H-WZW model path integral correctly reproduces the

coset central charge and the various modular invariants of the torus partition function of the c < 1

unitary minimal models. Finally, in [GK88, GK89], the path integral of gauged WZW model was

used to compute the torus partition function and some correlation functions of the coset CFT. 3

It is known from [Spi92, Spi90, SY92, Wit92a, Wit93] that the G/G-WZW model is a 2d topolog-

ical quantum field theory (TQFT)4. The Frobenius algebra5 describing this 2d TQFT is the Verlinde

algebra6 Vk(G) of the Gk-WZW model. Schematically, we write

WZW(Gk/Gk) ∼= Vk(G) . (3.1.1)

On the other hand, the algebraic GKO coset construction for this case gives a trivial c = 0 theory.

Thus, the gauged WZW and GKO models have long been known to be different. In this chapter,

we address the more general question of the relation of the gauged G/H-WZW model to the related

GKO coset construction. Under certain assumptions on the GKO theory, we argue that they are

related via a 2d topological quantum field theory described by the algebra of endomorphisms of an

algebra object in a modular tensor category:

G/H-WZW ∼= GKO(g/h)⊗ End(B) , (3.1.2)

2The condition for a subgroup of (G×G) to be nonanomalous is presented in (3.4.30). In particular, the diagonally

embedded subgroup H is non-anomalous and hence can be gauged. Anomalous 2d gauge theories have been studied

in [HRSC86], and an example of anomalous gauged WZW model has been studied in [RS11]. Interestingly, anomalous

gauged WZW models have been used in [Wit92a, Wit93] to prove holomorphic factorization of WZW models and to

relate the conformal blocks of gauged WZW models to nonabelian theta functions.
3In [GK88, GK89], various constant factors were ignored or absorbed in the path integral measure. Thus the path

integral of gauged WZW model on torus agrees with the torus partition function of the coset CFT only up to a

multiplicative constant factor.
4The first evidence of G/G-WZW model being a TQFT was given in [Spi90, Spi92, SY92] where it was shown that

the correlation functions of G/G-WZW models are the fusion rules of G-WZW model. It was then explicitly proved

from path integrals in [Wit92a].
5The folklore that specifying a 2d TQFT is equivalent to specifying a Frobenius algebra goes back to ideas of Daniel

Friedan, Graeme Segal, and Robbert Dijkgraaf. It was stated by Dijkgraaf in his PhD thesis [Dij89] and made

mathematically precise in [Dub94, Qui91, Abr96], see also the book [Koc04] for a nice exposition of this result. A full

mathematical proof of the assertion was first given by Moore and Segal using Morse theory and appeared in [MS06]

and [Koc04].
6The Verlinde algebra of an RCFT is the formal C-span of the irreducible modules of the chiral algebra with the chiral

algebra being the identity element and the multiplication being the fusion product [Ver88]. It is a commutative

associative algebra.
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see (3.3.63) for the precise definition of the algebra object B. Our argument is based on the explicit

computation of the Hilbert space of G/H-WZW model on the circle. In many cases, there is an

isomorphism

End(B) ∼= C[Z] , (3.1.3)

of Frobenius algebras, where Z := Z(G)∩Z(H) is the common center and C[Z] is the group algebra of

Z which can be endowed with a natural Frobenius algebra structure. When the isomorphism (3.1.3)

holds, we have another interpretation of the topological degeneracy relating the gauged WZW models

and GKO coset theory. In these cases, we also argue that

WZW(G/H) ∼= GKO(g/h)⊗Z WZW(H/H)Z , (3.1.4)

where WZW(H/H)Z is the Z-equivariant H/H-WZW model and the subscript on ⊗Z indicates that

WZW(H/H)Z and GKO(g/h) are intertwined via the Z-action.

One of the important aspects of this chapter is to give a precise definition of the GKO coset theory.

To do this, we employ the notion of commutant of a VOA, studied mostly in the VOA literature. In

Section 3.2, we define the notation of commutant of a VOA and prove a general categorical theorem

regarding the category of modules of the commutant of a VOA under reasonable assumptions. In

Section 3.3.1, we then define the GKO vertex operator algebra as the commutant of the h-subalgebra

in the g-affine VOA. We then define the GKO theory to be the diagonal modular invariant theory

obtained from the irreducible modules of the GKO vertex operator algebra. Applying then the

general theorem of Section 3.2, we prove a general result about the category of modules of the GKO

vertex operator algebra, essentially complementing the results of [FFRS03a]. We also recover some

of the known results from [CGS23, CGS24].

3.2 Commutant Of A Vertex Operator Subalgebra

In this section, we collect some basic facts about the commutant of a sub-VOA of a VOA. We also

discuss the category of modules of the commutant VOA. We will assume some basic definitions and

results about VOAs, we refer the reader to [FHL93a, LL12] for details.

3.2.1 Commutant VOA And Its Modules

Let us begin by recalling the general notion of a coset VOA. We will expand the vertex operators as

Y (v, z) =
∑
n∈Z

vnz
−n−1 . (3.2.1)
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Let (V, Y, ωV ,1) be a VOA.

Let (U ⊆ V, Y, ωU ) be a sub-VOA with possibly a different conformal vector

ωU ∈ U ∩ V(2) . (3.2.2)

Set

Y (ωU , z) =
∑
n∈Z

LU (n)z−n−2 , (3.2.3)

acting on all of V . Define the commutant of U in V by [FZ92, LL12]

CV (U) := {v ∈ V : [Y (v, z1), Y (u, z2)] = 0 for all u ∈ U}

= {v ∈ V : vn · u = 0 for all u ∈ U, n ≥ 0}

= {v ∈ V : un · v = 0 for all u ∈ U, n ≥ 0} .

(3.2.4)

If we set

ωV/U := ωV − ωU . (3.2.5)

Then we have the following result [FZ92, LL12].

Proposition 3.2.1. Let V ≡ (V, Y,1, ωV ) be a VOA and U ≡ (U, Y,1, ωU ) be a sub-VOA such that

LV (1)ωU = 0. Then the following is true:

1. We have

LV (n) = LU (n), n ≥ −1 on U . (3.2.6)

In particular, the gradings of U and V are compatible in the sense that LV (0) = LU (0) acting

on U .

2. We have

CV (U) = KerV L
U (−1) . (3.2.7)

In particular, 1 ∈ CV (U).

3. On any V -module, the action of U,CV (U) commutes, i.e.,

Y (u, z1)Y (v, z2) = Y (v, z2)Y (u, z1) , u ∈ U, v ∈ CV (U) . (3.2.8)

4. CV (U) ≡ (CV (U), Y,1, ωV/U ) is a vertex operator subalgebra of V with central charge

cV/U := cV − cU , (3.2.9)

and

ωV/U ∈ CV (U) ∩ V(2) , LV (1)ωV/U = 0 . (3.2.10)
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5. We have

U ⊆ CV (CV (U)) , CV (CV (CV (U))) = CV (U) . (3.2.11)

Moreover

CV (CV (U)) = U , (3.2.12)

if and only if CV (U) is maximal in the sense that if (U ′, Y, ωU ) is another sub-VOA of V , then

U ′ ⊆ U .

6. U ⊗ CV (U) is a vertex operator subalgebra of V with the same conformal vector as the VOA

V .

It is expected that if U, V are both rational7 then so is CV (U). Let M be an irreducible V -module

which is completely reducible considered as a U -module. Then we have

M ∼=
⊕
i

HomU (W
i,M)⊗W i , (3.2.13)

where Wi are irreducible U -modules occurring in M and HomU (W
i,M) is the space of U -module

homomorphisms. Then we have the following result [DRX24]:

Lemma 3.2.1. Let M,W i be as above. Then the following is true:

1. For any homogeneous vector 0 ̸= x ∈ W i, the map ιxi : HomU (W
i,M) −→ M given by

f 7→ f(x) is an injective homomorphism.

2. HomU (W
i,M) is a CV (U)-module such that

(vn · f)(w) = vn · f(w), v ∈ CV (U), n ∈ Z, f ∈ HomU (W
i,M), w ∈W i . (3.2.14)

In particular, (3.2.13) is the decomposition of M as a (CV (U)⊗ U)-module.

3. The image M i of HomU (W
i,M) under ιxi is a CV (U)-submodule of M and ιxi is a CV (U)-

module isomorphism.

Assuming the V is completely reducible U -module and considering V as a (CV (U)⊗U)-module,

we can decompose

V ∼=
⊕
i

CV (U)i ⊗ U i = CV (U)⊗ U ⊕
⊕
i̸=0

CV (U)i ⊗ U i , (3.2.15)

where U i are the U -modules occurring in V and CV (U)i is the multiplicity space of U i in V , and

we have used the notation CV (U)0 ⊗ U0 = CV (U) ⊗ U . In favorable cases, all simple modules of

CV (U) can be obtained from the (CV (U)⊗ U)-module decomposition of some simple V -module as

the following theorem asserts.

7See (3.3.44) for some examples.
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Theorem 3.2.1. [KM15, Theorem 2] Let V ≡ (V, Y,1, ωV ) be a VOA and U ≡ (U, Y,1, ωU ) be a

sub-VOA. Assume that CV (CV (U)) = U and that U, V,CV (U) are simple, regular8, CFT-type, that

is,

V(0) = C1, V(n) = 0 n < 0 , (3.2.16)

and self-dual. Then all simple U -modules appear in some simple V -module.

Remark 3.2.1. In the setting of Theorem 3.2.1, replacing U by CV (U) and using the fact that

CV (CV (CV (U))) = CV (U), we conclude that all simple CV (U)-modules appear in some simple

V -module.

3.2.2 Commutant Of Conformally Embedded Sub-VOA

A particularly interesting example if the commutant of a U ⊂ V with the property that cV = cU .

Definition 3.2.1. Let
(
V, ωV

)
be a VOA. An embedding of a VOA

(
U, ωU

)
⊆ (V, ωV ) is called

a conformal embedding if cU = cV or equivalently cV/U = 0. We say that (U, ωU ) is conformally

embedded in V .

The following proposition shows that under suitable conditions, the commutant of a conformally

embedded sub-VOA is trivial.

Proposition 3.2.2. Let
(
V, ωV

)
be a unitary selfdual9 VOA and

(
U, ωU

)
be a conformally embedded

unitary selfdual sub-VOA. Then

ωV/U = 0 . (3.2.17)

Moreover, CV (U) is a commutative associative algebra independent of U in the sense that CV (U) ∼=

CV (U
′) for any U,U ′ satisfying the above hypotheses. If, in addition, V is a simple vertex operator

algebra then

CV (U) = C1 . (3.2.18)

In particular, CV (V ) = C1.

8A VOA V is called rational if every admissible V -module is isomorphic to the direct sum of (finitely many) admissible

irreducible modules, and is regular if every weak V -module is isomorphic to the direct sum of (finitely many)

admissible irreducible modules. See [DLM95] for details.
9A VOA is said to be selfdual if it is isomorphic to its contragredient. See [FHL93a] for the definition of contragredient

of a module.
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Proof. We begin by noting that〈
1, LV/U (2)LV/U (−2)1

〉
=
cV/U

2
= 0 . (3.2.19)

Unitarity of the VOA U, V implies sesquilinear form ⟨·, ·⟩ is non-degenerate and positive-definite and

selfduality implies that

LV (n)† = LV (−n) , LU (n)† = LU (−n) , n ∈ Z . (3.2.20)

In particular,

LV/U (n)† = LV/U (−n), n ∈ Z . (3.2.21)

Then non-degeneracy implies that

LV/U (−2)1 = ωV/U = 0 . (3.2.22)

This implies that

ωV = ωU . (3.2.23)

[LL12, Proposition 3.11.2] implies that

CV (U) = KerV L
V (−1) , (3.2.24)

which also indicates the independence of CV (U) from U . Then for any v ∈ CV (U), the L(−1)-

derivative property

d

dz
Y (v, z) = Y (LV (−1)v, z) = 0 , (3.2.25)

implies that all vertex operators of CV (U) are z-independent. Then we define the multiplication on

CV (U) by

v · u := Y (v, z)u = v−1u . (3.2.26)

This product is easily seen to be commutative:

v · u = v−1u = v−1u−11 = u−1v−11 = u−1v = u · v , (3.2.27)

where we used the fact that the vertex operators have regular OPE (since they are independent of

z). Associativity follows from Jacobi identity for vertex operators. Finally, when V is a simple VOA,

we apply [LL12, Proposition 3.11.4] to conclude the result.
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An Explicit Example: The Lattice VOA

We now present an explicit example of the commutant of a sub-VOA using lattice VOAs. We will

follow the exposition in [LL12, FLM88b] Let L be an even lattice with respect to some nondegenerate

positive definite bilinear form ⟨·, ·⟩. Let h = L ⊗Z R and extend ⟨·, ·⟩ bilinearly to h. Let ĥ =

h⊗ C[t, t−1]⊕ Ck be the Heisenberg algebra associated to h equipped with the bracket

[α⊗ tm, β ⊗ tn] = m⟨α, β⟩δm+n,0k , α, β ∈ h , m, n ∈ Z ,

[α⊗ tm,k] = 0 .
(3.2.28)

Consider the central extension

1 → Z2 → L̂→ L→ 1 , (3.2.29)

with commutator map

c(α, β) = ⟨α, β⟩+ 2Z , (3.2.30)

and let eα be a section of the extension. Let ε : L× L → Z be a cocycle for this central extension.

Then eαeβ = (−1)ε(α,β)eα+β . Let C[L] be the group algebra of L and we will write α 7→ eα for the

embedding of L ↪→ C[L]. Define the action

eα · eβ = (−1)ε(α,β)eα+β , θ · eβ = θeβ , α, β ∈ L, θ ∈ Z2 . (3.2.31)

This makes C[L] into an L̂-module. Let us decompose

ĥ = ĥ+ ⊕ ĥ− ⊕ ĥ0 , (3.2.32)

where

ĥ+ := h⊗ tC[t] , ĥ− := h⊗ t−1C[t−1] , ĥ0 := h⊗ t0 ⊕ Ck . (3.2.33)

Then we define the vector space

VL := S(ĥ−)⊗ C[L] , (3.2.34)

where S(ĥ−) is the symmetric algebra. Let us introduce the notation

α(n) := α⊗ tn , α ∈ h, n ∈ Z . (3.2.35)

Then VL is spanned by elements of the form

α1(−n1) · · ·αk(−nk)eβ := α1(−n1) · · ·αk(−nk)⊗ eβ , ni ∈ N , αi ∈ h, β ∈ L . (3.2.36)
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Let ĥ+ act as 0 on C[L] and ĥ0 act on C[L] as

(α⊗ t0) · eβ = ⟨α, β⟩eβ , k · eβ = eβ , α ∈ h, β ∈ L . (3.2.37)

VL is an ĥ-module. The action of α(n) for n < 0 is defined by

α(n) · (α1(−n1) · · ·αk(−nk)eβ) = α(n)α(n)α1(−n1) · · ·αk(−nk)eβ , (3.2.38)

and the action of α(n) for n ≤ 0 is defined by commuting it past αi(−ni) using the bracket (3.2.28)

and then acting it on C[L]. We also define vacuum and conformal vector by

1 := e0 , ωL :=
1

2

dim(h)∑
i=1

◦
◦u

i(−1)ui(−1) ◦
◦ , (3.2.39)

where {ui} is an orthonormal basis of h and the normal ordering is defined by putting operators

α(m) to the right of operators β(n) whenever m ∈ N and n ∈ Z≤0. Define the operator zα by

zα · (u⊗ eβ) = z⟨α,β⟩(u⊗ eβ) , α, β ∈ L , u ∈ S(ĥ−) . (3.2.40)

Let z be a formal variable. Define vertex operators

Y (eα, z) = exp

(
−
∑
n<0

α(n)

n
z−n

)
exp

(
−
∑
n>0

α(n)

n
z−n

)
eαz

α ,

Y (α1(−n1) . . . αk(−nk)eα, z) = ◦
◦

(
k∏
i=1

1

(ni − 1)!

dni−1

dzni−1
αi(z)

)
Y (eα, z) ◦

◦ ,

(3.2.41)

where

α(z) =
∑
n∈Z

α(n)z−n−1 , α ∈ h . (3.2.42)

In particular, note that

Y (α(−1)1, z) = α(z) . (3.2.43)

Recall that for formal variables, we define

(z1 − z2)
s =

∞∑
n=0

(
s

n

)
zs−n1 zn2 , (3.2.44)

where (
s

n

)
=
s(s− 1) · · · (s− n+ 1)

n!
. (3.2.45)
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In particular, the series has positive integral powers of z2. With this notation, one can prove that

[α(z1), β(z2)] = ⟨α, β⟩
(
(z1 − z2)

−2 − (−z2 + z1)
−2
)
,

[α(z1), Y (eβ , z2)] = ⟨α, β⟩
(
(z1 − z2)

−1 − (−z2 + z1)
−1
)
Y (eα, z2) ,

[Y (eα, z1), Y (eβ , z2)] =
(
(z1 − z2)

⟨α,β⟩ − (−z2 + z1)
⟨α,β⟩

)
× exp

(
−
∑
n<0

α(n)

n
z−n1

)
exp

(
−
∑
n<0

β(n)

n
z−n1

)

× exp

(
−
∑
n>0

α(n)

n
z−n1

)
exp

(
−
∑
n>0

β(n)

n
z−n1

)
eαeβz

α
1 z

β
2 .

(3.2.46)

Using these calculations, one can prove that (VL, Y,1, ωL) is a VOA with central charge cL := dim(L).

Consider now a sublattice M ⊆ L of L. Then, we have a sub-VOA (VM , Y, ω
M , cM ) of VL. We

would like to compute the commutant CVL(VM ). The commutators (3.2.46) imply that α(−1)1 ∈

CVL(VM ) if

[α(z1), β(z2)] = [α(z1), Y (eγ , z2)] = 0

⇐⇒ ⟨α, β⟩ = ⟨α, γ⟩ = 0 for all β ∈M ⊗Z R =: hM , γ ∈M .
(3.2.47)

Similarly, eα ∈ CVL(VM ) if

[Y (eα, z1), Y (eβ , z2)] = 0 ⇐⇒ ⟨α, β⟩ = 0 for all β ∈ L. (3.2.48)

In fact using the general form of the vertex operator (3.2.41), we see that these conditions are enough

to ensure commutativity of α(z) and Y (eα, z) for α(−1)1, eα ∈ CVL(VM ) with all vertex operators

in VM . Using the commutators (3.2.46) repeatedly, we conclude that

CVL(VM ) = S((ĥ⊥M )−)⊗ C[M⊥] , (3.2.49)

where

h⊥M := {α ∈ h : ⟨α, β⟩ = 0 ∀ β ∈ hM} ,

M⊥ := {α ∈ L : ⟨α, β⟩ = 0 ∀ β ∈ hM} .
(3.2.50)

If we now take M to be a full rank sublattice, then we have M ⊗Z R = h and hence

ωM = ωL . (3.2.51)

In particular, (VM , Y, ωM , cM ) is conformally embedded in VL. We claim that CVL(VM ) = C1 in

this case. Indeed, since the pairing is nondegenerate, we conclude that h⊥M = M⊥ = {0}. Thus the

commutant is trivial.
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3.2.3 The Category Of Modules Of The Commutant VOA

In this section, we discuss the categorical commutant, see Appendix C.4 for notations relevant

definitions.

The Category Of Modules Of A VOA

Let V be a VOA and CV be the category of V -modules with objects being V -modules and morphisms

being the set of VOA homomorphisms. Since the space of V -module homomorphisms is a complex

vector space, the V -module category is naturally an abelian category. In fact, CV can be given

the structure of a modular tensor category for sufficiently “nice” VOA. This was first discussed in

[MS89c, MS89a] and later formalized in [HL95, Hua95a, HL93, Hua05]. The resolution is to define a

z-dependent tensor product, what is called a P (z)-tensor product. We will call a VOA a “nice” VOA

if it satisfies the following properties:

1. V is CFT type i.e., V(n) = 0 for n < 0, V(0) = C1 and V is selfdual V ∼= V ′.

2. V is regular, i.e., every N0-gradable weak V -module is completely reducible, i.e., isomorphic

to direct sum of finitely many irreducible V -modules.

3. V is C2-cofinite, i.e.,

dimV/C2(V ) <∞ , (3.2.52)

where

C2(V ) = SpanC{u−2 · v : u, v ∈ V } . (3.2.53)

Then it was shown in [Hua05] that the module category CV of a “nice” VOA V has the structure of

a modular tensor category. We give a detailed summary of the construction in Appendix B. We will

denote the tensor product of two modules W1,W2 by W1 ⊠W2. The unit object in the category is

the VOA V considered as a module over itself. The left dual ∨W and right dual W∨ of a V -module

W is the contragredient module

∨W ∼=W∨ ∼=W ′ . (3.2.54)

This requires the VOA to be selfdual. The construction of creation and annihilation morphisms

again requires the VOA to satisfy “niceness” properties. This makes CV into a rigid braided tensor

category. The fusion structure of CV requires the full “niceness” properties: the simple objects of

CV are the (finitely many) isomorphism classes of irreducible V -modules. We will denote the set of
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isomorphism classes of irreducible V -modules by {W a}a∈IV with W 0 = V . Complete reducibility

of V -modules implies semisimplicity of the category. An important feature of the tensor product is

the following decomposition

W a ⊠W b ∼=
⊗
c∈IV

N c
abW

c , (3.2.55)

where N c
ab are the fusion rules of given by the dimension of the space of intertwining operators of

type
(

W c

WaW b

)
. The twist map on the simple objects is given by

θa := θWa = e2πiL
a(0) , (3.2.56)

where La(0) is the Virasoro zero mode acting on W a. If W a admits a grading of the form W a =⊕
n∈Z+hW

a
(n) for some h, then the twist map is multiplication by phase θa = e2πih. The S-matrix is

of the MTC can be written in terms of the the S-matrix coming from the τ → −1/τ transformation

of the characters.

Module Category Of The Commutant VOA

We would now like to understand the construction of the module category of the commutant of a

VOA in terms category theory. Let U ⊂ V be a sub-VOA. Assuming that U and CV (U) are “nice”

VOAs, we have the modular tensor categories CCV (U) and CU . The first question we ask is: under

what conditions do we have an algebra object A in CCV (U) ⊠D CU such that

CV ∼=
(
CCV (U) ⊠D CU

)0
A
. (3.2.57)

Here CCV (U) ⊠D CU denotes the Deligne product of categories, and C0
A denotes the category of local

A-modules in C, see Appendix C.4 for notations and definitions. Our starting point is a theorem

from [KJO02, HKL15] adopted to our setting.

Theorem 3.2.2. [KJO02, Theorem 5.2], [HKL15, Theorem 3.6] Let V be a “nice”10 VOA with the

property that the conformal dimension of all irreducible V -modules are ≥ 0 with equality only for V

itself. Let CV be its module category, Then the following are equivalent:

1. An extension11 V ↪→ Ve where Ve is also a “nice” VOA.

2. An algebra object A with θA = 1A.

Under this correspondence, the category CVe is equivalent to (CV)0A.

10The “niceness” conditions on the VOA can be relaxed for this theorem to hold, see [KJO02] and [HKL15].
11A VOA Ve is called an extension of V if V ↪→ Ve is embedded as a sub-VOA.
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The algebra object A in Theorem 3.2.2 is given by Ve itself. More precisely, one first proves that

Ve is in fact a V-module [KJO02] and hence an object in the category CV . The vertex operators of

Ve can then be used to give Ve the structure of an algebra. The fact that θA = 1A follows from the

fact that the conformal dimensions of vectors in a VOA are integers.

The physical interpretation of equivalence of MTCs in Theorem 3.2.2 is the following: given an

MTC, one can construct a 3d TFT [Tur94]. The simple objects of the MTC map to anyons in the

3d TFT. The algebra object A corresponds to gaugeable anyons and the fact that the twist map is

trivial means that we consider V-modules of integer conformal dimensions, i.e., bosonic anyons. The

category (CV)0A is then obtained by gauging12 the bosonic anyons corresponding to A. Consequently,

the notation

CVe ∼= CV/A , (3.2.58)

is common in physics literature.

The following theorem gives us a description of the module category of the commutant VOA13.

Theorem 3.2.3. Let U, V,CV (U) be as above. Assume that U, V and CV (U) are “nice” VOAs. Then

V is an algebra object in CCV (U) and

CV ∼=
CCV (U) ⊠D CU

V
:= (CCV (U) ⊠D CU )0V . (3.2.59)

If in addition, the only simple subobjects of V of the form W ⊠D U is CV (U)⊠D U , then there exists

a special symmetric commutative Frobenius algebra object B in CV ⊠D Copp
U such that

CCV (U)
∼=

CV ⊠D Copp
U

B
:= (CV ⊠D Copp

U )0B , (3.2.60)

where Copp
U is the opposite category14 of CU .

Proof. By Proposition 3.2.1 (5), CV (U)⊗U can be embedded in V as a sub-VOA. This means that

V is an extension of CV (U) ⊗ U . Since both CV (U) and U are “nice” VOAs, the tensor product

VOA CV (U) ⊗ U is also a “nice” VOA. Thus, by Theorem 3.2.2 there exists an algebra object A in

CCV (U) ⊠D CU with trivial twist such that

CV ∼= (CCV (U) ⊠D CU )0A . (3.2.61)

12This procedure of gauging of bosonic anyons has been called non-abelian anyon condensation in [BS09]. Reference

[BS09] provides a heuristic procedure for such a gauging which was formalized in [Kon14] in terms of the local

A-modules.
13A rough version of this result was presented in [FFRS03a].
14The opposite category has been called the dual category in [FFRS03b, Section 6.2].
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By the discussion below Theorem 3.2.2, we conclude that the algebra object is simply A = V . For

the next part, we can use a version of the main theorem of [FFRS03b] (reviewed in Appendix C.4).

We first show that V is a special symmetric commutative Frobenius algebra object. The algebra

structure on V is given as follows: considering V as a (CV (U) ⊗ U)-module, the vertex operator

map YV : V ⊗ V → V [[z, z−1]] is an intertwining operator of type
(
V
V V

)
. By the universal property

of the P (z)-tensor product [HL95], we get a (CV (U)⊗U)-module homomorphism µV : V ⊠V → V .

Since CV (U) ⊗ U is embedded as a sub-VOA in V , the inclusion map ηV := ι : CV (U) ⊗ U →

V is a (CV (U) ⊗ U)-module homomorphism. Then [KJO02, HKL15] shows that (V, µV , ηV ) is a

commutative associative algebra object in CCV (U)⊗U ∼= CCV (U) ⊠D CU . The vacuum vector in V is

the unit of the algebra. The coalgebra structure on V can be obtained using the construction in

[Kon06]. Since V is selfdual, we have a V -module isomorphism φV : V
∼=→ V ′. Then we can define

the comultiplication as a (CV (U) ⊗ U)-module homomorphisms ∆V : V → V ⊗ V in the category

CCV (U) ⊠D CU and εV : V → CV (U)⊗ U by the following composition of maps

∆A : V
r−1
V−→ V ⊠ (CV (U)⊠D U)

1V ⊠iV−→ V ⊠ (V ⊠ V ′)
αV,V,V ′
−→ (V ⊠ V )⊠ V ′ µV ⊠φ−1

V−→ V ⊠ V ,

(3.2.62)

where rV , iV , αV,V,V ′ are right unit isomorphism, creation morphism, associativity isomorphism re-

spectively in the tensor category CCV (U)⊠D CU . The counit morphism εV : V → CV (U)⊗U is given

as follows:

εV : V
φV−→ V ′ ι∨−→ CV (U)′ ⊠D U

′
φ−1
CV (U)

⊠Dφ
−1
U−→ CV (U)⊠D U , (3.2.63)

where ι∨ is the contragredient of the inclusion map ι : CV (U) ⊗ U −→ V and φCV (U) : CV (U) →

CV (U)′, φU : U → U ′ are isomorphisms. Then, the computations in [Kon06, Proof of Theorem

4.15] shows that (V, µV , ηV ,∆V , εV ) is a commutative Frobenius algebra object. Moreover, since

θV = 1V , by [FFRS03b, Proposition 2.25], V is a symmetric Frobenius algebra object. Finally, we

show that V is special in the sense that

εV ◦ ηV = β1(1CV (U) ⊠D 1U ) , µV ◦∆V = βV 1V , (3.2.64)

for nonzero complex numbers β1, βV . We will use [FRS02, Lemma 3.11]: we will show that there

exists a nonzero constant β such that

εV = βε♮ , (3.2.65)

where ε♮ is defined by the following chain of compositions

ε♮ : V
ℓ−1
V−→ (CV (U)⊠D U)⊠ V

iV ′−→ (V ′ ⊠ V )⊠ V
α−1

V ′,V,V−→ V ′ ⊠ (V ⊠ V )
1V ′⊠µV−→ V ′ ⊠ V

eV−→ CV (U)⊠D U ,

(3.2.66)
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where ℓV is the left unit isomorphism and eV is the annihilation isomorphism. Now since the only

subobjects of V of the form W ⊠D U is CV (U) ⊠D U , we conclude that Hom(V,CV (U) ⊠D U) is

one-dimensional. This means that there exists β ∈ C such that εV = βε♮. From construction, we

see that both εV , ε♮ ̸= 0 and hence β ̸= 0. Thus by [FRS02, Lemma 3.11], we conclude that V is a

special symmetric commutative Frobenius algebra object. We now apply Theorem C.4.2 to conclude

the existence of B such that (3.2.60) holds. We can use [FFRS03b, Lemma 7.8] to give an explicit

description of the algebra object B in (3.2.60): Assume that U, V,CV (U) are “nice” VOAs and let

{Ua}a∈IU , {W a}a∈IV be the set of (finitely many) isomorphims classes of irreducible representations.

Then we have

B =
⊕

a∈IV ,b∈IU

dim
[
HomCCV (U)⊠DCU (W a, CV (U)⊠D U

b)
] (
W a ⊠D (Uopp)b

)
, (3.2.67)

where (Uopp)b denotes the object corresponding to U b in the opposite category.

We will give some examples where we can apply Theorem 3.2.3 in the next section.

3.3 Goddard-Kent-Olive (GKO) Coset Construction

In this section, we discuss commutants of affine VOA which give rise to the Goddard-Kent-Olive

(GKO) coset construction. We also discuss the Lagrangian representations of affine VOA in terms

of Wess-Zumino-Witten (WZW) models and the putative Lagrangian description of cosets of affine

VOA in terms of gauged WZW models.

3.3.1 Affine VOA

Let us begin by briefly recalling the construction of the affine vertex operator algebra and refer the

reader to [LL12] for more details.

Let g be a finite dimensional simple Lie algebra equipped with a nondegenerate symmetric

invariant bilinear form ⟨·, ·⟩. Consider the affine Lie algebra

ĝ = g⊗ C[t, t−1]⊕ Ck , (3.3.1)

equipped with the Lie bracket

[a⊗ tm, b⊗ tn] = [a, b]⊗ tm+n +m⟨a, b⟩δm+n,0k , (3.3.2)

[a⊗ tm, k] = 0 , a, b ∈ g, m, n ∈ Z . (3.3.3)

The vector space ĝ can be decomposed as

ĝ = ĝ− ⊕ ĝ0 ⊕ ĝ+ , (3.3.4)
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where

ĝ± := g⊗ t±1C[t±] , ĝ0 := g⊗ t0 ⊕ Ck . (3.3.5)

We will identify the subspace g⊗t0 of ĝ with g. Let Ck be the one-dimensional vector space on which

ĝ+, g acts trivially and k acts by scalar multiplication by k. This makes Ck into a (ĝ+⊕ ĝ0)-module.

Then by the induced module construction, we get the ĝ-module

Vg(k, 0) := U(ĝ)⊗U(ĝ+⊕ĝ0) Ck , (3.3.6)

where U(ĝ) denotes the universal enveloping algebra of ĝ. By the Poincaré-Birkhoff-Witt (PBW)

theorem, we have

Vg(k, 0) ∼= U(ĝ−)⊗ Ck . (3.3.7)

Let us denote by a(n) the action of a⊗ tn on Vg(k, 0). Thus, Vg(k, 0) is spanned by elements of the

form

a1(−n1) . . . aℓ(−nℓ)1 , (3.3.8)

where 1 is the element 1 ∈ C considered as an element of Vg(k, 0). We endow Vg(k, 0) a grading by

declaring that the weight of the above vector is

wt(a1(−n1) . . . aℓ(−nℓ)1) =
ℓ∑
i=1

ni . (3.3.9)

We now define the vertex operator map

Y (·, z) : Vg(k, 0)⊗ Vg(k, 0) −→ Vg(k, 0)[[z, z
−1]] ,

(u, v) 7−→ Y (u, z)v =
∑
n∈Z

(un · v)zn−1 ,
(3.3.10)

where

un = a(n) , for u = a(−1)1 . (3.3.11)

We will often write

Y (a(−1)1, z) =
∑
n∈Z

a(n)z−n−1 =: a(z) . (3.3.12)

For u = a1(−n1) . . . aℓ(−nℓ)1, we have

Y (u, z) = ◦
◦

ℓ∏
i=1

1

(ni − 1)!

dni−1ai(z)

dzni−1
◦
◦ , (3.3.13)

where, for any a, b ∈ g and m,n ∈ Z, the normal ordering is defined as

◦
◦a(m)b(n) ◦

◦ =


a(m)b(n) if m < 0 ,

b(n)a(m) if m ≥ 0 .

(3.3.14)
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The conformal vector is defined using the Sugawara construction:

ωg :=
1

2(k + h∨g )

dim(g)∑
a=1

ua(−1)ua(−1)1 , (3.3.15)

where h∨g is the dual Coxeter number (see Appendix C.1 for definition) of g and {ui}dim(g)
i=1 is an

orthonormal basis of g with respect to the nondegenerate symmetric bilinear form. One can show

that Lg(n) ∈ End(Vg(k, 0)) defined by

T g(z) := Y (ωg, z) =:
∑
n∈Z

Lg(n)z−n−2 , (3.3.16)

satisfies the Virasoro algebra with central charge

cg =
kdim(g)

k + h∨g
. (3.3.17)

An explicit formula for Lg(n) is given by

Lg(n) =
1

2(k + h∨g )

dim(g)∑
i=1

∑
m∈Z

◦
◦u

i(m)ui(n−m) ◦
◦ . (3.3.18)

Theorem 3.3.1. [LL12, Theorem 6.2.18] The tuple (Vg(k, 0), Y,1, ωg) is a VOA of central charge

cg.

In general, Vg(k, 1) as a module for itself is not simple. We thus mod out by the largest proper

ideal Ig(k, 0) ⊂ Vg(k, 0) to obtain a simple vertex operator algebra

Lg(k, 0) := Vg(k, 0)/Ig(k, 0) . (3.3.19)

One can show that 1, ωg ̸∈ Ig(k, 0). Lg(k, 0) along with the vertex operator map, vacuum vector

and conformal vector is a simple vertex operator algebra which we call the affine vertex operator

algebra associated to g.

Let

P+
k (g) :=

{
λ ∈ Λw

g :
〈
λ, αi

〉
≥ 0, i = 1, . . . , rank(g), ⟨λ, θ⟩ ≤ k

}
, (3.3.20)

where Λw
g is the weight lattice of g, αi are the simple roots of g and θ is the highest root of g,

denote the set of dominant integrable weights of g. Our Lie algebra conventions have been reviewed

in Appendix C.1. Corresponding to every dominant integral weights of g is a simple module of

Lg(k, 0). The construction goes as follows. Let us denote the irreducible module of g corresponding

to λ ∈ Λw
g by Lg(λ). We let ĝ+ act on Lg(λ) trivially and k act as multiplication by k. Then Lg(λ)

is a (ĝ+ ⊕ ĝ0)-module. By induced module construction, we get a Vg(k, 0)-module

Vg(k, λ̂) := U(ĝ)⊗U(ĝ+⊕ĝ0) Lg(λ) , (3.3.21)
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where now λ̂ is the corresponding weight in the affine Lie algebra ĝ, see Appendix C.1 for conventions.

It is spanned by elements of the form

a1(−n1) . . . aℓ(−nℓ)⊗mλ, ai ∈ g, ni > 0, ℓ > 0,mλ ∈ Lg(λ) . (3.3.22)

The grading on Vg(k, λ̂) is given as follows: let

Ωg :=

dim(g)∑
a=1

uaua ∈ U(g) , (3.3.23)

be the Casimir element associated to g and ⟨·, ·⟩. It commutes with every element of U(g) and hence

by Schur’s lemma it acts as a scalar on Lg(λ). Let us write

1

2(k + h∨g )
Ωg(λ) =: hgλ , on Lg(λ) , (3.3.24)

where Ωg(λ) = Ωg on Lg(λ). The grading on the space Vg(k, λ̂) is defined by declaring the weight

as

wt(a1(−n1) . . . aℓ(−nℓ)⊗mλ) = hλ +

ℓ∑
i=1

ni . (3.3.25)

Extend the action of Y defined in (3.3.13) to Vg(k, λ̂). To get a Lg(k, 0)-module, we need to mod

out by the direct sum of all proper ĝ-submodules of Vg(k, λ̂) [LL12]. Let Ig(k, λ̂) ⊂ Vg(k, λ̂) be the

direct sum of all proper ĝ-submodules of Vg(k, λ̂). Then one can show that

Lg(k, λ̂) := Vg(k, λ̂)/Ig(k, λ̂) , (3.3.26)

is an irreducible Lg(k, 0)-module [LL12]. In fact, we have the following classification theorem,

originally due to Frenkel-Zhu [FZ92].

Theorem 3.3.2. [LL12, Section 6.6] Let Lg(k, λ̂) be as above. Then (Lg(k, λ̂), Y ) is an irreducible

module for the simple vertex operator algebra Lg(k, 0). Moreover, every irreducible Lg(k, 0)-module

is isomorphic to Lg(k, λ̂) for some λ ∈ P+
k (g).

This theorem tells us that the affine VOA is rational in the physics language15. In fact Lg(k, 0) is

a rational vertex operator algebra even in mathematical sense [FZ92]. Actually, a stronger statement

holds: Lg(k, 0) is a regular VOA [DLM95].

The construction above is readily extended to a semisimple Lie algebra. Let

g =

n⊕
i=1

gi , (3.3.27)

15See [DLM95] for the mathematical definition of rational VOA. The physics definition is a consequence of the math-

ematical definition.
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with gi simple. Then the affine VOA Lg(k, 0) is isomorphic to the tensor product of the affine VOAs

of the individual factors:

Lg(k, 0) ∼=
n⊗
i=1

Lgi(ki, 0) , (3.3.28)

where

k = (k1, . . . , kn) ∈ Zn≥1 . (3.3.29)

The conformal vector is given by

ωg :=

n∑
i=1

ωgi

=

n∑
i=1

1

2(ki + h∨gi)

dim(gi)∑
ai=1

uai(−1)uai(−1)1 ,

(3.3.30)

where we have embedded

Lgi(ki, 0) ∋ ωgi 7→ 1⊗ · · · ⊗ ωgi ⊗ · · · ⊗ 1 ∈ Lg(k, 0) . (3.3.31)

The central charge is given by

cg =
kdim(g)

k + h∨
g

:=

n∑
i=1

kidim(gi)

ki + h∨gi
. (3.3.32)

The irreducible modules of the affine VOA are in one-to-one correspondence with the dominant

integral weights of g given by

P+
k (g) :=

n⊕
i=1

P+
ki
(gi) , (3.3.33)

where P+
ki
(gi) is defined as in (3.3.20). We will denote the module corresponding to the highest

dominant integral weight λ = (λ1, . . . , λn) with16 λi ∈ P+
ki
(gi) by

Lg(k, λ̂) ∼=
n⊗
i=1

Lgi(ki, λ̂i) . (3.3.34)

By [DLM95, Proposition 3.3], Lg(k, 0) is also a regular VOA.

Using these irreducible modules, we can construct modular invariant CFTs. We will denote the

diagonal modular invariant CFT by affine(g).

3.3.2 Goddard-Kent-Olive (GKO) Coset Construction

We now want to apply the consider the commutants of affine VOA.

Let ĥ ⊂ ĝ be a subalgebra. If k is the level of ĝ then the level k̃ of ĥ is given by

k̃ := xek := (xe,1k1, . . . , xe,nkn) , (3.3.35)

16Throughout this chapter, we will follow the convention that quantities for semisimple Lie algebra will be written in

bold.
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where xe = (xe,1, . . . , xe,n) ∈ (Z≥1)
n is determined by the embedding of ĥ ↪→ ĝ, see (C.1.51) for

the definition. Let us choose an orthonormal basis {ua′}dim(h)
a′=1 of h and extend it to an orthonormal

basis {ua′}dim(h)
a′=1 ∪ {ua}dim(g)

a=dim(h)+1 of g. We then consider the affine VOA corresponding to h and g

with their corresponding conformal vectors ωh and ωg as described above.

It is clear that Lh(k̃, 0) is a sub-VOA of Lg(k, 0) with possibly a different conformal vector. We

can then consider the commutant VOA

V (g, h;k) := CLg(k,0)(Lh(k̃, 0)) . (3.3.36)

Then V (g, h;k) is a VOA with conformal vector

ωg/h := ωg − ωh , (3.3.37)

and central charge

cg/h = cg − ch =
kdim(g)

k + h∨
g

− xekdim(h)

xek + h∨h
:=

n∑
i=1

(
kidim(gi)

ki + h∨gi
− xe,ikidim(hi)

xe,iki + h∨hi

)
. (3.3.38)

We will call V (g, h;k) the GKO coset VOA or simply coset VOA. The GKO coset VOA corresponding

to g = su(2) ⊕ su(2) and h = su(2) realize the unitary Virasoro VOAs [GKO85, GKO86]. We now

define the GKO coset CFT.

Definition 3.3.1. We will call the minimal unitary modular invariant CFT obtained from the

irreducible modules of V (g, h;k) to be the GKO conformal field theory. We will denote the diagonal

GKO CFT by GKO(g/h).

We will also see that our definition differs from what is usually understood in literature. But

this is suitable for the relation between GKO CFT and gauged WZW model we want to study.

We now want to construct the modules of the VOA V (g, h;k).

Theorem 3.3.3. Let Lg(k, λ̂), Lh(k̃, µ̂), V (g, h;k) be as above. Then we have the decomposition

Lg(k, λ̂) ∼=
⊕

µ∈P+

k̃
(h)

Lg/h(λ̂, µ̂)⊗ Lh(k̃, µ̂) , (3.3.39)

where

Lg/h(λ̂, µ̂) := HomLh(k̃,0)
(Lh(k̃, µ̂), Lg(k, λ̂)) , (3.3.40)

is a module of the coset VOA V (g, h;k). In particular, V (g, h;k) is a simple VOA.

Proof. Since Lh(k̃, 0) is a regular VOA, the Lg(k, 0)-module Lg(k, λ̂) considered as a Lh(k̃, 0)-module

is completely reducible. This gives us the decomposition (3.3.39). The fact that Lg/h(λ̂, µ̂) is a
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V (g, h;k)-module follows from Lemma 3.2.1. The simplicity of V (g, h;k) follows from the identifi-

cation

V (g, h;k) ∼= Lg/h(0, 0) , (3.3.41)

and [DRX24, Proposition 2.5].

The question that we want to ask is:

Question 2. Is the V (g, h;k)-module Lg/h(λ̂, µ̂) irreducible?

In general, the answer to this question is not known but computational evidence suggests that the

irreducibility of Lg/h(λ̂, µ̂) is related to the issue of fixed point resolution which we briefly describe

below. Irrespective of that, in view of Remark 3.2.1, Theorem 3.2.1 tells us that in favorable cases,

all irreducible modules of the coset VOA V (g, h;k) occurs in some irreducible Lg(k, 0)-module.

Note that not all Lg/h(λ̂, µ̂) is nontrivial. More precisely, Lg/h(λ̂, µ̂) is nontrivial if and only if

the irreducible module Lh(k̃, µ̂) of Lh(k̃, 0) appears in the decomposition of the irreducible module

Lg(k, λ̂) of Lg(k, 0). The nontrivial modules Lg/h(λ̂, µ̂) are determined by selection rules which is

briefly reviewed in Appendix C.2. Moreover, it may turn out that

Lg/h(λ̂, µ̂) ∼= Lg/h(λ̂
′, µ̂′) , (3.3.42)

for (λ,µ) ̸= (λ′,µ′). This leads to field identifications, also reviewed in Appendix C.2. These

isomorphisms are understood in terms of spectral flow isomorphism corresponding to the common

center of G̃× H̃ [MS89d], where G̃, H̃ is the unique simply connected Lie group with Lie algebra g, h

respectively. Algebraically, these identifications result from the action of outer automorphisms on the

dominant integral weights. Since the center of G̃ is isomorphic to the outer automorphism group O(ĝ)

of g, the common center of G̃×H̃ corresponds to outer automorphisms (A, Ã) ∈ O(ĝ)×O(ĥ) such that

A branches to Ã, see (C.2.6) for the precise definition. Then, one can show that [SY90b, DFMS97]

Lg/h(λ̂, µ̂) ∼= Lg/h(Aλ̂, Ãµ̂) . (3.3.43)

It is widely believed (and computationally supported) that the modules Lg/h(λ̂, µ̂) are irreducible if

(λ̂, µ̂) is not fixed by any branching outer automorphism. If (λ̂, µ̂) is fixed by some branching outer

automorphism, then Lg/h(λ̂, µ̂) is not irreducible and decomposes into other irreducible V (g, h;k)-

modules. A construction of these irreducible V (g, h;k)-modules was proposed in [FSS95b], and has

been reviewed in Appendix C.2.4.

An important class of examples of coset VOAs are the parafermionic cosets. Let g be a finite-

dimensional complex semisimple Lie algebra and h be its Cartan subalgebra. Let Lg(k, 0), Lh(k̃, 0)
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be the affine VOA associated to g and h respectively. For the Cartan subalgebra, one can show that

the induced level k̃ = k. The parafermionic coset VOA is then defined to be the commutant of the

Heisenberg VOA Lh(k, 0) in Lg(k, 0):

K(g,k) := CLg(k,0)(Lh(k, 0)) . (3.3.44)

It has been proved that parafermionic VOA K(g,k) are C2-cofinite [ALY14, DW11]. The rationality

of parafermionic VOA obtained from sl2 and sln Lie algebras has been proved in [ALY19, JL13, JL14].

3.3.3 Characters And Partition Functions Of Affine VOA And Its Cosets

The characters χg

λ̂
(τ) of the irreducible modules Lg(k, λ̂) is defined as

χg

λ̂
(τ) := TrLg(k,λ̂)q

Lg(0)− cg
24 , q := e2πiτ . (3.3.45)

Under modular transformations, these characters transform as a vector-valued modular form:

χg

λ̂
(τ + 1) =

∑
λ̂′∈P+

k (g)

T g

λ̂λ̂′χ
g

λ̂′(τ) , (3.3.46)

χg

λ̂
(−1/τ) =

∑
λ′∈P+

k (g)

Sg

λ̂λ̂′χ
g

λ̂′(τ) , (3.3.47)

where T g, Sg are the modular T, S-matrices. The fusion rules are defined as

N λ̂3

λ̂1λ̂2
:= dim ILh(k,0)

(
Lg(k, λ̂3)

Lg(k, λ̂1) Lg(k, λ̂2)

)
. (3.3.48)

Then the S-matrix satisfies the Verlinde formula:

N λ̂3

λ̂1λ̂2
=

∑
λ̂∈P+

k (g)

Sλ̂1λ̂
Sλ̂2λ̂

S∗
λ̂3λ̂

Sλ̂0

. (3.3.49)

The Hilbert space of the full theory is given by

H g :=
⊕

λ̂L,λ̂R∈P+
k (g)

Mg

λ̂L,λ̂R
Lg(k, λ̂L)⊗ ˜Lg(k, λ̂R) , (3.3.50)

where ˜Lg(k, λ̂R) is a copy of Lg(k, λ̂R). Then the partition function of the affine VOA Lg(k, 0) is

given by

Zg(τ, τ) :=
∑

λ̂L,λ̂R∈P+
k (g)

Mg

λ̂L,λ̂R
χg

λ̂L
(τ)χg

λ̂R
(τ) , q = e−2πiτ , q = e2πiτ (3.3.51)

where Mg

λ̂L,λ̂R
∈ Z≥0 is a matrix satisfying certain properties imposed by modular invariance.

There are several choices of the matrix Mg which give modular invariant partition function. We

will mostly stick to the diagonal modular invariant :

Mg

λ̂L,λ̂R
= δλ̂L,λ̂R . (3.3.52)
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Consider now the embedding of ĥ ⊂ ĝ. Then one can also decompose the characters χg

λ̂
(τ) in

terms of the characters χh
µ̂(τ):

χg

λ̂
(τ) =

∑
µ̂∈P+

k̃
(h)

χ
g/h

(λ̂,µ̂)
(τ)χh

µ̂(τ) . (3.3.53)

The coefficient functions χg/h

(λ̂,µ̂)
(τ) are called branching functions and are identified with the character

of the module Lg/h(λ̂, µ̂) of the coset VOA V (g, h;k). Let E be the set

E =
{
(λ̂, µ̂) ∈ P+

k (g)× P+

k̃
(h) : Lg/h(λ̂, µ̂) ̸= 0

}
. (3.3.54)

Let ∼ be the equivalence relation

(λ̂, µ̂) ∼
(
λ̂′, µ̂′

)
⇐⇒ Lg/h(λ̂, µ̂) ∼= Lg/h(λ̂

′, µ̂′) . (3.3.55)

Then according to our definition, the torus partition function of the GKO coset CFT is given by

ZGKO
g/h (τ, τ) =

∑
(λ̂,µ̂)∈E/∼

χ
g/h

(λ̂,µ̂)
(τ)χ

g/h

(λ̂,µ̂)
(τ) . (3.3.56)

One can construct non-diagonal modular invariants for the coset CFT using the modular invariants

Mg,Mh for the affine VOAs Lg(k, 0) and Lh(k̃, 0) respectively, but we will restrict to the diagonal

models. An interesting class of examples of GKO cosets are the conformal embeddings. Recall that

an embedding hk̃ ⊂ gk is said to be a conformally embedding if

cg = ch . (3.3.57)

In this case, the GKO coset VOA is a central charge 0 VOA. Since the affine VOAs Lg(k, 0) and

Lh(k̃, 0) satisfy the hypotheses of Proposition 3.2.2, we conclude that the GKO coset VOA is trivial:

V (g, h;k) ∼= C . (3.3.58)

In particular, according to our definition of GKO coset CFT in Definition 3.3.1, we have

ZGKO
g/h (τ, τ̄) = 1 , (3.3.59)

for conformal embeddings. This is in contrast with the usual partition function of the GKO coset

theory corresponding to conformal embedding, for example in [ABI90, KORS20, CGS23, CGS24].

3.3.4 Categorical Coset Construction

As we discussed in Section 3.2.3, under some assumptions the category of modules of the commutant

VOAs can be obtained from the category of modules of U and V using the notion of nonabelian

gauging. In this section, we give some concrete examples of Theorem 3.2.3 using affine VOAs.
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As already noted, affine VOAs Lg(k, 0) are “nice” in the sense that they satisfy the properties

item 1–item 3. Thus the category of modules of Lg(k, 0), denoted by C(k, g), is a modular tensor

category.

Corollary 3.3.4. Assume that V (g, h;k) is a “nice” VOA and denote the category of V (g, h;k)-

modules by C(g, h). Then we have

C(k, g) ∼=
(
C(g, h)⊠D C(k̃, h)

)0
Lg(k,0)

. (3.3.60)

Let {(0, 0)} be the set:

{(0, 0)} =
{
(λ̂, µ̂) ∈ E : n(λ̂,µ̂) := dimHom

(
Lg(k, λ̂), V (g, h;k)⊗ Lh(k̃, µ̂)

)
̸= 0
}
. (3.3.61)

Then

C(g, h) ∼=
C(k, g)⊠D Copp(k̃, h)

B
:=
(
C(k, g)⊠D Copp(k̃, h)

)0
B
, (3.3.62)

where

B =
⊕

(λ̂,µ̂)∈{(0,0)}

n(λ̂,µ̂)

(
Lg(k, λ̂)⊗ Lopp

h (k̃, µ̂)
)
, (3.3.63)

where Lopp
h (k̃, µ̂) denotes the object corresponding to Lh(k̃, µ̂) in the opposite category Copp(k̃, h).

Proof. By assumption, V (g, h;k) is a “nice” VOA, the category C(g, h) is a modular tensor category.

The Deligne product C(g, h)⊠DC(k̃, h) corresponding to the tensor product VOA V (g, h;k)⊗Lh(k̃, 0),

with the objects being vector space tensor product of modules is then also a modular tensor category.

Since Lg(k, 0) is also a V (g, h;k)⊗Lh(k̃, 0)-module, Lg(k, 0) is an object in the category C(g, h)⊠D

C(k̃, h). The decomposition

Lg(k, 0) ∼=
⊕

µ∈P+

k̃
(h)

Lg/h(0, µ̂)⊗ Lh(k̃, µ̂) , (3.3.64)

makes this fact evident. Thus, by Theorem 3.2.3, we conclude that

C(k, g) ∼=
(
C(g, h)⊠D C(k̃, h)

)0
Lg(k,0)

. (3.3.65)

From the decomposition (3.3.60), we see that the subobjects of Lg(k, 0) are Lg/h(0, µ̂) ⊗ Lg(k̃, µ̂).

Thus, the only subobject of Lg(k, 0) of the form W ⊗ Lg(k̃, 0) is V (g, h;k) ⊗ Lg(k̃, 0). Thus there

exists a special symmetric commutative Frobenius algebra object B in C(k, g)⊠D C(k̃, h) such that

(3.3.62) is true. Using (3.2.67), we can give an explicit description of B. We look at the V (g, h;k)-

modules of the form Lg/h(λ̂, µ̂). Suppose first Lg/h(λ̂, µ̂) is irreducible then Lg/h(λ̂, µ̂)⊠D Lh(k̃, µ̂)
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is a simple object in the category C(g, h)⊠D C(k̃, h) and

dimHom
(
Lg(k, λ̂), V (g, h;k)⊗ Lh(k̃, µ̂)

)
=


1, if Lg/h(λ̂, µ̂) ∼= V (g, h;k) ,

0, otherwise .
(3.3.66)

If Lg/h(λ̂, µ̂) is not irreducible, then assuming that we can decompose it as direct sum of irreducible

V (g, h;k)-modules, we write

Lg/h(λ̂, µ̂) ∼= n(λ̂,µ̂)V (g, h;k)⊕ . . . . (3.3.67)

Note that we can have n(λ̂,µ̂) = 0. Then it is clear that

dimHom
(
Lg(k, λ̂), V (g, h;k)⊗ Lh(k̃, µ̂)

)
=: n(λ̂,µ̂) . (3.3.68)

This description of B allows for its easy computation as we will demonstrate in examples below.

Remark 3.3.1. 1. In physical terms, (3.3.60) means that the chiral ĝ theory can be obtained

gauging the nonabelian anyon corresponding to Lg(k, 0) in the MTC of the tensor product of

the chiral coset theory and the chiral ĥ theory. If we can now show that Lg(k, 0) is a special

symmetric commutative Frobenius algebra object, then we can use Theorem 3.2.3 to get the

MTC C(g, h) in terms of a nonabelian gauging of C(k, g)⊠D C(k̃, h).

2. In principal, the algebra object B in (3.3.63) should have all the information about field

identifications, selection rules and fixed point resolutions.

We will now see this in some examples.

Explicit Examples

Unitary Minimal Models.

It is well known that the unitary minimal models are realized by the GKO coset CFT [GKO85,

GKO86]17

g = su(2)k ⊕ su(2)1 , h = su(2)k+1 , k ≥ 1 . (3.3.69)

Explicit evaluation of branching rules and analysis of outer automorphism group action implies that

there are nontrivial selection rules and field identifications [DFMS97]. Let us denote the minimal

Virasoro VOA with central charge

cp,q := 1− 6(p− q)2

pq
, (3.3.70)

17There are other coset realizations of unitary minimal models. In Appendix C.3, we review the coset realization of

[BRS88, ABR88].
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by Vir(cp,q, 0). There are finitely many isomorphism classed of irreducible Vir(cp,q, 0)-modules speci-

fied by the conformal dimension hr,s of the highest weight vector. These are denoted by Vir(cp,q, hr,s)

and the conformal dimension take the values

hr,s :=
(pr − qs)2 − (p− q)2

4pq
, 1 ≤ r ≤ q − 1 , 1 ≤ s ≤ p− 1 , (3.3.71)

with the isomorphism

Vir(cp,q, hr,s) ∼= Vir(cp,q, hq−r,p−s) . (3.3.72)

Let us also denote the modular tensor category of Vir(cp,q, 0) by CM(p,q). The unitary minimal

models correspond to p = k + 3, q = k + 2, k ≥ 1. Here k = 1 corresponds to the Ising model.

Let us recall that ŝu(2) at level k has k + 1 dominant integrable representations which we will

label by i = 0, . . . , k. By abuse of notation, we will write

P+
k (su(2)) = {0, 1, . . . , k} . (3.3.73)

Then dominant integrable weights of ŝu(2)k ⊕ ŝu(2)1 are labeled as

P+
k (su(2))× P+

1 (su(2)) = {(i, j) : 0 ≤ i ≤ k, 0 ≤ j ≤ 1} . (3.3.74)

We have the decomposition [GKO86, GKO85]

Lsu(2)⊕su(2)((k, 1), (i, j)) ∼=
k+1⊕
ℓ=0

i−ℓ≡jmod 2

Vir (ck+3,k+2, hi+1,ℓ+1)⊗ Lsu(2)(k + 1, ℓ) . (3.3.75)

In particular, we have

Lsu(2)⊕su(2)((k, 1), (0, 0)) ∼=
k+1⊕
ℓ=0

ℓ even

Vir (ck+3,k+2, h1,ℓ+1)⊗ Lsu(2)(k + 1, ℓ) . (3.3.76)

By Theorem 3.2.3, we have

C((k, 1), su(2)⊕ su(2)) ∼=
CM(k+3,k+2) ⊠D C(k + 1, su(2))

Ak
, (3.3.77)

where

Ak =

k+1⊕
ℓ=0

ℓ even

Vir (ck+3,k+2, h1,ℓ+1)⊠D Lsu(2)(k + 1, ℓ) ∼= Lsu(2)⊕su(2)((k, 1), (0, 0)) . (3.3.78)

We can use (3.3.62) and the isomorphism (3.3.72) to write

CM(k+3,k+2)
∼=

C((k, 1), su(2)⊕ su(2))⊠D Copp(k + 1, su(2))

Bk
, (3.3.79)
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where

Bk = Lsu(2)⊕su(2)((k, 1), (0, 0))⊠DL
opp
su(2)(k+1, 0)⊕Lsu(2)⊕su(2)((k, 1), (k, 1))⊠DL

opp
su(2)(k+1, k+1) .

(3.3.80)

Using the ŝu(2)k fusion rules [DFMS97], we have the following P (z)-tensor products:

Lsu(2)⊕su(2)((k, 1), (k, 1))⊠ Lsu(2)⊕su(2)((k, 1), (k, 1)) ∼= Lsu(2)⊕su(2)((k, 1), (0, 0)) ,

Lopp
su(2)(k + 1, k + 1)⊠ Lopp

su(2)(k + 1, k + 1) ∼= Lopp
su(2)(k + 1, 0) .

(3.3.81)

In the language of 3d TFT, A generates a Z2 abelian anyon. We can thus schematically write

CM(k+3,k+2)
∼=

C((k, 1), su(2)⊕ su(2))⊠D Copp(k + 1, su(2))

Z2
, (3.3.82)

which is in agreement with the proposal of [MS89d] for obtaining the GKO coset theory GKO(g/h)

from Chern-Simons theory for gauge group (Gk ×H−k̃)/Z, where G,H are the unique simply con-

nected Lie groups with Lie(G) = g, Lie(H) = h and Z is the common center of G,H. See Appendix

C.2.2 for a quick review of the proposal.

For k = 1,

A1 = Vir

(
1

2
, 0

)
⊠D Lsu(2)(2, 0)⊕ Vir

(
1

2
,
1

2

)
⊠D Lsu(2)(2, 1) . (3.3.83)

Using the fusion rules [DFMS97], we have the following P (z)-tensor products:

Vir

(
1

2
,
1

2

)
⊠ Vir

(
1

2
,
1

2

)
∼= Vir

(
1

2
, 0

)
,

Lsu(2)(2, 1)⊠ Lsu(2)(2, 1) ∼= Lsu(2)(2, 0) .

(3.3.84)

We can thus schematically write

C((1, 1), su(2)⊕ su(2)) ∼=
CM(4,3) ⊠D C(k + 1, su(2))

Z2
. (3.3.85)

This is in agreement with [CGS23]18. From (3.3.62), we have

CM(4,3)
∼=

C((1, 1), su(2)⊕ su(2))⊠D C
opp(k + 1, su(2))

B1
, (3.3.86)

where

B1 = Lsu(2)⊕su(2)((1, 1), (0, 0))⊠D L
opp
su(2)(2, 0)⊕ Lsu(2)⊕su(2)((1, 1), (1, 1))⊠D L

opp
su(2)(2, 2) . (3.3.87)

The k = 2 case is interesting because B is a direct sum of nonabelian anyons in this case. We have

C((2, 1), su(2)⊕ su(2)) ∼=
CM(5,4) ⊠D C(3, su(2))

A2
, (3.3.88)

18In the notation of [CGS23] A = (0, 0, 0) + (1, 1, 2).
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with

A2 = Vir

(
3

5
, 0

)
⊠D Lsu(2)(3, 0)⊕ Vir

(
3

5
,
3

5

)
⊠D Lsu(2)(3, 2) . (3.3.89)

This isomorphism has been demonstrated in [CGS23] using the heuristic rules for anyon condensation

of [BS09]19. We can also write

CM(5,4)
∼=

C((2, 1), su(2)⊕ su(2))⊠D Copp(3, su(2))

B2
, (3.3.90)

where

B2 = Lsu(2)⊕su(2)((2, 1), (0, 0))⊠D L
opp
su(2)(3, 0)⊕ Lsu(2)⊕su(2)((2, 1), (2, 1))⊠D L

opp
su(2)(3, 3) .

(3.3.91)

ĝ = (ĝ2)1 , ĥ = ŝu(2)3, ŝu(2)1.

The affine VOA for the exceptional Lie algebra20 g2 at level 1 has two irreducible modules which we

denote by Lg2
(1,1), Lg2

(1,7) where 1,7 denotes the trivial and 7-dimensional representations of g2.

There is an embedding of su(2)⊕ su(2) into g2 under which the level of su(2)⊕ su(2) is (1, 3). One

can check that this is a conformal embedding. We have the decomposition [CGS23]

Lg2(1,1) ∼= Lsu(2)(1, 0)⊗ Lsu(2)(3, 0)⊕ Lsu(2)(1, 1)⊗ Lsu(2)(3, 3),

Lg2
(1,7) ∼= Lsu(2)(1, 0)⊗ Lsu(2)(3, 2)⊕ Lsu(2)(1, 1)⊗ Lsu(2)(3, 1) .

(3.3.92)

Let us first understand the coset21 Lg2/su(2)1(1, 0). From the decomposition (3.3.92), it is clear that

Lg2/ŝu(2)1(1, 0) ∼= Lsu(2)(3, 0). By (3.3.60), we have

C (1, g2) ∼=
C(3, su(2))⊠D C(1, su(2))

A
, (3.3.93)

where

A = Lsu(2)(1, 0)⊠D Lsu(2)(3, 0)⊕ Lsu(2)(1, 1)⊠D Lsu(2)(3, 3) . (3.3.94)

Moreover

C(3, su(2)) ∼= C (1, g2)⊠D Copp(1, su(2)) , (3.3.95)

since B = Lsu(2)(3, 0) which is the unit object. This agrees with [CGS23]. On the other hand

G(1, su(2)) ∼=
C (1, g2)⊠D C

opp(3, su(2))

B
, (3.3.96)

19In the notation of [CGS23] A2 = (0, 0) + (ε′, 2).
20The notation is unfortunate since the subscript in g2 is not the level!
21Here, we have differed from our usual notation Lg/h(0, 0) of coset VOA because we need to indicate with respect to

which level ŝu(2) we are considering the commutant. So Lg2/su(2)1 (1, 0) denoted the commutant of the affine VOA

Lsu(2)(1, 0) in the affine VOA Lg2 (1,1).
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where

B = Lg2
(1,1)⊠D L

opp
su(2)(3, 0)⊕ Lg2

(1,7)⊠D L
opp
su(2)(3, 2) . (3.3.97)

This was again demonstrated in [CGS23] using heuristic rules of anyon condensation from [BS09]22.

Conformal embeddings.

As we have already proved in Proposition 3.2.2, if a unitary VOA U is conformally embedded in

a unitary VOA V , i.e, cU = cV , then the commutant CV (U) ∼= C. Consequently, the category of

CV (U)-modules is trivial. Theorem 3.2.3 in this case means that

CV ∼= CU/V := (CU )0V . (3.3.98)

Or equivalently, by Theorem 3.2.2 V provides an extension of U . This is the well-known result that

conformal embeddings lead to chiral algebra extension [DFMS97]. By (3.3.62), we see that

CV ⊠D Copp
U

B
, (3.3.99)

where

B =
⊕
a∈IV
b∈IU

(
dimHom

(
W a, U b

))
(W a ⊠D (Uopp)b) , (3.3.100)

is the trivial MTC. Let us now discuss some concrete examples.

ŝu(N)k ⊕ ŝu(k)N ↪→ ŝu(Nk)1 , N, k ≥ 2

This is an infinite family of conformal embeddings. By (3.3.60), we have

C(1, su(Nk)) ∼=
C(N, su(k))⊠D C(k, su(N))

Ak,N
, (3.3.101)

where

Ak,N =
⊕

(λ1,λ2)∈K

Lsu(k)(N, λ̂1)⊠D Lsu(N)(k, λ̂2) ∼= Lsu(Nk)(1, 0) , (3.3.102)

and the set K ⊂ P+
N (su(k)) × P+

k (su(N)) can be read off from [ABI90, Theorem 1]. This proves

[CGS23, Eq. (5.3)]. We can easily find Ak,N for small values of k,N . For example, for N = k = 2,

we find that

Lsu(4)(1, 0) ∼= Lsu(2)(2, 0)⊗ Lsu(2)(2, 0)⊕ Lsu(2)(2, 2)⊗ Lsu(2)(2, 2) . (3.3.103)

From the fusion rules for C(2, su(2)), one can show that the simple objects Lsu(2, 0), Lsu(2, 2) generate

a Z2 fusion group. Thus we can schematically write

C(1, su(4)) ∼=
C(2, su(2))⊠D C(2, su(2))

Z2
, (3.3.104)

22In the notation of [CGS23], B = (1, 0) + (ϕ, 2) which generates the Drinfeld center Z(Fib) of the Fibbonacci MTC.
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which agrees with [CGS23, Eq. (5.2)]. For N = 3, k = 2, we can use the isomorphism [ABI90,

Theorem 1]

Lsu(6)(1,1) ∼= Lsu(3)(2,1)⊗ Lsu(2)(3, 0)⊕ Lsu(3)(2,8)⊗ Lsu(2)(3, 2) , (3.3.105)

where the bold numbers n indicate the n-dimensional representation of the algebra, to obtain the

isomorphism

C(1, su(6)) ∼=
C(2, su(3))⊠D C(3, su(2))

A3,2
, (3.3.106)

with

A3,2 = Lsu(3)(2,1)⊠D Lsu(2)(3, 0)⊕ Lsu(3)(2,8)⊠D Lsu(2)(3, 2) . (3.3.107)

This again agrees with the computations in [CGS23, Section 5.1.1].

If we restrict the embedding to ŝu(N)k ↪→ ŝu(Nk)1, then we expect that the coset VOA will be

the affine su(N) VOA:

Vsu(Nk)/su(N)
∼= Lsu(k)(N,1) . (3.3.108)

This can be proved using the character decomposition worked out in [ABI90, Theorem 1]. Then by

(3.3.62), we have

C(N, su(k)) ∼=
C(1, su(Nk))⊠D Copp(k, su(N))

B
, (3.3.109)

where the algebra object B can be obtained using [ABI90, Theorem 1]. We find that the weights

λ ∈ P+
1 (su(Nk)), µ ∈ P+

k (su(N)) such that

Lsu(Nk)/su(N)(λ̂, µ̂) ∼= Lsu(k)(N, 0) , (3.3.110)

are in the orbit of a ZN -action on P+
k (su(N)). This suggests that the fusion algebra of simple

subojects of B form the ZN group. This provides evidence for the level rank duality of [HS16]. A

detailed mathematical proof of this equivalence can be found in [OS14].

ĝ = ŝu(3)1, ĥ = ŝu(2)4

There are three dominant integral weights of ŝu(3)1. We denote them by 1,3,3 as in [CGS23]. Then

the decomposition of modules for this conformal embedding is given by

Lsu(3)(1,1) ∼= Lsu(2)(4, 0)⊕ Lsu(2)(4, 4) ,

Lsu(3)(1,3) ∼= Lsu(2)(4, 2) ,

Lsu(3)(1,3) ∼= Lsu(2)(4, 2) .

(3.3.111)
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(3.3.60) then implies
C(1, su(3)) ∼= C(4, su(2)

A
, (3.3.112)

where

A = Lsu(2)(4, 0)⊕ Lsu(2)(4, 4) . (3.3.113)

Moreover, since the coset VOA is trivial, the MTC

C(1, su(3))⊠D Copp(4, su(2))

B
, (3.3.114)

with
B = Lsu(3)(1,1)⊠D L

opp
su(2)(4, 0)⊕ Lsu(3)(1,1)⊠D L

opp
su(2)(4, 0)

⊕ Lsu(3)(1,3)⊠D L
opp
su(2)(4, 2)⊕ Lsu(3)(1,3)⊠D L

opp
su(2)(4, 2) ,

(3.3.115)

is the trivial MTC. This was argued in [CGS24, Eq. (4.4)].

Maverick Cosets.

These are a set of coset VOA for which the selection rules for Lg/h(λ̂, µ̂) to be nontrivial obtained

from algebraic considerations is not enough [DJ93b, PSW99]. Moreover, field identification method

also fails for such cosets [DJ93b, PSW99]. A list of all known Maverick cosets can be found in

[CGS23]. We now give an example of a Maverick coset for which our category theory methods still

works.

ĝ = ŝu(3)2, ĥ = ŝu(2)8

From the explicit analysis of branching functions [DJ93a], one can show that the coset VOA in this

case is the chiral algebra of the critical three-state-Potts model [DJ93b, DFMS97]23. We want to

identify the algebra object such that

C(2, su(3)) ∼=
C(su(3), su(2))⊠D C(8, su(2))

A
. (3.3.116)

There are six dominant integral weights of ŝu(3) at level 2 which we will denote by the dimension

(in bold) of the corresponding su(3) representation. From [DJ93b, Table 1], we find that

A = Lsu(3)/su(2)(1, 0)⊠D Lsu(2)(8, 0)⊕ Lsu(3)/su(2)(1, 8)⊠D Lsu(2)(8, 8)

⊕ Lsu(3)/su(2)(1, 4)⊠D Lsu(2)(8, 4) .
(3.3.117)

Inverting the coset using (3.3.62), we find

C(su(3), su(2)) ∼=
C(2, su(3))⊠D Copp(8, su(2))

B
, (3.3.118)

23It is an extension of Vir
(
4
5
, 0

)
by dimension 3 holomorphic field.
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where, again using [DJ93b, Table 1], we find

B = Lsu(3)(2,1)⊠DL
opp
su(2)(8, 0)⊕Lsu(3)(2,1)⊠DL

opp
su(2)(8, 8)⊕Lsu(3)(2,8)⊠DL

opp
su(2)(8, 4) . (3.3.119)

This is in agreement with the heuristic calculation of [BS09].

ĝ = ŝu(4)1, ĥ = ŝu(2)10

From the explicit computation of branching functions, it was shown in [PSW99] that the coset VOA

for this Maverick coset is the Ising VOA Vir
(
1
2 , 0
)
. Thus, by Corollary 3.3.4, we have

C(1, su(4)) ∼=
CM(4,3) ⊠D C(10, su(2))

A
, (3.3.120)

where [PSW99]

A = Vir

(
1

2
, 0

)
⊠D

(
Lsu(2)(10, 0)⊕ Lsu(2)(10, 6)

)
⊕ Vir

(
1

2
,
1

2

)
⊠D

(
Lsu(2)(10, 4)⊕ Lsu(2)(10, 10)

) ∼= Lsu(4)(1,1) .
(3.3.121)

By (3.3.62), we have

CM(4,3)
∼=

C(1, su(4))⊠ Copp(10, su(2))

B
, (3.3.122)

where [PSW99]

B = Lsu(4)(1,1)⊠D

(
Lopp
su(2)(10, 0)⊕ Lopp

su(2)(10, 6)
)

⊕ Lsu(4)(1,6)⊠D

(
Lopp
su(2)(10, 4)⊕ Lopp

su(2)(10, 10)
)
.

(3.3.123)

This is in agreement with the analysis of [CGS23, Appendix C.3].

3.4 Review Of WZW Models And Their Gauging

In this section, we will review WZW models and their gauging from path integral as well as in the

algebraic formalism. We follow the conventions of [Gaw91, Ebe19]. Let G be a compact semisimple

Lie group of the form

G =

(
n∏
i=1

Gi

)
/Z , (3.4.1)

where each Gi is simple, simply connected and Z is a subgroup of the center of
∏
iGi. Fix a vector of

positive integers k = (k1, . . . , kn) ∈ (Z>0)
n. Let ⟨·, ·⟩k be the Killing form on g := Lie(G) extended

to the complexification gC := ⊕igCi normlaized such that half the length-squared of long roots of gi

is equal to k−1
i . On any Riemann surface Σ and a smooth map g : Σ −→ G, define the functional

SG,k(g) :=
i

4π

∫
Σ

d2z ⟨g−1∂zg, g
−1∂z̄g⟩k − iΓWZ(Σ; g) , (3.4.2)



131

where

ΓWZ(Σ; g) :=
1

24π

∫
B

〈
g̃−1dg̃,

[
g̃−1dg̃, g̃−1dg̃

]〉
k
, (3.4.3)

is the Wess-Zumino (WZ) term, B is 3-manifold such that ∂B = Σ and g̃ : B −→ G is an extension24

of the map g, i.e., g̃|∂B = g. The action is manifestly conformally invariant. We will denote the

corresponding CFT by WZW(G). The partition function of WZW model is given by

ZG,k =

∫
[Dg] exp(−SG,k(g)) . (3.4.4)

The action has a (GL ×GR)-symmetry which acts on g as

(gL, gR) · g = gLgg
−1
R . (3.4.5)

Up to a constant multiple, the currents for these symmetries in complex coordinates are

J = g−1∂zg, J̃ = −g−1∂z̄g . (3.4.6)

Using the equations of motion, one can show that

∂zJ̃ = ∂z̄J = 0 . (3.4.7)

The conservation of these currents implies that the global (GL × GR)-symmetry of the action is

enhanced to a local symmetry: the action is invariant under the transformation 25

g(z, z̄) 7→ gL(z)g(z, z̄)gR(z̄)
† , (3.4.8)

by an arbitrary holomorphic map26 gL : Σ −→ GC and an antiholomorphic map gR : Σ −→ GC. On

the cylinder, parametrized by (σ, τ) with σ ∼ σ+2π being the spatial coordinate and τ the Euclidean

time and related to the complex coordinate on the plane by z = e−iσ+τ , the local (GL ×GR)-

symmetry at a fixed value of the Euclidean time τ = τ0 is the loop group (LGL × LGR):

g(z, z) 7−→ γL(σ)g(z, z)γR(σ)
−1 , (3.4.9)

where γL,R : S1 −→ G are arbitrary smooth maps from the spatial circle to G. Again, this symmetry

enhances to the loop group LGC
L × LGC

R of the complexification GC.

Upon quantization, the loop group symmetry gets centrally extended to (L̃GL×L̃GR)-symmetry.

To see this, let us expand J(z) and J̃(z) in an orthonormal basis (with respect to the Killing form)

24When G is simply connected, then the existence of such an extension follows from π1(G) = π2(G) = 0. For general

G, see [Gaw87, FGK88, ADPW91].
25Here † denotes the complex conjugation operation in gC = Lie(GC) which leaves G ⊂ GC invariant. Note that our

convention is G = eig.
26Note that the map must be valued in the complexification GC to be (anti)holomorphic since there are no nonconstant

holomorphic maps from a compact Riemann surface Σ to a compact group G.
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of g and denote the components by Ja(z) and J̃a(z) respectively. Here a = 1, . . . , dim(g). Then one

can prove the OPE

Jai(z)Jbi(w) ∼ kiδ
aibi

(z − w)2
+

ifaibiciJ
ci(w)

(z − w)
,

J̃ai(z)J̃bi(w) ∼ kiδ
aibi

(z − w)2
+

ifaibici J̃
ci(w)

(z − w)
,

Jai(z)J̃bi(w) ∼ regular ,

(3.4.10)

where ai, bi, ci are indices labelling a basis of gi, faibici are structure constants of gi. Expanding the

currents as
Ja(z) =

∑
n∈Z

Janz
−n−1 ,

J̃a(z) =
∑
n∈Z

J̃bnz
−n−1 ,

(3.4.11)

and using the OPE (3.4.10), we obtain the affine Kac-Moody algebra

[
Jaim , J

bi
n

]
= kimδ

aibiδm+n,0 + ifaibiciJ
ci
m+n ,[

J̃aim , J̃
bi
n

]
= kimδ

aibiδm+n,0 + ifaibici J̃
ci
m+n ,[

Jaim , J̃
bi
n

]
= 0 .

(3.4.12)

The affine Kac-Moody algebra is the Lie algebra of the centrally extended loop group L̃G [PS86].

The Lagrangian is conformally invariant classically. The stress tensor is given by

T g(z) =
1

2 (k + h∨)
: Ja(z)Ja(z) :, T

g
(z) =

1

2 (k + h∨)
: J̃a(z)J̃a(z) : , (3.4.13)

where
1

2 (k + h∨)
:=

n∑
i=1

1

2 (ki + h∨i )
, (3.4.14)

and h∨i is the dual Coxeter number of gi. They satisfy the expected OPE with central charge

cg :=
k dim(g)

k + h∨ :=

n∑
i=1

kidim(gi)

ki + h∨i
. (3.4.15)

Consequently, if we expand

T g(z) =
∑
n∈Z

Lg
nz

−n−2 , T
g
(z) =

∑
n∈Z

L
g

nz
−n−2 , (3.4.16)

then the modes satisfy the Virasoro algebra. This is the Sugawara construction. The currents Ja, J̃a

are primary fields of weights (1, 0), (0, 1) respectively. The algebra above is thus two copies of the

affine Kac-Moody algebra ĝk and the Sugawara construction shows that U (ĝk) contains the Virasoro

algebra. Thus the WZW model WZW(G) model at level k gives a realization of the affine vertex

operator algebra affine(g) discussed in Section 3.3.1.
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3.4.1 Gauged WZW Model

The GKO coset VOA described in Section 3.3.2 is an algebraic construction. It is not apriori clear

whether it can be given a Lagrangian description. It was proposed that one can gauge some subgroup

of (GL×GR)-symmetry of the G-WZW model to obtain the GKO coset CFT [ABR88, BRS88, GK88,

GK89]. The main goal of this chapter is to show that gauged WZW model indeed realizes GKO coset

VOA V (g, h;k) but only up to a 2d TQFT. In this section, we will set up the gauging procedure.

Recall that the action of G-WZW model has a (GL × GR)-symmetry. We would like to gauge

a subgroup F ⊂ GL × GR. To gauge the subgroup F , we introduce a principal F -bundle P → Σ

along with a connection A on P . Recall that for any F -space S, we have an associated F -bundle PS

defined by

PS := P ×F S := (P × S)/ ∼ , (3.4.17)

where ∼ is the equivalence relation

(p, s) ∼
(
p · f−1, f · s

)
, f ∈ F . (3.4.18)

Moreover, any connection A on P induces a connection on PS . In our case, we take S = G to be

the F -space. Let

πL : GL ×GR −→ G , πR : GL ×GR −→ GR , (3.4.19)

be the projection to the left and right components of GL ×GR. For h ∈ H, we write

fL := πL(f) , fR := πR(f) , f ∈ F ⊂ GL ×GR . (3.4.20)

Consider the associated bundle PG with F acting on G as

g 7−→ fLgf
−1
R , f ∈ F ⊂ GL ×GR . (3.4.21)

More explicitly,

PG = P ×F G := (P ×G)/ ∼ (3.4.22)

where the equivalence relation is

(p, g) ∼
(
p · f−1, fLgf

−1
R

)
, f ∈ F ⊂ GL ×GR . (3.4.23)

The WZW field g : Σ −→ G is now replaced by a section of the bundle PG. Since A is Lie algebra

valued, we have the embedding

A 7→ AL ⊕AR , (3.4.24)
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given by

Aata 7→ AL ⊕AR := Aa(taL ⊕ taR) , (3.4.25)

where ta ∈ h is embedded in g⊕ g as ta 7→ (taL⊕ tbR). We can also decompose these connections into

the holomorphic and antiholomorphic parts

A = A(1,0) +A(0,1) , A(1,0) = −(A(0,1))∗ , (3.4.26)

where A(1,0), A(0,1) is the dz and dz parts and we have also imposed a reality condition on the

connection27. To write the gauged action, we promote the exterior derivative in the first term of

SG,k(g) in (3.4.2) to gauge covariant derivative:

∂ → ∂ +A(1,0), ∂̄ → ∂̄ +A(0,1) , (3.4.27)

where ∂, ∂ are the (1, 0) and (0, 1) part of the exterior derivative respectively. Moreover, writing

A(1,0) = Azdz , A(0,1) = Azdz , (3.4.28)

we can write the action of A on the WZW field as

Az · g = (Az)Lg − g(Az)R , Az̄ · g = (Az̄)Lg − g(Az̄)R . (3.4.29)

The Wess-Zumino term does not admit a straightforward gauge invariant extension. It turns out that

ΓWZ can be extended to a gauge invariant term if the subgroup H is anomaly-free in the following

sense [Wit92a, Wit93]: We embed ta ∈ h into g⊕ g by ta 7→ (taL, t
a
R) and then demand

⟨taL, tbL⟩ = ⟨taR, tbR⟩ . (3.4.30)

Using the extension of the WZ term given in [Wit92a, Wit93], the H-gauged WZW action is given

by

SG,k(g,A) := SG,k(g) +
i

2π

∫
Σ

d2z
(〈
(Az)R, g

−1∂z̄g
〉
k
+
〈
g∂zg

−1, (Az)L
〉
k

+
〈
g(Az)Rg

−1, (Az)L
〉
k
− ⟨(Az)R, (Az)L⟩k̃

)
.

(3.4.31)

Let PrinH(Σ) denote the isomorphism classes of principal H-bundles over Σ, AP denote the space of

unitary connections on P and GP be the group gauge transformations, and GΣ := Map(Σ, G). Then

the partition function of the theory on Σ is given by

ZWZW
G/H (Σ) =

∑
[P ]∈PrinH(Σ)

∫
GΣ

[Dg]

∫
AP /GP

[DA] exp(−SG,k(g,A)) . (3.4.32)

27Here ∗ is complex conjugation in hC which leaves h invariant. We also use the convention that H = eih.
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The action SG,k(g,A) transforms according to the Polyakov-Wiegmann formula [PW84] under the

gauge transformation: consider h : Σ −→ HC ⊂ GC
L ×GC

R and introduce the notation

hg := hLgh
†
R, (hA)z := h†Az(h

†)−1 − h†∂z(h
†)−1 , (hA)z := hAzh

−1 + h∂z̄h
−1 , (3.4.33)

then we have [Wit92a, Wit93, GK89]

SG,k(g,A) = SG,k(
hg, hA)− SH,k̃(hh

†, hA) , (3.4.34)

where the second term on the RHS is the gauged H-WZW action with the diagonal embedding of

H in HL × HR. When we take h to be valued in H, then SH,k̃(hh
†, hA) vanishes and the gauged

WZW action is gauge invariant.

In the remainder of the chapter, we will be working in the following simplified setting: given any

subgroup H < G, the diagonal embedding of H in GL ×GR given by

∆ : H −→ GL ×GR

h 7−→ (h, h) ,
(3.4.35)

is anomaly-free. Indeed, for diagonal embedding, we have taL = taR = ta ∈ h and (3.4.30) is trivially

satisfied. From now on, by G/H-WZW model, we will mean this particular H-gauged G-WZW

model. We will denote the resulting CFT by WZW(G/H).

3.5 H/H-WZW Model As A Topological Quantum Field Theory

In this section, we discuss some features of the H/H-WZW model and the relevance of a theorem of

Freed-Hopkins-Telemann [FHT07] about the twisted equivariant K-theory.

The action of the H/H-WZW model is given by (3.4.31) with g replaced by the H-WZW field

h ∈ Map(Σ, H). For H simple and simply connected, this theory was shown to be topological in

[Wit92a, Wit93]. More precisely, [Wit84] shows that under an infinitesimal change of the metric

and changing the path integral variable of the measure DA appropriately, the path integral for

the partition function remains invariant. [Wit84] also shows that the partition function ZH/H,k̃(Σ)

defined in (3.4.32) is equal to the dimension of the space of nonabelian theta functions on Σ. In

particular, the torus partition function ZH/H,k̃
(
T2
)

is equal to the dimension of Verlinde algebra

Vk̃(H).

As we have mentioned, it is a theorem that to give a 2d TQFT is to give a commutative Frobenius

algebra. Recall that a Frobenius algebra is a C-vector space A equipped with a nondegenerate

bilinear pairing η : A⊗A −→ C, called the Frobenius pairing. In case the 2d TQFT is described by

a semisimple Frobenius algebra, the partition function of the 2d TQFT on any compact Riemann
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surface Σg of genus g takes a simple form. To describe the partition function, we note that for a

semisimple Frobenius algebra, there exists a basis {εx}x∈X of idempotents of A such that

A = SpanC{εx} , εxεy = δxy1 . (3.5.1)

Then there exists θx ∈ C such that

η(εx ⊗ 1) = θx . (3.5.2)

The partition function of the associated TQFT is given by

Z(Σg) =
∑
x∈X

θ1−gx . (3.5.3)

We now describe the Frobenius algebra structure emerging from H/H-WZW model. Recall that

the Verlinde algebra Vk̃(H) is isomorphic to the C-span of P+

k̃
(h):

Vk̃(H) = SpanC

{
Oµ : µ ∈ P+

k̃
(h)
}
. (3.5.4)

The multiplication on Vk̃(h) is given by

Oµ1
· Oµ2

=
∑

µ3∈P+

k̃
(h)

N h,µ3
µ1µ2

Oµ3
, (3.5.5)

where the N h,µ3
µ1µ2

∈ Z≥0 are the fusion rules. Note that the product is commutative and O0 is the

identity of the multiplication. Then Vk̃(H) can be endowed with a Frobenius algebra structure by

defining the Frobenius pairing to be

⟨Oµ1
,Oµ2

⟩ = δµ2,µ∗
1
. (3.5.6)

From the point of view of H/H-WZW, the Frobenius algebra structure can be obtained from H/H-

path integral as follows: the multiplication is defined as

N h
µ1µ2µ3

:=

〈
3∏
i=1

Tr hµi (zi)

〉H/H
CP1

, (3.5.7)

along with the identification

Nµ1µ2µ3
= N h,µ∗

3
µ1µ2 . (3.5.8)

The Frobenius pairing is defined by the two-point function:

⟨Oµ1
,Oµ2

⟩ = ⟨Oµ1
(z1)Oµ2

(z2)⟩H/HCP1 , (3.5.9)

where Oµ1(z1),Oµ2(z2) are the primary fields corresponding to the irreducible modules Lh(k̃,µi), i =

1, 2. To write down the partition function of the theory, we need to find a basis of idempotents.
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From (3.5.5), we see that it is equivalent to diagonalizing the matrix [N h
µ1
]µ3
µ2

. This is precisely done

by Verlinde formula. More precisely, Verlinde’s formula is equivalent to the fact that the S-matrix

diagonalizes fusion rules in the sense of the following equation:∑
µ1,µ3∈P+

k̃
(h)

[(Sh)−1]µ1ν N h,µ3
µ1µ2

[Sh]µµ3 = δµν
[Sh]νµ2

[Sh]µ20
. (3.5.10)

Thus, the basis of idempotents is

εµ :=
∑

ν∈P+

k̃
(h)

[Sh]µ0[(S
h)−1]νµOν . (3.5.11)

From (3.5.6), it follows that the partition function is given by

ZWZW
H/H (Σg) =

∑
µ∈P+

k̃
(h)

(
[Sh]µ0[(S

h)−1]0µ
)1−g

. (3.5.12)

Using the fact that (Sh)† = (Sh)−1 and Sh
0µ is real, we get

ZWZW
H/H (Σg) =

∑
µ∈P+

k̃
(h)

(
[Sh]µ0

)2−2g
. (3.5.13)

A theorem of Freed-Hopkins-Teleman [FHT07] identifies the Verlinde algebra Vk̃(H) with the

twisted equivariant K-theory τKH(H) where the twisting τ is determined by the level k̃. A physical

interpretation for this result was provided by [Moo03] using symmetry preserving D-branes. More

precisely, using the description of D-branes as boundary conditions in target space H, it was argued

in [Moo03] that the D-brane charges in H-WZW models are valued28 in the K-theory τKH(H). On

the other hand, symmetry preserving branes in the worldsheet description in H-WZW models are

integer linear combinations of the Cardy boundary states [Car89]. Since Cardy states are classified

by elements of Vk̃(H), we see that the target space and worldsheet description of D-branes give a

physical perspective to the FHT theorem:

Vk̃(H) ∼= τKH(H) . (3.5.14)

This is summarized schematically in Figure 3.1.

Verlinde Algebra Vk̃(H) τKH(H)

Symmetry Preserving Branes

Freed-Hopking-Teleman

Cardy States D-brane Charges

Figure 3.1: Schematic diagram illustrating the physical perspective to the FHT theorem.

28See also [MM97, Wit98, MW99] for earlier work on relation of D-branes charges with K-theory.
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This isomorphism induces a commutative Frobenius algebra structure29 on τKH(H).

3.5.1 The U(1)/U(1)-WZW Model

In this section, we will discuss the U(1)/U(1)-WZW model. Naively, since U(1) acts trivially on itself

by conjugation, the currents are trivial and hence the gauged WZW action is simply the non-linear

sigma model action with U(1) target. Moreover, the WZ term vanishes. This is problematic since

we expect U(1)/U(1)-WZW model to be a TQFT. So, to write the U(1)/U(1)-WZW action, we will

take the general H/H-WZW model action (3.4.31) and then specialize to H = U(1) case. Let Σ be a

compact Riemann surface with genus g. We will denote real coordinates on Σ by (x, y) and complex

coordinates by z, z̄ with the relation z = x+ iy. We want to compute the path integral

ZWZW
U(1)/U(1)(Σ) =

∑
c1(P )∈H2(Σ,Z)

∫
Map(Σ,U(1))

[Dg]

∫
AP /GP

[DA] exp(−SU(1),k(g,A)) , (3.5.15)

where the sum is over isomorphism class of U(1)-bundles P → Σ classified by the first Chern

class c1(P ), AP is the space of connections on P , GP := Map(Σ,U(1)) is the group of local gauge

transformations and SU(1),k(g,A) is the gauged WZW action (3.4.31) specialized to G = H = U(1).

We will use the convention

Lie(U(1)) = iR , (3.5.16)

and U(1) = eiR. We will parametrize the WZW field g(z, z̄) : Σ −→ U(1) as

g(z, z̄) = eiϕ(z,z̄) , (3.5.17)

where ϕ(z, z̄) : Σ −→ R is a periodic field:

ϕ ∼ ϕ+ 2π . (3.5.18)

Then
g−1∂zg = e−iϕ (i∂zϕ) e

iϕ = i∂zϕ ,

∂z̄gg
−1 = i∂z̄ϕ .

(3.5.19)

Thus the gauged WZW action (3.4.31) is given by

SU(1),k(g,A) = − ik

4π

∫
Σ

d2z ∂zϕ∂z̄ϕ− k

2π

∫
Σ

d2z (∂z̄ϕAz − ∂zϕAz̄) . (3.5.20)

The U(1)/U(1)-action can then be written as

SU(1),k(g,A) =
k

8π

∫
Σ

dϕ ∧ ⋆dϕ+
k

2π

∫
Σ

dϕ ∧A , (3.5.21)

29[FHT07] had their own way of deriving a commutative Frobenius algebra structure on τKH(H).
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where we used the fact that

dϕ ∧ ⋆dϕ = (∂zϕ dz + ∂z̄ϕ dz̄) ∧ (∂zϕ(−idz) + ∂z̄ϕ(idz̄))

= i∂zϕ∂z̄ϕ (dz ∧ dz̄)− i∂z̄ϕ∂zϕ (dz̄ ∧ dz)

= 2i∂zϕ∂z̄ϕ (dz ∧ dz̄) ,

(3.5.22)

and
dϕ ∧A = ∂ϕ ∧A(0,1) + ∂̄ϕ ∧A(1,0)

= (∂zϕAz̄ − ∂z̄ϕAz) dz ∧ dz̄ .
(3.5.23)

Before proceeding, let us notice that the correct way to write the dϕ∧A term is by using differential

cohomology [MS25]. The reason is that A is not a globally defined 1-form. One may use Stokes

theorem and write it as ∫
Σ

dϕ ∧A =

∫
F (A) ∧ ϕ , (3.5.24)

where F (A) is the curvature of the connection which is globally defined. But now ϕ is ill-defined

since it is defined only up to 2π period. The resolution is to treat the class c1(P ) =
[
F
2π

]
as an

element of Ȟ2(Σ), and the periodic scalar eiϕ as an element of Ȟ1(Σ) and use the pairing

Ȟ2(Σ)× Ȟ1(Σ) −→ Ȟ1(pt) = R/Z([
F

2π

]
, eiϕ

)
7−→

∫ Ȟ [ F
2π

]
⊙ eiϕ ,

(3.5.25)

see [MS25] for details of this pairing. When c1(P ) = 0, then∫ Ȟ [ F
2π

]
⊙ eiϕ = exp

(∫
Σ

dϕ ∧A
)
. (3.5.26)

When ϕ has no winding modes, then∫ Ȟ [ F
2π

]
⊙ eiϕ = exp

(∫
Σ

F ∧ ϕ
)
. (3.5.27)

Let us first integrate over the zero modes of ϕ. To this end, let {φn}n≥0 ⊂ C∞(Σ,R) be a basis of

eigenfunctions of the Laplacian with eigenvalues λn:

∆φn = λnφn , 0 = λ0 < λ1 ≤ λ2 ≤ · · · (3.5.28)

Write

ϕ = ϕ0 + ϕ′ , (3.5.29)

where

ϕ0 = a0φ0 , ϕ′ =

∞∑
n=1

anφn , a0, an ∈ R . (3.5.30)
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Then the action is given by

SU(1),k(g,A) =
k

8π

∫
Σ

dϕ′ ∧ ⋆dϕ′ + k

2π

∫
Σ

dϕ′ ∧A+
k

2π

∫
Σ

F (A) ∧ ϕ0 , (3.5.31)

where we used Stokes theorem. Here F (A) is the curvature of the connection and is nonzero for

a nontrivial bundle. More precisely, the cohomology class
[
F (A)
2π

]
= c1(P ) ∈ H2(Σ,Z) is the first

Chern class of the U(1)-bundle P → Σ. For a Riemann surface Σ, H2(Σ,Z) ∼= Z and the integer

corresponding to the first Chern class c1(P ) is given by the Chern number defined by the integral

of F (A) on Σ:

n :=

∫
Σ

c1(P ) =
1

2π

∫
Σ

F (A) . (3.5.32)

The Chern number classifies the bundle. The integral over ϕ0 is given by

I(n) =

∫
R/Z

dϕ0 exp

(
− k

2π

∫
Σ

F (A) ∧ ϕ0
)
. (3.5.33)

Notice that if we make a change of variable ϕ0 → ϕ0 + γ for some constant γ, since the measure is

invariant, we get

I(n) =

∫
R/Z

d(ϕ0 + γ) exp

(
− k

2π

∫
Σ

F (A) ∧ (ϕ0 + γ)

)
= e−k γ nI(n) .

(3.5.34)

Thus, we have

I(n) = 2π δn,0 , (3.5.35)

where the factor of 2π comes from the integral over ϕ0 because of the periodicity ϕ0 ∼ ϕ0 + 2π.

This collapses the sum over isomorphism classes of bundles in the path integral to the trivial bundle.

We now expand the field ϕ′ in winding modes plus oscillators and also parametrize the connection

appropriately. Let us choose a symplectic integral basis
{
αi, βj

}g
i,j=1

of H1(Σ,Z) and an integral

basis
{
Ai, B

j
}g
i,j=1

of H1(Σ,Z):∫
Ai

αj = δji ,

∫
Ai

βj = 0,

∫
Bi
αj = 0,

∫
Bi
βj = δij ,∫

Σ

αi ∧ αj = 0,

∫
Σ

αi ∧ βj = δij .

(3.5.36)

Then we can write

dϕ′ = niα
i +mjβj + dϕ′′, ni,m

i ∈ Z . (3.5.37)

where ϕ′′ is a globally well-defined scalar orthogonal to the zeromode. The affine space of connections

on a principal U(1)-bundle P → Σ is given by

AP = A0 + iΩ1(Σ,R) , (3.5.38)
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where A0 is a reference connection whose curvature satisfies F (A0) = −2πin vol(g) (this follows from

Donaldson’s Theorem [Don83a], which is reformulation of results of [NS65, AB83]), and Ω1(Σ,R) is

the space of 1-forms on Σ. Since we want to restrict to trivial bundles, we can choose A0 = 0. The

gauge group GP = Map(Σ,U(1)) acts on AP by

A 7−→ hA := A+ i dσ, h = eiσ ∈ Map(Σ,U(1)) , (3.5.39)

We will fix the gauge to the Landau gauge

d ⋆ A = 0 . (3.5.40)

Then, the partition takes the form

ZWZW
U(1)/U(1)(Σ) = 2π

∫
[Dϕ′]

∫
AP

[DA] δ(d ⋆ A) exp(−SU(1),k(ϕ
′, A)) , (3.5.41)

where SU(1),k(ϕ
′, A) is given by

SU(1),k(ϕ
′, A) :=

k

8π

∫
Σ

dϕ′ ∧ ⋆dϕ′ + k

2π

∫
Σ

dϕ′ ∧A . (3.5.42)

We now need a convenient parametrization of AP . The Hodge decomposition for Ω1(Σ,R) states

that

Ω1(Σ,R) = Im d⊕ Im d† ⊕H1(Σ) , (3.5.43)

where H1(Σ) is the 2g-dimensional space of harmonic 1-forms on Σ. So we can write a generic local

connection in AP as

A = i dω1 + i d†ω2 + iωharmonic , (3.5.44)

where ωharmonic ∈ H1(Σ) and ω1 ∈ Ω0(Σ,R) , ω2 ∈ Ω2(Σ,R). By Hodge’s theorem, H1(Σ) ∼=

H1(Σ,R) and hence we can write

ωharmonic = ϕiα
i + θjβj , ϕi ∼ ϕi + 2π, θj ∼ θj + 2π . (3.5.45)

Since Ω0(Σ,R) = C∞(Σ,R), we take ω1 = σ ∈ C∞(Σ,R). Moreover, using d† = − ⋆ d⋆, and the

fact that Ω2(Σ,R) ∼= Ω0(Σ,R) = C∞(Σ,R) we can write ω2 = α(dx ∧ dy) and

d†ω2 = − ⋆ d(α ⋆ (dx ∧ dy))

= − ⋆ dα

= −∂zα(⋆dz)− ∂z̄α(⋆dz̄)

= −∂zα(−idz)− ∂z̄α(idz̄)

= i∂zα dz − i∂z̄α dz̄ .

(3.5.46)
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If we write h = eiσ+α : Σ −→ C∗ with σ, α ∈ C∞(Σ,R) then we can write A as

A = iϕiα
i + iθjβj −

(
h†
)−1

∂h† + h−1∂̄h . (3.5.47)

The path integral measure then factorizes as

[DA] = [Dh]
∂(A)

∂(h)

g∏
i,j=1

[Dϕi][Dθ
j ] , (3.5.48)

where the Jacobian of the change of variables is given by [GK89]:

∂(A)

∂(h)
=

det′(−∆)

2π
exp

(
SU(1),2

(
hh†
))

. (3.5.49)

The action (3.5.42) in the variables (3.5.37) and (3.5.47) is given by

SU(1),k(ϕ
′, A) =

k

8π

∫
Σ

dϕ′ ∧ ⋆dϕ′ + ik

2π

∫
Σ

(
niα

i +mjβj
)
∧
(
ϕℓα

ℓ + θmβm
)

+
k

2π

∫
Σ

(
niα

i +mjβj
)
∧
(
−
(
h†
)−1

∂h† + h−1∂̄h
)
.

(3.5.50)

Let us now perform the integral over ϕi, θj . The relevant part of the action is

ik

2π

∫
Σ

(
niα

i +mjβj
)
∧
(
ϕℓα

ℓ + θmβm
)
=

ik

2π

(
niθ

i −mjϕj
)
. (3.5.51)

The integral is then ∫ g∏
i,j=1

[Dϕi][Dθ
j ] exp

[
− ik

2π

(
niθ

i −mjϕj
)]

, (3.5.52)

which again enforces

ni = mj = 0 , (3.5.53)

and evaluates to∫ g∏
i,j=1

[Dϕi][Dθ
j ] exp

[
− ik

2π

(
niθ

i −mjϕj
)]

= (2π)2g
g∏

i,j=1

δni,0δmj ,0 . (3.5.54)

Using h = eiσ+α, we compute

d ⋆ A = d (i dα+ ⋆ i dσ) = d(∂zσ dz − ∂z̄σ dz̄) = −(∂z∂z̄σ)dz ∧ dz̄ . (3.5.55)

Thus, the Landau gauge (3.5.40) is equivalent to σ being harmonic:

d ⋆ A = 0 ⇐⇒ ∆σ = 0 . (3.5.56)

We will take σ to be orthogonal to constants. The ghost action for this gauge fixing is easily seen

to be

Sgh(b, c) =

∫
Σ

d2z b∆c , (3.5.57)
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where b, c are the anticommuting ghosts and also orthogonal to constants, see [MS25, Section 47]

and references therein for discussion on ghost zeromodes. Thus, the partition function takes the

form

ZWZW
U(1)/U(1)(Σ) = (2π)2g+1 det

′(−∆)

2π

∫
[Dϕ′]

∫
[Dα][Dσ]

∫
[DbDc] δ(∆σ)

exp

[
− k

8π

∫
Σ

dϕ′ ∧ ⋆dϕ′ + SU(1),2

(
hh†
)
−
∫
Σ

d2z b∆c

]
.

(3.5.58)

Remembering that h = eiσ+α, and using the WZW action (3.4.2) with g replaced by hh†, we get

SU(1),2

(
hh†
)
=

2i

4π

∫
Σ

d2z
(
hh†
)−1

∂z
(
hh†
) (
hh†
)−1

∂z̄
(
hh†
)

=
1

2π

∫
Σ

d2z (2∂zα) (2∂z̄α)

=
1

π

∫
Σ

dα ∧ ⋆dα

(3.5.59)

Thus we have

ZWZW
U(1)/U(1)(Σ) = (2π)2gdet′(−∆)

∫
[Dϕ′][Dα] exp

[
− k

8π

∫
Σ

dϕ′ ∧ ⋆dϕ′ + 1

π

∫
Σ

dα ∧ ⋆dα
]

×
∫

[Dσ]

∫
[DbDc] δ(∆σ) exp

[
−
∫
Σ

d2z b∆c

]
.

(3.5.60)

To compute the path integral over σ, b, c, we expand them in a basis of eigenfunctions (3.5.28) of ∆:

σ =

∞∑
n=1

σnφn , b =

∞∑
n=1

bnφn , c =

∞∑
n=1

cnφn . (3.5.61)

Note that since σ and b, c are orthogonal to constants, the expansion does not contain the zeromodes.

Then the path integral becomes∫
[Dσ]

∫
[DbDc] δ(∆σ) exp

[
−
∫
Σ

d2z b∆c

]
=

∞∏
n=1

dσn δ(λnσn)

∫ ∞∏
m=1

dbmdcm exp(−bmλmcm)

=
det(∆)∏∞
i=1 λi

∫ ∞∏
n=1

dσn δ(σn)

= 1 .

(3.5.62)

Thus we get

ZWZW
U(1)/U(1)(Σ) = (2π)2gdet′(−∆)

∫
[Dϕ′][Dα] exp

[
− k

8π

∫
Σ

dϕ′ ∧ ⋆dϕ′ + 1

π

∫
Σ

dα ∧ ⋆dα
]

= (2π)2gdet′(−∆)det′
(
− k

8π
∆

)−1/2

det′
(
1

π
∆

)−1/2

= constant.

(3.5.63)

This proves that the U(1)/U(1)-WZW model is a TQFT.
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3.6 State Space Of Gauged WZW Model

In this section, we will describe the finite-energy gauge-invariant states in the G/H-WZW model.

We will see that the Ishibashi states of H-WZW model naturally appear when we impose gauge

invariance. We will add the Maxwell term to the G/H-WZW action and then take the gauge coupling

to infinity to flow to the G/H-WZW model. We will then identify finite-energy gauge invariant states

of the theory. For simplicity, we asssume that G,H are compact, connected, semisimple and simply

connected. To this end, consider the action

S(A, g) :=
1

e2

∫
Σ

Tr(F (A) ∧ ⋆F (A)) + SG,k(g,A) , (3.6.1)

where F (A) is the curvature of the connection A and SG,k(g,A) is the G/H-WZW action (3.4.31).

The gauge coupling e2 has dimensions of mass2 and triggers an RG flow. To find the IR fixed point

states, we want to identify the lowest energy gauge invariant states of the theory governed by (3.6.1)

in the e2 → ∞ limit. The Hilbert space of the theory is given by [Wit91, Wit92b, CMR94]

H WZW⊗YM
G :=

(
H WZW
G ⊗ L2(A)

)LH
, (3.6.2)

where H WZW
G is the Hilbert space of G-WZW model and L2(A) is the space of square integrable

functions on the space of H-connections. The Hamiltonian of the theory is given by30

H = (Lg
0 + L̄g

0) + e2
∫

dx
δ

δAa(x)

δ

δAa(x)
. (3.6.3)

In the e2 → ∞ limit, we look for functions f ∈ L2(A) such that

lim
e2→∞

e2
∫

dx
δ

δAa(x)

δ

δAa(x)
f(A) <∞. (3.6.4)

This requires ∫
dx

δ

δAa(x)

δ

δAa(x)
f(A) = 0 . (3.6.5)

This forces f(A) to be a constant as a function of A. We thus conclude that

H WZW⊗YM
G

∼=
(
H WZW
G

)LH ⊗ C ∼=
(
H WZW
G

)LH
. (3.6.6)

We will now determine the gauge invariant states. To do so, we will impose the Gauss law constraints

on the cylinder. We paramterize the cylinder by (σ, τ) where σ ∼ σ + 2π parametrizes the spatial

direction and τ is the Euclidean time. The complex coordinate on the plane is given by z = e−iσ+τ .

Note that

∂σ = i (z̄∂z̄ − z∂z) . (3.6.7)

30We are considering the Hamiltonian on the cylinder with the circumference of the cylinder normalized to 1.
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We are gauging the symmetry H ↪→ G × G embedded diagonally and acts on the WZW field

g ∈ Map(Σ, G) as

g 7→ hgh−1 . (3.6.8)

Let us write the gauged WZW action (3.4.31) for this diagonal gauging of H in terms of differential

forms. We have

SG,k(g,A) = SG,k(g) +
i

2π

dim(h)∑
a′=1

∫
Σ

Aa
′
∧ ⟨ta

′
, g−1dg⟩k +

i

4π

dim(h)∑
a′,b′=1

∫
Σ

(Aa
′
∧Ab

′
)⟨gta

′
g−1, tb

′
⟩k

+
i

4π

dim(h)∑
a′,b′=1

∫
Σ

(Aa
′
∧Ab

′
)
〈
ta

′
, tb

′
〉
k̃
,

(3.6.9)

where {ta′}dim(h)
a′=1 is an orthonormal basis of h. We make the gauge choice Aτ = 0. The Gauss law

constraint is imposed on physical states as an operator equation of the field constraint

δSG,k(g,A)

δAτ
= 0 . (3.6.10)

Note that this constraint is to be imposed on the states in the Hilbert space at fixed Euclidean time

τ = τ0. We will take τ0 = 0. It is clear from (3.6.9) that the Gauss law constraint on physical states

is

Ĝ|phys⟩ = 0 , (3.6.11)

where

Ĝ :=

dim(h)∑
a′=1

〈
ta

′
, g−1∂σg

〉
k
+

1

2

dim(h)∑
a′,b′=1

(Ab
′

σ −Aa
′

σ )
(
⟨gta

′
g−1, tb

′
⟩k + ⟨ta

′
, tb

′
⟩k
)
. (3.6.12)

Note that the A-dependent terms annihilate constant functions on L2(A) and hence the Gauss law

constraint becomes

dim(h)∑
a′=1

〈
ta

′
, g−1∂σg

〉
k
|phys⟩ = 0 . (3.6.13)

From (3.4.6) and (3.6.7), the Gauss law constraint takes the form

dim(h)∑
a′=1

(
z⟨ta

′
, J(z)⟩k + z̄⟨ta

′
, J̃(z̄)⟩k

)
|phys⟩ = 0 . (3.6.14)

We identify

Jh(z) :=

dim(h)∑
a′=1

⟨ta
′
, J(z)⟩k , J̃h(z̄) :=

dim(h)∑
a′=1

⟨ta
′
, J̃(z̄)⟩k , (3.6.15)
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with the Kac-Moody current for h. Expanding the h Kac-Moody currents into modes, the Gauss

law constraints at τ = 0 takes the form∑
n∈Z

e−inσ(Ja
′

n + J̃a
′

−n)|phys⟩ = 0 , a′ = 1, . . . , dim(h) . (3.6.16)

Equivalently, the Gauss law constraints can be written as

(Ja
′

n + J̃a
′

−n)|phys⟩ = 0 , n ∈ Z , a′ = 1, . . . , dim(h) . (3.6.17)

Note that (3.6.17) imposes gauge invariance only for the infinitesimal gauge transformations. But

it is known that the image of the exponential map in LH is dense [PS86]. Thus (3.6.17) is also

sufficient for gauge invariance. All in all, we want to compute the following space:

H WZW
G/H :=

{
|ψ⟩ ∈ H WZW

G : (Ja
′

n + J̃a
′

−n)|ψ⟩ = 0
}
, (3.6.18)

is the minimum energy configuration in the gauge sector.

3.6.1 Solution To (3.6.17): Ishibashi States And Equivariant H/H-WZW Model

We begin by noting that (3.6.17) are the well-known Ishibashi constraints for H-WZW model which

one solves to determine conformal boundary conditions of a CFT when studying the theory on the

upper half plane. The solutions to Ishibashi constraints in the diagonal H-WZW model are well

known – these are the Ishibashi states which lives in the bulk Hilbert space31. But we want to solve

for |ψ⟩ ∈ H WZW
G . To do so, we consider the diagonal G-WZW model. We have the decomposition:

H WZW
G =

⊕
λ∈P+

k (g)

Lg(k, λ̂)⊗ ˜Lg(k, λ̂)

∼=
⊕

(λ,µ)∈E
(λ,µ̃)∈E

(
Lg/h(λ̂, µ̂)⊗ Lh(k̃, µ̂)

)
⊗
(

˜Lg/h(λ̂, ˆ̃µ)⊗
˜

Lh(k̃, ˆ̃µ)

)

∼=
⊕

(λ,µ)∈E
(λ,µ̃)∈E

(
Lg/h(λ̂, µ̂)⊗ ˜Lg/h(λ̂, ˆ̃µ)

)
⊗
(
Lh(k̃, µ̂)⊗ ˜

Lh(k̃, ˆ̃µ)

)
.

(3.6.19)

Now note that the action Ja
′

m + J̃b
′

n on the last line of the RHS of (3.6.19) is given by

Ja
′

m + J̃b
′

n 7→ (1⊗ 1̃)⊗ (Ja
′

m ⊗ 1) + (1⊗ 1̃)⊗ (1⊗ J̃b
′

n ) . (3.6.20)

So, the solutions to

(Ja
′

n + J̃a
′

−n)|ψ⟩ = 0 , n ∈ Z , a′ = 1, . . . , dim(h) , |ψ⟩ ∈ HWZW
G , (3.6.21)

31To be precise, Ishibashi states are elements of a bigger space, called rigged Hilbert space formulated in [GS64, GV64].
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can be written as

|ψ⟩ =
∑

(λ,µ)∈E
(λ,µ̃)∈E

∣∣∣ψg/h
(λ,µ),(λ,µ̃)

〉
⊗ |µ, µ̃⟩⟩ ,

(3.6.22)

where

∣∣∣ψg/h
(λ,µ),(λ,µ̃)

〉
∈ Lg/h(λ̂, µ̂)⊗ ˜Lg/h(λ̂, ˆ̃µ) , |µ, µ̃⟩⟩ ∈ Lh(k̃, µ̂)⊗ ˜

Lh(k̃, ˆ̃µ) , (3.6.23)

such that |µ, µ̃⟩⟩ satisfies the Ishibashi constraint

[
(Ja

′

n ⊗ 1) + (1⊗ J̃a
′

−n)
]
|µ, µ̃⟩⟩ = 0 . (3.6.24)

We now show that a solution to (3.6.24) exists if and only if

µ = µ̃ . (3.6.25)

This follows from the observation that any element v ⊗ f ∈ H1 ⊗ H ∨
2 of a tensor product of the

Hilbert space H1 and the dual H ∨
2 of the Hilbert space H2 corresponds to a linear map

φv⊗f : H2 −→ H1

u 7−→ φv⊗f (u) := f(u)v ,
(3.6.26)

More generally, any finite (and possibly infinite subject to formal convergence) linear combination

of elements of H1 ⊗ H ∨
2 can be treated as a linear map in Hom(H2,H1). In particular, if we

identify ˜
Lh(k̃, µ̃) with the dual Lh(k̃, ˆ̃µ)

∨, then the state |µ, µ̃⟩⟩ can be treated as an element

φµ,µ̃ ∈ Hom(Lh(k̃, ˆ̃µ), Lh(k̃, µ̂)). The condition (3.6.24) is equivalent to

Ja
′

n ◦ φµ,µ̃ = φµ,µ̃ ◦ AdU (Ja
′

n ) , (3.6.27)

where U is an operator satisfying

U J̃a
′

n = −J̃a
′

n U , a′ = 1, 2, . . . , dim(h) . (3.6.28)

Thus φµ,µ̃ is intertwiner of ĥ-modules Lh(k̃, ˆ̃µ), Lh(k̃, µ̂). By Schur’s lemma, we conclude that

φµ,µ̃ = C1δµ,µ̃ , (3.6.29)

for some nonzero constant C. This proves the desired result. The explicit solution

|µ⟩⟩ := |µ,µ⟩⟩ , (3.6.30)

satisfying (3.6.24) are the Ishibashi states which we now describe.
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Let {|µ, i⟩}∞i=0 denote an orthonormal basis of homogeneous vectors Lh(k̃, µ̂), then

|µ⟩⟩ =
∞∑
i=0

|µ, i⟩ ⊗ U|̃µ, i⟩ , (3.6.31)

is the Ishibashi state corresponding to the module Lh(k̃,µ) and solves32 (3.6.17). We conclude that

any state of the form

(v ⊗ ṽ)⊗ |µ⟩⟩, v ∈ Lg/h(λ̂, µ̂), ṽ ∈ ˜Lg/h(λ̂, µ̂), µ ∈ P+

k̃
(h) , (3.6.33)

is a solution to (3.6.17). The space of gauge-invariant states takes the form33

H WZW
G/H :=

⊕
(λ,µ)∈E

(
Lg/h(λ̂, µ̂)⊗ ˜Lg/h(λ̂, µ̂)

)
⊗ |µ⟩⟩ . (3.6.34)

Notice that for G = H,

H WZW
H/H

∼= Vk̃(H) . (3.6.35)

Examples

We now work out some simple examples. Let us look at the coset models of the Ising CFT.

G = SU(2)× SU(2),H = SU(2).

H is embedded diagonally in G.

k = (1, 1), k̃ = 2. Let us label the chiral primaries of G-WZW theory by (i, j) with i, j = 0, 1 and

the primaries of H by ℓ = 0, 1, 2. Then from the decomposition (3.3.75), we have

E = {((0, 0), 0), ((0, 0), 2), ((1, 0), 1), ((0, 1), 1), ((1, 1), 0), ((1, 1), 2)} . (3.6.36)

32A succinct description of Ishibashi states is as follows: idenitfy the right moving sector ˜
Lh(k̃, µ̂) with the dual

Lh(k̃, µ̂)∨. Then the Ishibashi states |µ⟩⟩ is identified with the identity endomorphism

1µ ∈ End(Lh(k̃, µ̂)) ∼= Lh(k̃, µ̂)⊗ Lh(k̃, µ̂)∨ . (3.6.32)

33Field identifications can be explained using gauge-invariance under a larger group of discontinuous loops LZH

defined as LZH = {ζ ∈ C∞(R, H) : ζ(x + 2π)ζ(x)−1 ∈ Z} with Z = Z(G) ∩ Z(H). More precisely, one can

show that a discontinuous loop ζ ∈ LZH/LH ∼= Z acts on Lg(k, λ̂) and Lh(k̃, µ̂) by fusion with simple current

corresponding to ζ ∈ Z [TL99]. Consequently, we must identify Lg/h(λ̂, µ̂) and Lg/h(ζ · λ̂, ζ · µ̂). As shown in

Appendix C.2.2 and Appendix C.2.3, identification by this action of Z is precisely field identifications.
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Using the decomposition (3.3.75), we find that

H WZW
G/H =

(
Vir

(
1

2
, 0

)
⊗ Ṽir

(
1

2
, 0

))
⊗ |0⟩⟩ ⊕

(
Vir

(
1

2
, 0

)
⊗ Ṽir

(
1

2
, 0

))
⊗ |2⟩⟩

⊕
(
Vir

(
1

2
,
1

2

)
⊗ Ṽir

(
1

2
,
1

2

))
⊗ |2⟩⟩ ⊕

(
Vir

(
1

2
,
1

2

)
⊗ Ṽir

(
1

2
,
1

2

))
⊗ |0⟩⟩

⊕
(
Vir

(
1

2
,
1

16

)
⊗ Ṽir

(
1

2
,
1

16

))
⊗ |1⟩⟩ ⊕

(
Vir

(
1

2
,
1

16

)
⊗ Ṽir

(
1

2
,
1

16

))
⊗ |1⟩⟩ ,

(3.6.37)

The partition function of the gauged WZW model is

ZWZW
G/H (τ) = 2

(
|χ0(τ)|2 + |χ1/2(τ)|2 + |χ1/16(τ)|2

)
= 2ZIsing(τ) , (3.6.38)

where ZIsing(τ) is the partition function of the Ising CFT with unique vacuum. Note that the factor

of 2 is the order of the common center Z = Z(G) ∩ Z(H) which in this case is Z2.

k = (2, 1), k̃ = 3. We have in this case

E = {((0, 0), 0), ((0, 0), 2), ((1, 0), 1), ((1, 0), 3), ((0, 1), 1), ((0, 1), 3), ((1, 1), 0), ((1, 1), 2),

((2, 0), 0), ((2, 0), 2), ((0, 2), 0), ((0, 2), 2), ((2, 1), 1), ((2, 1), 3)} .
(3.6.39)

Using the decomposition (3.3.75), we get

H WZW
G/H =

(
Vir

(
7

10
, 0

)
⊗ Ṽir

(
7

10
, 0

))
⊗ (C|0⟩⟩ ⊕ C|3⟩⟩)

⊕
(
Vir

(
7

10
,
3

5

)
⊗ Ṽir

(
7

10
,
3

5

))
⊗ (C|2⟩⟩ ⊕ C|1⟩⟩)

⊕
(
Vir

(
7

10
,
1

10

)
⊗ Ṽir

(
7

10
,
1

10

))
⊗ (C|1⟩⟩ ⊕ C|2⟩⟩)

⊕
(
Vir

(
7

10
,
3

2

)
⊗ Ṽir

(
7

10
,
3

2

))
⊗ (C|3⟩⟩ ⊕ C|0⟩⟩)

⊕
(
Vir

(
7

10
,
3

80

)
⊗ Ṽir

(
7

10
,
3

80

))
⊗ (C|1⟩⟩ ⊕ C|2⟩⟩)

⊕
(
Vir

(
7

10
,
7

16

)
⊗ Ṽir

(
7

10
,
7

16

))
⊗ (C|0⟩⟩ ⊕ C|3⟩⟩) .

(3.6.40)

G = Spin(8), H = SU(2)× SU(2)× SU(2).

The embedding of H in G and the corresponding branching functions is discussed in Appendix C.3.

The level of G is 1 and the level of H is (1, 1, 2). There are four dominant integrable representations

of Spin(8) at level 1 which we will label by o,v,s,t. Then from [BRS88, Table 1] we have

E = {(o, (0, 0, 0)), (o, (1, 1, 2)), (o, (1, 1, 0)), (o, (0, 0, 2))

(v, (0, 1, 1)), (v, (1, 0, 1)), (s, (0, 0, 0)), (s, (0, 0, 2))

(s, (1, 1, 0)), (s, (1, 1, 2)), (t, (1, 0, 1)), (t, (0, 1, 1))} .

(3.6.41)
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Looking at the Virasoro modules corresponding to these pair of G,H-weights from [BRS88, Table

1], we find that

H WZW
G/H =

(
Vir

(
1

2
, 0

)
⊗ Ṽir

(
1

2
, 0

))
⊗ (C|0, 0, 0⟩⟩ ⊕ C|1, 1, 2⟩⟩ ⊕ C|0, 0, 2⟩⟩ ⊕ C|1, 1, 0⟩⟩)

⊕
(
Vir

(
1

2
,
1

2

)
⊗ Ṽir

(
1

2
,
1

2

))
⊗ (C|1, 1, 0⟩⟩ ⊕ C|0, 0, 2⟩⟩ ⊕ C|0, 0, 0⟩⟩ ⊕ C|1, 1, 2⟩⟩)

⊕
(
Vir

(
1

2
,
1

16

)
⊗ Ṽir

(
1

2
,
1

16

))
⊗ (C|0, 1, 1⟩⟩ ⊕ C|1, 0, 1⟩⟩ ⊕ C|1, 0, 1⟩⟩ ⊕ C|0, 1, 1⟩⟩) .

(3.6.42)

The partition function of the G/H-WZW model is thus given by

ZWZW
G/H (τ) = 4

(
|χ0(τ)|2 + |χ1/2(τ)|2 + |χ1/16(τ)|2

)
= 4ZIsing(τ) . (3.6.43)

Again the factor of 4 is the order of the common center Z2 ×Z2.

Parafermion: G = SU(2), H = U(1).

We have seen that the affine VOA Lsu(2)(k, 0) has k + 1 irreducible modules which we labeled by

i = 0, . . . , k and denote by Lsu(2)(k, i). The affine VOA Lu(1)(k, 0) has34 2k irreducible modules

which we label by n = −k + 1, . . . , 0, . . . , k − 1, k and denote by Lu(1)(k, n). Under the embedding

eiθ 7→

eiθ 0

0 e−iθ

 of U(1) in SU(2), the induced level of u(1) is same as the level of SU(2). We have

the following decomposition of irreducible Lsu(2)(k, 0)-modules in terms of irreducible Lu(1)(k, 0)

modules [DFMS97]:

Lsu(2)(k, i) ∼=
k⊕

n=−k+1

Lsu(2)/u(1)(i, n)⊗ Lu(1)(k, n) , (3.6.44)

where the multiplicity spaces Lsu(2)/u(1)(i, n) are nontrivial as long as 2i + n ≡ 0mod 2. Thus, we

have

E = {(i, n) : −k + 1 ≤ n ≤ k, 0 ≤ i ≤ k, 2i+ n ≡ 0mod 2} . (3.6.45)

Field identification by outer automorphism yields [DFMS97]

Lsu(2)/u(1)(i, n) ∼= Lsu(2)/u(1)(k − i, k − n) ∼= Lsu(2)/u(1)(k − i, n− k) . (3.6.46)

Note that when k − n > k then the field identification identifies (i, n) ∼ (k − i, n − k). This field

identification can be understood from simple currents as follows: the conformal dimension of the

34This is the extended chiral algebra of the rational Gaussian model, i.e., the compact boson at rational radius

R =
√
p/q. See Section 3.6.4 for more details.
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respective irreducible modules are given by

hi =
i(i+ 2)

4(k + 2)
for Lsu(2)(k, i) ,

hn =
n2

4k
for Lu(1)(k, n) .

(3.6.47)

From the S-matrix

S
u(1)
nn′ = e−

πinn′
k , (3.6.48)

we see that all the irreducible Lu(1)(k, 0)-modules Lu(1)(k, n) are simple currents while only Lsu(2)(k, 0)

and Lsu(2)(k, k) are simple currents. From the conformal dimensions (3.6.47), we see that

Gid = {(0, 0), (k, k)} . (3.6.49)

Using the fusion

Lu(1)(k, n1)⊠ Lu(1)(k, n2) ∼= Lu(1)(k, n1 + n2 mod 2k) , (3.6.50)

we see that Gid is isomorphic to the common Z2 center of SU(2) and U(1). Using this fusion, the field

identification (3.6.46) is easily seen to be equivalent to (3.6.58). Let E/ ∼ denote the equivalence

classes under the action of Gid. We then have

H WZW
G/H =

⊕
[(i,n)]∈E/∼

(
Lsu(2)/u(1)(i, n)⊗ ˜Lsu(2)/u(1)(i, n)

)
⊗ (C|n⟩⟩ ⊕ C|

.
±(k − n)⟩⟩) , (3.6.51)

where
.
± means that we choose the sign such that −k + 1 ≤ ±(k − n) ≤ k. The partition function

of the G/H-WZW model is given by

ZWZW
G/H (τ) = 2

∑
[(i,n)]∈E/∼

∣∣∣χsu(2)/u(1)
(i,n) (τ)

∣∣∣2 = 2ZGKO
g/h (τ) , (3.6.52)

where χsu(2)/u(1)
(i,n) (τ) is the character of the module Lsu(2)/u(1)(i, n). The factor of 2 is again coming

from the common center |Z2| = 2 of SU(2) and U(1).

A Maverick example.

We now consider a Maverick example: G = SU(3)2, H = SU(2)8. There are six dominant integral

weights of su(3) at level 2, which will label by the dimension of their corresponding finite-dimensional

representation:

1,3,3,6,6,8 . (3.6.53)

The dominant integral weights of su(2) at level 8 will be labeled as usual by i = 0, . . . , 8. The

corresponding GKO VOA is the W3 algebra, which is an extension of Vir( 45 , 0) by a dimension 3
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operator. The GKO theory is the three-state-Potts model (TPSM) and the irreducible modules of

the W3 algebra along with the corresponding pair of V (su(3), su(2); 2)-module is shown in Table 3.1.

The table is obtained by combining the computations of [DJ93a, BS09].

Module Conformal dimension V (su(3), su(2); 2)-module

VI 0 (1, 0) ∼= (1, 8) ∼= (8, 4)

Vϵ
2
5 (1, 4) ∼= (8, 6) ∼= (8, 2)

Vψ1

2
3 (6, 0) ∼= (6, 8) ∼= (3, 4)

Vψ2

2
3 (6, 0) ∼= (6, 8) ∼= (3, 4)

Vσ1

1
15 (6, 4) ∼= (3, 6) ∼= (3, 2)

Vσ2

1
15 (6, 4) ∼= (3, 6) ∼= (3, 2)

Table 3.1: Primaries and their conformal dimension of the three-state-Potts model

We thus find that

H WZW
SU(3)2/SU(2)8

∼= (VI ⊗ ṼI)⊗ (C|0⟩⟩ ⊕ C|8⟩⟩ ⊕ C|4⟩⟩)

⊕(Vϵ ⊗ Ṽϵ)⊗ (C|4⟩⟩ ⊕ C|6⟩⟩ ⊕ C|2⟩⟩)

⊕(Vψ1 ⊗ Ṽψ1)⊗ (C|0⟩⟩ ⊕ C|8⟩⟩ ⊕ C|4⟩⟩)

⊕(Vψ2 ⊗ Ṽψ2)⊗ (C|0⟩⟩ ⊕ C|8⟩⟩ ⊕ C|4⟩⟩)

⊕(Vσ1 ⊗ Ṽσ1
)⊗ (C|4⟩⟩ ⊕ C|6⟩⟩ ⊕ C|2⟩⟩)

⊕(Vσ2
⊗ Ṽσ2

)⊗ (C|4⟩⟩ ⊕ C|6⟩⟩ ⊕ C|2⟩⟩) .

(3.6.54)

The partition function of the G/H-WZW model is thus given by

ZWZW
G/H (τ) = 3

(
|χI(τ)|2 + |χϵ(τ)|2 + 2|χψ1

(τ)|2 + 2|χσ1
(τ)|2

)
= 3ZTSPM(τ) . (3.6.55)

A conformal embedding example.

We finally consider the conformal embedding G = (G2)1, H = SU(2)1 × SU(2)3. The GKO theory is

trivial and from the decomposition (3.3.92), we get

H WZW
(G2)1/SU(2)1×SU(2)3

∼= C|0, 0⟩⟩ ⊕ C|1, 3⟩⟩ ⊕ C|0, 2⟩⟩ ⊕ C|1, 1⟩⟩ . (3.6.56)
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Thus, the topological degeneracy is 4 which is again not the order of the center of G2, SU(2)×SU(2)

since the latter is empty.

3.6.2 2d TQFT relating WZW(G/H) and GKO(g/h)

In this section, we will show that under certain assumptions, the Hilbert space on the circle of

WZW(G/H) and GKO(g/h) are related by the endomorphism algebra End(B) of the algebra object

B in (3.3.63):

H WZW
G/H

∼= H GKO
g/h ⊗ End(B) . (3.6.57)

Recall that the identification group Gid is defined as the pair of simple currents (J, J ′) of Lg(k, 0)

and Lh(k̃, 0) such that hJ − hJ′ ∈ Z and the branching function χg/h
(J,J ′)(τ) ̸= 0, see Appendix C.2.3

for details. One can show that

Lg/h(λ̂, µ̂) ∼= Lg/h(Jλ̂, J
′µ̂) , (J, J ′) ∈ Gid , (3.6.58)

where Lg(k, Jλ̂) is isomorphic to the irreducible Lg(k, 0)-module J ⊠ Lg(k, λ̂) and J ′µ̂ is defined

similarly. This also defines an action of Gid on E . We can thus write

H WZW
G/H

∼=
⊕

(λ,µ)∈E/∼

(Lg/h(λ̂, µ̂)⊗ ˜Lg/h(λ̂, µ̂)

)
⊗

⊕
(J,J ′)∈Gid

C|J ′µ⟩⟩

 . (3.6.59)

Assumption 3.6.1. The set of isomorphism classes of irreducible V (g, h,k)-modules are in 1-1

correspondence with Gid-orbits of E .

Remark 3.6.1. This is a reasonable assumption since a large class of GKO models satisfy this

assumption. For example, the unitary minimal model series V ŝu(2)k⊕ŝu(2)1
ŝu(2)k+1

and V ŝo(4n)1
ŝp(n−1)1⊕ŝu(2)1⊕ŝu(2)n

satisfy the assumption. There also nontrivial examples where this assumption fails, for example,

the Maverick coset Vŝu(3)2/ŝu(2)8 or when there are fixed points of the outer automorphism action.

In principal, we know field identifications and selection rules from the categorical results discussed

in Section 3.2.3. To generalize the result discussed below to such examples, we need to precisely

understand what global symmetry the algebra object B in Corollary 3.3.4 corresponds to in the

(Gk ×H−k̃)-Chern-Simons theory. We leave this for future investigation.

Under this assumption, it is easy to see from (3.6.59) and the fact that Gid
∼= Z (see Appendix

C.2.2) that the partition function of G/H-WZW and GKO theory is related by |Z|:

ZWZW
G/H (τ) = |Z|ZGKO

g/h (τ) . (3.6.60)
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Let Ag/h be the set of labels of isomorphism classes of irreducible V (g, h;k)-modules. Then, because

of our assumption, for each a ∈ Ag/h there are projection maps

π1 : Oa −→ P+
k (g) , π2 : Oa −→ P+

k̃
(h) , (3.6.61)

where Oa is the corresponding Gid-orbit. Then we have

H WZW
G/H

∼=
⊕

a∈Ag/h

(W a ⊗ W̃ a
)
⊗

⊕
µ∈π2(Oa)

C|µ⟩⟩

 . (3.6.62)

We can rewrite this as

H WZW
G/H

∼=
⊕

a∈Ag/h

(W a ⊗ W̃ a
)
⊗

⊕
µ∈π2(Oa)

C[Sµ]

 , (3.6.63)

where Sµ < Gid is the stabilizer subgroup of µ and C[Sµ] is the group algebra of Sµ, since

C[Sµ] ∼= C |µ⟩⟩ ⊕ · · · ⊕ C︸ ︷︷ ︸
|Sµ| times

|µ⟩⟩ . (3.6.64)

Under our assumption, we see that ⊕
µ∈π2(Oa)

C[Sµ] ∼= C[Gid] . (3.6.65)

Consider now the algebra object B in (3.3.63). Under our assumption, we have

B =
⊕

(J,J ′)∈Gid

(J ⊠D (J ′)opp) . (3.6.66)

Moreover, since Lg(k, λ̂)⊠D L
opp
h (k̃, µ̂) is a simple object in C(k, g)⊠D C(k̃, h), we have

dimHomC(k,g)⊠DC(k̃,h)

(
Lg(k, λ̂)⊠D L

opp
h (k̃, µ̂), Lg(k, λ̂

′)⊠D L
opp
h (k̃, µ̂′)

)
= δλ̂,λ̂′δµ̂,µ̂′ . (3.6.67)

This gives us a basis for End(B)

EndC(k,g)⊠DC(k̃,h)(B) = End(B) =
⊕

(J,J ′)∈Gid

Cf(J,J ′) , (3.6.68)

where we defined

f(J,J ′) := ι(J,J ′) ◦ r(J,J ′) , (3.6.69)

where

ι(J,J ′) : J ⊠D (J ′)opp −→ B ,

r(J,J ′) : B −→ J ⊠D (J ′)opp ,
(3.6.70)

are the inclusion and projection maps respectively. This implies that

C[Gid] ∼= End(B) ∼=
⊕

(J,J ′)∈Gid

Cf(J,J ′) . (3.6.71)

Combining (3.6.65), (3.6.71) with (3.6.63) we have

H WZW
G/H

∼= H GKO
g/h ⊗ End(B) . (3.6.72)
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The Case of Conformal Embedding

The derivation of the space of gauge invariant states in gauged WZW model is modified when H is

embedded conformally in G. In this case, the decomposition the multiplicity spaces Lg/h(λ̂, µ̂) are

isomorphic to Cn(λ̂,µ̂) for some n(λ̂,µ̂) ∈ Z≥0 defined in (3.3.68). The state space of WZW(G/H)

from the above discussion is given by

H WZW
G/H :=

⊕
(λ,µ)∈E

(
Cn(λ̂,µ̂) ⊗ C̃n(λ̂,µ̂)

)
⊗ |µ⟩⟩ . (3.6.73)

We can give a Frobenius algebra structure on H WZW
G/H and hence turn it into a 2d TQFT. We claim

that with

H WZW
G/H

∼= End(B) , (3.6.74)

where B is the special symmetric commutative Frobenius algebra object defined in (3.3.63) and

End(B) denotes the space of endomorphisms which are also algebra morphisms. To see this, note

that since Lg(k, λ̂)⊠D L
opp
h (k̃, µ̂) is a simple object in C(k, g)⊠D C(k̃, h), we have

dimHomC(k,g)⊠DC(k̃,h)

(
Lg(k, λ̂)⊠D L

opp
h (k̃, µ̂), Lg(k, λ̂

′)⊠D L
opp
h (k̃, µ̂′)

)
= δλ̂,λ̂′δµ̂,µ̂′ . (3.6.75)

Clearly then for conformal embedding

EndC(k,g)⊠DC(k̃,h)(B) = End(B) , (3.6.76)

and we have

End(B) ∼=
⊕

(λ,µ)∈E

End (Cn(λ̂,µ̂)) ∼= H WZW
G/H . (3.6.77)

The Maverick coset G = SU(3)2, H = SU(2)8

It was shown in [DJ93a, DJ93b] that the Maverick coset ŝu(3)2/ŝu(2)8 does not satisfy the Assump-

tion 3.6.1. Indeed, from (3.6.54), we find that the topological degeneracy is 3, which is not the order

of the common center, since Z(SU(3)) ∩ Z(SU(2)) = ∅. The vacuum degeneracy

VI ⊗ (C|0⟩⟩ ⊕ C|8⟩⟩ ⊕ C|4⟩⟩) , (3.6.78)

is still governed by End(B) since

End(B) ∼= Cf(1,0) ⊕ Cf(1,8) ⊕ f(8,4)

∼= C|0⟩⟩ ⊕ C|8⟩⟩ ⊕ C|4⟩⟩ ,
(3.6.79)
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where we introduced the notation

f(λ,µ) := ι(λ̂,µ̂) ◦ r(λ̂,µ̂) , (3.6.80)

where

ι(λ̂,µ̂) : Lg(k, λ̂)⊠D L
opp
h (k̃, µ̂) −→ B ,

r(λ̂,µ̂) : B −→ Lg(k, λ̂)⊠D L
opp
h (k̃, µ̂) ,

(3.6.81)

are the inclusion and projection maps. They satisfy

r(λ̂,µ̂) ◦ ι(λ̂′,µ̂′) = δλ̂,λ̂′δµ̂,µ̂′1(λ̂,µ̂) := δλ̂,λ̂′δµ̂,µ̂′1Lg(k,λ̂)⊠DL
opp
h (k̃,µ̂) . (3.6.82)

As a vector space, we can still write

H WZW
SU(3)/SU(2)

∼= H GKO
su(3)2/su(2)8

⊗ End(B) . (3.6.83)

Frobenius algebra structure on End(B)

We now describe the Frobenius algebra structure on35 End(B). The multiplication map is given by

f · g := µB ◦ (f ⊠ g) ◦∆B . (3.6.85)

The unit is given by

1End(B) := ηB ◦ εB . (3.6.86)

Frobenius pairing is defined as follows:

⟨·, ·⟩ : End(B)⊠ End(B) −→ C

f ⊠ g 7−→ ⟨f, g⟩ := TrB(f · g) ,
(3.6.87)

where the trace

TrB(f · g) ∈ EndC(k,g)⊠DC(k̃,h)

(
1C(k,g)⊠DC(k̃,h)

)
∼= C , (3.6.88)

is defined by the following composition of maps

TrB(f · g) := εB ◦ (f · g) ◦∆B ◦ ηB = εB ◦ µB ◦ (f ⊠ g) ◦∆B ◦ ηB . (3.6.89)

35There is an obvious algebra structure: the composition of morphisms and the unit element is the identity morphism.

But this Frobenius algebra structure is not consistent with the G/G case. Indeed, in this case it is easy to see that

H WZW
G/G

∼=
⊕

λ∈P+
k

(g)

C(1Lg(k,λ) ⊠D 1Lopp
g (k,λ)) , (3.6.84)

and the multiplication map can never involve the fusion rules of WZW(G) which arise when we consider the

WZW(G/G).



157

Proposition 3.6.1. End(B) equipped with multiplication (3.6.85) and the pairing ⟨·, ·⟩ is a commu-

tative Frobenius algebra.

Proof. First we prove commutativity. Since B is commutative and cocommutative, we have

f · g = µB ◦ (f ⊠ g) ◦∆B = µB ◦ cB,B ◦ (f ⊠ g) ◦∆B

= µB ◦ (g ⊠ f) ◦ cB,B ◦∆B

= µB ◦ (g ⊠ f) ◦∆B

= g · f .

(3.6.90)

Next, we show that 1End(B) is the unit. We have

1End(B) · f = (ηB ◦ εB) · f

= µB ◦ ((ηB ◦ εB)⊠ f) ◦∆B

= µB ◦ ((ηB ⊠ 1B) ◦ (1B ⊠ f) ◦ (εB ⊠ 1B)) ◦∆B

= ℓB ◦ (1B ⊠ f) ◦ ℓ−1
B

= f ,

(3.6.91)

where in the second last step we used (C.4.6), (C.4.11) and (C.4.8) and in the last step we used the

fact that the left unitor map in CV for a “nice” VOA V satisfies ℓW (1⊠w) = w for any V -module W

and the vacuum vector 1. Next, we prove that the pairing ⟨·, ·⟩ is a symmetric Frobenius pairing:

⟨f · h, g⟩ = ⟨f, h · g⟩ , f, g, h ∈ End(B) . (3.6.92)

The fact ⟨·, ·⟩ is symmetric follows from the definition and the fact that f ·g = g ·f . For the Frobenius

condition, we calculate

⟨f · h, g⟩ = εB ◦ µB ◦ ((µB ◦ (f ⊠ h) ◦∆B)⊠ g) ◦∆B ◦ ηB

= εB ◦ µB ◦ ((µB ⊠ 1B) ◦ ((f ⊠ h) ◦∆B)⊠ g) ◦∆B ◦ ηB

= εB ◦ µB ◦ ((µB ⊠ 1B) ◦ αB,B,B ◦ α−1
B,B,B ◦ ((f ⊠ h)⊠ g) ◦ (∆B ⊠ 1B) ◦∆B ◦ ηB

= εB ◦ µB ◦ (1B ⊠ µB) ◦ (f ⊠ (h⊠ g)) ◦ (1B ⊠∆B) ◦∆B ◦ ηB

= εB ◦ µB ◦ (f ⊠ (µB ◦ (h⊠ g) ◦∆B)) ◦∆B ◦ ηB

= ⟨f, h · g⟩ ,

(3.6.93)

where we used the associativity isomorphism, (C.4.8) and (C.4.11). Finally, we prove the nondegen-

eracy. We want to show that

TrB(f · g) = 0 for all g ∈ End(B) =⇒ f = 0 . (3.6.94)
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We first show that εB ◦ µB : B ⊠ B → 1C(k,g)⊠DC(k̃,h) is invertible. To prove this, we use the fact

that the morphism Φ1 defined in (C.4.15) is invertible [FFRS03b, Remark 2.23 (iv)]. We have

(εB ◦ µB)⊠ 1B∨ = Φ1 ◦ rB ◦ (1B ⊠ i−1
B ) ◦ α−1

B,B,B∨ . (3.6.95)

This implies that εB ◦ µB is invertible. We can then write

TrB(f · g) = (εB ◦ µB) ◦ (f ⊠ g) ◦ (εB ◦ µB)−1 ◦ (εB ◦ µB) ◦∆B ◦ ηB

= β1βB(εB ◦ µB) ◦ (f ⊠ g) ◦ (εB ◦ µB)−1 ,
(3.6.96)

where β1, βB are nonzero complex numbers for special Frobenius algebras, see Definition C.4.4. The

nondegeneracy is now clear.

The space End(B) is thus a 2d TQFT.

The G/G Frobenius algebra from End(B)

It is instructive to work out the Frobenius algebra structure on End(B) for h = g. We expect that

End(B) ∼= Vk(G) , (3.6.97)

in this case. Let us begin by noting that in this case

B =
⊕

λ∈P+
k (g)

Lg(k, λ̂)⊠D L
opp
g (k, λ̂) , (3.6.98)

is a Frobenius algebra object in the category C(k; g) ⊠D C(k; g)opp. In fact, B is the trivializing

algebra discussed in [FFRS03b, Lemma 6.19]. The multiplication on B is defined as follows. From

the universal property of the tensor product Lg(k, λ̂1) ⊠ Lg(k, λ̂2) in the category C(k; g), a basis{
Y λ̂3

λ̂1λ̂2;i

}Ng,λ̂3
λ̂1λ̂2

i=1
for the space of intertwining operator of the type

( Lg(k,λ̂3)

Lg(k,λ̂1),Lg(k,λ̂2)

)
implies the

existence of a basis
{
eλ̂3

λ̂1λ̂2;i

}Ng,λ̂3
λ̂1λ̂2

i=1
for the space HomC(k;g)(Lg(k, λ̂1), Lg(k, λ̂2), Lg(k, λ̂3)). The

multiplication morphism is given by

µB :=
∑

λ1,λ2,λ3∈P+
k (g)

Ng,λ̂3
λ̂1λ̂2∑
i=1

ιλ̂3
◦
(
eλ̂3

λ̂1λ̂2;i
⊠D

(
eλ̂3

λ̂1λ̂2;i

)opp)
◦ (rλ̂1

⊠ rλ̂2
) , (3.6.99)

where

ιλ̂ : Lg(k, λ̂)⊠D L
opp
g (k, λ̂) −→ B ,

rλ̂ : B −→ Lg(k, λ̂)⊠D L
opp
g (k, λ̂) ,

(3.6.100)

are the inclusion and projection maps respectively. Clearly

rλ̂ ◦ ιλ̂′ = δλ̂,λ̂′1λ̂ := δλ̂,λ̂′1Lg(k,λ̂)⊠DL
opp
g (k,λ̂) . (3.6.101)
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The unit map ηB is simply the inclusion map

ηB := ι0 . (3.6.102)

Let
{
f λ̂1λ̂2;i

λ̂3

}Ng,λ̂3
λ̂1λ̂2

i=1
be the dual basis of

{
eλ̂3

λ̂1λ̂2;i

}Ng,λ̂3
λ̂1λ̂2

i=1
satisfying

f λ̂1λ̂2;i

λ̂3
◦ eλ̂3

λ̂1λ̂2;j
= δij1Lg(k,λ̂3)

. (3.6.103)

The copoduct is given by

∆B :=
∑

λ1,λ2,λ3∈P+
k (g)

Ng,λ̂3
λ̂1λ̂2∑
i=1

(ιλ̂1
⊠ ιλ̂2

) ◦
(
f λ̂1λ̂2;i

λ̂3
⊠D

(
f λ̂1λ̂2;i

λ̂3

)opp)
◦ rλ̂3

, (3.6.104)

A basis for End(B) is
{
fλ̂
}
λ∈P+

k (g)
given by

fλ̂ := ιλ̂ ◦ rλ̂ . (3.6.105)

Using (3.6.101) and (3.6.103), we find

fλ̂1
· fλ̂2

=
∑

λ′
1,λ

′
2,λ

′
3

λ′′
1 ,λ

′′
2 ,λ

′′
3

∈P+
k (g)

Ng,λ̂′
3

λ̂′
1λ̂′

2∑
i=1

Ng,λ̂′′
3

λ̂′′
1 λ̂′′

2∑
j=1

ιλ̂′
3
◦
(
e
λ̂′

3

λ̂′
1λ̂

′
2;i

⊠D

(
e
λ̂′

3

λ̂′
1λ̂

′
2;i

)opp)

◦ (rλ̂′
1
⊠ rλ̂′

2
) ◦ (fλ̂1

⊠ fλ̂2
) ◦ (ιλ̂′′

1
⊠ ιλ̂′′

2
) ◦
(
f
λ̂′′

1 λ̂
′′
2 ;j

λ̂′′
3

⊠D

(
f
λ̂′′

1 λ̂
′′
2 ;j

λ̂′′
3

)opp)
◦ rλ̂′′

3

=
∑

λ′
1,λ

′
2,λ

′
3

λ′′
1 ,λ

′′
2 ,λ

′′
3

∈P+
k (g)

Ng,λ̂′
3

λ̂′
1λ̂′

2∑
i=1

Ng,λ̂′′
3

λ̂′′
1 λ̂′′

2∑
j=1

δλ̂1,λ̂′
1
δλ̂2,λ̂′

2
δλ̂1,λ̂′′

1
δλ̂2,λ̂′′

2
δij(ιλ̂′

3
◦ rλ̂′′

3
)

=
∑

λ̂3∈P+
k (g)

N g,λ̂3

λ̂1λ̂2
fλ̂3

.

(3.6.106)

Finally, we compute the trace of fλ̂. We have

TrB(fλ̂) = εB ◦ (1End(B) · fλ̂1
) ◦ ηB

= εB ◦ fλ̂1
◦ ηB

= δλ̂,0εB ◦ ιλ̂

= δλ̂,0εB ◦ ηB .

(3.6.107)

One can now rescale the counit36 εB appropriately so that

TrB(fλ̂) = δλ̂,0 . (3.6.108)

This establishes (3.6.97).

36We will need to rescale the unit 1End(B) appropriately so that (3.6.91) holds.
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The Frobenius algebra isomorphism C[Gid] ∼= End(B)

For any finite group K, the group algebra C[K] has a natural Frobenius algebra structure. Let us

write an element x ∈ C[K] as

x =
∑
k∈K

xkk . (3.6.109)

The multiplication is given by

x · y =

(∑
k∈K

xkk

)
·

(∑
k′∈K

yk′k
′

)
=
∑
k,k′

xkyk′kk
′ , (3.6.110)

and the Frobenius trace is given by

θ(x) = xe , (3.6.111)

where e is the identity of K. The Frobenius pairing is determined in terms of the trace as

⟨x, y⟩ = θ(x · y) =
∑
k∈K

xkyk−1 . (3.6.112)

We now show that the isomorphism (3.6.71) is an isomorphism of Frobenius algebras with the

Frobenius algebra on End(B) as described in Section 3.6.2. Under the Assumption 3.6.1, we have

B =
⊕

(J,J ′)∈Gid

(J ⊠D (J ′)opp) . (3.6.113)

We first describe the multiplication on End(B). Let eJ1·J2J1,J2
, e
J′
1·J

′
2

J′
1,J

′
2
be a basis for the space HomC(k;g)(J1⊠

J1, J1 · J2) and HomC(k̃;h)(J
′
1 ⊠ J ′

1, J
′
1 · J ′

2) respectively. Let fJ1,J2J1·J2 , f
J′
1,J

′
2

J′
1·J′

2
be their dual basis. Let us

also define

ιB :=
⊕

(J,J ′)∈Gid

ι(J,J ′) , rB :=
⊕

(J,J ′)∈Gid

r(J,J ′) . (3.6.114)

The multiplication and comultiplication morphisms on B are given by

µB :=
∑

(J1,J′
1),(J2,J

′
2)∈Gid

ιB ◦
(
eJ1·J2J1,J2

⊠D

(
e
J′
1·J

′
2

J′
1,J

′
2

)opp)
◦
(
r(J1,J′

1)
⊠ r(J2,J′

2)

)
,

∆B :=
∑

(J1,J′
1),(J2,J

′
2)∈Gid

(
ι(J1,J′

1)
⊠ ι(J2,J′

2)

)
◦
(
fJ1,J2J1·J2 ⊠D

(
f
J′
1,J

′
2

J′
1·J′

2

)opp)
◦ rB .

(3.6.115)

The unit is given by

ηB := ι(1,1′) . (3.6.116)

It is now easy to check that

f(J1,J′
1)
· f(J2,J′

2)
= f(J1·J2,J′

1·J′
2)
. (3.6.117)
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Moreover, we have

TrB(f(J,J ′)) = δJ,1δJ′,1′εB ◦ ηB . (3.6.118)

Again, we can rescale the counit such that

TrB(f(J,J ′)) = δJ,1δJ′,1′ . (3.6.119)

(G2)1/SU(2)1 × SU(3)3 TQFT

We discuss one more example: G = (G2)1, H = SU(2)1 × SU(3)3. This is a conformal embedding

and the topological degeneracy is 4. For this case, we have

B =
(
Lg2(1,1)⊠D Lsu(2)⊕su(2)((1, 3), (0, 0))

)
⊕
(
Lg2(1,1)⊠D Lsu(2)⊕su(2)((1, 3), (1, 3))

)
⊕
(
Lg2

(1,7)⊠D Lsu(2)⊕su(2)((1, 3), (0, 2))
)
⊕
(
Lg2

(1,7)⊠D Lsu(2)⊕su(2)((1, 3), (1, 1))
)
.

(3.6.120)

Define

I := f(1,(0,0)) , ϕ := f(1,(1,3)) , ψ := f(7,(0,2)) , χ := f(7,(1,1)) . (3.6.121)

Then we have

End(B) ∼= SpanC{I, ϕ, ψ, χ} . (3.6.122)

Define

ιB := ι(1,(0,0)) ⊕ ι(1,(1,3)) ⊕ ι(7,(0,2)) ⊕ ι(7,(1,1)) ,

rB := r(1,(0,0)) ⊕ r(1,(1,3)) ⊕ r(7,(0,2)) ⊕ r(7,(1,1)) .
(3.6.123)

Then the multiplication and comultiplication on B is given by

µB :=
∑

λ1,λ2,λ3∈P+
k (g)

µ1,µ2,µ3∈P+

k̃
(h)

Ng,λ̂3
λ̂1λ̂2∑
i=1

Nh,µ̂3
µ̂1µ̂2∑
j=1

ιB ◦
(
eλ̂3

λ̂1λ̂2;i
⊠D

(
eµ̂3

µ̂1µ̂2;j

)opp)
◦ (r(λ̂1,µ̂1)

⊠ r(λ̂2,µ̂2)
) ,

∆B :=
∑

λ1,λ2,λ3∈P+
k (g)

µ1,µ2,µ3∈P+

k̃
(h)

Ng,λ̂3
λ̂1λ̂2∑
i=1

Nh,µ̂3
µ̂1µ̂2∑
j=1

(ι(λ̂1,µ̂1)
⊠ ι(λ̂2,µ̂2)

) ◦
(
f λ̂1λ̂2;i

λ̂3
⊠D

(
f µ̂1µ̂2;j
µ̂3

)opp)
◦ rB ,

(3.6.124)

where the symbols have their usual meaning. Now, a calculation similar to (3.6.106) gives

I · ϕ = ϕ, I · ψ = ψ, I · χ = χ,

ϕ · ϕ = I, ϕ · ψ = χ, ϕ · χ = ψ,

ψ · ψ = I+ ψ, ψ · χ = ϕ+ χ,

χ · χ = I+ ψ.

(3.6.125)
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We thus find that

End(B) ∼= V1(G2)⊗ V1(SU(2)) , (3.6.126)

with the map

I 7→ O1 ⊗O0 , ϕ 7→ O1 ⊗O1 ,

ψ 7→ O7 ⊗O0 , χ 7→ O7 ⊗O1 .
(3.6.127)

3.6.3 Topological degeneracy in terms of Z-equivariant H/H theory

In this section, under Assumption 3.6.1, we show that the gauged WZW model Hilbert space (3.6.59)

can be understood as a coupling between the GKO Hilbert space and the Z-equivariant H/H-TQFT,

where Z as before is the common center of G,H.

As discussed in the introduction, we will now recast the key result (3.6.63) in terms of a coupling

of the GKO Hilbert space and the Gid-equivariant H/H-TQFT. First, we show that Gid is a global

symmetry group of the G/H-WZW model. Choose a V (g, h;k)-module isomorphism37

fJ,J ′ : Lg/h(λ̂, µ̂) −→ Lg/h(Jλ̂, J
′µ̂) , (3.6.128)

and define the operator OJ,J ′ as follows:

OJ,J ′ : H WZW
G/H −→ H WZW

G/H

Lg/h(λ̂, µ̂)⊗ ˜Lg/h(λ̂, µ̂)⊗ |µ′⟩⟩ ∋ (v ⊗ ṽ)⊗ |µ′⟩⟩ 7−→ fJ,J ′(v)⊗ f̃J,J ′(ṽ)⊗ |J ′µ′⟩⟩ ,
(3.6.129)

where f̃J,J ′ : ˜Lg/h(λ̂, µ̂) → ˜Lg/h(Jλ̂, J ′µ̂) is another copy of fJ,J ′ . Since fJ,J ′ is a V (g, h;k)-module

map, it commutes with Lg/h
m and similarly, f̃J,J ′ commutes with L̄g/h

m . Thus, we have

[OJ,J ′ , Lg/h
m ] = [OJ,J ′ , L̄g/h

m ] = 0 . (3.6.130)

Thus, OJ,J ′ is a global symmetry of the G/H-WZW model. In fact, OJ,J ′ commutes with all

generators of V (g, h;k). It is also easy to check that the set of all such operators OJ,J ′ form a group

isomorphic to Gid.

Z-equivariant H/H theory

Recall that a group K is a global symmetry of a semisimple Frobenius algebra A (with idempotents

{εx}x∈X ) if X is a K-set such that

θx = θg·x , g ∈ K,x ∈ X . (3.6.131)

37Since N (Jλ,J′µ)
(0,0),(λ,µ)

= 1, this isomorphism is unique up to scalar multiples.
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Then the K-equivariant 2d TQFT is described by a subspace of the algebra of little loops as described

in [MS06, Section 7.3.2]. K-equivariant TQFT is described by the Turaev algebra [MS06]

AK :=
⊕

x∈X ,g∈K
g·x=x

Cεx,g ∼=
⊕
x∈X

C[Sx] , (3.6.132)

where Sx < K is the stabilizer group of x. This space can be equipped with a Frobenius trace, see

[MS06] for details. Now Gid acts on weights µ as

(J, J ′) · |µ⟩⟩ = |J ′µ⟩⟩ . (3.6.133)

Moreover, it can be proved that (see (C.2.66))

Sh
J′µ,0 = Sh

µ,0 , (3.6.134)

and hence Gid is a global symmetry of the H/H-TQFT. The Gid-equivariant H/H-TQFT is then

described by the Turaev algebra

Vk̃(H)Gid :=
⊕

µ∈P+

k̃
(h)

C[Sµ] . (3.6.135)

It is now clear that (3.6.63) is a coupling of GKO Hilbert space to the Gid-equivariant H/H-TQFT

described by the Turaev algebra Vk̃(H)Gid .

We now rewrite the two coset descriptions of Ising CFT discussed above in this language. Consider

first the SU(2)-coset description of the unitary minimal model. In this case,

Gid
∼= Z2

∼= {((0, 0), 0), ((k, 1), k + 1)} , (3.6.136)

where ((i, j), ℓ) represents the simple current pair (Lsu(2)⊕su(2)(k, (i, j))), Lsu(2)(k + 1, ℓ)). We find

that the nontrivial element of Gid acts on Vk+1(SU(2)) as

((k, 1), k + 1) · ℓ = k + 1− ℓ , 0 ≤ ℓ ≤ k + 1 . (3.6.137)

Writing Z2 = {±1}, the Z2-equivariant SU(2)/SU(2) theory is given by

Vk+1(SU(2))
Z2 =


⊕

0≤ℓ≤k+1 Cεℓ,1 k even⊕
0≤ℓ≤k+1 Cεℓ,1 ⊕ Cε k+1

2 ,−1 k odd

 ∼=


Ck+2 k even

Ck+1 ⊕ C[Z2] k odd
. (3.6.138)

Thus we see that the dimension of Vk+1(SU(2))
Z2 is k + 2 when k is even and k + 3 when k is odd.

In particular, we have

V2(SU(2))
Z2 = Cε0,1 ⊕ Cε1,1 ⊕ Cε2,1 ⊕ Cε1,−1

∼= C⊕ C⊕ C[Z2] . (3.6.139)
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The Hilbert space (3.6.37) can be written as

H WZW
G/H =

(
Vir

(
1

2
, 0

)
⊗ Ṽir

(
1

2
, 0

))
⊗ (Cε0,1 ⊕ Cε2,1)

⊕
(
Vir

(
1

2
,
1

2

)
⊗ Ṽir

(
1

2
,
1

2

))
⊗ (Cε0,1 ⊕ Cε2,1)

⊕
(
Vir

(
1

2
,
1

16

)
⊗ Ṽir

(
1

2
,
1

16

))
⊗ (Cε1,1 ⊕ Cε1,−1)

(3.6.140)

Now, in the Spin(8)-description of the Ising CFT, we have

Gid
∼= Z2 ×Z2

∼= {(o, (0, 0, 0)), (o, (1, 1, 2)), (s, (0, 0, 2)), (s, (1, 1, 0))} . (3.6.141)

We will write elements of Z2 ×Z2 as (±1,±1) so that under the above isomorphism

(o, (0, 0, 0)) 7→ (1, 1), (o, (1, 1, 2)) 7→ (−1,−1),

(s, (0, 0, 2)) 7→ (1,−1), (s, (1, 1, 0)) 7→ (−1, 1) .
(3.6.142)

The action of Gid on V(1,2,2)(SU(2)×SU(2)×SU(2)) can be obtained by using the general fusion rule

Lsu(2)(k, ℓ1)⊠ Lsu(2)(k, ℓ2) ∼=
min{ℓ1+ℓ2,2k−ℓ1−ℓ2}⊕

ℓ=|ℓ1−ℓ2|

Lsu(2)(k, ℓ) . (3.6.143)

We find that

(1, 1) · (i, j, k) = (i, j, k) , (−1, 1) · (i, j, k) = (1− i, 1− j, k) ,

(1,−1) · (i, j, k) = (i, j, 2− k) , (−1,−1) · (i, j, k) = (1− i, 1− j, 2− k) .
(3.6.144)

We find that

S(i,j,k)
∼=


(1, 1), k ̸= 1,

Z2, k = 1,

(3.6.145)

where Z2
∼= {(1, 1), (1,−1)}. The Z2 ×Z2-equivariant theory is thus given by

V(1,2,2)(SU(2)× SU(2)× SU(2))Z2×Z2 ∼=
⊕

i,j∈{0,1}
k=0,2

Cε(i,j,k),(1,1) ⊕
⊕

i,j∈{0,1},g∈Z2

Cε(i,j,1),g

∼= C8 ⊕ C[Z2]
4 .

(3.6.146)

The Hilbert space (3.6.42) is given by

H WZW
G/H =

∣∣∣∣Vir(1

2
, 0

)∣∣∣∣2 ⊗ (Cε(0,0,0),(1,1) ⊕ Cε(1,1,2),(1,1) ⊕ Cε(0,0,2),(1,1) ⊕ Cε(1,1,0),(1,1))

⊕
∣∣∣∣Vir(1

2
,
1

2

)∣∣∣∣2 ⊗ (Cε(0,0,0),(1,1) ⊕ Cε(1,1,2),(1,1) ⊕ Cε(0,0,2),(1,1) ⊕ Cε(1,1,0),(1,1))

⊕
∣∣∣∣Vir(1

2
,
1

16

)∣∣∣∣2 ⊗ (Cε(0,1,1),(1,1) ⊕ Cε(0,1,1),(1,−1) ⊕ Cε(1,0,1),(1,1) ⊕ Cε(1,0,1),(1,−1)) ,

(3.6.147)
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where we introduced the notation

|Vir (c, h)|2 := Vir (c, h)⊗ Ṽir (c, h) . (3.6.148)

Let us denote Gid
∼= Z2 = {±1}. The equivariant U(1)/U(1) theory is given by

Vk(U(1))
Z2 =


⊕

−k+1≤n≤k Cεn,1 k odd⊕
−k+1≤n≤k Cεn,1 ⊕ Cε k

2 ,−1 k even

 ∼=


C2k k odd

C2k−1 ⊕ C[Z2] k even
. (3.6.149)

The G/H-WZW Hilbert space is given by

H WZW
G/H

∼=
⊕

[(i,n)]∈E/∼

(
Lsu(2)/u(1)(i, n)⊗ ˜Lsu(2)/u(1)(i, n)

)
⊗ (Cεn,1 ⊕ Cε .±(k−n),

.
±1

) , (3.6.150)

where

ε .±(k−n),
.
±1

=


ε .±(k−n),1 k odd,

ε k
2 ,−1 k even, n = k

2

. (3.6.151)

3.6.4 Hamiltonian Derivation Of U(1)/U(1) TQFT

The Gaussian Model

Let us begin by discussing the compact boson on a circle of radius R, also called the Gaussian model.

The action is given by

SU(1),R =
R2

4π

∫
Σ

dϕ ∧ ⋆dϕ , (3.6.152)

where ϕ : Σ −→ U(1) with the identification ϕ ∼ ϕ + 2π. Then, on the cylinder Σ = R × S1

parametrized by (σ, t), and writing z = e−iσ+τ with τ = it, we can expand ϕ as

ϕ(z, z̄) = ϕL(z) + ϕR(z̄) ,

ϕL(z) =
x0
2

− i
pL√
2R

ln z + i
∑
n̸=0

an
n
z−n ,

ϕR(z̄) =
x0
2

− i
pR√
2R

ln z̄ + i
∑
n̸=0

ãn
n
z̄−n .

(3.6.153)

The periodicity ϕ ∼ ϕ+ 2π results in the quantization:

pL =
1√
2

( n
R

+ wR
)
, pR =

1√
2

( n
R

− wR
)
, n, w ∈ Z . (3.6.154)

We have the OPE

ϕ(z, z̄)ϕ(w, w̄) ∼ − ln |z − w|2 . (3.6.155)
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Using this OPE, it is easy to see that the currents

J(z) = i∂zϕ =
∑
n∈Z

anz
−n−1, a0 :=

pL√
2
,

J̃(z) = −i∂z̄ϕ = −
∑
n∈Z

ãnz̄
−n−1, ã0 :=

pR√
2
,

(3.6.156)

satisfy the û(1) current algebra or equivalently the modes satisfy the Heisenberg algebra:

[am, an] = mδm+n,0 ,

[ãm, ãn] = mδm+n,0 .
(3.6.157)

The chiral algebra is the Heisenberg VOA

A ∼= S(ĥ−) , (3.6.158)

where

ĥ = SpanC {an : n ∈ Z} , ĥ− = SpanC {an : n ∈ Z<0} . (3.6.159)

We also have the right moving copy of the chiral algebra

Ã ∼= S̃(ĥ−) , (3.6.160)

where S̃(ĥ) is spanned by ãn. The Heisenberg VOA has irreducible module corresponding to each

β ∈ R:

M(β) = S(ĥ−)⊗ eβ , (3.6.161)

where eβ is the highest weight vector annihilated by an for n > 0 and a0 acts as

a0 · eβ = βeβ . (3.6.162)

The Heisenberg VOA corresponds to β = 0 with the identification of e0 as the vacuum vector. But

only the modules

M(pL(n,w)) , pL(n,w) =
1√
2

( n
R

+ wR
)
, n, w ∈ Z , (3.6.163)

appear in the compact boson CFT. Similarly, only the irreducible modules

M̃(pR(n,w)) , pR(n,w) =
1√
2

( n
R

− wR
)
, n, w ∈ Z , (3.6.164)

of the right moving Heisenberg VOA appear in the compact boson CFT. The full theory is the gluing

of the left moving sector M(pL(n,w)) with the right moving sector M̃(pR(n,w)). The primary fields

of the full theory are given by

VpL,pR(z, z̄) =
◦
◦e

ipLϕL(z)+ipRϕR(z̄) ◦
◦ . (3.6.165)

Clearly, this theory is irrational with infinitely many primary fields.
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The Rational Gaussian Model.

The rational Gaussian model corresponds to the radius squared being a rational number:

R =

√
p

q
, p, q ∈ Z+, (p, q) = 1 . (3.6.166)

In this case, if we put

k := pq , (3.6.167)

then the primaries VpL,0(z) and V0,pR(z̄) with

pL =
1√
2

( p
R

+ qR
)
=

√
2k, pR =

1√
2

( p
R

− qR
)
=

√
2k , (3.6.168)

have conformal dimension (
p2L =

2k

2
= k, 0

)
,
(
0, p2R = k

)
, (3.6.169)

respectively. Moreover, noting that
√
2kpL =

√
pq

n√
p/q

+ w
√
pq
√
p/q = nq + wp ∈ Z,

√
2kpR = nq − wp ∈ 2Z ,

(3.6.170)

the OPE of these primaries with all other primaries does not have branch cut:

V√2k,0(z)VpL,pR(w, w̄) ∼ (z − w)
√
2kpLVpL+

√
2k,pR

(w, w̄) , (3.6.171)

V0,
√
2k(z̄)VpL,pR(w, w̄) ∼ (z̄ − w̄)

√
2kpRVpL,pR+

√
2k(w, w̄) . (3.6.172)

Thus the left-moving chiral algebra can be extended by the vertex operators

VpL,0(z) , pL ∈
√
2kZ , (3.6.173)

and the right-moving chiral algebra can be extended by

V0,pR(z̄) , pR ∈
√
2kZ . (3.6.174)

The extended chiral algebra is the lattice VOA

Ak
∼= VL , L :=

√
2kZa , (3.6.175)

where α is a fixed vector with norm

⟨a, a⟩ = 1 , (3.6.176)

see Section 3.2.2 for the precise definition. This is also called the û(1)k affine VOA by abuse of

terminology since the rescaled currents
√
kJ,

√
kJ̃ satisfy the affine û(1)k current algebra. Note that

in the notation of Section 3.2.2, we can identify a(−n) = an and the vertex operators

Y (a(−1)1, z) = i∂zϕ(z) . (3.6.177)
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The right-moving chiral algebra is another copy of the same lattice VOA which we will denote by

Ãk
∼= ṼL . (3.6.178)

The irreducible modules of the lattice VOA VL have been completely classified [Don93, LL12]. They

are in 1-1 correspondence with elements of L∨/L. In the present case, we have

(
√
2kZa)∨/(

√
2kZa) ∼=

(
1√
2k
Za

)
/(
√
2kZa) ∼= Z2k . (3.6.179)

The irreducible modules are given by Vβ+L, where

Vβ+L := S(ĥ−)⊗ C[β + L] , [β] ∈ L∨/L , (3.6.180)

and the action of the vertex operators (3.2.41) is specified by defining38

eγ · (u⊗ eγ
′
) = eβ+γ

′+γ , u ∈ S(ĥ−) , γ, γ′ ∈ L ,

zγ · (u⊗ eβ) = z⟨β,γ⟩(u⊗ eβ) , γ ∈ L , u ∈ S(ĥ−) .
(3.6.181)

The full theory is obtained by gluing the left and right moving sectors so that the correlation

functions are single-valued. This corresponds to a choice of an even Lorentzian lattice

Γ1,1
k ⊂ 1√

2k
Za⊕ 1√

2k
Za , (3.6.182)

with signature39 (1, 1). For each factorization k = pq of k into relatively prime factors p, q, there is

such a lattice

Γ1,1
k=pq =

{(
(wp+ nq)a√

2k
,
(−wp+ nq)a√

2k

)
: n,w ∈ Z

}
. (3.6.183)

This is consistent with the classification of modular invariants of û(1)k in [MS89b]. The full Hilbert

space of the theory is given by

H û(1)k =
⊕

[(α,β)]∈Γ1,1
k /(L⊕L)

Vα+L ⊗ Ṽβ+L . (3.6.184)

Spectrum Of The U(1)/U(1) Theory

We now want to compute the Hilbert space of U(1)k/U(1)k model. To do so, we shall impose

the Gauss law constraint corresponding to the gauged symmetry. The immediate issue is that the

conjugation action of U(1) on U(1) is trivial and hence the corresponding current vanishes. This was

38Notice the absence of the cocycle ε in this action compared to (3.2.31). The reason is that we are allowed to pick

the trivial central extension of Za/
√
2k since the commutator map (3.2.30) is trivial on L.

39This theory can also be understood as a Narain CFT based on the Lorentzian lattice Γ1,1
k , see [SS23, SST24] for

more details.
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overcome in Section 3.5.1 by considering the gauged WZW model action (3.4.31) for generic compact

group G,H and then restricting to G = H = U(1). Here we will impose the Gauss law constraints

coming from the action (3.5.21). Let us parametrize the cylinder S1 × R by (σ, τ) as before. Then

the action can be written as

SU(1),k(ϕ,A) =
k

8π

∫
Σ

dϕ ∧ ⋆dϕ+
k

2π

∫
Σ

dϕ ∧A

=
k

4π

∫
Σ

dσdτ ((∂σϕ)
2 − (∂τϕ)

2) +
k

π

∫
Σ

dσdτ (∂σϕAτ − ∂τϕAσ) .

(3.6.185)

The Gauss law constraint at a fixed Euclidean τ = τ0 is given by

G(σ, τ0)|ψ⟩ = 0 , |ψ⟩ ∈ H û(1)k , (3.6.186)

where

G(σ, τ0) :=
δSU(1),k(ϕ,A)

δAτ

∣∣∣∣
A=0,τ=τ0

. (3.6.187)

The Gauss law constraint can be written as

∂σϕ|ψ⟩ = 0 , |ψ⟩ ∈ H û(1)k . (3.6.188)

We will impose the Gauss law constraint at τ0 = 0. Using the relation (3.6.7) and the expansion

(3.6.153), the Gauss law constraint can be written as

(αn − α̃−n)|ψ⟩ = 0 , |ψ⟩ ∈ H û(1)k , n ∈ Z . (3.6.189)

For n = 0, we see that the constraint on highest weight state implies

(α0 − α̃0)
(
e

(wp+nq)a√
2k ⊗ ẽ

(−wp+nq)a√
2k

)
= 0 =⇒ w = 0 . (3.6.190)

This kills the winding modes and the solutions only depends on the momentum modes nq/
√
2k =

n/
√
2R. To find the exact solution, we notice that these are precisely the Ishibashi constraints

corresponding to the Dirichlet boundary condition on the free Boson [RS13]. The solutions are

given by [RS13]

|n/
√
2R⟩⟩ = exp

( ∞∑
r=1

1

r
α−r ⊗ α̃−r

)(
e
na√
2R ⊗ ẽ

na√
2R

)
, n ∈ Z . (3.6.191)

We have only imposed the infinitesimal gauge invariance. As we have seen, the chiral algebra is

extended to the lattice VOA VL, thus there is more symmetry that we need to consider. We need

to impose the constraints coming from all generators of the chiral algebra VL. More precisely,

in addition to the constraint (3.6.189), we must also impose the following constraint: assume the

notation of Section 3.2.2, then(
(eβ)n − (−1)

⟨β,β⟩
2 (ẽβ)−n

)
|ψ⟩ = 0 , β ∈ L , |ψ⟩ ∈ H û(1)k , n ∈ Z , (3.6.192)
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where

Y (eβ , z) =
∑
n∈Z

(eβ)nz
−n−1 . (3.6.193)

In other words, we are trying to find solution to the Ishibashi constraints corresponding to the

extended chiral algebra VL. Note that the standard solutions to the Ishibashi constraints are known

for diagonal gluing of the left and right moving chiral algebras, the solutions are precisely the

Ishibashi states (or Cardy states). The rational Gaussian model at radius R =
√
p/q is not a diagonal

theory and hence we explicitly need to construct the solutions. We claim that the solutions to the

Ishibashi constraints (3.6.189) and (3.6.192) are in one-to-one correspondence with the irreducible

modules of VL. To construct the solutions, let us first choose the following representatives of Γ1,1
k /(L⊕

L):

Γ1,1
k /(L⊕ L) =

{[(
ℓa√
2k
,
ℓa√
2k

)]
: −k + 1 ≤ ℓ ≤ k

}
. (3.6.194)

Let

Ũ :

k⊕
ℓ=−k+1

Ṽ ℓa√
2k

+L −→
k⊕

ℓ=−k+1

Ṽ ℓa√
2k

+L , (3.6.195)

be an operator on the total antichiral sector acting as

Ũ · (u⊗ ẽβ) = (−1)
⟨β,β⟩

2 (u⊗ ẽβ) , u ∈ S̃(ĥ−) , β ∈ L∨ =
1√
2k
Za , (3.6.196)

Then it is easy to see that Ũ satisfies

ẽβŨ = (−1)
⟨β,β⟩

2 Ũ ẽβ , β ∈ L =
√
2kZa . (3.6.197)

Then the solutions are given by

|ℓ/
√
2k⟩⟩ :=

∑
m,n∈Z

exp

( ∞∑
r=1

1

r
α−r ⊗ α̃−r

)(
e

(ℓ+2mk)a√
2k ⊗ Ũ ẽ

(ℓ+2nk)a√
2k

)
, −k + 1 ≤ ℓ ≤ k . (3.6.198)

The Ishibashi constraint (3.6.189) is clearly satisfied. Noting the form (3.2.41) of the vertex operator

Y (eβ , z) for β ∈ L =
√
2kZa, we see that to prove (3.6.192), it suffices to prove that

(eβ − (−1)
⟨β,β⟩

2 ẽβ) · |ℓ/
√
2k⟩⟩ = 0 . (3.6.199)

To prove this, we note that eβ commutes with αn for all α, β ∈
√
2kZ. Then we have

eβ · |ℓ/
√
2k⟩⟩ =

∑
m,n∈Z

exp

( ∞∑
r=1

1

r
α−r ⊗ α̃−r

)(
e
ℓa+2k(ma+(β/

√
2k))√

2k ⊗ Ũ ẽ
(ℓ+2nk)a√

2k

)
. (3.6.200)

Noting that βa/
√
2k ∈ Za, we can shift the summation variable m to get

eβ · |ℓ/
√
2k⟩⟩ = |ℓ/

√
2k⟩⟩ . (3.6.201)
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Similarly, using (3.6.197), we have

(−1)
⟨β,β⟩

2 ẽβ · |ℓ/
√
2k⟩⟩ = |ℓ/

√
2k⟩⟩ . (3.6.202)

Thus |ℓ/
√
2k⟩⟩ satisfies the Ishibashi constraints (3.6.189) and (3.6.192). We thus have

H WZW
U(1)/U(1) = SpanC{|ℓ/

√
2k⟩⟩ : −k + 1 ≤ ℓ ≤ k} . (3.6.203)

Thus we conclude that the U(1)k/U(1)k WZW model is a TQFT whose corresponding Frobenius

algebra is the Verlinde algebra of the rational conformal field theory based on the lattice VOA

V√2kZa.
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Chapter 4

Topological twisting of 4d N = 2 field theories

The contents of this chapter is based on the paper [MSS24] written jointly with G.W. Moore and

V. Saxena. In this chapter, we discuss what topological data must be provided to define topo-

logically twisted partition functions of four-dimensional N = 2 supersymmetric field theories. As

discussed in the introduction, the original example of Donaldson-Witten theory depends only on the

diffeomorphism type of the spacetime and ’t Hooft fluxes (characteristic classes of background gerbe

connections, a.k.a. “one-form symmetry connections.”) The example of N = 2∗ theories, analyzed

in [MM21], shows that, in general, the twisted partition functions depend on further topological

data. We describe topological twisting for general four-dimensional N = 2 theories and argue that

the topological partition functions depend on (a): the diffeomorphism type of the spacetime, (b):

the characteristic classes of background gerbe connections and (c): a “generalized spin-c structure,”

a concept we introduce and define. The main ideas are illustrated with both Lagrangian theories

and class S theories. In the case of class S theories of A1 type, we note that the different S-duality

orbits of a theory associated with a fixed UV curve Cg,n can have different topological data.

4.1 Introduction

This chapter discusses topological twisting of d = 4 N = 2 field theories. The first example of such

a theory was discovered by Witten [Wit88], an example which had momentous implications. These

“topological correlators” have been interesting to mathematicians because they provide invariants of

smooth four-manifolds.1 More precisely, they provide invariants of smooth four-manifolds equipped

with extra topological data. In this chapter, we will clarify exactly what that extra topological data

is.

In Donaldson-Witten theory (based on SU(2) N = 2 supersymmetric Yang-Mills theory), the

topological correlators only depend on the orientation and the diffeomorphism type of X and a choice

1Throughout this chapter, we work with “standard” four-manifolds: They are smooth, compact manifolds without

boundary. They will be orientable and oriented, although a choice of orientation is an example of a “field,” as

discussed below. We will denote a typical standard four-manifold by X.
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of ’t Hooft flux for the gauge group. However, the example of N = 2∗ theories shows that, in general,

the correlators depend on further topological data. In this example, topological twisting requires the

introduction of an “ultraviolet” spinc structure [LMn97, MM21]. (This UV spinc structure should

not be confused with the IR spinc structures which are used to express the answer derived from an

IR viewpoint as in [MW97]). This raises the question:

Question 3. How does one topologically twist an arbitrary d = 4 N = 2 field theory, and what

topological data do the correlators depend on?

In this chapter, we present an answer to this question for all d = 4 N = 2 theories and illustrates

the general construction for renormalizable Lagrangian theories, and for some theories of class S.

There are many viewpoints on what should be meant by the general notion of “topological

twisting.” They all generalize the original example in [Wit88]. It would be interesting to relate the

twistings we describe to the general viewpoint advocated in [ES18, ESW20, EGL24].

We will view topological twisting as a specification of background fields such that a supersymme-

try, denoted Q, remains unbroken. Since we do not work in a Hamiltonian framework, we view the

supersymmetry as an odd vectorfield on the supermanifold of field configurations. We assume Q is

a scalar since general manifolds X do not possess covariantly constant vectors, spinors, etc. Q must

square to zero on physical operators (and, in the Hamiltonian formulation, on states). For example,

in a gauge theory, “physical operators” are the gauge invariant operators. In general, there can be

different “inequivalent” topological twistings of a given theory. For example, there are, famously,

several inequivalent twistings of N = 4 super Yang-Mills (SYM) [VW94] (which is a special case

of an N = 2 SYM), as we recall in Section 4.6.1. In our view, these are 3 inequivalent choices of

background fields effecting a topological twisting.

The specification of background fields effecting a topological twisting will be given using the

mathematical concept of transfer of structure group.2 Briefly, given a continuous homomorphism

φ : G1 → G2 between topological groups, one can define a functor φ∗ between categories (in fact,

groupoids) of principal bundles with connection over X for the domain and codomain groups G1

and G2, respectively. Thus, if (P1,∇1) is a principal G1-bundle over X with connection ∇1, then

φ∗(P1,∇1) will be a principal G2-bundle over X with connection ∇2 = φ∗∇1. We explain this

concept with various examples in Appendix D.2.

In Section 4.2, we describe our general approach to topological twisting of a d = 4 N = 2 field

theory. We explain the implementation for any renormalizable Lagrangian theory in Section 4.6, and

2In an unpublished note, [Fre23], D. Freed interprets Witten’s topological twisting in the framework of the ideas of

Cartan and Klein, a viewpoint close in spirit to that taken in this chapter.
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for some class S theories in sections 4.8 and 4.9. We describe a twisting valid for generic masses (the

background scalar vevs of flavor symmetry vectormultiplets). For special values of the background

VM’s other topological twistings will exist.

In order to sharpen the main question above, we organize the correlators into a “function” (more

precisely formal series) defined on the Q-cohomology of the space of operators. This function will

depend on continuous parameters and what we call the topological data. The topological data only

depends on the (smooth) topology of X.

In more technical terms, the Q-cohomology of the space of (extended) observables will be denoted

O. Choosing a basis Oi for the vector space O with dual basis xi for O∨, we denote the generating

function of the correlators as:3

Ztw(x) =
〈
e
∑
i x
iOi
〉
. (4.1.1)

We view this as a “function” (actually, formal power series) of x ∈ O∨. As we just mentioned, Ztw(x)

will also depend on continuous parameters. Examples of such parameters include the superconformal

couplings τuv ∈ C, where C is the conformal manifold, and the mass parameters m ∈ (tf)∨, where tf

is the Lie algebra of the group of global “flavor” symmetries.4 Such parameters should be viewed as

background fields in the theory, and we will be interested in the Q-invariant background parameters

FQ. The net result is that the generator of topological correlation functions is a function5

Ztw : O∨ ×FQ → C . (4.1.2)

We will show that the function Ztw depends on the topological data:6

1. The orientation and diffeomorphism type of X.

2. ’t Hooft fluxes (i.e., background connections for “discrete 1-form symmetries”)

3. Generalized spinc structures.

and only depends on these data. No other choices of topological data are needed.

3The proper formulation of the generating series involves nontrivial issues related to contact terms [LNS97, MW97].

But these will not affect the present considerations.
4In Lagrangian theories, these can be viewed as equivariant parameters in the equivariant cohomology of moduli

spaces of non-Abelian monopole equations.
5The domain could be a fibration of O∨ over FQ.
6We are assuming there is no BRST anomaly. (See the discussion near (4.2.19).) For manifolds with b+2 = 1, there

is such an anomaly. The partition function does depend on the metric but only through the period point, i.e., the

self-dual two-form J such that J = ⋆J and J2 = 1 (the sign of J is resolved by a choice of orientation). It is piecewise

constant as a function of J , as has been analyzed in detail in special cases [MW97, MM21]. In the case b+2 = 0,

one expects continuous metric dependence, but that dependence should be computable. Unfortunately, this has not

been investigated in the literature. For b+2 > 1, these anomalies do not appear.
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In Appendix D.3, we define the notion of a generalized spinc structure. (We focus on four

dimensions. The generalization to other dimensions is obvious.) It is a (mild) generalization of the

notion of a spinc structure. One replaces the U(1) “factor” in the definition of the spinc group by a

general torus T, and quotients by a finite Abelian subgroup of Spin(4) × T that projects to the Z2

subgroup of Spin(4) acting trivially on vectorial representations.

The general arguments of Section 4.2 apply to all d = 4 N = 2 field theories, and thus support

our main statement. Sections 4.3, 4.5, 4.6, 4.7, and 4.8 can be viewed as a check on the general

reasoning in some important special cases. In Section 4.7 (which is largely a review of known results),

we will show that the topological data for twisted Lagrangian theories indeed only consists of the

above list of three. In Sections 4.8 and 4.9, we argue that the same is true of the class S theories

we consider.

It is interesting to compare these considerations to those of the IR effective theory. Just the

way global symmetries and their ’t Hooft anomalies are important RG invariants, we would propose

that the topological data of twisted partition functions are likewise RG invariants and must be the

same in the IR and the UV. After all, from the functorial viewpoint, the IR theory is simply the

functor of the UV theory with the metric scaled to infinity. This invariance is tacitly assumed in

derivations of topologically twisted partition functions from the IR viewpoint, but it seems worth

stating explicitly. It is an interesting question whether it will prove a useful observation in other

contexts.

The above paragraph raises an interesting question: Given the IR effective theory, how could

one deduce the topological data needed to define the UV topological theory? Traditionally, the

IR effective theory is presented in terms of a prepotential, or, more globally, in terms of special

Kähler manifold. (See [Fre97] for a careful mathematical definition of special Kähler geometry.)

We therefore ask: How could one deduce the topological data from this geometry? We offer the

thought that one place to look is in the measure of the Coulomb branch integral (a.k.a. the “u-plane

integral”). One must use several facts about the topological data to check the single-valuedness

of the Coulomb branch measure in the examples that have been studied in the literature [MW97,

MM98, MMZ19, MM21, AFM22]. One may ask if, conversely, the single-valuedness of the Coulomb

branch measure is sufficiently strong to determine the topological data. Posing this question in a

precise way, to say nothing of answering it, is a subtle and interesting question, but one beyond the

scope of the present work.

Another interesting direction for future research is whether one can discuss topological twisting

of class S theories more thoroughly than we do here using a geometric approach based on branes in

string/M-theory and supergravity. This quickly leads one into the theory of G2-manifolds and raises
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many interesting questions.

Here is a brief summary of the remainder of the chapter: In Section 4.2, we describe our approach

to topological twisting in very general terms. In Section 4.3, we begin an explication of this approach

for Lagrangian field theories, first defining with some (but not complete) care the space of fields of

the theories. The field content is usually described in terms of the metric, the vector- and hyper-

multiplets, the background gauge fields for flavor symmetries, and the background gauge fields

for R-symmetries. But these are all related to each other by a choice of total structure group,

which depends on a choice of Abelian subgroup of the center of the covering group. We stress the

interconnection in Section 4.4, where we give cohomological conditions relating cohomology classes

associated with the principal bundles associated with the above components. Section 4.5 contains

a brief discussion of the distinction between dynamical and background fields in the context of

Lagrangian theories. Section 4.6 gives a prescription for twisting arbitrary Lagrangian theories, and

in Section 4.7, we review the standard arguments that the partition function is independent of the

connections on the bundles associated with background fields (in particular, the metric). In Section

4.8, we turn to class S theories and how these can be topologically twisted. To keep the discussion

under control, we only consider theories of A-type with simple and full punctures. Along the way, we

noticed some interesting questions about Gaiotto gluing which do not seem to have been addressed

in the literature. In Section 4.9, we focus on class S theories of type A1, which are also Lagrangian

theories. We consider how the cohomological conditions of Section 4.4 behave under S-duality and

show the expected result that they are the same for all theories in a fixed S-duality orbit. Curiously,

a given theory based on an ultraviolet curve Cg,n has several distinct S-duality orbits and hence

has several different choices of topological twisting data, since in general, the data for the different

S-duality orbits will be different.

In Appendix D.2, we review the notions of transfer and reduction of structure groups of bundles

with connection. This simple mathematical concept is of crucial importance here. Then Appendix

D.3 gives a careful definition of what we mean by a “generalized spinc structure” together with some

examples. On several occasions, we need to refer to superconformal multiplets and the superconfor-

mal index, so these well-known topics are briefly reviewed in Appendices D.5 and D.6. In Section 4.8,

we make heavy use of the (Schur limit of the) superconformal index for trinion theories. However,

one important class of trinion theories is free Lagrangian theories. Therefore in Appendix D.7, we

check our statements using standard Lagrangian field theory. Finally, in Section 4.8, we mention

an analog, for class S, of the cohomological conditions of Section 4.4 for Lagrangian theories. Some

examples of these are illustrated in Appendix D.8.
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4.2 General Setup For Topological Twisting

Since we wish our discussion to apply to non-Lagrangian theories, it is very useful to adopt the

“functorial” formulation of QFT going back to the work of Segal in 2d conformal field theory [Seg88a,

Seg88b, Seg02] and Atiyah in topological field theory [Ati89].7 The reason is that these formulations

make use of the answer to a path integral, without presupposing some representation in terms of

dynamical fields governed by an action principle. For recent reviews, see [Fre13, Fre19]. In this

approach, one defines a set of “fields” F - to be thought of as background fields.8 One considers a

bordism category BordF≤4 of manifolds of dimension ≤ 4 equipped with such fields. Then a “theory”

is a choice of F and a monoidal functor

Z : BordF≤4 → VECT , (4.2.1)

where VECT is a category of vector spaces over C.9 We stress that we regard the choice of fields,

and hence the domain bordism category for Z as a choice that one makes in defining the theory.

Specializing now to the class of d = 4 N = 2 field theories the most obvious choice for the

fields, which we denote as F̃ , evaluated on a fixed manifold X includes the supermanifold of field

configurations of d = 4 N = 2 conformal supergravity coupled to N = 2 vectormultiplets for the

“flavor” symmetries.10 This viewpoint (which was important in [CMRS23]) is too general for our

present purposes, so we will restrict attention to a submanifold where many of the fields in the

conformal supergravity multiplet have been set to zero. For our purposes, the fields will include the

orientation of X together with the groupoid of principal G̃-bundles with connection for the Lie group

G̃ = Spin(4)× SU(2)R ×Gf , (4.2.2)

where the group Gf is often called the “flavor” group. It is the global internal symmetry group that

commutes with supersymmetry.

7Atiyah and Segal quote Feynman path integrals as their main motivation. However, as pointed out to us by Y.

Tachikawa, the original papers of Schwinger [Sch48] and Tomonaga [Tom46] formulated relativistic field theory in

terms of families of unitary operators U(σ, σ′) associated to spatial slices σ, σ′ and satisfying the basic axioms of the

functorial formulation. One important difference is that in the older works, the theories are formulated in Minkowski

spacetime, hence on invertible bordisms with a globally defined time direction, and without Wick rotation.
8Technically, we should consider “fields” to be a sheaf on Manop4 , as explained in [FT12, FH13].
9In modern parlance we are considering a two-step theory. Eventually one wishes to have a fully extended, or fully

local theory, but such considerations are far beyond the scope of this thesis. Moreover, a fully rigorous formulation

for the kinds of interacting field theories we will consider has not been formulated. Rather this is a topic of current

research. See [KS21] for a significant contribution to this current research. We are being deliberately vague about

the precise nature of the vector spaces. They will need to be infinite-dimensional.
10For general backgrounds involving N = 2 conformal supergravity, it is natural to also consider couplings to back-

ground N = 2 hypermultiplets, but we will not do so.



178

Let pi, i = 1, 2, 3 denote the projection to the three factors of the group (4.2.2):

G̃

Spin(4) SU(2)R Gf

p1
p2

p3 (4.2.3)

Denote the principal G̃-bundle with connection over X by (P̃ , ∇̃). The Gf component of the

connection, that is,11 the connection p3,∗(P̃ , ∇̃), should be enhanced to a full d = 4 N = 2 vector-

multiplet. The factor Spin(4) is to be regarded as the spin covering of the SO(4) structure group

of the bundle of oriented frames of TX, so πX,∗(P̃ ) = OFr(TX), where πX is a projection on the

first factor followed by the standard quotient homomorphism Spin(4) → SO(4), and OFr(TX) is the

bundle of oriented frames on TX. Thus we will begin with d = 4 N = 2 theories viewed as a functor

Z̃ : BordF̃≤4 → VECT . (4.2.4)

Since this is a functor, Z̃ will define state spaces. On R3 with Euclidean metric and zero background

fields for SU(2)R ×Gf , the state space will be a unitary representation of the d = 4 N = 2 Poincaré

group. Related to this, the local operators of the theory should be in d = 4 N = 2 Poincaré

multiplets.

Note that the domain category of (4.2.4) only admits 4-manifolds X with a spin structure. The

domain category of the theory can be enlarged. Put differently, the theory can be extended to

include non-spin manifolds as follows. Consider a subgroup of the center of G̃, written C ⊂ Z(G̃).

Define F to be the groupoid of principal G := G̃/C bundles with connection. We say the theory

“extends” to a theory

Z : BordF≤4 → VECT , (4.2.5)

if the diagram

BordF̃≤4 VECT

BordF≤4

Z̃

π∗ Z
(4.2.6)

commutes (up to isomorphism of functors). Here π∗ : BordF̃≤4 → BordF≤4 is transfer of structure

group using the natural quotient homomorphism

π : G̃→ G .

A necessary and sufficient condition for this factorization is that the full functor Z̃ be C-invariant.

If we just examine the partition function then we note that C acts as a group of automorphisms

11We remind the reader that the transfer of structure group and connection is described in Appendix D.2.
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on the principal G̃-bundles with connection over X. The action on the connection is via a center

symmetry: Holonomies are multiplied by central elements. Therefore, it acts on the partition

function Z̃ considered as a function of the bundle with connection. The condition is

c · Z̃ = Z̃ ∀ c ∈ C . (4.2.7)

There can be many choices of C. Each choice of C defines a different “theory.” A maximal choice is

one such that all theories extend to that choice. If Gf is semisimple, the center is a finite Abelian

group, so there exists a maximal subgroup.

Remark 4.2.1. An analogy might clarify our reasoning here. Suppose we are given the partition

function of a theory of chiral fermions on 2n-dimensional Riemannian spin manifolds where n is an

integer. But we are given this mathematical structure without being told what fields were used to

compute that partition function. How could we deduce that the theory does not extend to non-spin

manifolds? Thus, we are given, for every 2n-dimensional spin manifold a Hermitian line bundle over

the space of Riemannian metrics on that manifold, and a section of that line bundle. (In fact, the

line bundle is the determinant line bundle DET( /D
+
) of the chiral Dirac operator with its Quillen

metric, but we are not given that information because we do not know the fields.) We are given

the information that the line bundle depends on a spin structure and we are given the action of

the center symmetry. The center of the spin group acts as a group of automorphisms on the spin

bundles, and this induces an action with character χ acting on sections of the line bundle. If the

action is nontrivial then we cannot extend to nonspin manifolds. Indeed, for DET( /D
+
), the action

of −1 is given by χ(−1) = (−1)Ind( /D
+) and is nontrivial. In this way, we see that for a chiral fermion,

the functor does not factorize through non-spin manifolds, even though we have not been informed

of the nature of the fields. (A more elaborate argument applies to Dirac fermions.) The point of

these remarks is that the same reasoning applies to theories where we do not know the fundamental

fields, such as the non-Abelian 6d (2, 0) theory or generic 4d N = 2 theories of class S.

Remark 4.2.2. It is important to remark that the invariance condition on the partition function is

in principle less stringent than the invariance condition on the full functor. In this chapter, we are

primarily concerned with the partition function on compact manifolds.

In the application to four-manifold invariants, we definitely wish to include manifolds X which

are not spinnable. Therefore we wish to have principal G-bundles over an X which is nonspinnable.

This implies the necessary condition:

p1(C) = ⟨(−1,−1)⟩ ⊂ Z(Spin(4)) , (4.2.8)

where we have used Spin(4) ∼= SU(2)× SU(2).
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Different theories will have different local operator content, but one supermultiplet that is present

in all d = 4 N = 2 local QFTs is the energy-momentum supermultiplet. See [CDI16a, CDI16b,

Ebe20] for details and Appendix D.5 for a quick summary. In order for this multiplet to be invariant

under C, we must also have

(p1 × p2)(C) = ⟨(−1,−1,−1)⟩ ⊂ Z(Spin(4)× SU(2)R) . (4.2.9)

The original example [Wit88] had Gf = 1, and was based on a choice of background metric and

R-symmetry gauge field obtained by transfer of structure group using a crucial homomorphism

φW : SO(4) −→ (Spin(4)× SU(2)R)/⟨(−1,−1,−1)⟩ . (4.2.10)

To write it, consider SO(4) as the quotient Spin(4)/Z2 where Spin(4) ∼= SU(2)× SU(2) and

Z2
∼= ⟨(−1,−1)⟩ ∼= diag(Z2 ×Z2) ⊂ Z2 ×Z2

∼= Z(Spin(4)) . (4.2.11)

Thus, an element of SO(4) can be denoted as [(u1, u2)] where square brackets indicate an equivalence

class and u1, u2 ∈ SU(2). Then we can write the homomorphism (4.2.10) as:

φW
(
[(u1, u2)]

)
:= [(u1, u2), u2] , (4.2.12)

where the superscript W stands for Witten and will be called the Witten homomorphism because it

was essential in the original construction of [Wit88].

The specification of background fields will be done via transfer of structure group along a homo-

morphism

φtw,bck : (Spin(4)× Tf)/Ctw,bck︸ ︷︷ ︸
Gtw,bck

→ (Spin(4)× SU(2)R ×Gf)/C , (4.2.13)

where Ctw,back is a subgroup of the center of Spin(4)×Tf . If we take Tf to be a maximal torus of Gf

then we can consider a homomorphism

φ̃tw,bck : Spin(4)× Tf → (Spin(4)× SU(2)R ×Gf)/C , (4.2.14)

defined by

φ̃tw,bck((u1, u2), µ) = [(u1, u2), u2, µ] . (4.2.15)

and then simply take Ctw,bck to be the kernel of φ̃tw,bck. This is sufficient to be able to define a

twisting for all theories. (For special values of the masses, there will be special twistings.) Examples

such as the case of N = 2∗ theories teach us that the existence of a homomorphism to a quotient

group such that C · Z̃ = Z̃ requires that, in general, C must intersect Gf nontrivially.
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Other twisting homomorphisms are possible, but they are constrained by the requirement that

the diagram

Gtw,bck G̃/C

Spin(4)/⟨(−1,−1)⟩ (Spin(4)× SU(2)R)/⟨(−1,−1,−1)⟩

φtw,bck

p1 p1×p2
φW

(4.2.16)

commutes. This is indeed satisfied by the construction above.

Note that if p1 is the projection on the first factor of Gtw,bck then we should impose

(p1)∗(P
tw,bck,∇tw,bck) ∼= (OFr(TX),∇LC) , (4.2.17)

where ∇LC is the torsion-free (Levi-Civita) connection associated to a Riemannian metric on X.

When Gtw,bck is of the form given in (4.2.13) with Ctw,bck a finite abelian subgroup of the center,

we say that such a principal bundle P tw,bck with structure group Gtw,bck defines a generalized spinc

structure on X. Moreover, a connection ∇tw,bck satisfying (4.2.17) is a generalized spinc connection.

We elaborate on this definition and give some examples in Appendix D.3. We will meet this condition

again, in the context of Lagrangian theories in equation (4.3.11).

Returning to the d = 4 N = 2 energy-momentum multiplet, the relation (see (D.5.8))

{QαA, G
B

µ
.
β
} = σν

α
.
β
δA

BTµν , (4.2.18)

implies that, in the presence of background fields obtained by transfer of structure group φtw,bck

satisfying (4.2.16), there will be a vectorfield Q on the super-manifold of field configurations such

that12

Tµν = {Q,Λµν} . (4.2.19)

A standard argument, going back to [Wit88], shows that (4.2.19) leads to the “topological invariance”

of Z. “Topological invariance” means independence of the choice of Riemannian metric. The reason

is that the derivative of Z with respect to the metric gµν is given by Z with an insertion of Tµν .

If there is no BRST anomaly, then insertions of Q-exact operators must vanish. (As noted above,

there can be BRST anomalies, leading to metric dependence, when b+2 (X) ≤ 1.)

We will refer to theories with domain BordF≤4 such that, for all manifolds and background fields

in the domain, there is a Q-symmetry, as “twisted theories.”

Similar reasoning shows that a twisted theory has a partition function that is invariant under

continuous deformation of the other components of the Gtw,bck connection. Using the general struc-

ture of the conserved current multiplets (which couple to the flavor symmetry connections), the

12Note that (4.2.19) is obtained from the second equation of (D.5.8) because in our conventions, the scalar supercharge

Q is obtained from the right-handed spinor supercharge of the d = 4 N = 2 supersymmetry algebra. We are being

slightly schematic here to avoid distracting notation.
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general equation (see (D.5.6) and (D.5.7))

δ BA σµ
α
.
β
Jaµ =

{
QAα, ψ̃

Ba.
β

}
, (4.2.20)

becomes, after topological twisting

Jaµ = {Q,Λaµ} . (4.2.21)

Here, the subscript a is an adjoint index in the Lie algebra of the symmetry. Therefore, in the

absence of a BRST anomaly, the derivative of the partition function with respect to the connection

vanishes. Therefore, the twisted partition function only depends on the three pieces of topological

data mentioned in the introduction.

Remark 4.2.3. On the terminology “physical theory” vs. “twisted theory.” We will use the (common)

terminology of “twisted theory” and “physical theory” in our discussion below. Since we are regarding

a “theory” as a functor Z, part of the very definition of a “theory” involves a specification of the domain

and codomain categories. As we have just mentioned, a “twisted theory” has a Q-symmetry for all

objects in the domain category. By a “physical theory” we mean a theory where this is not true for

all objects in the domain category, although whether these should be considered more “physical” is

a debatable point, best left to philosophers.

Remark 4.2.4. In the interest of simplicity, our general discussion here has been limited to “zero-

form symmetries.” It should be extended to include other generalized symmetries. We will indeed

do this in the special case of Lagrangian theories in Sections 4.3 – 4.7.

4.3 Fields For Lagrangian Theories

In this section, we describe the fields that are needed to define the exponentiated action e−S . We

regard the exponentiated action on X as the partition function on X of an invertible field theory

[FM04]. We restrict attention to general renormalizable d = 4 N = 2 Lagrangian gauge theories.

To define these, one makes the following choice of basic data:

1. G̃gauge : a semisimple simply connected compact Lie group. For simplicity, we will assume it

is connected. The gauge group Ggauge will be a finite quotient of G̃gauge, as explained below.

2. ρ : G̃gauge → EndR(R) : a quaternionic representation on a real vector space R equipped with

a Ggauge-invariant positive inner product. The group of orthogonal hyperkähler isometries is

denoted O(ρ). This data defines a compact Lie group Gf – the flavor group – which is defined

to be the commutant of ρ(G̃gauge) in O(ρ).
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3. Cphys : an “admissible” subgroup of the center of

G̃phys := Spin(4)× SU(2)R ×Gf × G̃gauge . (4.3.1)

The term “admissible” is defined by conditions (4.3.6) and (4.3.8) below. There are different

choices of admissible groups Cphys, and they correspond to different theories.

The set of fields for the theory will include a principal bundle with connection over X for the

structure group13

Gphys :=
(
Spin(4)× SU(2)R ×Gf × G̃gauge

)
/Cphys = G̃phys/Cphys . (4.3.2)

We denote the principal bundle with connection by

(P phys → X,∇phys) . (4.3.3)

If we think of the invertible field theory (a.k.a. the exponentiated action e−S) as a functor

Z : BordF≤4 → VECT , (4.3.4)

then F(X) includes the groupoid of principal Gphys-bundles with connection.

The bundle with connection (P phys → X,∇phys) contains several pieces of physical data which are

usually thought of as independent, but they are not completely independent because of the quotient

by the finite group Cphys.

Let pi, i = 1, 2, 3, 4 denote the projection to each of the factors of G̃phys. We have a transfer of

structure group for bundles for each of the image groups pi(Gphys). We denote these by:

Fr(X) := (p1)∗(P
phys) ,

PR := (p2)∗(P
phys) ,

P f := (p3)∗(P
phys) ,

P gauge := (p4)∗(P
phys) ,

(4.3.5)

and refer to them respectively as the frame bundle, R-symmetry bundle, flavor bundle, and gauge

bundle.

We are now ready to define the notion that Cphys is admissible as follows:

1. We can rederive the condition (4.2.9) as follows. First of all, we have:

(p1 × p2)(C
phys) ⊂ ⟨(−1,−1,−1)⟩ ⊂ Z(Spin(4)× SU(2)R) ∼= Z3

2 . (4.3.6)

13Our discussion at this point has some tangential overlap with recent discussions [WWW18, HLL+22, BI23]. See

also section 2.2 of [FH16].
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The reason is that vectormultiplet fields must be singlets under the action of Cphys. They are

in the adjoint representation of the gauge group and hence are singlets under the center of

that group. Moreover, they are singlets under the action of the flavor group. Finally, we will

want to identify Spin(4)/p1(C
phys) ∼= SO(4) with the structure group of OFr(X).If we wish the

domain bordism category to include nonspin manifolds, then we must have that

(p1 × p2)(C
phys) = ⟨(−1,−1,−1)⟩ . (4.3.7)

2. If there are hypermultiplets in the theory then Cphys must also be a subgroup of the group:

Cphys
max := {(ζ, ζ, ζ, µ, g) | ζµρ(g) = 1EndR(R)}

⊂ Z(Spin(4))× Z(SU(2)R)× Z(Gf)× Z(G̃gauge) ,
(4.3.8)

where ζ ∈ {±1} ∼= Z2 acts on R by scalar multiplication. The reason for this condition is that

fields in the hypermultiplet representation ρ must be singlets under Cphys (and we have used

condition (4.3.6)). Note that this forces Cphys to be a finite Abelian group. We will call Cphys
max

the maximal admissible subgroup.

We make a few remarks on the bundles appearing in (4.3.5):

• The gauge bundle P gauge is a principal Ggauge ∼= G̃gauge/Cgrb bundle, where we define

Cgrb := p4(C
phys) . (4.3.9)

The reason for this notation is explained in item 4 below.

• The bundle Fr(X) is a principal SO(4) bundle because

Spin(4)/p1(C
phys) ∼= SO(4) . (4.3.10)

Moreover, if we use the transfer of structure group associated to the canonical homomorphism14

p1 : Gphys → SO(4) ∼= Spin(4)/⟨(−1,−1)⟩ then we require:

(p1)∗(P
phys → X,∇phys) ∼= (OFr(TX),∇LC) . (4.3.11)

• The R-symmetry bundle PR is a principal SO(3)R bundle.

• The flavor bundle P f is a principal Gf/p3(C
phys) bundle.

Remark 4.3.1.

14We define pi(Gphys) := pi(G̃
phys)/pi(C

phys).



185

1. For generic hypermultiplet masses it is natural to replace Gf with a maximal torus, so that

P f is in fact a Tf/p3(C
phys)-bundle where Tf ⊂ Gf is a maximal torus. In this case, we have

restricted the background fields to reducible Gf -connections and assumed a reduction of the

structure group to its maximal torus.

2. The existence of P phys implies a restriction on characteristic classes of the “frame,” “R-symmetry,”

“flavor,” and “gauge” bundles derived from P phys. See Section 4.4 below.

The exponentiated action of the theory e−S , regarded as an invertible field theory, can be defined

on a bordism category equipped with a set of fields Fphys that we informally write as:

Fphys := {τ,m, (P phys → X,∇phys),Φphys, b,Φgrav} , (4.3.12)

where

1. τ is a C-valued Ad(Ggauge × Gf)-invariant bilinear form on Lie(Ggauge × Gf) subject to the

condition that the imaginary part is positive definite.15 τ enters the classical Lagrangian by

defining the Yang-Mills couplings of the gauge theory. (τ will be replaced by τuv or Λ below

in the quantum theory.)

2. m ∈ Lie(Gf)⊗C, subject to the condition that [m,m†] = 0. The field m enters the Lagrangian

as ⟨m,µ⟩ where µ is the hyperkähler moment map forGf . One should viewm as the background

vectormultiplet scalars for Gf

3. Φphys ∈ Γ(Eρ) where Eρ is an associated bundle to P phys constructed using ρ and the rules

of supersymmetry for constructing vectormultiplets and hypermultiplets. Its sections include

fermions, and hence, we should view the space of fields on X as an infinite-dimensional super-

manifold.16

4. The b-field is a flat Cgrb-gerbe connection17 in a 5d topological field theory. In order to handle

properly the conditions on how one sums over ’t Hooft fluxes, it is important to invoke the

quiche picture of finite “categorical symmetry” in field theory. See [FMT22] and references

therein. Example 3.15 of [FMT22] is particularly relevant, and an elaboration of the relevant

issues can be found in [Fre22]. One must consider the 4d theory we discuss in this chapter

15This follows from unitarity of the theory evaluated on Minkowski space.
16We will see later that, for suitable background fields, there is a fermionic vectorfield on this supermanifold derived

from a scalar supersymmetry with Q2 = 0. The space of fields that defines such an odd vectorfield is called the

nilpotence variety. We will describe a subvariety of the nilpotence variety.
17A gerbe with connection is (up to isomorphism) an element of a suitable differential cohomology group of degree 3.

For a recent pedagogical introduction, see [Hit99, MS25].
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as a right boundary theory (on {1} × X) for a 5d π-finite topological field theory with target

B2Cgrb on [0, 1] × X. There is a field in the right boundary theory which is an isomorphism

of the restriction of b with the gerbe describing the obstruction to lifting (p4)∗(P
phys) to a

principal G̃gauge-bundle over X. This is the origin of the notation Cgrb introduced in equation

(4.3.9) above. We denote the characteristic class by µ(b) ∈ H2(X;Cgrb). There is a topological

boundary condition ρ (possibly with the insertion of topological defects) at the boundary

{0} × X. Depending on the choice of ρ we might or might not sum over ’t Hooft fluxes in

computing physical quantities.18 We note that we see no obvious reason why one should not

take b to be a gerbe for the full group Cphys and indeed this generalization will be needed

in Appendix D.8. We have not investigated this generalization systematically, and doing so

might be an interesting line of future enquiry. It might well streamline the presentation in this

chapter.

5. Φgrav is short hand for various “gravitational” fields. The Riemannian metric is already encoded

in the connection ∇phys, but we must also choose an orientation of X, and a truly complete

story would include all the fields of background supergravity, including the odd partners of the

metric. We will not go into details here, although some relevant constructions can be found in

[CMRS23].

6. Explicit formulae for e−S as a function of these fields can be extracted from the standard

references: [GGRS83, DF99, dWLVP85, FVP12].

Remark 4.3.2. It is sometimes said that, since the supersymmetric gauge theory contains fermions,

it must be defined on a spin manifold. Then, after twisting, the twisted theory can also be defined

on non-spin manifolds. From the viewpoint presented in this chapter, that reasoning is incorrect. In

defining a theory, one must specify the domain bordism category. Different choices of group Cphys

lead to different choices of the bordism category. For example, if we choose Cphys to be trivial, then

the domain bordism category must contain only spin manifolds. However, if we choose Cphys so

that p1 × p2 in equation (4.3.6) is surjective, then the domain category might include all standard

four-manifolds. This is just as true for the “physical theory” with general background fields as it is

for the twisted theory defined below. (Related remarks can be found in section 2.4.2 of [CD18], and

in [BI23].)

Remark 4.3.3. We have not been careful with the global structure of the space of fields in (4.3.12).

In fact, the criterion (4.4.18) which connects the characteristic class of the (4d) boundary value

18The pullback of b to X itself can have automorphism, so there can be several inequivalent isomorphisms to the gauge

theory gerbe on the right (physical) boundary. Therefore we should also sum over H1(X;Cgrb).
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of the (5d) gerbe b with a characteristic class of the flavor gauge fields suggests that there is a

nontrivial fibration, and perhaps even a useful 2-group structure [CDI18]. We leave this for future

investigation.

4.4 Cohomological Conditions For The Existence Of P phys

In this section, we show that the existence of the bundle P phys in equation (4.3.3) above implies

cohomological conditions linking the background gravity, flavor, and gerbe data.

Let us assume that the Gphys-bundle P phys → X exists. We choose a good cover of X, denoted

by {Up}p∈P , where P is some index set. Therefore, on double overlaps Upq := Up ∩ Uq, we have

transition functions,

tphyspq : Upq −→ Gphys , (4.4.1)

that satisfy the cocycle condition on triple overlaps Upqr := Up ∩ Uq ∩ Ur,

tphyspq (x)tphysqr (x)tphysrp (x) = 1Gphys , ∀x ∈ Upqr . (4.4.2)

We may choose the following transition functions for the bundles (pi)∗(P phys) of equation (4.3.5)

on overlaps: (
t̃+pq, t̃

−
pq

)
: Upq −→ Spin(4) ∼= SU(2)× SU(2) ,

t̃Rpq : Upq −→ SU(2)R ,

t̃ fpq : Upq −→ Tf ,

t̃ gpq : Upq −→ G̃gauge ,

(4.4.3)

such that19

tphyspq =
[(
t̃+pq, t̃

−
pq, t̃

R
pq, t̃

f
pq, t̃

g
pq

)]
. (4.4.4)

Note that our choice is ambiguous by(
t̃+pq, t̃

−
pq, t̃

R
pq, t̃

f
pq, t̃

g
pq

)
∼
(
t̃+pq, t̃

−
pq, t̃

R
pq, t̃

f
pq, t̃

g
pq

)
· α , (4.4.5)

where α ∈ Cphys. Therefore, the functions (4.4.3) need not individually satisfy the cocycle conditions.

We can therefore define Čech-cocycles

ζ±pqr := t̃±pq t̃
±
qr t̃

±
rp ,

ζ R
pqr := t̃Rpq t̃

R
qr t̃

R
rp ,

ζ f
pqr := t̃ fpq t̃

f
qr t̃

f
rp ,

ζgpqr := t̃ gpq t̃
g
qr t̃

g
rp .

(4.4.6)

19The equivalence class [·] in (4.4.4) arises from the quotient by Cphys, see (4.3.2).
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Then the cocycle condition (4.4.2) is equivalent to

(
ζ+pqr, ζ

−
pqr, ζ

R
pqr, ζ

f
pqr, ζ

g
pqr

)
∈ Cphys . (4.4.7)

From (4.3.6),

ζ−pqr = ζ+pqr = ζRpqr . (4.4.8)

We will also define ζspqr := ζ−pqr = ζ+pqr for the cocycle corresponding to the Spin(4) factor of G̃phys.

To derive cohomological conditions from (4.4.7), we need to identify what each cocycle represents.

By definition,

tgpq :=
[
t̃ gpq
]
: Upq −→ G̃gauge/Cgrb ∼= Ggauge , (4.4.9)

represents a choice of transition functions on the gauge bundle P gauge → X. The cocycle ζgpqr

represents the ’t Hooft flux of the gauge bundle, i.e., the obstruction to lifting the structure group

from Ggauge ∼= G̃gauge/Cgrb to G̃gauge:

µ(b) :=
[
ζgpqr

]
∈ H2

(
X;Cgrb

)
. (4.4.10)

The requirement just below (4.3.6) implies that ζspqr represents the second Stiefel-Whitney class of

TX:

w2(X) := w2(TX) =
[
ζspqr

]
∈ H2 (X;Z2) , (4.4.11)

which is the obstruction to X being spin. Similarly, ζRpqr represents the obstruction to lifting the

structure group of the R-symmetry bundle PR → X from SO(3)R to SU(2)R:

w2

(
PR
)
:=
[
ζRpqr

]
∈ H2 (X;Z2) . (4.4.12)

From (4.4.8), we immediately get the first cohomological condition, namely

w2(P
R) = w2(X) . (4.4.13)

Whenever we have hypermultiplets in the theory, the condition (4.4.7) can be written using item

2 above as

ρ
(
ζgpqr

)
ζspqrζ

f
pqr = 1 ⇐⇒ ζ fpqr = ρ

(
ζgpqr

)−1
ζspqr ∈ Tf . (4.4.14)

Note that (4.4.14) is equivalent to (4.4.7) when Cphys is the maximal admissible subgroup.20

20We emphasize that the condition (4.4.14) is not equivalent to (4.4.7) when Cphys is not the maximal admissible

subgroup. The simplest counterexample is when Z(G̃gauge) is a cyclic group with generator g. Consider

Cphys = ⟨(−1,−1,−1,−ρ(g)−1, g)⟩ .

In this case, Cphys is not the maximal admissible subgroup, and clearly,

p4(C
phys) ∼= Z(G̃gauge) , (p1 × p2)(C

phys) ∼= diag(Z3
2) .
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We can turn the condition (4.4.14) into a cohomological restriction on the background fields as

follows. Recall that we are choosing generic masses, so we are reducing the flavor symmetry to its

maximal torus. Note that as a representation of G̃gauge over C, there is an isotypical decomposition

(here we choose a complex structure on R):

ρ ∼=
⊕
u

ρu , (4.4.15)

where each summand ρu is an irreducible representation. Also, note that the irreducible represen-

tations for u ̸= u′ might be isomorphic. Choose an isomorphism:

Tf ∼=
∏
u

U(1)u . (4.4.16)

We let p4,u denote the projection of G̃phys to the uth component of (4.4.16).

Consider any irreducible subrepresentation ρu of ρ. Since Cgrb is finite Abelian, Schur’s Lemma21

implies that the image ρu(Cgrb) in Aut(ρu) is always a cyclic group acting by scalars. This image,

together with −1, generates a cyclic subgroup Zu ⊂ U(1). Note there is a canonical injective

homomorphism ρs : Z/2Z→ Zu. Moreover, the condition (4.3.8) implies that there is an inclusion

ι : p3,u(C
phys) ↪→ Zu and hence p3,u(Cphys) is isomorphic to Z/nuZ, thus defining a set of integers

{nu}.

Next, (p3,u)∗(P phys,∇phys) = (P f,u,∇f,u) is a well-defined principal U(1)/p3,u(Cphys)-bundle over

X with connection. We should think of ∇f,u as the “background gauge fields for the flavor symmetry.”

Let c1(u) ∈ H2(X;Z) be the first Chern class of the U(1)-bundle obtained by transfer of structure

group of P f,u along the isomorphism22

U(1)/p3,u(C
phys)

∼=−→ U(1) . (4.4.17)

Let rn : Z → Z/nZ denote reduction modulo n. The cocycle [ζ fpqr] is then a representative of

rnu(c1(u)) and is the obstruction to lifting P f,u to a U(1)-bundle along the quotient map U(1) →

Now, if g is not a square in Z(G̃gauge), the element (1, 1, 1, ρ(g)−1, g) ∈ Z3
2 × Z(Gf) × Z(G̃gauge) satisfies (4.4.14)

but is not an element of Cphys. More generally, whenever Cphys is a proper subgroup of the maximal admissible

subgroup, (4.4.14) is not equivalent to (4.4.7).
21We are working over C.
22Note that this isomorphism is not the nth

u -power map. More precisely, it is the usual isomorphism obtained from

the short exact sequence

1 −→ p3,u(C
phys)

ι−→ U(1)
Pnu−→ U(1) −→ 1 ,

where ι is the inclusion map and Pnu is the nth
u -power map.
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U(1)/p3,u(C
phys). The existence of P phys implies the following cohomological restriction on back-

ground fields (“background 1-form symmetry connections”):23

ρu(µ(b)) + ρs(w2(X)) + ι ◦ rnu(c1(u)) = 0 ∈ H2(X;Zu) , (4.4.18)

which must hold for all the irreducible subrepresentations of ρ.

We now show that (4.4.18) is equivalent to the existence of P phys when Cphys is the maximal

admissible subgroup and the flavor symmetry is Gf = U(1). In the case that Gf = U(1)d, we simply

take a fiber product.

Consider now a principal (G̃/Cgrb)-bundle P gauge with ’t Hooft flux µ(b) ∈ H2(X;Cgrb), a

R-symmetry bundle PR which is an SO(3)R-bundle with second Stiefel-Whitney class w2(P
R) ∈

H2 (X;Z2) and a flavor symmetry bundle P f which is a U(1)/p3(C
phys)-bundle. The condition

(4.3.8) implies that p3(Cphys) ↪→ Z ⊂ U(1) where Z is a subgroup generated by ρ(Cgrb) and −1.

There is an isomorphism,

p3(C
phys) ∼= Z/nZ , (4.4.19)

for some n ∈ Z>0. We also have the frame bundle Fr(X) which is an SO(4)-bundle with second Stiefel-

Whitney class w2(X) ∈ H2 (X;Z2). Moreover, assume that the cohomological conditions (4.4.13)

and (4.4.18) are satisfied. We now show that these bundles can be assembled into a Gphys-bundle

P phys → X. Indeed, take transition functions

tspq : Upq −→ SO(4) ,

tRpq : Upq −→ SO(3)R ,

tfpq : Upq −→ U(1)/p3(C
phys) ,

tgpq : Upq −→ G̃gauge/Cgrb ,

(4.4.20)

on P gauge,Fr(X), PR and P f respectively, and consider local lifts – as defined in (4.4.3) – to(
t̃+pq, t̃

−
pq

)
: Upq −→ Spin(4) ∼= SU(2)× SU(2) ,

t̃Rpq : Upq −→ SU(2)R ,

t̃ fpq : Upq −→ R ,

t̃ gpq : Upq −→ G̃gauge ,

(4.4.21)

where the lift t̃ fpq is along the homomorphism

π : R −→ U(1)/p3(C
phys)

x 7−→
[
exp

(
2πix

n

)]
,

(4.4.22)

23The second term in (4.4.18) is the image of w2(X) under the map ρs : H2(X;Z2) → H2(X;Zu) induced by the

canonical homomorphism ρs : Z/2Z→ Zu.
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where n is given by (4.4.19). Thus [
exp

(
2πit̃ fpq
n

)]
= tfpq . (4.4.23)

The first Chern class c1(f) ∈ H2(X;Z) of the U(1)-bundle obtained by transfer of structure group of

P f along the isomorphism U(1)/p3(C
phys) ∼= U(1) (see footnote 22) is represented by the cocycle

ηfpqr := t̃ fpq + t̃ fqr + t̃ frp : Upqr −→ Z . (4.4.24)

Also, define

ζ fpqr := exp

(
2πiηfpqr
n

)
, (4.4.25)

which is the cocycle representing the mod n reduction of c1(f). The cocycles for
(
t̃−pq, t̃

+
pq

)
, t̃Rpq and

t̃ gpq are denoted by (
ζ+pqr, ζ

−
pqr

)
: Upqr −→ diag(Z2

2) ,

ζRpqr : Upqr −→ Z2 ,

ζgpqr : Upqr −→ Cgrb = p4(C
phys) ,

(4.4.26)

respectively. The condition (4.4.13) implies that, perhaps after a change of local trivialization,

ζRpqr = ζ±pqr = ζspqr. If we take

tphyspq =
[(
t̃+pq, t̃

−
pq, t̃

R
pq, t

f
pq, t̃

g
pq

)]
, (4.4.27)

it follows that

tphyspq tphysqr tphysrp =
[(
ζ+pqr, ζ

−
pqr, ζ

R
pqr, ζ

f
pqr, ζ

g
pqr

)]
. (4.4.28)

Note that ζgpqr is valued in Cgrb and
(
ζ−pqr, ζ

+
pqr, ζ

R
pqr

)
is valued in (p1 × p2)

(
Cphys

)
and (4.4.18) implies

that

ρ
(
ζgpqr

)
ζspqrζ

f
pqr = 1 . (4.4.29)

As noted above, for maximal admissible subgroup Cphys, this is equivalent to the condition

(
ζ+pqr, ζ

−
pqr, ζ

R
pqr, ζ

f
pqr, ζ

g
pqr

)
∈ Cphys . (4.4.30)

Thus tphyspq satisfies the cocycle condition for Gphys and hence can be used to construct a principal

Gphys-bundle P phys.

We now show that in specific examples, (4.4.18) reduces to familiar conditions known from the

literature.
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1. Pure N = 2 Super Yang-Mills (SYM) Theory with gauge group Ggauge:

In this case, Cphys is constrained to be of the form

Cphys = diag
(
Z3
2

)
× Z , (4.4.31)

where Z is some subgroup of Z(G̃gauge). The only condition that we get from the existence of P phys

is that

w2(X) = w2(P
R) . (4.4.32)

2. SU(2) N = 2 SYM with fundamental flavors:

For fundamental hypermultiplets,

ρu(µ(b)) =: w2(P
gauge) ∈ H2(X;Z2) . (4.4.33)

If we choose not to “turn on the flavor bundle” so that c1 (u) = 0, (4.4.18) yields24

w2(P
gauge) = w2(X) = w2(P

R) , (4.4.34)

which was already noted in [MW97] for the twisted theory. If background U(1) flavor gauge bundles

are turned on, (4.4.18) reduces to

c1(u) ≡ w2(X) + w2(P
gauge) mod 2 , (4.4.35)

which is precisely the condition proposed in [AFM22]. (The condition (4.4.32) still applies.) We

stress again that – contrary to the viewpoint found in [AFM22, MW97] – these are conditions for

the physical theory, not just specific to topologically twisted theories.

3. N = 2∗ Theory:

Matter in the N = 2∗ theory consists of a massive adjoint hypermultiplet. Since the center of the

gauge group acts trivially on the adjoint representation, it follows that

ρu(µ(b)) = 0 . (4.4.36)

Thus, (4.4.18) yields

c1(u) ≡ w2(X) mod 2 . (4.4.37)

24Note that we get the same condition if the physical theory corresponds to the choice

Cphys ∼= ⟨(−1,−1,−1, 1,−1)⟩ .

Indeed, in this case (4.4.14) implies that ρ
(
ζgpqr

)
= ζspqr which implies w2(P gauge) = w2(X).
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Therefore, c1(u) can be identified with the characteristic class of a spinc-structure25 on X. This

condition was obtained in [LMn97, MM21]. (The condition (4.4.32) still applies.)

4. N = 4 Super Yang-Mills Theory:

Consider the d = 4 N = 4 super Yang-Mills theory. The field content consists of an N = 2

vectormultiplet and a massless adjoint hypermultiplet. The theory has an SU(4)R R-symmetry. So,

G̃phys = Spin(4)× SU(4)R × G̃gauge , (4.4.38)

and now Cphys is a subgroup of the center of G̃phys, which is

Z(G̃phys) = Z2 × Z2 × Z4 × Z(G̃gauge) . (4.4.39)

The structure group of the physical theory is Gphys = G̃phys/Cphys. The gauge, frame, and R-

symmetry bundles can be obtained via pushforward by the pertinent projection maps as in the

general discussion. We also have the identification (4.3.11).

The condition that the fields of the theory be singlets under Cphys along with (4.3.10) implies

that Cphys be a subgroup of the maximal admissible group defined by26

Cphys
max := {(ζ, ζ, ζ, g) ∈ Z2 × Z2 × Z4 × Z(G̃gauge)} , (4.4.40)

where in the last component, ζ is understood to be the image of the inclusion Z2 ↪→ Z4. Let us

now derive the cohomological condition from the existence of the Gphys-bundle P phys. Note that the

structure group of the R-symmetry bundle PR is SU(4)R/p3(C
phys) ∼= SU(4)R/Z2. Thus there is an

associated obstruction w2(P
R) ∈ H2(X,Z2) to lifting this bundle to an SU(4)R-bundle. Following

the same procedure as above, we find the cohomological condition

w2(X) = w2(P
R) . (4.4.41)

In Section 4.6.1, we will see that this theory admits three different twistings associated with three

pairs
(
Gtw
i , φ

tw
i : Gtw

i → Gphys
)

of twisting homomorphisms.

4.5 Dynamical And Background Fields In Lagrangian Theories

In order to define a quantum theory we need to choose a set of background fields Fbck and a fibration

π : Fphys → Fbck . (4.5.1)

25Recall that a spinc structure on Fr(X) is a reduction of structure group of Fr(X) from SO(4) to Spinc(4) = (Spin(4)×

U(1))/Z2 along the homomorphism Spinc(4) → Spin(4)/Z2
∼= SO(4).

26The fields in the N = 4 vectormultiplet are: a G̃-connection, an Ad(G̃)-valued Weyl fermion in the 4 of SU(4)R and

an Ad(G̃)-valued scalar in the 6 of SU(4)R. Thus, the invariance of the Weyl fermion under Cphys dictates the form

of Cphys
max . Scalars are automatically singlets under Cphys

max .
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The map π is not necessarily surjective. In principle, some background fields cannot be consistently

coupled to the quantum theory. However, for simplicity, we will write subsequent formulae as if

π were surjective. The dynamical fields are the fields in the fiber of π. Using the exponentiated

action e−S to define a (formal) measure, we (formally) integrate over the dynamical fields to produce

functions of the background fields. Thus, the process of path integration defines a pushforward, so

that the partition function Z := (π)∗(e
−S) defines a function on the space of background fields:

Fphys C

Fbck C .

πΛ

e−S

Z

(4.5.2)

Note that the process of path integration usually introduces a scale Λ. We can regard Λ as one

of the background fields, and if we wish to emphasize the scale dependence, we write (πΛ)∗ for

integration above background fields with fixed Λ. In the superconformal case, Λ can be replaced by

the ultraviolet coupling τuv, which is also a background field, and the path integral will depend on

τuv.

Now we choose our set of background fields to be

Fbck := {Λ,m, (P bck → X,∇bck), b,Φgrav} , (4.5.3)

where

(P bck → X,∇bck) := (p1 × p2 × p3)∗(P
phys → X,∇phys) , (4.5.4)

is a principal bundle with connection over X with structure group

Gbck :=
(
Spin(4)× SU(2)R ×Gf

)
/Cbck = (p1 × p2 × p3)(G

phys) . (4.5.5)

Note that Cbck is a subgroup of the center of Spin(4) × SU(2)R × Gf and note that the analog of

(4.3.11) also holds for Fbck. We might or might not wish to consider some subset of the gerbes b

to be dynamical.27 The choice of which subgroup of gerbes is dynamical leads to different gauge

theories for different gauge groups Ggauge ∼= G̃gauge/Cgrb with the same simply connected cover G̃gauge.

For simplicity, we will consider b to be nondynamical. In general, the fibration π is not a direct

product because the fiber of dynamical fields depends on the background fields. For example, the

set of dynamical gauge fields depends on the background gerbe b. Moreover, there are consistency

conditions on the background fields. See, for example, (4.4.18) above. See also Remark 4.2.2.

27If one adopts the quiche picture [FMT22, Fre22] then the five-dimensional field b is always dynamical. Moreover,

the isomorphism to the gauge theory gerbe is likewise dynamical. The distinction we discuss in this paragraph is

then phrased in terms of choices one makes on the topological boundary.
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It follows from the above discussion that the set of dynamical fields includes Φphys along with

the connection on the G̃gauge/Cgrb gauge bundle with connection obtained by transfer of structure

group associated with the projection homomorphism p1.

In Section 4.6, we will explicitly describe one topological twisting of an arbitrary Lagrangian d = 4

N = 2 theory (with generic masses) using a transfer of structure group based on a homomorphism

φtw : Gtw → Gphys, where

Gtw :=
(
Spin(4)× Tf × G̃gauge

)
/Ctw , (4.5.6)

where Ctw is a subgroup of the center of Spin(4)×Tf × G̃gauge. The key data that must be specified

are the Abelian group Ctw and the homomorphism φtw. We will take Ctw to be a finite group.

Moreover, we will require that the projection of Ctw to Z(Spin(4)) surjects to ⟨(−1,−1)⟩ ∼= Z2 so

that we can have equations (4.5.8) and (4.2.17). For simplicity, we restrict the discussion to the case

where G̃gauge is a simple group.

The fields of the twisted theory are in part determined by the bundle with connection (P tw →

X,∇tw) for structure group Gtw, (which must satisfy a condition analogous to (4.3.11)). We can

write the fields of the twisted theory informally as:

F tw := {τ,m, (P tw → X,∇tw),Φtw, b} , (4.5.7)

where Φtw ∈ Γ(Etw) and Etw → X is a suitable bundle associated to P tw → X, and

φtw
∗ (P tw → X,∇tw,Φtw) = (P phys → X,∇phys,Φphys) . (4.5.8)

The choice of Gtw,bck and φtw,bck (cf. Section 4.2) is such that there is a commutative diagram

F tw Fphys C

F tw,bck Fbck C ,

φtw
∗

πΛ

e−S

πΛ

φtw,bck
∗ Z

(4.5.9)

where

Gtw,bck := (Spin(4)× Tf)/Ctw,bck , (4.5.10)

F tw,bck := {m, (P tw,bck,∇tw,bck), b} , (4.5.11)

such that Z◦φtw,bck
∗ is locally constant as a function of (P tw,bck,∇tw,bck). Again, given the key choices

of Ctw and φtw, the finite Abelian group Ctw,bck and the homomorphism φtw,bck
∗ are determined by

the integration process associated to πΛ. Once again, we note that in the superconformal case,

F tw,bck also includes the ultraviolet coupling, and the topologically twisted partition function will

depend on it.
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Imposing once again equation (4.3.11) we see that the partition function of the topologically

twisted theory again depends on the generalized spinc structure, and no other background field

data, aside from the diffeomorphism type of X and the ’t Hooft fluxes.

4.6 Twisting General Renormalizable Lagrangian 4d N = 2 Theories

In this section, we will describe the choices Ctw and φtw for a general d = 4 N = 2 gauge theory

with a simple gauge group, which give us a topologically twisted version of the theory.

In order to construct the structure group Gtw of a topologically twisted theory we begin by

defining H := p4(C
phys)×Z2 and we construct a homomorphism

φGρ : H → Tf , (4.6.1)

where Tf is a maximal torus of the flavor group. To construct it, we start with the isotypical

decomposition of ρ, as in Section 4.4,

ρ ∼=
⊕
u

ρu , (4.6.2)

which gives us an isomorphism

Tf ∼=
∏
u

U(1)u . (4.6.3)

As in Section 4.4, for each irreducible representation ρu,

⟨ρu(p4(Cphys)),−1⟩ ⊂ Aut(ρu) , (4.6.4)

is a finite cyclic group isomorphic to Z/nuZ for some positive integer nu ∈ Z>0. We consider this

cyclic group to be the standard cyclic group of roots of unity in U(1). Then we define

φGρ (g, ζ) :=
∏
u

(
ρu(g

−1)ζ
)
. (4.6.5)

Now define

G̃tw := Spin(4)× Tf × G̃gauge . (4.6.6)

Writing a typical element of G̃tw as ((u1, u2), µ, g), where (u1, u2) ∈ Spin(4) ∼= SU(2)×SU(2), µ ∈ Tf

and g ∈ G̃gauge, there is a crucial homomorphism based on the Witten homomorphism:

φ : G̃tw −→ G̃phys ,

φ((u1, u2), µ, g) := ((u1, u2), u2, µ, g) ,
(4.6.7)

Now, define an injective homomorphism

ψtw : H −→ Z(G̃tw)

(g, ζ) 7−→ ψtw(g, ζ) := (ζ, ζ, φGρ (g, ζ), g) ,
(4.6.8)
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and observe that

φ(ψtw(H)) ⊂ Cphys , (4.6.9)

when Cphys is the maximal admissible subgroup. In the notation of Section 4.3, we can take Ctw =

ψtw(H) when Cphys is the maximal admissible subgroup. In general, we will take:

Ctw =
{
(ζ, ζ, µ, g) : (ζ, ζ, ζ, µ, g) ∈ Cphys

}
. (4.6.10)

In any case, φ descends to a homomorphism

φ : Gtw := G̃tw/ψtw(H) −→ Gphys = G̃phys/Cphys . (4.6.11)

and in the notation of Section 4.3,

φtw = φ . (4.6.12)

Using the condition (4.4.18), one can show that the transition functions

ttwpq := [((t̃+pq, t̃
−
pq), t̃

f
pq, t̃

g
pq)] : Upq −→ Gtw =

Spin(4)× Tf × G̃gauge

ψtw(H)
, (4.6.13)

where the various components are the components of tphyspq as in (4.4.4), satisfy the cocycle condition.

Thus we can construct a principal Gtw-bundle P tw with transition functions ttwpq. The physical

bundle P phys with connection is then obtained by transfer of structure group from the P tw bundle

with connection under the map induced by the group homomorphism φ : Gtw → Gphys.

4.6.1 Three Inequivalent Twistings of 4d N = 4 Super Yang-Mills Theory

In this section, we describe the three inequivalent twistings of 4d, N = 4 super Yang-Mills theory

discussed in [Yam88, VW94, Mar95, DPW20], using the transfer of structure group. The three

twisting homomorphisms are based on the three homomorphisms Spin(4) → SU(4) discussed in

[VW94]:

1. The first homomorphism Spin(4) → SU(4) is chosen such that the 4 of SU(4) decomposes

to (2,1) ⊕ (1,2) under pullback. This corresponds to the Geometric Langlands (GL) twist

[KW06], originally discussed in [Yam88, Mar95].

2. The second homomorphism Spin(4) → SU(4) is chosen such that the 4 of SU(4) decomposes to

(1,2)⊕ (1,1)⊕ (1,1) under pullback. This corresponds to the usual Donaldson-Witten (DW)

twist, thinking of the N = 4 theory as an N = 2 theory [Wit88].

3. The third homomorphism Spin(4) → SU(4) is chosen such that the 4 of SU(4) decomposes to

(1,2)⊕ (1,2) under pullback. This corresponds to the Vafa-Witten (VW) twist [VW94].
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We now describe the twisting group Gtw and twisting homomorphisms φtw : Gtw → Gphys in each

case. The notation in this section follows Example 4.4 above.

1. Define
G̃tw

1 = Spin(4)× U(1)R × G̃gauge ,

Ctw
1 = {(ζ, ζ, 1, g) : (ζ, ζ, ζ, g) ∈ Cphys} .

(4.6.14)

The twisting group is Gtw
1 = G̃tw

1 /C
tw
1 . The twisting homomorphism is given by

φGL
1 : G̃tw

1 −→ G̃phys(
(u1, u2) , e

iθ, g
)
7−→

(
(u1, u2) , diag

(
eiθu1, e

−iθu2
)
, g
)
,

(4.6.15)

where (u1, u2) ∈ SU(2)× SU(2) ∼= Spin(4). Then φGL
1 descends to a homomorphism

φGL
1 : Gtw

1 −→ Gphys . (4.6.16)

The U(1)R factor in G̃tw reflects the fact that a U(1) subgroup of SU(4) commutes with the

image of the first homomorphism Spin(4) −→ SU(4) and hence is a residual R-symmetry of the

twisted theory.

2. Define
G̃tw

2 = Spin(4)× U(2)R × G̃gauge ,

Ctw
2 =

{
(a, a, 1, g) : (a, a, a, g) ∈ Cphys

}
.

(4.6.17)

The twisting group is Gtw
2 = G̃tw

2 /C
tw
2 . The homomorphism is given by

φDW
2 : G̃tw

2 −→ G̃phys((
u1, u2

)
, u, g

)
7−→

((
u1, u2

)
, diag

(
u2√
detu

, u
)
, g
)
.

(4.6.18)

Then φDW
2 descends to a homomorphism

φDW
2 : Gtw

2 −→ Gphys . (4.6.19)

The U(2)R factor in G̃tw reflects residual R-symmetry of the twisted theory.

3. Define
G̃tw

3 = Spin(4)× SU(2)R × G̃gauge ,

Ctw
3 =

{
(ζ, ζ, 1, g) : (ζ, ζ, ζ, g) ∈ Cphys

}
.

(4.6.20)

The twisting group is Gtw
3 = G̃tw

3 /C
tw
3 . To define the twisting homomorphism, introduce the

map

f : SU(2)× SU(2)R −→ SU(4)R(
u,
(

α β
−β̄ ᾱ

))
7−→

(
αu βu
β̄u ᾱu

)
.

(4.6.21)
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It is easy to check that f is a well-defined homomorphism. We define the twisting homomor-

phism by

φVW
3 : G̃tw

3 −→ G̃phys

((u1, u2) , u, g) 7−→ ((u1, u2) , f (u2, u) , g) .
(4.6.22)

Clearly, φVW
3 descends to a homomorphism

φVW
3 : Gtw

3 −→ Gphys . (4.6.23)

Again, the twisted theory has residual SU(2)R R-symmetry.

4.7 Independence Of Topological Correlators Under Continuous Defor-

mation Of Background Connection

In equation (4.2.16) et. seq., we gave a general argument that backgrounds defined via transfer of

structure group satisfying (4.2.16) will have partition functions that are invariant under continuous

deformations of the background connections. In this section, we review the more traditional argu-

ment that applies to Lagrangian field theories. We begin by spelling out the sublocus of topologically

twisted fields and the twisted action in more detail.

The rules of d = 4 N = 2 supersymmetry dictate that Φphys be a section of the direct sum of

Gphys-vector bundles associated to the representations listed in Tables 4.1 and 4.2.

Description Representation under Gphys

scalar (1,1,1,1, adj)

scalar (1,1,1,1, adj)

Weyl spinor (2,1,2,1, adj)

Weyl spinor (1,2,2,1, adj)

Auxiliary field (1,1,3,1, adj)

Table 4.1: Matter fields of an untwisted off-shell Ggauge vectormultiplet. The scalars are not related

by complex conjugation.
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Description Representation under Gphys

Scalar (1,1,2, def, ρ)

Weyl spinor (2,1,1, def, ρ)

Weyl spinor (1,2,1, def, ρ)

Table 4.2: Fields of an untwisted on-shell hypermultiplet. Note that ρ is a quaternionic represen-

tation of G̃ and def denotes the defining representation of Tf . The condition that the tuple in the

second column is a representation of Gphys fixes the charges of various hypermultiplet fields under

the U(1)u factor of Tf to be integral multiples of 1
nu

.

The Gphys-connections ∇phys form a torsor for Ω1
(
P phys; adP phys

)
. Only the Ggauge-connection is

dynamical. The other components of the Gphys-connection correspond to background fields. Topolog-

ical twisting then picks out a sublocus of those background connections consistent with the transfer

of structure group (4.5.8) as will be explained below.

To determine the sublocus of topologically twisted matter fields, we pull back the representations

in Tables 4.1 and 4.2 to representations of Gtw by precomposing with φtw. By a simple group theory

argument, we obtain the irreducible representations of Gtw listed in Tables 4.3 and 4.4. We choose

a complex structure on the quaternionic representation ρ, so that

ρ ∼= ϱ⊕ ϱ , (4.7.1)

where ϱ is the complex conjugate representation of ϱ. Various matter fields in Table 4.2 can then

be decomposed under the decomposition (4.7.1). The fields M.
α and M̃.

α are the pullbacks of the

hypermultiplet scalars decomposed into two su(2)R-doublet scalars. In particular, M.
α and M̃.

α are

related by complex conjugation.

Description Local chart component Grassmann parity Rep. under Gtw

Scalar ϕ ∈ Ω0(X; adP phys) even (1,1,1, adj)

Scalar ϕ̃ ∈ Ω0(X; adP phys) even (1,1,1, adj)

1-form gaugino ψµ ∈ ΠΩ1(X; adP phys) odd (2,2,1, adj)

0-form gaugino η ∈ ΠΩ0(X; adP phys) odd (1,1,1, adj)

SD 2-form gaugino χµν ∈ ΠΩ2,+
g (X; adP phys) odd (1,3,1, adj)

SD 2-form auxiliary field Dµν ∈ Ω2,+
g (X; adP phys) even (1,3,1, adj)

Table 4.3: Matter fields of the twisted off-shell N = 2 vectormultiplet.
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Description Local chart component
Grassmann

parity
Rep. under Gtw

Monopole field M.
α ∈ Γ(S− ⊗ Etw) even (1,2, def, ϱ)

Conjugate monopole field M̃
.
α :=

(
M.
α

)† ∈ Γ(S− ⊗ E
tw
) even (1,2, def, ϱ)

Weyl fermion µα ∈ ΠΓ(S+ ⊗ Etw) odd (2,1, def, ϱ)

Weyl fermion λ̃.α ∈ ΠΓ(S− ⊗ Etw) odd (1,2, def, ϱ)

Weyl fermion µ̃.α ∈ ΠΓ(S− ⊗ E
tw
) odd (1,2, def, ϱ)

Weyl fermion λα ∈ ΠΓ(S+ ⊗ E
tw
) odd (2,1, def, ϱ)

Auxiliary Weyl spinor hα ∈ Γ(S+ ⊗ Etw) even (2,1, def, ϱ)

Auxiliary Weyl spinor h̃α ∈ Γ(S+ ⊗ E
tw
) even (2,1, def, ϱ)

Table 4.4: Fields of the twisted off-shell N = 2 hypermultiplet.

These fields are collectively denoted by Φtw. Finally there is a Gtw-connection ∇tw on P tw

satisfying the requirement analogous to (4.3.11). The transfer of structure group from P tw to P phys

along the homomorphism φtw : Gtw → Gphys then determines the connection φtw
∗ (∇tw) on P phys. The

background fields in the physical theory are determined by the pushforward (4.5.8). The connections

that enter the action are given by pushforwards of φtw
∗ (∇tw) via the transfer of structure group of

P phys to P gauge, Fr(X), PR and P f,u. These connections are listed in Table 4.5.

Connection Bundle Local chart component Dynamical/Background

(p1)∗ (φ
tw
∗ (∇tw)) Fr(X) ωµ Background

(p2)∗ (φ
tw
∗ (∇tw)) PR (ω+)µ Background

(p3,u)∗ (φ
tw
∗ (∇tw)) P f,u Au

µ Background

(p4)∗ (φ
tw
∗ (∇tw)) P gauge Aµ Dynamical

Table 4.5: Various dynamical and background connections in the physical theory obtained by push-

forward of ∇tw, see Section 4.4 for the definition of various bundles. Here ω+ denotes the self-dual

part of the Levi-Civita connection.

Note that the requirement analogous to (4.3.11) for (P tw,∇tw) forces the connection ωµ on

Fr(X) to be the LC connection ωLC and the twisting homomorphism φtw forces the connection on

the R-symmetry bundle PR to be the SD part ωLC
+ of the LC connection.

The supercharges are in the representation (1,2,1,2,1) ⊕ (1,1,2,2,1) of Gphys. They can be

pulled back to representations of Gtw. Again, simple group theory arguments show that there is a
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supercharge Q singlet under Gtw. The supersymmetry algebra implies that

Q2 = −1

2
Z , (4.7.2)

where Z is the generator of the central charge in the physical theory (the action of which on fields is

given in Table 4.6; fields of the vectormultiplet are neutral under Z). Using the action of supercharges

in the physical theory, we obtain the action of Q on Φtw and on the connections in Table 4.5.

One should think of Q as an odd vectorfield on the supermanifold of all fields, background,

and dynamical. There is a sub-supermanifold where the background fermions are set to zero, and

we will write down the action of Q on this submanifold. There is no off-shell formulation of an

untwisted N = 2 hypermultiplet with a finite number of auxiliary fields, but there exists one for the

twisted hypermultiplet [KR88].28 One introduces spinorial, Grassmann-even auxiliary fields hα and

h̃α [KR88, LMn05, HPP95]. The Q-action on fields is:

[Q, ϕ] = 0 , [Q, ϕ̃] = η , {Q, η} = [ϕ, ϕ̃] ,

[Q, Aµ] = ψµ , {Q, ψµ} = −Dµϕ ,
[
Q,Au

µ

]
= 0 ,

{Q, χµν} = F+
µν −Dµν , [Q, Dµν ] = 2

(
D[µψν]

)+ − [ϕ, χµν ] , [Q, ωµ] = 0 ,[
Q,M.

α

]
= µ̃.α ,

[
Q, M̃.

α

]
= λ̃.α ,

{Q, µ̃.α} = mM.
α − ϕM.

α ,
{
Q, λ̃.α

}
= −mM̃.

α + M̃.
αϕ ,

{Q, λα} = hα, {Q, µα} = h̃α ,

[Q, hα] = mλα − ϕλα , [Q, h̃α] = −mµα + µαϕ .

(4.7.3)

The central charge acts as multiplication by ±m on the hypermultiplet fields. The ±1 factors in the

action of Z,Z on various hypermultiplet fields are shown in Table 4.6.

28The fact that the untwisted off-shell N = 2 hypermultiplet requires infinitely many auxiliary fields is perhaps most

elegantly seen in the formalism of projective superspace [LR90, LR08]: here, the hypermultiplet superfield is an

infinite series in a twistorial coordinate ζ ∈ CP1, with infinitely many coefficients corresponding to the infinitely

many auxiliary fields. The off-shell twisted N = 2 hypermultiplet with a finite number of auxiliary fields was given

in [KR88], the authors having arrived at it by explicit construction. It would be interesting to understand this

from a projective superspace viewpoint, but we leave this for future work. Finally, we note that among the two

presentations of the off-shell twisted N = 2 hypermultiplet transformations in the book [LMn05], their equations

(5.51) do not close off-shell: in their language, the supersymmetry variation δ satisfies δ2φ ̸∼ φ and, in fact,

δ4φ ∼ φ for a typical hypermultiplet field φ. Their second presentation, namely equations (5.56) in [LMn05], does

close off-shell, and that is what we use.
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Field Central charge (Z,Z)

M (−1, 1)

M̃ (1,−1)

λ (−1, 1)

λ̃ (1,−1)

µ (1,−1)

µ̃ (−1, 1)

h (−1, 1)

h̃ (1,−1)

Table 4.6: The action of (Z,Z) on various fields is given by the signs multiplying m.

From (D.4.151), Q squares to a gauge transformation plus a central charge transformation:

Q2 = −1

2
δcentral−charge
m + δgaugeϕ , (4.7.4)

where the subscript m is the parameter (a mass) for the central charge transformation.

To formulate an action for the twisted theory, we begin with the action for the physical theory

with fields Φphys, τ , m and ∇phys and then specialize the connection ∇phys to the pushforward of ∇tw

and express Φphys in terms of Φtw. Here Aµ and Au
µ are YM and U(1) connections respectively, while

ωµ, (ω+)µ are gravitational connections. A sensible way to formulate the action is in terms of a(
Ggauge × Tf

)
-gauge theory with matter coupled to background N = 2 conformal supergravity (where

the Tf vectormultiplet is treated as a nondynamical background vectormultiplet), with fermions in

the supergravity multiplet and Tf -vectormultiplet set to zero (to ensure a Q-exact energy-momentum

tensor). Note that Au
µ is a U(1)/p3,u(C

phys)-connection, and p3,u(Cphys) ∼= Z/nuZ. Thus,

Au
µ =

1

nu
Buµ , (4.7.5)

where Buµ is a U(1)-connection in the U(1)u-factor of the Tf -vectormultiplet.

Furthermore, the scalars in the Tf -vectormultiplets are set equal to the bare mass parameters:

since m ∈ Lie
(
Gf
)
⊗ C and Gf breaks to Tf , m can be identified with rank(Tf) complex parameters

mu, for u = 1, . . . , rank
(
Tf
)
. Let ϕu, ϕ̃u for u = 1, . . . , rank

(
Tf
)

denote the scalars in the Tf -

vectormultiplets. Then we set29

ϕu = −mu, ϕ̃u =
mu

2
, u = 1, . . . , rank

(
Tf
)
. (4.7.6)

29The rescalings are chosen to make contact with the vectormultiplet action of [CMRS23].
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Finally choose generators {T a}dim(Ggauge)
a=1 for Lie(Ggauge) and {Tu}rank(T

f)
u=1 and denote the components

of the bilinear form τ in this basis by30 τab, τuv. Also, let

T aρ = T aϱ ⊕ T aϱ , (4.7.7)

be the representation matrix of the generators {T a}dim(Ggauge)
a=1 of Lie(Ggauge) under ρ. The action can

be written using the results of [dWLVP85, KR88, CMRS23]. It is given by31

Stwisted
N=2+bck = Stwisted

vec + Stwisted
hyp + Stop , (4.7.8)

where

Stwisted
vec =

1

4π

∫
vol(g) Im τab

[
1

4
F aµνF

µν,b − 1

2
Da
µνD

µν,b − 2χaµνD
µψν,b +

1

2
χaµν [ϕ, χ

µν ]
b

− ηaDµψ
µ,b + ϕ̃aDµD

µϕb − 1

2
ϕa[η, η]b − 1

2
[ϕ, ϕ̃]a[ϕ, ϕ̃]b − ϕ̃a [ψµ, ψ

µ]
b

]
, (4.7.9)

Stwisted
hyp =

∫
vol(g)

[
−h̃ασρ

α
.
α
DρM

.
α +DρM̃

.
ασ̃ρ.

αα
hα − h̃αhα −m2M̃.

αM
.
α +mM̃.

αϕM
.
α

− 2mM̃.
αϕ̃M

.
α + λ̃.α (σ̃ρσ)

.
α
.
β
M .
β
χρσ + ηλ̃.αM

.
α − M̃

.
ασ̃ρσ.

α
.
β
µ̃
.
βχρσ

− ηM̃.
αµ̃

.
α + λασµ

α
.
β
Dµλ̃

.
β − M̃.

α (σ̃
ρ)

.
αα
λαψρ + µασρ

α
.
β
M

.
βψρ

+ µασρ
α
.
β
Dρµ̃

.
β + µαϕλα − 2λ̃.αϕ̃µ̃

.
α −mµαλα −mλ̃.αµ̃

.
α

+ M̃.
α{ϕ, ϕ̃}M

.
α −M̃(

.
αF

.
α
.
βM .

β)
+ M̃(

.
αD

.
α
.
βM .

β)

]
, (4.7.10)

Stop :=
i

32π

∫
X
τab(F

a ∧ F b) + i

32π

∫
X
τuv(F

u ∧ F v) . (4.7.11)

Here F and Fu are the field strengths of the dynamical gauge field Aµ and the background U(1)u-

connection Buµ , and the covariant derivatives are given by32

Dµϕ̃ = ∂µϕ̃+ [Aµ, ϕ̃] , (4.7.12)

Dµϕ = ∂µϕ+ [Aµ, ϕ] , (4.7.13)

Dµψν = ∂µψν − Γµν
ρψρ + [Aµ, ψν ] , (4.7.14)

DµM
.
α
u = ∂µM

.
α
u − 1

2
ωµ

a b(σ̃a b)
.
α.
β
M

.
β
u +AaµT

a
ϱM

.
α
u +

qu
nu
BuµM

.
α
u , (4.7.15)

DµM̃
.
αu = ∂µM̃

.
αu − 1

2
ωµ

a b(σ̃a b)
.
α.
β
M̃

.
βu +AaµT

a
ϱ M̃

.
αu − qu

nu
BuµM̃

.
αu , (4.7.16)

Dµλ̃
.
αu = ∂µλ̃

.
αu − 1

2
ωµ

a b(σ̃a b)
.
α.
β
λ̃
.
βu +AaµT

a
ϱ λ̃

.
αu +

qu
nu
Buµλ̃

.
αu , (4.7.17)

Dρµ̃
.
α
u = ∂ρµ̃

.
α
u − 1

2
ωρ

a b(σ̃a b)
.
α.
β
µ̃
.
β
u +AaρT

a
ϱ µ̃

.
α
u − qu

nu
Buρ µ̃

.
α
u , (4.7.18)

30Note that there are no cross terms because of Ad(Ggauge ×Gf)-invariance of τ .
31Our conventions for differential forms are the same as [CMRS23], but for spinor index contractions and self-duality

differ mildly: we contract spinor indices using the North-West-South-West convention, and we write a self-dual

tensor χµν in dotted spinor indices as the symmetric object χ
(
.
α
.
β)

.
32There is no sum over the repeated index u in the covariant derivatives.



205

where ωµa b is the spin connection. The factor of qu
nu

in the covariant derivatives above comes from

the charge qu ∈ Z of hypermultiplet fields under U(1)u. Using the relation (4.7.5) we see that

these covariant derivatives are local expressions for ∇tw on suitable associated Gtw-vector bundles.

Moreover, since Fu is the curvature for the background U(1)u-connection Buµ , we have[
Fu

2π

]
= c1(u) , u = 1, . . . , rank(Tf) , (4.7.19)

where c1(u) is as in (4.4.18). It turns out that the action is Q-exact up to topological terms:

Stwisted
N=2+bck = {Q,V}+ Stop , (4.7.20)

where

V := Vvec + Vhyp , (4.7.21)

Vvec :=
1

4π

∫
X
vol(g) Im τab

(
1

4
χµν,a

(
F+
µν +Dµν

)b − 1

4
ηa[ϕ, ϕ̃]b +

1

2
ψµ,aDµϕ̃

b

)
, (4.7.22)

Vhyp :=

∫
X
vol(g)

(
DµM̃

.
ασ̃µ.

αα
λα +DµM

.
ασ̃µ.

αα
µα +

1

2
mλ̃.αM

.
α − 1

2
µαh

α − 1

2
mM̃

.
αµ̃.α

+
1

2
h̃αλ

α +
1

2

(
M̃

.
αϕ̃µ̃.α + λ̃

.
αϕ̃M.

α

)
− M̃ (

.
αχ.

α
.
β
M

.
β)

)
. (4.7.23)

Since V and Stop are gauge invariant and invariant under the action of central charge (see Table

4.6), it follows that on a closed 4-manifold,

{
Q,Stwisted

N=2+bck

}
= 0 . (4.7.24)

The response currents to variations of the background metric and background U(1) connections are

Q-exact as a result of Q-exactness of the action. Thus the twisted partition function and topological

correlators are formally locally constant as a function of the background connections.

4.7.1 Non-Abelian Monopole Equations

Given that the action is Q-exact up to a topological term, one can show that the path integral

localizes to supersymmetric backgrounds i.e., solutions of Q-fixed equations with fermions set to

zero. From (D.4.151), we see that supersymmetric configurations correspond to the solutions of the

following Q-fixed equations:

Da.
α
.
β
= F a.

α
.
β
,

hαu = 0 ,

h̃uα = 0 ,


a = 1, . . . , dim(Ggauge) ,

u = 1, . . . , rank(Tf) .
(4.7.25)
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Setting the auxiliary fields of the dynamical vectormultiplets and hypermultiplets to their equations

of motion

Da.
α
.
β
= 2M̃u

(
.
α
T aϱM .

β)u
,

hαv = σµ
α
.
α
DµM

.
α
v ,

h̃vα = −DµM̃
.
αvσ̃µ.

αα
,


u summed over ,

v = 1, . . . , rank(Tf) ,
(4.7.26)

yields

F a.
α
.
β
− 2M̃u

(
.
α
T aϱM .

β)u
= 0 ,

σµ
α
.
α
DµM

.
α
v = 0 ,

σµ
α
.
α
DµM̃

.
αv = 0 ,


u summed over ,

v = 1, . . . , rank(Tf)
. (4.7.27)

These Q-fixed equations are called non-Abelian monopole equations [LMn95, HPP95, LNS97, PT95,

Wit99] and are generalizations of both the usual ASD instanton equations and the “monopole” or

“Seiberg-Witten” equations [Wit94]. We can write these equations in coordinate-free notation as

follows: the monopole field M is a section of the associated Gtw-vector bundle associated with the

representation (1,2, def, ϱ). Denote this vector bundle by Emon. The conjugate monopole field M̃ is

a section of the associated Gtw-vector bundle associated to the representation (1,2, def, ϱ). Denote

this vector bundle by E
mon

. On every local chart (U, xµ) on X, there is a natural bilinear map:

µ : Γ(E
mon

)× Γ(Emon) −→ Ω2,+(U ; adP gauge)

(M̃,M) 7−→ 1

2!

(
1

2
e aµ e

b
ν σ̃

.
α
.
β

a b M̃
u
(
.
αT

a
ϱM .

β)u
T a
)
dxµ ∧ dxν ,

(4.7.28)

where we have chosen a local section s : U → P tw to write

M̃ = [(s, M̃u.
αm)] , M = [(s,Mn.

αu)] , (4.7.29)

where m and n are indices for the representations ϱ and ϱ respectively. We have chosen a basis

for the orthonormal frame bundle with vielbein eµ
a in the local chart. Finally as noted before, Dµ

acting on M̃ and M is the Dirac operator coupled to E
mon

and Emon respectively. The monopole

equations can then be written as

F+
(
(p4)∗(∇tw)

)
= 2µ(M̃,M) , /DEmonM = 0 , /DE

monM̃ = 0 , (4.7.30)

where F+ ((p4)∗(∇tw)) is the SD part of the curvature of the Ggauge-connection (p4)∗(∇tw) on P gauge

and /D = σ̃µDµ. This allows us to generalize the non-Abelian monopole equations to any compact,

simple gauge group.

The path integral for topological correlators and the partition function formally localizes to the

moduli space of non-Abelian monopole equations. After performing the path integral, we obtain

topological invariants which depend on the first Chern classes c1(u) and the background fields
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ρu(µ(b)) for “1-form symmetries” constrained according to (4.4.18). This topological dependence on

the background fields arises from the topological terms Stop in the action.

In conclusion, after integrating out the dynamical fields, we obtain a twisted partition function

depending only on the data 1–3.

4.8 Topological Twisting Of General Class S Theories

We now turn to class S theories. In general, we cannot apply the general discussion of Sections

4.3-4.7 because in general class S theories are non-Lagrangian. (Theories of type A1 are Lagrangian,

and this is a notable and important exception.)

4.8.1 Pants Decompositions

As noted in [GMN09, Gai09], weak coupling regimes are determined by a pants decomposition of

the ultraviolet curve Cg,n used to define the theory. Here g is the genus and n is the number of

punctures.

Recall that a pants decomposition of a stable Riemann surface Cg,n [Hat] is a maximal collection

of pairwise disjoint simple closed curves (also called cutting curves or cuffs).33 For a given connected

surface Cg,n, any pants decomposition will consist of (2g − 2 + n) pairs of pants.34 Moreover, any

pants decomposition consists of (3g − 3 + n) internal cutting curves and n external cutting curves.

We denote a typical pants decomposition by a list of cutting curves:

p = {c1, . . . , c3g−3+2n} . (4.8.1)

The complement of these curves in Cg,n is a collection of (2g − 2 + n) pairs of pants35 (also called

trinions).

In these regimes, we can express the theory as a gauge theory, coupled to possibly non-Lagrangian

theories associated with the trinions. The key point is that we need only study general properties

of the partition functions of these (possibly non-Lagrangian) trinion theories in the presence of

33A simple closed curve on X is a map c : [0, 1] → X that is closed, i.e., c(0) = c(1), and also injective as a map

[0, 1) → X. Following [MM21], we will refer to cutting curves surrounding the punctures as external cutting curves,

and cutting curves ci associated with gauge groups as internal cutting curves. In the mathematical literature, only

the internal cutting curves are counted as cuffs.
34The Euler characteristic χ(Cg,n) = 2 − 2g − n of a stable Riemann surface is negative, this excludes C0,0, C0,1,

C0,2, and C1,0. Strictly speaking, one should distinguish between boundary components and punctures (the latter

being marked points in the interior of the closure of the surface). Here the n “punctures” are obtained by removing

n small open disks from the surface.
35A pair of pants (hereafter abbreviated simply to “pants”) is a surface homeomorphic to C0,3.
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background fields. This is all that is needed to discuss the analogues of the cohomological conditions

(4.4.18) and the twisting procedure.

4.8.2 Trinion Theories

The trinion theory36 T [g, Dp1 , Dp2 , Dp3 ] is a relative field theory. We would like to gauge a collection

of trinion theories to produce a class S theory, and we would like the latter to be an absolute 4d

theory that can be defined on all standard four-manifolds. We will make the conservative assumption

that this requires each component trinion theory to be an absolute theory definable on all standard

four-manifolds.37

It is thought that the trinion theory can be defined as an absolute 4d theory once some extra

data is specified [Tac13a]. For the trinion theory, it is argued in [Tac13a] that the only extra data is

a choice of global form of the symmetry group. (Equivalently, a choice of global form of the group

is used to define the Hitchin system.) We simply denote this extra data as L so the absolute theory

is denoted T [g, Dp1 , Dp2 , Dp3 ;L].

For our considerations, we need to know the global symmetry group of the theory, not just its

Lie algebra. The group form of the symmetry group of class S theories in general has been studied

in [Tac13a, ADZGEH20, Bha21, BHSN21, BGHSN22, GEHLS21, DZGE22, HLL+22, G̊23].38 The

viewpoint presented in this chapter, based on remarks from Section 4.2, differs slightly from the above

references. We regard the global symmetry as a choice based on the choice of domain category in

the functorial formulation of field theory.

To each puncture p we associate a global symmetry algebra gflp and we denote by G̃p a Lie group

with this algebra which is a product of a simply connected semi-simple Lie group and a torus.

(Specification of the torus requires further discussion, not found here.) We can then define a theory

T [g, Dp1 , Dp2 , Dp3 ;L] with symmetry group of the form

G̃T = Spin(4)× SU(2)R × G̃p1 × G̃p2 × G̃p3 . (4.8.2)

Since, as we have mentioned, the theories T [g, Dp1 , Dp2 , Dp3 ;L] are in general non-Lagrangian it is

36As noted in Section 4.9, the trinion theory is a class S theory on a three-punctured sphere. The notation

T [g, Dp1 , Dp2 , Dp3 ] specifies the gauge algebra of the 6d theory and the puncture data Dp1 , Dp2 , Dp3 at the three

punctures. The data at a regular puncture p includes a reductive Lie algebra gp and a homomorphism ρ : su(2) → gp,

among other things. The flavor symmetry algebra fflp at puncture p is given by the centralizer of the image of ρ in

gp. See [CDT12, Tac13b, Tac15], for a more complete discussion of the punctures in class S theories.
37It would be interesting if one could relax this conservative assumption by gauging the relative trinion theories to

produce an absolute theory.
38See also [BDZH22, BDZHK22] for some recent work on generalized global symmetries of class S theories.
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very useful to adopt the functorial viewpoint of what is meant by a “theory” as in Section 4.2. Thus,

we take a “theory” to be a functor

Z̃T : BordF̃≤4 → VECT , (4.8.3)

where F̃ is a set of background fields that includes the groupoid of principal G̃T bundles with

connection. We identify the Spin(4) factor with the covering group of the tangent bundle of X, and

hence the bordism category BordF̃≤4 only includes spin manifolds. The background fields F̃ should

include the full set of vectormultiplets for the flavor symmetry, so the partition function on X in the

presence of background fields for G̃T can be written informally as:

ZT [X, ωµa b, AR
µ,VMp1 ,VMp2 ,VMp3 ] , (4.8.4)

where VMp is the full set of fields of the standard N = 2 vectormultiplet.

The symmetry group of the trinion theory can be taken to be a quotient39

GT := G̃T /CT , (4.8.5)

where CT is a subgroup of the center of the numerator. As in (4.2.6) above we require that the

functor Z̃ factors through

ZT : BordF4 → VECT . (4.8.6)

For purposes of topological twisting, we would like this bordism category to include non-spin

manifolds. Therefore, the subgroup CT should satisfy (4.2.9). Applying the reasoning of Section 4.2

we arrive at:

CT ⊂ Cmax
T := {(ζ, ζ, ζ, µ) : (ζ, ζ, ζ, µ) · Z̃T = Z̃T } ⊂ Z(G̃T ) , (4.8.7)

where µ ∈ Z(G̃p1 × G̃p2 × G̃p3).

Very little is known about the trinion theories. Therefore we will restrict attention to the top

level of the functor, i.e., the partition function. Fortunately, one example of a partition function is

known, it is the superconformal index40 [Rom05, KMMR05, GPRR09, GRRY11a, GRRY11b, Tac15]

which is Z̃T evaluated on S3 × S1 with nonbounding spin structure on S1, coupled to a G̃T bundle

with connections specialized so as to give an index. We can work out the action of CT on these.

Given our present ignorance, we will simply postulate that if CT acts trivially on the superconformal

39It has been noted in [Tac13a, Bha21] that the flavor symmetry group of the theory can be a quotient group.
40See Appendix D.6 for a brief review.
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index it acts trivially on Z̃ and therefore Z̃ factorizes.41

The full superconformal index is not known in closed analytic form for generic trinion theories,

but a simplification known as the Schur index is known (see Appendix D.6). The Schur index for a

d = 4 N = 2 theory (on S3 × S1) has the trace formula

ISchur(q, g) := TrH(S3)(−1)Fq∆−R
2 g , (4.8.8)

where H(S3) is the Hilbert space of the theory on S3, F is the fermion number, ∆ is the dilatation

generator, R is the Cartan generator of SU(2)R, and g ∈ Gf is the fugacity for the flavor symmetry

(understood as an operator via its action on H(S3)). Only the operators with quantum numbers

satisfying

∆ = R+
j1 + j2

2
, (4.8.9)

contribute to the Schur index (these are the so-called Schur operators [GRRY11a, GRRY11b, RR14,

RR16]), where (j1, j2) ∈ Z≥0 × Z≥0 in (4.8.9) are the eigenvalues of the Cartan generators of the

Spin(4) ∼= SU(2)× SU(2) isometry group of S3.42 Thus the Schur index (4.8.8) reduces to

ISchur(q, g) = TrH(S3)(−1)Fq
R+j1+j2

2 g . (4.8.10)

The fugacities are holonomies for background gauge fields. Thus an element (ζ, ζ, ζ, µ) ∈ Z(G̃T ) acts

on the holonomies q1/2 and g for the background gauge fields: the holonomies simply get multiplied

by ζ and µ. From the exponent of q1/2 in (4.8.10), it is clear that the center acts on the fugacities

as

(q
1
2 , g) 7−→ (ζq

1
2 , µg) . (4.8.11)

In this way, we can use the action of the center on the Schur index to determine Cmax
T . We now work

out two explicit examples.

41In fact, although this assumption seems to be standard in the literature, it has a fundamental flaw. It is well known

that the action of a symmetry group on operators O → UOU† differs slightly from that on states |ψ⟩ → U |ψ⟩. Put

more formally, the group that acts faithfully on the Hilbert space is in general a central extension of the group

that acts faithfully on the operator algebra. This happens quite frequently in quantum theory. Sure enough, in

the case of class S theories, L. Hollands and A. Neitzke [HN16] discovered that the Z3 central subgroup of E6 acts

nontrivially on the spaces of BPS states on R3 in the Minahan-Nemeschansky theory. They show that the Hilbert

space of BPS states has a nontrivial isotypical decomposition for the Z3 action, where the degeneracy spaces for all

three irreps are infinite-dimensional, and has a nontrivial BPS index. (The IR description of the degeneracy spaces

has a Z ⊕ Z grading from an IR U(1) × U(1) global symmetry.) It is conceivable that, when working on compact

manifolds, only the adjoint group of E6 acts faithfully on the Hilbert space, but we are not aware of any evidence

for or against this. We will nevertheless proceed to determine Cmax
T from the superconformal index, faute de mieux,

bearing in mind that our results might need to be refined by a central extension.
42We use the same symbols for the operators and their eigenvalues.
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Example 4.8.1. The simplest example is that of the trinion theory of class S of type AN−1 with

two “full” punctures and one “simple” puncture, so the global symmetry Lie algebra is su(N) ⊕

su(N)⊕ u(1). In this case

G̃T = Spin(4)× SU(2)R × SU(N)× SU(N)× U(1) . (4.8.12)

This is a Lagrangian theory expressible in terms of free hypermultiplets and background vector-

multiplets. We refer the reader to Appendix D.7 for our notation and relevant details of the action

and the partition function. Here we just make use of the superconformal index. The Schur index of

the trinion theory with two “full” punctures and one “simple” puncture is given by [GRRY11a, Tac15]

Iffs
Schur(q;a, b, α) =

N∏
u,i=1

∏
n≥0

[
1− qn+

1
2

(
αai
bu

)]−1

·
[
1− qn+

1
2

(
bu
αai

)]−1

, (4.8.13)

where a, b ∈ T(SU(N)) are the fugacities for the Cartan of the two SU(N) flavor symmetries,

parametrized as a = diag(a1, . . . , aN ) and b = diag(b1, . . . , bN ), and α ∈ U(1) is the flavor fugacity

for U(1). Under the action of the central element

(ζ, ζ, ζ, ωk11N , ωk21N , ξ) ∈ Z2 ×Z2 ×Z2 ×ZN ×ZN × U(1) , (4.8.14)

where ω := e
2πi
N and k1, k2 ∈ {0, . . . , N − 1}, the fugacities transform as in (4.8.11):

q
1
2 7→ ζq

1
2 , (a, b, α) 7→ (ωk1a, ωk2b, αξ) . (4.8.15)

From the explicit character expansions of (4.8.13), we find that the Schur index is invariant under

(4.8.15) if and only if

ζωk1ω−k2ξ = 1 , (4.8.16)

and hence:

Cmax
T = {(ζ, ζ, ζ, ωk11N , ωk21N , ζω−k1ωk2) ∈ Z(G̃T )} . (4.8.17)

Clearly,

Cmax
T = ⟨(−1,−1,−1,1N ,1N ,−1), (1, 1, 1, ω1N ,1N , ω−1), (1, 1, 1,1N , ω1N , ω)⟩ . (4.8.18)

There are different subgroups of Cmax
T satisfying (4.8.7). They define different theories.

Topological Twisting Of The ffs Theory.

To define a topological twisting we can take G̃tw := Spin(4) × Tf with a homomorphism G̃tw →

G̃T given by (u1, u2, µ) 7→ ((u1, u2), u2, µ) which will descend to a homomorphism Gtw → GT

for groups CT described above, where Gtw ∼= G̃tw/Ctw and we can take Ctw to be the kernel of the
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homomorphism from G̃tw. Via pullback under the homomorphism Gtw → GT , the SU(2)R-connection

is identified with the self-dual part of the spin connection.

As explained in Section 4.7, the bosonic scalars of the hypermultiplet become chiral spinors upon

twisting. For details of the untwisted and twisted actions of the ffs theory and our notation, see

Appendix D.7. The Gaussian path integral over the twisted bosonic spinor fields yields the product

of a topological invariant of the background fields and an inverse of the determinant of the square

of the coupled Dirac operator. In particular, due to Q-symmetry, the determinants cancel:∫
[DHM]e−S

twisted
hyp =

(
Det

(
/D
+

V⊗V /D
−
V⊗V

))−1

Det
(
i /D

+

V⊗V
)
Det
(
− i /D

−
V⊗V

)
= 1 , (4.8.19)

and the partition function is simply given by a topological invariant of the background SU(N) ×

SU(N)× U(1) bundle with connection:

Ztwisted
T = exp

(
− i

16π

∫
X
τab (F

a ∧ F b)
)
. (4.8.20)

Example 4.8.2. We also consider the AN−1 type trinion theory with 3 “full” punctures (fff) for

which43

G̃T = Spin(4)× SU(2)R × SU(N)× SU(N)× SU(N) . (4.8.21)

The only further information known about the operator content comes from the superconformal

index [Rom05, KMMR05] (see Appendix D.6 for a review). The Schur index of the TN theory has

the following form [GRRY11a, Tac15]:

ITNSchur(q;a, b, c) =
K(a)K(b)K(c)

K0

∑
λ

χλ(a)χλ(b)χλ(c)

χλ(qρ)
. (4.8.22)

Here, the sum is over representations of the global flavor symmetries, for which the flavor symmetry

elements are

(a, b, c) ∈ T(SU(N)× SU(N)× SU(N)) , (4.8.23)

where T denotes the standard maximal torus and χλ is the character of the representation λ. Also,

qρ := diag(q(N−1)/2, q(N−3)/2, . . . , q(1−N)/2) ∈ SU(N) . (4.8.24)

The prefactor in (4.8.22) is the contribution of the flavor multiplets to the index for SU(N)×SU(N)×

SU(N), where for any a ∈ {a, b, c},

K(a) :=
∏
n≥0

[
(1− qn+1)1−N

∏
i̸=j

(
1− qn+1 ai

aj

)−1 ]
, (4.8.25)

K0 :=

N∏
d=2

∏
n≥0

(1− qd+n) . (4.8.26)

43There are some issues about whether one should use SU(N) or U(N). We will not attempt to address them here.
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and a := diag(a1, . . . , aN ) ∈ T(SU(N)).

The element

(ζ, ζ, ζ, ωk11N , ω
k21N , ω

k31N ) ∈ Z2 ×Z2 ×Z2 ×ZN ×ZN ×ZN , (4.8.27)

where k1, k2, k3 ∈ {0, . . . , N − 1}, acts on the fugacities as in (4.8.11), which implies

qρ 7→ ζN−1qρ , (a, b, c) 7→ (ωk1a, ωk2b, ωk3c) . (4.8.28)

Consider the term in the Schur index corresponding to a representation λ of N -ality N(λ). From

the expression of the character χλ in terms of Schur polynomials, we infer that

χλ(a)χλ(b)χλ(c)

χλ(qρ)
7−→

(
ζN−1ωk1ωk2ωk3

)N(λ) χλ(a)χλ(b)χλ(c)

χλ(qρ)
. (4.8.29)

Note that the prefactor K(a)K(b)K(c)/K0 is invariant under translation by the center. Since

representations of all N -alities appear in the sum, we conclude that

Cmax
T =

 {(ζ, ζ, ζ, ωk11N , ωk21N , ωk31N ) ∈ Z(G̃T ) : ζω
k1ωk2ωk3 = 1} for N even ,

{(ζ, ζ, ζ, ωk11N , ωk21N , ωk31N ) ∈ Z(G̃T ) : ω
k1ωk2ωk3 = 1} for N odd .

(4.8.30)

We now return to the general trinion theory. Since the theory is supersymmetric, its partition

function ZT should satisfy a set of supersymmetric Ward identities analogous to those of the partition

function of a hypermultiplet in the presence of external fields. In particular, upon choosing a

homomorphism

φ : Gtw,bck → G̃T /CT , (4.8.31)

such that the pullback of the supersymmetry operators contains a singlet we obtain a function of

the topologically twisted (background) VM’s and the metric which is – moreover – Q-closed, and

therefore metric independent. We take

Gtw,bck = (Spin(4)× Tf)/Ctw,bck , (4.8.32)

and as in equation (4.2.16) we require:

Gtw,bck G̃T /CT

Spin(4)/⟨(−1,−1)⟩ (Spin(4)× SU(2)R)/⟨(−1,−1,−1)⟩

φtw,bck

p1 p1×p2
φW

(4.8.33)

The description of Gtw,bck and φtw,bck is now very similar to that of the Lagrangian case. For

example, for the AN−1 fff trinion theory, we can take

Gtw,bck = (Spin(4)× T(SU(N)× SU(N)× SU(N)))/C , (4.8.34)
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C = {(ζ, ζ, ωk11N , ωk21N , ωk31N ) | ζN−1ωk1+k2+k3 = 1} , (4.8.35)

and

φtw,bck([(u1, u2), µ]) = [(u1, u2), u2, µ] . (4.8.36)

4.8.3 Gaiotto Gluing

We are now ready to discuss the general class S theory. In a weak-coupling domain, these can

be assembled from trinion theories and vectormultiplets by the Gaiotto gluing conjecture [Gai09].

Recall that this states the following:

Consider two class S theories T [g, C(1), D(1)] and T [g, C(2), D(2)] on (stable) Riemann surfaces

C(1) and C(2), with full punctures Dp1 in theory one, Dp2 in theory two (see footnote 36). Then,

since G̃p1 = G̃p2 , we can gauge the diagonal subgroup G̃ of G̃p1 × G̃p2 with coupling constant

τ . (When gluing full punctures, the beta function vanishes, so the coupling is scale-independent.)

Denote the new gauged theory by

T [g, C(1), D(1)]×τ T [g, C(2), D(2)] . (4.8.37)

On the other hand, we can glue the Riemann surfaces C(1) to C(2) with disks around p1 and p2

using the plumbing fixture z1z2 = q. Denote the resulting Riemann surface C(1) ×p1,p2,q C(2). The

Gaiotto gluing conjecture states that

T [g, C(1), D(1)]×τ T [g, C(2), D(2)] = T [g, C(1) ×p1,p2,q C(2), D(1,2)] , (4.8.38)

where q = e2πiτ and D(1,2) is the disjoint union of the punctures that were not glued.

Remark 4.8.1. One may wonder if one could gauge a quotient of G̃p in the gluing procedure.

Moreover, one may ask how the data making the theory associated with the glued surface absolute

is related to such data for the two factors. These are interesting and nontrivial questions we must

leave for another time.

4.8.4 Expressing The Theory As A Gauge Theory

Now consider a pants decomposition of Cg,n into a set T of trinions. We let pi denote the external

punctures, where i runs over the set of external punctures. The internal punctures come in unordered

pairs {pα,1, pα,2} with G̃pα,1 ∼= G̃pα,2 where α runs over the set of internal cutting curves. Consider

first the product of all the trinion theories associated to T ∈ T . This will have a global symmetry

group based on

G̃T = Spin(4)× SU(2)R ×
∏
i

G̃pi ×
∏
α

(
G̃pα,1 × G̃pα,2

)
. (4.8.39)
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The possible theories we can construct from this product of trinion theories will have global sym-

metry G̃T /CT . Again, if we wish our domain category to include non-spin manifolds, we use the

considerations of section 4.2 to conclude that

(p1 × p2)(CT ) = ⟨(−1,−1,−1)⟩ ⊂ Z(Spin(4)× SU(2)R) . (4.8.40)

as well as

CT ⊂ Cmax
T := {(ζ, ζ, ζ, z) | (ζ, ζ, ζ, z) · Z̃T = Z̃T ∀ T ∈ T } . (4.8.41)

where z summarizes the component in the factors other than Spin(4)× SU(2)R.

Example 4.8.3. Suppose, for simplicity, that all the punctures are “full” punctures. For a given

trinion T ∈ T let RT (z) be the N th root of unity obtained by taking the product of the SU(N)

factors in z pertaining to T . Then we require that ζRT (z) = 1 for all T ∈ T when N is even and

RT (z) = 1 for all T ∈ T when N is odd.

Now we wish to gauge the diagonal flavor symmetry associated with the cutting curves. For each

α consider the homomorphism44

ψglue :
∏
α

SU(N)α → G̃T , (4.8.42)

defined by

ψglue :
∏
α

gα 7−→
(
1Spin(4),1SU(2)R ,

∏
i

1G̃i ,
∏
α

(gα, gα)

)
. (4.8.43)

Let π : G̃T → G̃T /C
′
T be the projection where

C ′
T =

[
Spin(4)× SU(2)R ×

∏
i

G̃pi ×
∏
α

(
∆(G̃pα)

)]
∩ CT , (4.8.44)

where ∆(G) ⊂ G × G is the diagonal subgroup. Then π ◦ ψglue will have a nontrivial kernel K ⊂

Z
(∏

α SU(N)α
)
. The gauge group associated with the cutting curves is(∏

α

SU(N)α

)/
K . (4.8.45)

This determines what ’t Hooft fluxes can be turned on, and what ’t Hooft fluxes must be summed

over when computing physical quantities.

The analog of Gphys from Section 4.3 is now

GS =

(
Spin(4)× SU(2)R ×

∏
i

G̃pi ×
∏
α

SU(N)α

)/
C ′′

T . (4.8.46)

(where C ′′
T is the preimage of C ′

T under the product over α of the map ∆ : SU(N) → ∆(SU(N))).

44Other choices of gauge group are possible [CD10]. We restrict to the simplest case.
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Remark 4.8.2.

1. As a simple example consider the gluing of two AN−1 trinion theories with fff punctures to

form a genus two surface. Choosing C = Cmax
T the gauge group of the theory is

(SU(N)× SU(N)× SU(N))
/
{(ωk11N , ωk21N , ωk31N )|ωk1+k2+k3 = 1} . (4.8.47)

Note that K is not a direct product of the form
∏
αKα.

2. The existence of a principal GS bundle PS → X in terms of cohomology classes of the bundles

associated with transfer of structure group for the projections on the factors will be based on

conditions analogous to the conditions (4.4.18) we found above. Some explicit examples are

given in Appendix D.8.

3. It is an interesting question whether all the theories constructed above for different choices of

C have six-dimensional descriptions, and what the extra data are in those descriptions. This

question becomes highly relevant when considering the action of S-duality. In section 4.9 we

will assume that all the theories have a 6d origin, and therefore the mapping class groups

permute them as an S-duality group.

Now we turn to the partition function of the theory S on a manifold X. It will have the general

form:

ZS [ωµ
a b, AR

µ,VMi] =

∫ ∏
cα

[dVMcα ]e
−SVMcα

∏
T

ZT [ωµ
a b, AR

µ,VMpT,1 ,VMpT,2 ,VMpT,3 ] , (4.8.48)

where the product over cα is over the internal cutting curves and the product over T is a product over

the trinions, and the vectormultiplet path integrals are for the gauge group (4.8.45). We choose the

external VMi so that the mass terms are generic, the external fermions are zero, and the structure

group is reduced to the maximal torus. However, for the internal cutting curves cα one must maintain

the full VM in writing ZT in the integrand of the path integral.

4.8.5 Topological Twisting

Having framed the discussion as above, topological twisting proceeds in a completely analogous

fashion to what we have described in previous sections. We choose a homomorphism φtw,bck so that

Gtw GS

Spin(4)/⟨(−1,−1)⟩ (Spin(4)× SU(2)R)/⟨(−1,−1,−1)⟩ .

φtw,bck

p1 p1×p2
φW (4.8.49)
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Much as in the previous discussion we can take

Gtw =

(
Spin(4)× T

(∏
i

G̃i

)
×
(∏

α

SU(N)α

))/
Ctw

S . (4.8.50)

To find Ctw
S we begin with

G̃tw = Spin(4)× T
(∏

i

G̃i

)
×
(∏

α

SU(N)α

)
, (4.8.51)

and consider φ̃tw : G̃tw → GS defined by

φ̃tw((u1, u2), µ, g)) := [(u1, u2), u2, µ, g] . (4.8.52)

The homomorphism has a kernel, which we can take to be Ctw
S .

Upon topological twisting the actions SVMcα will be precisely of the form equation (4.7.9). After

doing the path integral over the internal vectormultiplets the path integral will depend on background

fields. From this, we derive Gtw,bck. The path integral will be invariant under continuous deformation

of connection on the Gtw,bck-bundle and therefore will only depend on the topological data outlined

in items 1–3.

4.9 Twisting a1 Class S Theories And S-duality

The ideas presented so far can be used to twist a1 class S theories. The cohomological conditions

for the existence of P phys were presented in [MM21]. Since these theories are Lagrangian theories we

can rederive the conditions of [MM21] using the discussion in Section 4.4.45 Then, in Section 4.9.2

we will study how these conditions change under S-duality, using the fact that these are also class

S theories.

4.9.1 Cohomological Conditions For The a1 Class S Theory

The weak coupling descriptions of T [a1, Cg,n] corresponding to different pants decompositions of Cg,n

were studied in [Gai09, GMN10, DMO09]. The gauge algebra of the theory is ggauge = Lie(Ggauge) =

su(2)3g−3+n, and as before, G̃phys = Spin(4)× SU(2)R ×Gf × G̃gauge, where

G̃gauge ∼= SU(2)3g−3+n
, n = rank(Gf) . (4.9.1)

We will assume masses are generic and there is a reduction of flavor structure group to its maximal

torus so we choose the domain category so that Gf ∼= U(1)n. Note that

Z
(
G̃phys

) ∼= Z2 × Z2 × Z2 × U(1)n × Z3g−3+n
2 . (4.9.2)

45In [MM21] these conditions were cited as conditions for topological twisting. One of the points of this chapter is

that the cohomological conditions for the existence of P phys should be distinguished from topological twisting.
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The different global forms of the physical theory are then characterized by choices of Cphys ⊂

Z(G̃phys), subject to the requirements discussed in Section 4.3. There are several choices of Cphys

(see, for example, [GMN10, Section 2.3.1] for a related discussion).

We then identify

G̃gauge =
∏
cα

internal

SU(2)cα , Gf =
∏
ci

external

U(1)ci . (4.9.3)

We define the projection maps,

p4,cα : G̃phys −→ SU(2)cα , p3,ci : G̃
phys −→ U(1)ci , (4.9.4)

to the cthα and cthi factors respectively. The preliminary discussion so far has been for the physical

a1 class S theory on R4 (after a Wick rotation from R1,3). Next, we seek cohomological conditions

– guided by the discussion of Section 4.4 – from the existence of the bundle P phys → X, for the a1

class S theory on the 4-manifold X.

As discussed above, we choose Cphys so that the field theory functor factors through a functor

from a bordism category that includes non-spin manifolds. As before, this leads to

w2(X) = w2(P
R) . (4.9.5)

To derive additional conditions, we first note that p4(Cphys) ∼= Cgrb ⊂ Z3g−3+n
2 , so the character-

istic class µ(b) ∈ H2(X;Cgrb) of the Cgrb-gerbe b can then be projected to a tuple of characteristic

classes µ(b)cα ∈ H2 (X,Z2), one for each internal cutting curve cα, by projecting Cphys onto the

cthα factor using (4.9.4).46 Note that, depending on our choice of Cphys, which determines Cgrb, it

might happen that µ(b)cα vanishes. We also recall remark 4 above: one should include a topological

boundary condition ρ for the 5d gerbe b which determines which ’t Hooft fluxes are to be summed

over.

The matter content of the theory is a collection of half-hypermultiplets Φc1,c2,c3 labeled by

unordered triples of cutting curves of the pants decomposition.47 Let us begin by considering

conditions associated with Φcicjcα , containing one internal and two external punctures. Introduce

the notation

P f,ci = (p3,ci)∗(P
phys) . (4.9.6)

46Explicitly, let ϖ be the map ϖ : H2(X;Cgrb) → H2(X;Z3g−3+n
2 ) induced by the inclusion Cgrb ↪→ Z

3g−3+n
2 .

Therefore ϖ(µ(b)) is a (3g− 3+n)-tuple of classes in H2(X;Z2). Then p4,cα induces a natural projection onto the

cthα factor of this tuple, which we denote by µ(b)cα ∈ H2(X;Z2). If µ(b) ∈ kerϖ, then the corresponding µ(b)cα = 0

for all cα.
47Therefore, the scalar fields in Φc1,c2,c3 are in a real subspace of the 2c1 ⊗ 2c2 ⊗ 2c3 ⊗ 2SU(2)R giving a total of 16

independent real scalar fields.
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Then P f,ci is a U(1)/p3,ci(C
phys)-bundle. Let c1(ci) denote the first Chern class of the U(1)-

bundle obtained by transfer of structure group of P f,ci along the isomorphism (see footnote 22)

U(1)/p3,ci(C
phys)

∼=−→ U(1). Now, item 2 of Section 4.4 (or (4.4.18)) directly yields the conditions

c1 (ci) + µ(b)cα + w2(X) = 0mod 2 ,

c1(cj) + µ(b)cα + w2(X) = 0mod 2 .
(4.9.7)

Next, we consider trinions Φci,cα,cβ bounded by one external cutting curve ci and two internal cutting

curves cα, cβ . Following Section 4.4, we obtain

c1(ci) + µ(b)cα + µ(b)cβ + w2(X) = 0mod 2 . (4.9.8)

Finally for trinions Φcαcβcγ bounded by three internal cutting curves cα, cβ , cγ , the matter Φcαcβcγ

is a half-hypermultiplet in the 2α ⊗ 2β ⊗ 2γ of the SU(2)cα × SU(2)cβ × SU(2)cγ factor of G̃. The

discussion in Section 4.4 leads to the cohomological condition

µ(b)cα + µ(b)cβ + µ(b)cγ + w2(X) = 0mod 2 . (4.9.9)

4.9.2 Transformation Of Cohomological Conditions Under S-duality

We next analyze the effect of S-duality transformations on these cohomological conditions. Recall

that the S-duality group of the theory is the mapping class group MCG(Cg,n) and acts on the space

of gauge couplings of the theory (identified with the Teichmüller space of Cg,n, see [Wit97, GMN09,

Gai09]). MCG(Cg,n), being the group of isotopy classes of orientation-preserving diffeomorphisms of

Cg,n, acts on the set of simple closed curves on Cg,n, and thus also acts on the (infinite) set of all pants

decompositions of Cg,n. The set of equivalence classes of pants decompositions modulo the action

of the mapping class group MCG(Cg,n) is finite.48 Thus, there are finitely many S-duality orbits of

theories based on Cg,n. We will show that there is a natural transformation of the cohomological

conditions of theories in the same S-duality orbit. To do so, we introduce the graph of a pants

decomposition of Cg,n.

Given a pants decomposition p, we define an undirected graph G(p) of p with vertices as the

pairs of pants and external cutting curves in p, such that two pairs of pants are connected by an

edge in G(p) if they are bounded by a common internal cutting curve. Further, an external cutting

curve (a vertex in G(p)) is connected by an edge in G(p) to that pair of pants which it bounds (also

48Note that MCG(Cg,n) is isomorphic to the automorphism group of the pants graph or pants complex of Cg,n, see

[Mar04] for a proof. This is the pants complex of Hatcher and Thurston [HT80] with the inclusion of 2-cells by

Hatcher, Lochak, and Schneps [HLS00]. The resulting pants complex is connected and simply connected. MCG(Cg,n)

acts co-compactly on this complex [Wol09].
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a vertex in G(p)). Thus G(p) has 2g − 2 + n trivalent vertices, n univalent vertices and 3g − 3 + 2n

edges. An illustrative example is shown in Figure 4.1.

Figure 4.1: The graph of a pants decomposition of C2,2. Figure adapted from [Wol09].

Two pants decompositions p, p′ are in the same MCG(Cg,n)-orbit if and only if the corresponding

graphs G(p), G(p′) are isomorphic [Wol09].49

We can now describe the cohomological conditions for the theory defined by the pants decompo-

sition p in terms of the graph G(p) as follows: we begin by labeling the vertices and edges in G(p)

as

V
(
G(p)

)
:= {t1, . . . , t2g−2+n, u1, . . . , un} , (4.9.10)

E
(
G(p)

)
:= {e1, . . . , e3g−3+n, ẽ1, . . . , ẽn} , (4.9.11)

where t and u indicate trivalent and univalent vertices respectively, whereas the edge eα connects

two trivalent vertices and ẽi connects a univalent vertex with a trivalent vertex.

In Section 4.9.1, we encountered maps ci 7→ c1(ci) ∈ H2(X;Z) and cα 7→ µ(b)cα ∈ H2(X;Z2).

By design, the set of external cutting curves {ci}ni=1 is bijectively mapped to the subset {ẽi}ni=1 of

edges of G(p). Likewise, the set of internal cutting curves {cα}3g−3+n
α=1 also gets bijectively mapped

to the subset {eα}3g−3+n
α=1 . Note, however, that in each case, there might be several bijections due to

different choices of indexing. We simply pick one, so that we have one-to-one map between elements

of the sets {ci}ni=1 and {ẽj}nj=1, and between elements of the sets {cα}3g−3+n
α=1 and {eβ}3g−3+n

β=1 .

49Two graphs G(p) and G(p′) are said to be isomorphic if there exists a bijection between their vertex sets f :

V
(
G(p)) → V

(
G(p′)

)
such that any two vertices v1, v2 ∈ V

(
G(p)

)
of G(p) are adjacent in G(p) if and only if their

images f(v1) and f(v2) are adjacent in G(p′). When such an isomorphism exists between G(p) and G(p′), we will

frequently write it as f : G(p) → G(p′), with the understanding that it is an isomorphism between the corresponding

vertex sets.
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Then, with this choice of map, we can associate fluxes to the edges in G(p):

ẽi 7−→ c1(ẽi) ∈ H2(X;Z) for i = 1, . . . , n , (4.9.12)

eα 7−→ µ(b)eα ∈ H2(X;Z2) for α = 1, . . . , 3g − 3 + n , (4.9.13)

with the proviso that µ(b)eα = 0 if eα is a loop (i.e., an edge connecting one vertex to itself). Then,

the cohomological conditions described in the preceding section can be recast into equations at each

trivalent vertex. If a trivalent vertex is connected by three edges eα, eβ , eγ to three other trivalent

vertices, then we impose the condition

µ(b)eα + µ(b)eβ + µ(b)eγ + w2(X) = 0 . (4.9.14)

If a trivalent vertex is connected by edges eα, eβ , ẽi to two trivalent and one univalent vertex, then

we have the cohomological condition

c1(ẽi) + µ(b)eα + µ(b)eβ + w2(X) = 0mod 2 . (4.9.15)

Finally, if a trivalent vertex is connected by edges eα, ẽi, ẽj to a trivalent and two univalent vertices,

then

c1(ẽi) + µ(b)eα + w2(X) = 0mod 2 , (4.9.16)

c1(ẽj) + µ(b)eα + w2(X) = 0mod 2 . (4.9.17)

Now consider two pants decompositions p, p′ with graphs G(p), G(p′) in the same MCG(Σg,n)-orbit.

Let the vertices and edges of G(p′) be labeled as

V
(
G(p′)

)
:= {t′1, . . . , t′2g−2+n, u

′
1, . . . , u

′
n} , (4.9.18)

E
(
G(p′)

)
:= {e′1, . . . , e′3g−3+n, ẽ

′
1, . . . , ẽ

′
n} . (4.9.19)

We associate fluxes to the edges as in (4.9.12) and (4.9.13).

Recall that for an undirected graph G(p), its line graph L(G(p)) is constructed in the following

way: to each edge in G(p), we assign a vertex in L(G(p))50 and for every two edges in G(p) emanating

from a common vertex, we assign an edge between their corresponding vertices in L(G(p)). Since

G(p) ∼= G(p′), by the Whitney graph isomorphism theorem [Har69, Theorem 8.3], their line graphs

are also isomorphic:

L(G(p)) ∼= L(G(p′)) . (4.9.20)

50Therefore, V
(
L(G(p))

) ∼= E
(
G(p)

)
.
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Moreover, there is a one-to-one correspondence between graph isomorphisms G(p) ∼= G(p′) and the

corresponding line graph isomorphisms L(G(p)) ∼= L(G(p′)).51 The vertices of the graphs L(G(p))

and L(G(p′)) are respectively, E
(
G(p)

)
and E

(
G(p′)

)
. Choose an isomorphism F : E

(
G(p)

)
→

E
(
G(p′)

)
and let f : G(p) → G(p′) denote the graph isomorphism corresponding to F .

Let us denote an edge in G(p) connecting two vertices u and v by uv. By arguments outlined in

[Har69, Theorem 8.3], we have

F (uv) = f(u)f(v) . (4.9.21)

In particular, if eα, eβ , and eγ are edges in G(p) connecting a vertex u to three other trivalent

vertices, then F (eα), F (eβ), F (eγ) are three edges in G(p′) connecting f(u) to three other trivalent

vertices in G(p′). Thus by (4.9.14), the cohomological condition at the trivalent vertex f(u) in G(p′)

is

µ(b′)F (eα) + µ(b′)F (eβ) + µ(b′)F (eγ) + w2(X) = 0 , (4.9.22)

where b′ is the gerbe for the theory defined by the pants decomposition p′. Arguing along the

same lines, we conclude that the cohomological conditions for the theory defined by p′ are given by

applying the map

ẽi 7−→ F (ẽi) , eα 7−→ F (eα) , (4.9.23)

to (4.9.14), (4.9.15), (4.9.16) and (4.9.17). Thus, we see that at least in this class of examples, S-dual

theories with different Lagrangians require precisely the same cohomological conditions as needed

for the existence of P phys.

We emphasize that in general the cohomological conditions for two Lagrangian theories which are

not in the same S-duality orbit are different and not related by a nice transformation. Consider, for

example, the a1 class S theory on a 3 punctured torus C1,3. Consider the two pants decompositions

of C1,3 shown in Figure 4.2 below.

51The Whitney graph isomorphism theorem implies an equivalence between isomorphisms of graphs and isomorphisms

of corresponding line graphs with the following exception: the graphsK3 (the complete graph on three vertices, a.k.a.

the three-vertex triangle) and K1,3 (a complete bipartite graph, a.k.a. the four-vertex claw) are non-isomorphic but

their line graphs are isomorphic. (See [Har69, Ch. 8] for a discussion of this point.) However, this does not concern

us for two reasons: first of all, we require only the forward implication of the theorem which says that if two graphs

are isomorphic, then their corresponding line graphs are isomorphic, and second, the graphs K3 and K1,3 cannot

arise from any pants decomposition.
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p1(C1,3)

p2(C1,3)

cα
cβ

cβ

cα

cγ

ci

ck

cj

ci

cγ

ck

cj

C1,3

G(p1)

G(p2)

ci

ck

cj

Figure 4.2: Two MCG(C1,3)-inequivalent pants decompositions of C1,3 and their associated pants

graphs.

The pants graphs are non-isomorphic as can be easily checked using their adjacency matrix and

hence their corresponding Lagrangian theories are not related by S-duality. Let us now look at the

cohomological conditions we get for the two theories using the general prescription described above.

There are three pairs of pants in both pants decompositions. With the labeling of cutting curves in

Figure 4.2, we obtain the following cohomological conditions for the two theories:

1. For the pants decomposition p1(C1,3) we get

c1(ci) + µ(b)cα + w2(X) = 0mod 2 ,

c1(ck) + µ(b)cα + w2(X) = 0mod 2 ,

µ(b)cα + µ(b)cβ + µ(b)cγ + w2(X) = 0mod 2 ,

c1(cj) + µ(b)cβ + µ(b)cγ + w2(X) = 0mod 2 .

(4.9.24)

2. For the pants decomposition p2(C1,3) we get

c1(ci) + µ(b)cα + µ(b)cβ + w2(X) = 0mod 2 ,

c1(ck) + µ(b)cβ + µ(b)cγ + w2(X) = 0mod 2 ,

c1(cj) + µ(b)cα + µ(b)cγ + w2(X) = 0mod 2 .

(4.9.25)

We see that in the second case, we have no restriction on background gerbes since we can always

choose a suitable c1(ci,j,k) while in the first case, the background gerbes are restricted. Thus the

cohomological conditions for the two theories are different.
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To twist these theories, we need to provide Ctw and a homomorphism φtw : Gtw → Gphys satisfying

(4.2.16). Since these theories are Lagrangian, we simply choose Ctw as in (4.6.10) above, and define

φtw : Gtw −→ Gphys

[((u1, u2) , µ, g)] 7−→ [((u1, u2) , u2, µ, g)] .
(4.9.26)

The theories in different S-duality orbits correspond to different topological field theories.
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Appendix A

Appendix for Chapter 2

A.1 Codes And Lattices

Linear codes and their associated lattices play a central role in our discussion of the superconformal

symmetry in the Monster module. We collect the definitions and some preliminary results about

codes and lattices in this section.

A.1.1 Binary Linear Codes

Definition A.1.1. Let F2 be the field with two elements 0, 1.

1. A binary linear code C of length n is a vector subspace of Fn2 . If the dimension of C is k then

it is called an [n, k] binary code. The elements of the code are called codewords.

2. Two binary linear codes C1 and C2 are said to be equivalent if there exists a permutation matrix

P such that C1P = C2.

3. A k × n matrix with rows being the basis vectors of C is called a generator matrix of C.

4. The inner product of codewords w,w′ ∈ C is defined as

w · w′ =

n∑
i=1

wi · w′
i (mod 2). (A.1.1)

where w = (w1, . . . , wn), w
′ = (w′

1, . . . , w
′
n). The code dual to C is denotes by C⊥ and is defined

as

C⊥ := {w ∈ Fn2 : w · w′ = 0 ∀ w′ ∈ C}. (A.1.2)

The code is called self-orthogonal if C⊥ ⊆ C and self-dual if C⊥ = C.

5. The (Hamming) weight of a codeword w is defined as the number of nonzero components in

the codeword and is denoted by wt(w). The code is called even and doubly even if the weight

of every codeword is divisible by 2 and 4 respectively.
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6. The Hamming distance dH(w,w′) of two codewords w,w′ is defined as the number of places in

which the codewords differ. More precisely, dH(w,w′) = wt(w−w′). The (Hamming) distance

of the code is defined

dH(C) := min
w,w′∈C
w ̸=w′

dH(w,w′). (A.1.3)

With the notation dH := dH(C), we call C an [n, k, dH ] code.

7. The automorphism group Aut(C) of the code C is a subset of the permutation group Sn which

fixes the code as a set.

By standard row echelon form algorithm, it is easy to see that for any [n, k] code C, there is an

equivalent code with generator matrix G of the form

G = [1k, A] (A.1.4)

where 1k is the k × k identity matrix and A is some k × (n − k) matrix. The dual code C⊥ is an

[n, n − k] code with generator matrix [−Atr,1n−k]. In particular, if C is self-dual then n − k = k

and n = 2k. We will be interested in [24, 12] codes. The following theorem gives the classification

of self-dual, doubly even [24, 12] codes.

Theorem A.1.1. [PS75] There are exactly 9 inequivalent self-dual, doubly even [24, 12] codes. Up

to equivalence, there is a unique [24, 12, 8] code called the Golay code denoted by G.

Golay Code

The Golay code is of particular interest to us due to its application in the construction of Leech

lattice. It is determined by a generator matrix of the form

1000 0000 0000 1010 0011 1011

0100 0000 0000 1101 0001 1101

0010 0000 0000 0110 1000 1111

0001 0000 0000 1011 0100 0111

0000 1000 0000 1101 1010 0011

0000 0100 0000 1110 1101 0001

0000 0010 0000 0111 0110 1001

0000 0001 0000 0011 1011 0101

0000 0000 1000 0001 1101 1011

0000 0000 0100 1000 1110 1101

0000 0000 0010 0100 0111 0111

0000 0000 0001 1111 1111 1110



(A.1.5)
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The following results can be proved using the standard constructions of the Golay code. All code-

words have weights of 0, 8, 12, 16, or 24. Codewords of weight 8 are called octads and codewords of

weight 12 are called dodecads.

Proposition A.1.1. [CS99] The following is true about the Golay code:

1. There are 759 octads and 2576 dodecads in the Golay code.

2. Two octads intersect in 0, 2, or 4 coordinates and an octad and a dodecad intersect at 2, 4, or

6 coordinates.

This proposition also implies that there are 759 weight 16 codewords obtained by adding 1 =

(11 . . . 1) ∈ G to the octads totalling to 2 + (2× 759) + 2576 = 212 codewords.

A.1.2 Z4-Codes

We now recall the definition and some properties of Z4-codes (see [Car05] for details).

Definition A.1.2. Let Z4 be the ring with elements 0,1,2,3 with modulo 4 addition and multipli-

cation as the operations.

1. A Z4-code C of length n is a submodule of Zn4 . The elements of the code are called codewords.

2. A matrix whose rows are a minimal spanning set for the code is called a generator matrix.

3. The Euclidean weights of the elements 0, 1, 2 and 3 = −1 of Z4 are ordinary integers 0, 1,

4 and 1, respectively, and the Euclidean weight of a codeword is the sum of the Euclidean

weights of its components. The minimum Euclidean weight dE of C is the smallest Euclidean

weight among all non-zero codewords of C .

4. The (Hamming) weight wt(x) of a codeword x ∈ C is the number of non-zero coordinates of x.

The Hamming distance of two codewords is dH(x, y) = wt(x− y) and the Hamming distance

dH(C ) of the code is defined as before as

dH(C ) = min
x,y∈C
x̸=y

dH(x, y). (A.1.6)

5. An invertible monomial matrix M over the ring Z4 is an invertible matrix of the form M = PD

where P is a permutation matrix and D is a diagonal matrix with ±1 on the diagonal. Two

codes C1 and, C2 are equivalent if there exists an invertible monomial matrix M such that

C1M = C2 where C1M = {xM : x ∈ C1}.
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6. Self-orthogonality and self-duality of the code is defined as before with the same inner product

now calculated modulo 4. Self-dual codes with the property that all Euclidean weights are

divisible by 8 are called Type II.

7. The residue code Res(C ) and the torsion code Tor(C ) are binary linear codes defined by the

exact sequence

0 −→ Tor(C )
f−→ C

g−→ Res(C ) −→ 0 (A.1.7)

obtained from the componentwise exact sequence

0 −→ Z2
f−→ Z4

g−→ Z2 −→ 0 (A.1.8)

where f : Z2 −→ Z4 maps 0 → 0, 1 → 2 and g : Z4 −→ Z2 maps 0, 1, 2, 3 ∈ Z4 to 0, 1, 0, 1 ∈ Z2

respectively. Explicitly, the residue and torsion codes are given by

Res(C ) = {x (mod 2) : x ∈ C }. (A.1.9)

and

Tor(C ) = {x (mod 2) : x ∈ Zn4 : 2x ∈ C }. (A.1.10)

We have the following theorem:

Theorem A.1.2. [BSBM97] Let C be a Type II Z4-code of length n and minimum Euclidean weight

dE(C ). Then

dE(C ) ≤ 8⌊n/24⌋+ 8. (A.1.11)

Definition A.1.3. If equality holds in Theorem A.1.2, then C is called an extremal code. Such

extremal codes will play a role in our explicit constructions of superconformal currents.

There is no known classification of extremal Z4 codes. In section 2.5.3, we will relate the con-

struction of superconformal currents to certain codes. Three of the codes that will be relevant are

described below:

Pseudo Golay codes: One set of Z4 codes which concern us here are those whose residue code

is the Golay code. Following [Rai99], we call such codes pseudo Golay codes. There are exactly

13 pseudo Golay codes [Rai99]. The generator matrix for two of these pseudo Golay code is given
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below. The rest of the 11 generator matrices can be found in [Rai99].

1000 0000 0000 1300 2111 0123

0100 0000 0000 1210 2300 3111

0010 0000 0000 3311 2330 1200

0001 0000 0000 0331 1233 0120

0000 1000 0000 0033 1123 3012

0000 0100 0000 2023 3312 1123

0000 0010 0000 1012 1231 1223

0000 0001 0000 1311 0023 0233

0000 0000 1000 1301 3302 2130

0000 0000 0100 0130 1330 2213

0000 0000 0010 1223 2033 3332

0000 0000 0001 2102 3003 1111





1000 0000 0000 2202 2313 3311

0100 0000 0000 2233 3301 1001

0010 0000 0000 1010 3203 3312

0001 0000 0000 0101 3220 3331

0000 1000 0000 3223 3013 2121

0000 0100 0000 1113 3210 1020

0000 0010 0000 1302 3130 2310

0000 0001 0000 2112 3231 0211

0000 0000 1000 3121 2323 1320

0000 0000 0100 1231 0113 2212

0000 0000 0010 3332 0102 1013

0000 0000 0001 2311 0132 2121


Quaternary Golay code: Another important example of a Z4 code is a code denoted Q̂4 in

[BSC06]. It has the property that Res(Q̂4) ∼= Tor(Q̂4) ∼= G. Thus it fits in an exact sequence

0 −→ G f−→ Q̂4
g−→ G −→ 0. (A.1.12)

Let n0(x), n±1(x), n2(x) denote the number of entries in a codeword x ∈ Q̂4 with 0,±1, 2 ∈ Z/4Z,

respectively. Since Res(Q̂4) = G, n+1(x) + n−1(x) = 0, 8, 12, 16, 24 for every x ∈ Q̂4. The number

of codewords of each type is listed in Table A.1.

Remark A.1.1. The codewords in Q̂4 with n±1 = 12 have ±1s supported on a dodecad in the

Golay code. The reason is that the mod 2 reduction of Q̂4 is the Golay code and 0, 2 reduce to 0

mod 2.

In Theorem 2.5.6 of Subsection 2.5.3 the following result will be useful in the construction of a

nontrivial supercurrent, see Subsection 2.5.3 for the details of the construction.

Lemma A.1.1. Let w ∈ G be a dodecad and Q̂w ⊂ Q̂4 be the preimage of the mod 2 reduction map

from Q̂4 to G. Then for any choice of three out of the 12 remaining positions, there is a codeword

x ∈ Q̂w with 2 at those three positions and 0 at the remaining 9 positions.

Proof. Let x ∈ Q̂w. Then ±1s in x are supported at w. At the other 12 positions, we can either

have 0 or 2. From Table A.1, we see that the number of codewords with 12 ±1s, 9 0s and 3 2s is

220 · 2576. Moreover, since there are exactly 2576 dodecads in the Golay code, from Table A.1 we

see that, if we fix the position of the 12 ±1s at w then there are a total of 220 codewords in Q̂4 with
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9 0s and 3 2s at the other 12 positions. Since there are exactly
(
12
3

)
= 220 choices for the positions

of 2, there is a codeword in Q̂w with ±1s at w and every possible position of the three 2s.
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n
±
1
=

0
n
±
1
=

8
n
±
1
=

1
2

n
±
1
=

1
6

n
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1
=

2
4

(0
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9
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2
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1
)
=
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·1
2
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5
7
6

(0
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6
;8
)
=

2
·1
6
·7

59
(0
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4
;0
)
=
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2

(2
4;
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0)
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1

(1
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8;
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5
9
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1
;1
2
;1
)
=
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2
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5
7
6
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6
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=
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6
·7
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9
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5
9

(3
;1
2
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)
=
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2
0
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5
7
6
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=
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9

(1
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2
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5
9
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2
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)
=

2
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2
0
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6
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=
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8
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=
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=
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+
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.
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Harada-Kitazume code: One other Z4 code that we will be interested in was constructed in

[HK00]. The generator matrix for the code is shown below.

2222 0000 0000 0000 0000 0000

0022 2200 0000 0000 0000 0000

0000 0022 2020 0000 0000 0000

0000 0000 0202 2020 0000 0000

0000 0000 0000 0202 2002 0000

2020 2020 0000 0000 0000 0000

0000 0220 2200 0000 0000 0000

0000 0000 2002 2002 0000 0000

0000 0000 0000 0022 2020 0000

2000 2000 2000 2000 2000 2000

1111 1111 2000 2000 0000 0000

2000 1111 1111 0000 2000 0000

0000 0000 1111 1111 2000 2000

2000 0000 2000 1111 1111 0000

2000 2000 0000 0000 1111 1111

3012 1010 1001 1001 1100 1100

3201 1001 1100 1100 1010 1010


It is an extremal Type II code. This code also gives rise to a supercurrent, see Section 2.5.3,

specifically Remark 2.5.3.

A.1.3 Lattice Construction From Codes

Codes can be used to construct lattices. In this section we describe the construction of lattices from

binary and Z4 codes. We begin by defining Euclidean lattices.

Definition A.1.4. Let Rn be the n-dimensional Euclidean space with inner product x · y = x1y1 +

· · ·+ xnyn for x = (x1, . . . , xn) and y = (y1, . . . , yn).

1. An n-dimensional Euclidean lattice Λ is a free Z-module spanned by n vectors ej ∈ Rn, 1 ≤

j ≤ n linearly independent in Rn, i.e.

Λ =


n∑
j=1

njej : nj ∈ Z

 .

2. The norm of a vector x ∈ Λ is ||x|| =
√
x2 =

√
x · x.
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3. The dual lattice Λ∗ is defined as Λ∗ = {y : x · y ∈ Z ∀ x ∈ Λ} (which is obviously a lattice).

The lattice Λ is said to be unimodular if ∥Λ∥2 ≡ det (ei · ej) = 1.

4. The lattice Λ is said to be integral if Λ ⊆ Λ∗, i.e. x · y ∈ Z for all x, y ∈ Λ and self-dual if

Λ = Λ∗.

5. The lattice Λ is said to be even if ||x||2 is even for all x ∈ Λ. The set Λ(
√
2) ≡ {x ∈ Λ : ||x||2 =

2} is called the root system1 of Λ.

6. Two n-dimensional lattices Λ1,Λ2 are said to be isomorphic if there exists a norm-preserving

Z-module isomorphism between them.

7. An automorphism of the lattice is a rotation R ∈ SO(n) which fixes the lattice. The group of

all automorphisms (the group operation being composition) is called the automorphism group

of Λ and denoted by Aut(Λ).

It is easy to see that a lattice Λ is self-dual if and only if it is integral and unimodular since

∥Λ∗∥ = ∥Λ∥−1. Moreover it is a well known result that the dimension of an even self-dual lattice has

to be a multiple of 8. Even self-dual lattices in 24 dimensions have been completely classified up to

isomorphism. There are 24 inequivalent such lattices called the Neimeier lattices classified by their

root system. There is a unique lattice with empty root system called the Leech lattice. We denote

the Leech lattice by ΛL. An explicit generator matrix for the Leech lattice is given below: the rows

1In general, a root is a primitive vector that generates a reflection isometry of the lattice. For even lattices, the roots

can have different norms. For even, unimodular lattices, the norm-2 vectors are all the roots.
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of the matrix below generates the Leech lattice under integer linear combinations.

1

2
√
2



8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0 0 0

2 2 2 2 0 0 0 0 2 2 2 2 0 0 0 0 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 0 0 0

2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 0 0 0 0 0 0 0 0 0

2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 0 0 0 0 0 0 0 0

2 0 0 2 2 0 0 2 2 0 0 2 2 0 0 2 0 0 0 0 0 0 0 0

4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0

2 0 2 0 2 0 0 2 2 2 0 0 0 0 0 0 2 2 0 0 0 0 0 0

2 0 0 2 2 2 0 0 2 0 2 0 0 0 0 0 2 0 2 0 0 0 0 0

2 2 0 0 2 0 2 0 2 0 0 2 0 0 0 0 2 0 0 2 0 0 0 0

0 2 2 2 2 0 0 0 2 0 0 0 2 0 0 0 2 0 0 0 2 0 0 0

0 0 0 0 0 0 0 0 2 2 0 0 2 2 0 0 2 2 0 0 2 2 0 0

0 0 0 0 0 0 0 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0 2 0

−3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1


We will give a more conceptual description of the Leech lattice in terms of the Golay code in the

next section.

Lattice construction from binary codes: We can construct Euclidean lattice from a code.

For an r-dimensional binary code C, define

Λ(C) := 1√
2
C +

√
2Zr (A.1.13)
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where C is now considered as a subset of Zr via a map such as2

F2 ↪→ Z

0 7→ 0, 1 7→ 1.
(A.1.14)

Proposition A.1.2. The lattice Λ(C) is integral if and only if C ⊂ C⊥ and is even if and only if

C is doubly-even. It is self-dual if and only if C is self-dual. Unimodularity of Λ(C) is equivalent to

dim C = 1
2r.

We can also construct another lattice by “twisting” this lattice as follows: define the subspaces

Λa(C), a = 0, 1, 2, 3 as follows:

Λ0(C) :=
1√
2
C +

√
2Zr+,

Λ1(C) :=
1√
2
C +

√
2Zr−,

Λ2(C) :=
1√
2
C +

1

2
√
2
1 +

√
2Zr(−)r+1 ,

Λ3(C) :=
1√
2
C +

1

2
√
2
1 +

√
2Zr(−)r ,

(A.1.15)

where

Zr+ := {x ∈ Zr : x2 ∈ 2Z},

Zr− := {x ∈ Zr : x2 ∈ 2Z+ 1},
(A.1.16)

and 1 is a vector with all components 1. Clearly Λ(C) = Λ0(C)∪Λ1(C). We define the twisted lattice

by

Λ̃(C) := Λ0(C) ∪ Λ3(C). (A.1.17)

The twisted construction is particularly important for our case because of the following theorem.

Theorem A.1.3. [CS99] Let G be the binary Golay code. Then

Λ̃(G) ∼= ΛL. (A.1.18)

This enables us to list all possible vectors of norm 4, 6, 8 in the Leech lattice. This is listed in

[CS99, Table 4.13, Chapter 4]. Finally one can construct lattices from Z4 codes as described in the

theorem:

Theorem A.1.4. [BSC06, Theorem 4.1] Let C be a self-dual Z4-code of length n with minimum

Euclidean weight dE. Then the lattice

A(C ) =
1

2
{λ ∈ Zn : λ ≡ x(mod 4) for some x ∈ C } (A.1.19)

is an n-dimensional unimodular lattice with the minimum norm squared min{4, dE/4}. Moreover,

if C is Type II, then the lattice A(C ) is even and unimodular.

2This map is just an injective function. In particular it is not a group or ring homomorphism.



236

A.2 Locality Of The Twisted Vertex Operators

We will closely follow [DGM90, Section 7,8] to establish the locality relation (2.5.40). The following

lemma is proved similar to the proof of (2.4.21). We record the proof for completness.

Lemma A.2.1. For any untwisted state ψ, we have

wL
T
0 VT (ψ, z)w

−LT0 = whψVT (ψ, zw). (A.2.1)

Proof. Using (2.2.18), we have

wL
T
0 VT (ψ, z)w

−LT0 χ = w−hχwL
T
0 e−zL

T
−1W (χ,−z)ψ,

where χ is a general twisted quasi-primary state. We now use the Baker-Campbell-Hausdorff formula

(2.4.20) to write

wL
T
0 ezL

T
−1 = eL

T
0 lnwezL

T
−1 .

Using the fact that [LT0 , L
T
−1] = LT−1, we see that the above theorem implies

eL
T
0 lnwezL

T
−1 = eexp(lnw)LT−1wL

T
0 .

Thus we get

wL
T
0 ezL

T
−1 = ezwL

T
−1wL

T
0 . (A.2.2)

This implies

wL
T
0 VT (ψ, z)w

−LT0 χ = w−hχe−zwL
T
−1wL

T
0 W (χ,−z)ψ. (A.2.3)

Next using [DGM94, eq. 2.18] for the twisted vertex operators Ṽ (χ, z), we get

wL
T
0 W (χ, z)w−L0 = whχW (χ, zw) (A.2.4)

Thus we get

wL
T
0 VT (ψ, z)w

−LT0 χ = whψe−zwL
T
−1W (χ,−zw)ψ = whψVT (ψ, zw)χ. (A.2.5)

A.2.1 Locality Relation W (χ, z)W (χ′, w) = (−1)|χ||χ
′|W (χ′, w)W (χ, z)

For quasi-primary states χ, χ′ ∈ H −
T (ΛL), following the steps in [DGM90, Section 7], we see that

the required locality relation is equivalent to proving

⟨χ′ |VT (ϕ,−z)|χ⟩ z2hχ =
〈
χ
∣∣∣VT (eL1/zϕ, z

)∣∣∣χ′
〉
z2hχ′ , (A.2.6)
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where ϕ is an arbitrary untwisted state. Now observe that

VT

(
eL1/zϕ, z

)†
=
(
VT

(
eL1/zz2L0ϕ, z

)
z−2hϕ

)†
= VT

(
eL1/zz2L0ϕ, z

)†
(z∗)−2hϕ

= VT
(
ϕ, 1/z∗

)
(z∗)−2hϕ

which implies that

VT
(
ϕ, 1/z∗

)†
z−2hϕ = VT

(
eL1/zϕ, z

)
.

So the right hand side of (A.2.6) becomes (see eq. (2.4.13) for notation)〈
χ
∣∣∣VT (ϕ, 1/z∗)†∣∣∣χ′

〉
z2hχ′−2hϕ =

〈
χ′ ∣∣VT (ϕ, 1/z∗)∣∣χ〉∗ z2hχ′−2hϕ

=
(〈
χ′ ∣∣(z−L0)†(z∗)L0VT

(
ϕ, 1/z∗

)
(z∗)−L0

∣∣χ〉 (z∗)hχ)∗ z2hχ′−2hϕ

=
(
(z∗)−hχ′

〈
χ′ ∣∣(z∗)L0VT

(
ϕ, 1/z∗

)
(z∗)−L0

∣∣χ〉 (z∗)hχ)∗ z2hχ′−2hϕ

=
〈
χ′ ∣∣VT (ϕ, 1)∣∣χ〉∗ zhχ+hχ′−hϕ

= (fχ′ϕχ)
∗zhχ+hχ′−hϕ ,

the left hand side of (A.2.6) becomes

⟨χ′ |VT (ϕ,−z)|χ⟩ z2hχ =
〈
χ′ ∣∣(−1/z)−L0(−1/z)L0VT (ϕ,−z)(−1/z)−L0(−1/z)L0

∣∣χ〉 z2hχ
= (−1/z)−hχ′ ⟨χ′ |VT (ϕ, 1)|χ⟩ (−1/z)hϕ(−1/z)hχz2hχ

= (−1)2hχ(−z)hχ′+hχ−hϕfχ′ϕχ

= (−1)hχ′+hχ+hϕzhχ+hχ′−hϕfχ′ϕχ,

(A.2.7)

where we have used (−z)−kz2k = (−z)k for k ∈ 1
2Z which is allowed3 in the principal branch of

square root. So the locality relation is equivalent to proving

(fχ′ϕχ)
∗ = (−1)|χ||χ

′|(−1)hχ′+hχ+hϕfχ′ϕχ. (A.2.8)

For χ, χ′ ∈ H +
T (Λ) (the sign is + in this case), (A.2.8) is proved in [DGM90]. We prove it for

χ, χ′ ∈ H −
T (Λ). Following the calculations on [DGM90, Page 547], we have

⟨χ|VT (ϕ, 1)|χ′⟩∗ = ⟨M(χ) |VT (ϕ, 1)|M(χ′)⟩

= (−1)hϕ
〈
M(χ)

∣∣θVT (ϕ, 1)θ∣∣M(χ′)
〉

= (−1)hϕ
〈
M(χ)

∣∣∣θeiπLT0 e−iπLT0 VT (ϕ, 1)eiπLT0 e−iπLT0 θ∣∣∣M(χ′)
〉

= (−1)hϕ
〈
χ
∣∣∣e−iπLT0 VT (ϕ, 1)eiπLT0 ∣∣∣χ′

〉
= (−1)hϕe−iπhχeiπhχ′

〈
χ
∣∣VT (ϕ, 1)∣∣χ′〉

= −(−1)hχ+hϕ+hχ′
〈
χ
∣∣VT (ϕ, 1)∣∣χ′〉 ,

3Since if z is in the upper half-plane then −z is in the lower half-plane and vice-versa.
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where we used the fact that hχ ∈ Z + 1
2 . In the last step we used the definition of the conjugation

operation as in (2.5.41). Thus we have established the locality relation.

A.2.2 Locality Relation W (χ, z)W (χ′, w) = (−1)|χ||χ
′|W (χ′, w)W (χ, z)

This is the hard one! We begin by proving a lemma.

Lemma A.2.2. We can choose a zero-momentum untwisted state ψ such that ⟨µ|VT (ψ,w) and

equivalently VT (ψ,w)|ϱ⟩ is an arbitrary twisted state.

Proof. We take

ψ = e(1/w)L1w2L0ψ
′
, w = 1/w̃∗.

By Remark 2.2.3, we have

VT (ψ,w) = VT (ψ′, w̃)
†

where we have defined

ψ′ = e−∆(w̃)ψ̃

where

ψ̃ =

(
M∏
a=1

aja−na

)
|0⟩

and

∆(z) =
1

2

∑
n,m≥0
m+n>0

 − 1
2

m

 1
2

n

 (−z)−m−n

m+ n
am · an. (A.2.9)

We then have

VT (ψ,w) = V 0
T (ψ̃, w̃)

†

We Laurent expand the vertex operator

V 0
T (ψ̃, w̃) =

∑
n

(V 0
T )n(ψ̃)w̃

−n−hψ̃

We see that the mode (V 0
T )−hψ̃+M/2 creates twisted states containing M oscillators with conformal

weight r/16 + hψ̃ − M/2 by acting on twisted ground states. Next observe that the number of

linearly independent states of conformal weight r/16 + hψ̃ −M/2 obtained by acting M oscillators

on a twisted ground state is the number of ways we can write hψ̃ − M/2 as sum of M positive

strictly half-integers. Let this number be p
Z+ 1

2

M (hψ̃ − M/2). On the other hand the number of

linearly independent untwisted states with conformal weight hψ̃ obtained by acting M oscillators

on |0⟩ is the number of ways we can write hψ̃ as sum of M positive integers. Let this number be

pZM (hψ̃). We want to show that

p
Z+ 1

2

M (hψ̃ −M/2) = pZM (hψ̃). (A.2.10)
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Indeed if

hψ̃ =

M∑
a=1

na, na ∈ N (A.2.11)

then we get a partition of hψ̃ −M/2 into positive strictly half-integers: pZ+
1
2

M (hψ̃ −M/2) since

hψ̃ − M

2
=

M∑
a=1

(
na −

1

2

)
. (A.2.12)

Thus

p
Z+ 1

2

M (hψ̃ −M/2) ≥ pZM (hψ̃). (A.2.13)

Similarly

pZM (hψ̃) ≥ p
Z+ 1

2

M (hψ̃ −M/2). (A.2.14)

Thus we can get any twisted state by acting with suitable linear combinations of the modes of

V 0
T (ψ̃, w̃).

Lemma A.2.3. The relation ⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = −⟨µ|W (φ, ζ)V (ψ,w)W (χ, z)|ϱ⟩ for

µ, χ, φ, ϱ twisted ground states is equivalent to the locality relation W (χ, z)W (φ,w) = −W (φ,w)W (χ, z)

for twisted ground states χ, φ.

Proof. Using the locality relation of VTW and VW , we have that

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = ⟨µ|VT (ψ,w)W (χ, z)W (φ, ζ)|ϱ⟩.

But since ⟨µ|VT (ψ,w) can be taken to be a general twisted state, we see that

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = −⟨µ|W (φ, ζ)V (ψ,w)W (χ, z)|ϱ⟩

=⇒ ⟨µ|VT (ψ,w)W (χ, z)W (φ, ζ)|ϱ⟩ = −⟨µ|VT (ψ,w)W (φ, ζ)W (χ, z)|ϱ⟩

=⇒W (χ, z)W (φ, ζ)|ϱ⟩ = −W (φ, ζ)W (χ, z)|ϱ⟩

Next, for an arbitrary untwisted state ψ, we have from above

VT (ψ,w)W (χ, z)W (φ, ζ)|ϱ⟩ = −VT (ψ,w)W (φ, ζ)W (χ, z)|ϱ⟩

=⇒ W (χ, z)W (φ, ζ)VT (ψ,w)|ϱ⟩ = −W (φ, ζ)W (χ, z)VT (ψ,w)|ϱ⟩

Since VT (ψ,w)|ϱ⟩ can be taken to be general twisted state, we get the required statement. Here χ

and φ are still twisted ground states.

Theorem A.2.1. For twisted ground states χ and φ, the locality relation

W (χ, z)W (φ,w) = −W (φ,w)W (χ, z) (A.2.15)

holds.
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Proof. In view of Lemma A.2.3 and Lemma A.2.2, we prove that

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = −⟨µ|W (φ, ζ)V (ψ,w)W (χ, z)|ϱ⟩, (A.2.16)

for twisted ground states µ, χ, φ, ϱ and a general zero momentum untwisted state ψ. Then by Lemma

A.2.3, the required locality relation follows. We will closely follow [DGM90, Section 9] for this proof.

We begin by simplifying the left hand side. From [DGM90, eq. 4.2] we have

W (χ, z)ψ = ezL
T
−1

∑
λ∈ΛL

⟨λ| : eB(z)eA(z) : |ψ⟩eλχ (A.2.17)

where A(z) is as in (2.3.45) and

B(z) := B+(z) +B−(z) (A.2.18)

with

B±(z) := −
∑
n≥0

s∈(Z+ 1
2 )±

(
−s
n

)
(−z)−n−s

s
an · cs, (A.2.19)

where
(
Z+ 1

2

)
± denotes positive and negative half-integers respectively. Note that ⟨λ| : eB(z)eA(z) :

|ψ⟩ is an operator on the twisted Hilbert space, and that it is normal ordered and acting on a twisted

ground state. Since cs annihilates twisted ground states for s > 0 we see that normal ordering gives

W (χ, z)ψ = ezL
T
−1

∑
λ∈ΛL

⟨λ| : eB−(z)eA(z) : |ψ⟩eλχ. (A.2.20)

Next by (2.2.25) we have

W (φ, ζ)|ϱ⟩ = ζ−2hφW (φ, 1/ζ∗)†|ϱ⟩ (A.2.21)

where we used the fact that LT1 annihilates the twisted ground state. Replacing ψ by V (ψ,w)W (φ, ζ)|ϱ⟩

in (A.2.17) we obtain

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ =
∑
λ∈ΛL

〈
µ
∣∣∣ezLT−1

〈
λ
∣∣∣eB−(z)eA(z)V (ψ,w)W (φ, ζ)

∣∣∣ ϱ〉 eλ∣∣∣χ〉
=
∑
λ∈ΛL

〈
λ
∣∣∣〈eB−(z)†ezL

T
1 µ |eλ|χ

〉
eA(z)V (ψ,w)W (φ, 1/ζ∗)†

∣∣∣ ϱ〉 ζ−2hφ

=
∑
λ∈ΛL

⟨µ |eλ|χ⟩
〈
λ
∣∣∣eA(z)V (ψ,w)W (φ, 1/ζ∗)†

∣∣∣ ϱ〉 ζ−2hφ ,

(A.2.22)

where we used the fact that B−(z)
† and LT1 annihilates the twisted ground state µ. Again using

(A.2.17) we have

W (φ, 1/ζ∗)
(
eA(z)V (ψ,w)

)†
|λ⟩ = eL

T
−1/ζ

∗ ∑
λ′∈ΛL

〈
λ′
∣∣∣∣eB−(1/ζ∗)eA(1/ζ∗)

(
eA(z)V (ψ,w)

)†∣∣∣∣λ〉 eλ′ |φ⟩

= eL
T
−1/ζ

∗
〈
λ

∣∣∣∣eB−(1/ζ∗)eA(1/ζ∗)
(
eA(z)V (ψ,w)

)†∣∣∣∣λ〉 eλ|φ⟩
(A.2.23)
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where we used the fact that ⟨λ|O|λ′⟩ = 0 if λ ̸= λ′ for any operator O which does not contain

eq·(λ
′−λ) (see (2.3.11)). Thus we have〈
λ
∣∣∣eA(z)V (ψ,w)W (φ, 1/ζ∗)† =

〈
λ
∣∣∣eA(z)V (ψ,w)eA(ζ)eB−(1/ζ∗)†

∣∣∣λ〉 ⟨φ|e†λeLT1 /ζ∗ , (A.2.24)

where

A(z) = A(1/z∗)†. (A.2.25)

Substituting eq. (A.2.24) into eq. (A.2.22) and using the fact that LT1 and B−(1/ζ
∗)† annihilates

twisted ground states, we get in the region |z| > |w| > |ζ|

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ =
∑
λ∈ΛL

⟨µ |eλ|χ⟩
〈
λ
∣∣∣eA(z)V (ψ,w)eA(ζ)

∣∣∣λ〉〈φ ∣∣∣e†λ∣∣∣ ϱ〉 ζ−2hφ .

(A.2.26)

Let

∆(−z) = 1

2

∑
n,m≥0
m+n>0

 − 1
2

m

 1
2

n

 (−z)−m−n

m+ n
am · an. (A.2.27)

Then we have〈
λ
∣∣∣eA(z)V (ψ,w)eA(ζ)

∣∣∣λ〉 =
〈
λ
∣∣∣e− 1

2p
2 ln(−4z)e∆(−z)V (ψ,w)e∆(−ζ)e−

1
2p

2 ln(−4/ζ)
∣∣∣λ〉

= (−4z)−
λ2

2 (−4/ζ)−
λ2

2

〈
λ
∣∣∣e∆(−z)V (ψ,w)e∆(−ζ)

∣∣∣λ〉
=
(
−4
√
z/ζ
)−λ2 〈

λ

∣∣∣∣e∆(−z)
(√

zζ
)L0

(√
zζ
)−L0

V (ψ,w)
(√

zζ
)L0

(√
zζ
)−L0

e∆(−ζ)
∣∣∣∣λ〉

= (−4u−1)−λ
2

(zζ)−
1
2hψ

〈
λ

∣∣∣∣e∆(−z)
(√

zζ
)L0

V (ψ, y)
(√

zζ
)−L0

e∆(−ζ)
∣∣∣∣λ〉

(A.2.28)

where we defined new variables

u =

√
ζ

z
, y =

w√
zζ

(A.2.29)

and used (2.4.19). Now using the translation property

wL0anw
−L0 = w−nan, (A.2.30)

we see that (√
zζ
)−L0

∆(−z)
(√

zζ
)L0

= ∆(−u−1). (A.2.31)

Similarly using a†n = a−n we have(√
zζ
)−L0

∆(−ζ)
(√

zζ
)L0

= ∆(−u), (A.2.32)

So we get〈
λ
∣∣∣eA(z)V (ψ,w)eA(ζ)

∣∣∣λ〉
= (−4u−1)−λ

2

(zζ)−
1
2hψ

〈
λ

∣∣∣∣(√zζ)L0

e∆(−u−1)V (ψ, y)e∆(−u)
(√

zζ
)−L0

∣∣∣∣λ〉
= (−4u−1)−λ

2

(zζ)−
1
2hψ

〈
λ
∣∣∣e∆(−u−1)V (ψ, y)e∆(−u)

∣∣∣λ〉
(A.2.33)
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where we used the fact that

⟨λ|
(√

zζ
)L0

= ⟨λ|
((√

z∗ζ∗
)L0

)†

=
(√

zζ
)λ2

2 ⟨λ|. (A.2.34)

Note that (A.2.33) is valid in the region |u| < |y| < |u|−1 and |u| < 1. The next step is to simplify

(A.2.33). For that we express the vertex operator V (ψ, y) as exponential. Suppose

ψ =

(
M∏
a=1

aja−ma

)
|0⟩. (A.2.35)

Then

V (ψ, y) =:

M∏
a=1

i

(ma − 1)!

dmaXja

dyma
:

=:

M∏
a=1

D (ma)
∑
n∈Z

ajan y
−n−1 :

(A.2.36)

where

D (ma) :=
1

(ma − 1)!

dma−1

dyma−1
, (A.2.37)

and pj = aj0. One can now write this as an exponential. To do this we introduce the variables ρjaa

for 1 ≤ a ≤M and 1 ≤ ja ≤ 24. If we make a fixed choice of M -tuple (j1, . . . , jM ) then, relative to

this choice we define
∂

∂ρ
:=

∂

∂ρj11
. . .

∂

∂ρjMM
=

M∏
a=1

∂

∂ρja1
. (A.2.38)

We do not explicitly indicate the M -tuple (j1, . . . , jM ) in the notation ∂
∂ρ to avoid cluttering the

notation. Next introduce vectors

(ρ<n )
k =

M∑
a=1

√
nρkaD

(ma)yn−1 =

M∑
a=1

√
n

 n− 1

ma − 1

 ρkay
n−ma ,

(ρ>n )
k =

M∑
a=1

√
nρkaD

(ma)y−n−1 =
M∑
a=1

√
n

 −n− 1

ma − 1

 ρkay
−n−ma ,

(ρ0)
k =

M∑
a=1

ρkaD
(ma)y−1 =

M∑
a=1

 −1

ma − 1

 ρkay
−ma .

(A.2.39)

and then define

ρ<a† =
∑
n>0

ρ<n · a−n√
n

, ρ>a =
∑
n>0

ρ>n · an√
n

. (A.2.40)

Then we have

V (ψ, y) =
∂

∂ρ

(
eρ
<a†ep·ρ0eρ

>a
)∣∣∣

{ρka=0}
. (A.2.41)

Next we have

∆(−u−1) =
∑
n>0

(
− 1

2

n

)
(−u−1)−n

n
an · p+ 1

2

∑
n,m>0

 − 1
2

m

 1
2

n

 (−u−1)−m−n

m+ n
am · an. (A.2.42)
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Defining

Tmn =

√
nm

n+m
νnνm, νn = (−u)n

(
− 1

2

n

)
, (A.2.43)

we can write

∆(−u−1) = p̃a+
1

2
aTa (A.2.44)

where

p̃jn =
pjνn√
n
, p̃a =

∑
n>0

p̃n · an√
n
, aTa =

∑
m,n>0

Tmn
am√
m

· an√
n

(A.2.45)

Thus we have〈
λ
∣∣∣eA(z)V (ψ,w)eA(ζ)

∣∣∣λ〉 = (−4u−1)−λ
2

(zζ)−
1
2hψ

∂

∂ρ

〈
λ

∣∣∣∣exp(p̃a+ 1

2
aTa

)(
eρ
<a†ep·ρ0eρ

>a
)

× exp

(
p̃a† +

1

2
a†Ta†

)∣∣∣∣λ〉∣∣∣∣
{ρka=0}

= (−4u−1)−λ
2

(zζ)−
1
2hψ

∂

∂ρ
eλ·ρ0

〈
λ

∣∣∣∣exp(λ̃a+ 1

2
aTa

)(
eρ
<a†eρ

>a
)

× exp

(
λ̃a† +

1

2
a†Ta†

)∣∣∣∣λ〉∣∣∣∣
{ρka=0}

(A.2.46)

where λ̃a is defined in exactly the same way as p̃a with pj replaced by λj . Now noting that

eλ·q|0⟩ = |λ⟩ and q commutes with all other oscillators an, we have〈
λ
∣∣∣eA(z)V (ψ,w)eA(ζ)

∣∣∣λ〉 = (−4u−1)−λ
2

(zζ)−
1
2hψ

∂

∂ρ
eλ·ρ0

〈
0

∣∣∣∣exp(λ̃a+ 1

2
aTa

)(
eρ
<a†eρ

>a
)

× exp

(
λ̃a† +

1

2
a†Ta†

)∣∣∣∣ 0〉∣∣∣∣
{ρka=0}

(A.2.47)

Normal ordering the oscillators, we can write〈
0

∣∣∣∣exp(λ̃a+ 1

2
aTa

)(
eρ
<a†eρ

>a
)
exp

(
λ̃a† +

1

2
a†Ta†

)∣∣∣∣ 0〉 =
〈
0
∣∣∣eλ̃ae 1

2aTaeρ
<a†eρ

>aeλ̃a
†
e

1
2a

†Ta†
∣∣∣ 0〉

(A.2.48)

The vacuum expectation value on the right hand side can be evaluated using coherent state tech-

niques and has been done in [DGM90, Appendix D]. We get〈
0
∣∣∣eλ̃ae 1

2aTaeρ
<a†eρ

>a e
1
2a

†Ta†eλ̄a
†
∣∣∣ 0〉

= det
(
1− T 2

)− 1
2 r exp

(
λ̃(1− T )−1λ̃

)
exp

(
λ̃(1− T )−1

(
ρ< + ρ>

))
eh(u,y)

(A.2.49)

where

h(u, y) =
1

2

[
ρ<T

(
1− T 2

)−1
Tρ> + ρ>T

(
1− T 2

)−1
Tρ< + ρ<

(
1− T 2

)−1
Tρ< + ρ>

(
1− T 2

)−1
Tρ>

]
.

(A.2.50)
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The determinant can be evaluated using group theory. The result is [DGM90, eq. (9.16)]

det
(
1− T 2

)− 1
2 r =

(
1− u2

)−r/8
Θ3(q

2)−r, (A.2.51)

where

q = exp

{
−πK(

√
1− u2)

K(u)

}
, (A.2.52)

where K(u) is a complete elliptic integral given by

K(u) =
1

2

∫ 1

0

dxx−1/2(1− x)−1/2
(
1− u2x

)−1/2
=

1

2
πΘ3(q

2)2, (A.2.53)

Here Θ3(q) is the Jacobi theta function [DLMF, Section 20.9] given by

Θ3(q) =
∑
n∈Z

q
n2

2 =

∞∏
n=1

(1− qn)
(
1 + qn−

1
2

)2
. (A.2.54)

Because we are working with |ζ| < |z| we have |u| < 1. Also we have [DGM90, eq. (9.20)]

exp
(
λ̃(1− T )−1λ̃

)
= (4u−1)λ

2

q
1
2λ

2

. (A.2.55)

Next define

λ · t(u, y) = λ · ρ0 + λ̃(1− T )−1
(
ρ< + ρ>

)
. (A.2.56)

Then we can easily see that〈
λ
∣∣∣eA(z)V (ψ, ω)eĀ(ζ)

∣∣∣λ〉 =(zζ)−
1
2hψ

∂

∂ρ

(
1− u2

)−r/8
Θ3(q

2)−rq
1
2λ

2

eλ·t(u,y)eh(u,y)
∣∣∣
{ρka}=0

.

(A.2.57)

This implies

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ρ⟩ =ζ−2hφ(zζ)−
1
2hψ

∑
λ∈ΛL

⟨µ |eλ|χ⟩
〈
φ
∣∣∣e†λ∣∣∣ ϱ〉

×
(
1− u2

)−r/8
Θ3(q

2)−rq
1
2λ

2 ∂

∂ρ
eλ·t(u,y)eh(u,y)

∣∣∣∣
{ρka}=0

.

(A.2.58)

We have kept the r explicit in above formula but at the end we need to plug in r = 24. We now

need to show that the right hand side of (A.2.58) is invariant under φ ↔ χ and z ↔ ζ up to the

factor (−1)|χ||φ| = −1.

To facilitate the exchange of φ and χ we proceed as follows. We begin with the relation [DGM90,

Appendix C] ∑
γ∈Γ

γ†abγcd = 212δadδbc (A.2.59)
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to transform the inner products in (A.2.26). Choose a basis for S and let us denote the column

vectors for the states µ, χ, φ, ϱ by the same symbol. We then have

⟨µ |eλ|χ⟩
〈
φ
∣∣∣e†λ∣∣∣ ϱ〉 = (e−iπhφ)∗ ⟨µ |eλ|χ⟩

〈
θMφ∗

∣∣∣e†λ∣∣∣ ϱ〉
= −eiπhφ

(
µ†γλχ

) (
φTM∗γ†λϱ

)
= −2−12eiπhφ

∑
γν∈Γ

(
µ†γ†νγνγλχ

) (
φTM∗γ†λϱ

)
= −2−12eiπhφ

∑
γν∈Γ

(
µ†γ†νγνγλχ

) (
(M∗γ†λϱ)

Tφ
)

= −2−12eiπhφ
∑
γν∈Γ

(
µ†γ†νφ

) (
(ϱT γ∗λM

∗γνγλχ
)

= −2−12eiπhφ
∑
γν∈Γ

(
µ†γ†νφ

) (
(ϱTM∗γλγνγλχ

)
= 2−12eiπhφ

∑
γν∈Γ

(
µ†γ†νφ

) (
(θM∗ϱ)T γλγνγλχ

)
= 2−12eiπ(hφ−hϱ)(−1)

λ2

2

∑
eν∈Γ(ΛL)

(−1)λ·ν
〈
µ
∣∣e†ν∣∣φ〉 ⟨ϱ |eν |χ⟩ .

(A.2.60)

Thus we can write

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = ζ−2hφ(zζ)−
1
2hψeiπ(hφ−hϱ)2−12

∑
eν∈Γ(ΛL)

〈
µ
∣∣e†ν∣∣φ〉 ⟨ϱ |eν |χ⟩

×
(
1− u2

)−r/8
Θ3(q

2)−r
∂

∂ρ
eh(u,y)Γ(q, ν)

∣∣∣∣
{ρka}=0

(A.2.61)

where

Γ(q, ν) =
∑
λ∈ΛL

(−q) 1
2λ

2

(−1)λ·νeλ·t(u,y). (A.2.62)

We now need to exchange z and ζ, which is equivalent to changing u → 1/u. Of course, this

requires analytic continuation since |1/u| > 1. Under u→ 1/u, q does not transform simply. So we

change variables to

q′ = exp

(
−π K(u)

K(
√
1− u2)

)
. (A.2.63)

This is because q′ → −q′ under u → 1/u [DGM90, eq. (9.27)]. To change the variables from q to

q′ we need to express Γ(q, ν) in terms of q′. Note that if we write q = e2πiτ and q′ = e2πiτ
′

then

τ ′ = −1/4τ . One can now use the Poisson summation formula and get [DGM90, eq. (9.31)]

Γ(q, ν) = (−1)
1
2ν

2

(
ln q′

iπ

) 1
2 r ∑

λ∈ΛL

(−q′)
1
2λ

2

(−1)λ·ν (q′)
λ·t(u,y)/iπ

(q′)
−t(u,y)2/2π2

. (A.2.64)

Next we have the transformation of the theta function given by

Θ3(−1/τ) =
√
−iτΘ3(τ). (A.2.65)
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where Θ3(τ) := Θ3(q) with q = e2πiτ . Using this transformation, it is easy to see that

Θ3(q
′2) = Θ3(2τ

′) = Θ3(−2/4τ) =
√
−2iτΘ3(2τ) =

√
i

2τ ′
Θ(q2) = Θ(q2)

(
− ln q′

π

)− 1
2

(A.2.66)

where we used the fact that q = e2πiτ → q′ = e2πiτ
′
under τ → τ ′ = −1/4τ . This gives us

Θ3(q
2) = Θ3(q

′2)

(
− ln q′

π

) 1
2

(A.2.67)

At this point we can return to the algebraic computations needed to exchange φ and χ. Doing

a computation similar to (A.2.60), we get

2−12(−1)
1
2λ

2 ∑
eν∈Γ(ΛL)

〈
φ
∣∣e†ν∣∣µ〉 ⟨ϱ |eν |χ⟩ (−1)λ·ν = ⟨φ |eλ|χ⟩

〈
µ
∣∣∣e†λ∣∣∣ ϱ〉 e−iπ(hµ−hϱ) (A.2.68)

To use this relation, we need to relate
〈
φ
∣∣e†ν∣∣µ〉 with

〈
µ
∣∣e†ν∣∣φ〉. Indeed we have

〈
φ
∣∣e†ν∣∣µ〉 = (e−iπhφ)∗e−iπhµ(Mφ∗)†γ†νMµ∗

= eiπ(hφ−hµ)φTM∗γ†νMµ∗ (M∗γ†νM = γTν )

= eiπ(hφ−hµ)(−1)
1
2ν

2

φT (γTν )
−1µ∗

= eiπ(hφ−hµ)(−1)
1
2ν

2

(γ†νφ)
Tµ∗

= eiπ(hφ−hµ)(−1)
1
2ν

2

⟨µ|e†ν |φ⟩

(A.2.69)

where we used the fact that eν is unitary.

Putting these facts together we can express our matrix element in the form:

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = ζ−2hφ(zζ)−
1
2hψ

∂

∂ρ

∑
λ∈ΛL

⟨φ |eλ|χ⟩
〈
µ
∣∣∣e†λ∣∣∣ ϱ〉 (q′) 1

2λ
2

(q′)
λ·t(u,y)/iπ

× i
1
2 r
(
1− u2

)−r/8
Θ3

(
q′2
)−r

eh(u,y) (q′)
−t(u,y)2/2π2

∣∣∣
{ρka=0}

(A.2.70)

We now show that the right hand side of (A.2.70) is invariant under φ ↔ χ and z ↔ ζ up to the

factor (−1)|χ||ϕ| = −1. Under this, u ↔ 1/u and q′ ↔ −q′. To check invariance under exchange we

need the identities:

⟨φ |eλ|χ⟩ = ⟨χ |eλ|φ⟩ eiπ(hχ+hφ)(−1)
1
2λ

2

(
1− u−2

)−r/8
Θ3

(
−q′2

)−r
=
(
1− u2

)−r/8
Θ3

(
q′2
)−r

(−1)r/8(ζ/z)−r/8

Θ3(−q′2) = u1/2Θ3(q
′2)

(A.2.71)

We also note that eh(u,y) (q′)−t(u,y)
2/2π2

and (q′)
λ·t(u,y)/iπ are invariant under u↔ 1/u and q′ ↔ −q′

[DGM90, Section 9, 10] and r = 24. Putting all these together we finally arrive at the desired identity:

⟨µ|W (χ, z)V (ψ,w)W (φ, ζ)|ϱ⟩ = −⟨µ|W (φ, ζ)V (ψ,w)W (χ, z)|ϱ⟩. (A.2.72)
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It remains to prove the identites (A.2.71). The last relation in eq. (A.2.71) is proved using the

fact that Θ3(−q′2) = Θ4(q
′2) where

Θ4(q
′) =

∑
n∈Z

(−1)nq′
n2

2 =

∞∏
n=1

(1− q′n)
(
1− q′n−

1
2

)2
(A.2.73)

and [DLMF]

Θ4(q
′(u)2) = u

1
2Θ3(q

′(u)2), (A.2.74)

where q′(u) is given by eq. (A.2.63). The middle relation in (A.2.71) follows from the usual modular

transformation rules. The first relation in eq. (A.2.71) is similar to, but different from one proven

in [DGM90], because their context is slightly different. We prove the first relation as follows:

⟨φ |eλ|χ⟩ =
(
e−iπhφ

)∗ ⟨θM(φ)|eλ|χ⟩

= −eiπhφφTM∗γλχ

= −eiπhφφT γ∗λM∗χ (Mγ∗λ = γλM and M∗ =M−1)

= eiπ(hφ−hχ)φT γ∗λ
(
e−iπhχθMχ∗)∗

= eiπ(hφ+hχ)φT γ∗λχ
∗

= eiπ(hφ−hχ)φT γTλ (γ
−1
λ )T γ∗λχ

∗

= eiπ(hφ−hχ)(γλφ)
T (γ∗λ)

2χ∗

= eiπ(hφ−hχ)(−1)
λ2

2 (γλφ)
Tχ∗

= eiπ(hφ−hχ)(−1)
λ2

2 ⟨χ|eλ|φ⟩,

(A.2.75)

where we used the properties of the gamma matrices and the fact that they are unitary.

To complete the proof of locality, we need to promote the states χ and φ to arbitrary fermionic

states in H −
T (ΛL).

Lemma A.2.4. The locality relation W (χ, z)W (φ,w) = −W (φ,w)W (χ, z) for arbitrary fermionic

twisted states χ, φ holds if and only if

W (χ, z)W (φ, ζ) = −W (φ, ζ)W (χ, z) (A.2.76)

for χ, φ twisted ground states.

Proof. Direct implication is obvious. We prove the converse. Since we already have the locality of

Ṽ (ψ, z)Ṽ (χ,w) = Ṽ (χ,w)Ṽ (ψ, z) for twisted state χ and untwisted state ψ, we have the duality

relation

Ṽ (ψ, z)Ṽ (χ,w) = Ṽ (Ṽ (ψ, z − w)χ,w). (A.2.77)



248

Note that by Proposition 2.5.1, the right hand side of from (A.2.77) has square root singularity when

χ ∈ H −
T (ΛL) and ψ ∈ H −(ΛL). Fortunately we do not have to use (A.2.77) for ψ ∈ H −(ΛL).

To prove this lemma, we only need ψ ∈ H +(ΛL). Using explicit matrix forms of Ṽ (2.5.17) and

(2.5.18), we get

V (ψ, z)W (χ,w) =W (VT (ψ, z − w)χ,w)

VT (ψ, z)W (χ,w) =W (VT (ψ, z − w)χ,w)

Acting on W (χ, z)W (φ, ζ)|ϱ⟩ by VT (ψ,w) with ψ ∈ H +(ΛL) and using the above relations and

Lemma A.2.2, we can generalise χ to arbitrary fermionic twisted state on both sides of (A.2.76).

This is because VT (ψ, z) maps fermions to bosons and vice-versa in the twisted sector if θψ = −ψ

and preserve the parity if θψ = ψ. Similarly acting with VT (ψ,w) on W (χ, z)W (φ, ζ)ϱ, we can

generalise φ to arbitrary fermionic twisted state on both sides of (A.2.76). The statement of the

lemma now follows.
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Appendix B

Modular tensor category from rational conformal field theory

In this appendix, we explain the rigorous construction of a modular tensor category from a 2d rational

conformal field theory (RCFT) using the theory of vertex operator algebras. The foundational paper

on the subject is the work by Moore-Seiberg where they derived polynomial equations for braiding

and fusion matrices defined using conformal blocks [MS88]. These equations were then used to

prove the Verlinde conjecture, a foundational result in 2d rational conformal field theory [Ver88]. A

more systematic treatment was then presented by Moore-Seiberg in [MS89c, MS89a]. The physics

motivated discussion in Moore-Seiberg was then formalized into categorical language by Turaev

[Tur92] to define a modular tensor category1. The rigorous construction of the modular tensor

category from an RCFT was described in a series of works by Huang-Lepowsky [HL95, Hua95a,

HL93, HL94] and Huang2 [HKJL15, Hua05].

The goal of this appendix is to summarize the construction of modular tensor category from a

vertex operator algebra and sketch the proof of the Verlinde formula. This appendix will also serve

the purpose of introducing several terms used in Chapter 2 and Chapter 3.

B.1 Vertex operator algebra

The algebraic theory of RCFTs described by Moore-Seiberg in [MS89c, MS89a] can be given a

rigorous mathematical treatment using the theory of vertex operator algebras, invented originally

to prove the Monstrous moonshine conjecture. To describe vertex operator of 2d CFT rigorously,

mathematicians use formal calculus. We begin by discussing some basic definitions in formal calculus.

1The name modular tensor category was suggested by Igor Frenkel.
2The construction of rigid braided tensor category from affine Lie algebras was first presented by Kazhdan-Lusztig

in [KL91, KL93a, KL93b, KL94a, KL94b] but its generalization to arbitrary rational VOA was first presented by

Huang.
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B.1.1 Formal calculus

The symbols x, x0, x1, . . . will denote commuting formal variables. Let N0 = N ∪ {0}. For a vector

space V , we set

V [x] =

{∑
n∈N0

vnx
n : vn ∈ V, all but finitely many vn = 0

}
,

V [x, x−1] =

{∑
n∈Z

vnx
n : vn ∈ V, all but finitely many vn = 0

}
,

V [[x]] =

{∑
n∈N0

vnx
n : vn ∈ V

}
,

V [[x, x−1]] =

{∑
n∈Z

vnx
n : vn ∈ V

}
,

V {x} =

∑
n∈Q

vnx
n : vn ∈ V

 .

(B.1.1)

If we define the operator ex
d
dx by the expansion

ex0
d
dx =

∞∑
n=0

xn0
n!

dn

dxn
, (B.1.2)

then one can show that the formal version of Taylor’s theorem holds:

ex0
d
dx f(x) = f(x+ x0) , f ∈ V [[x, x−1]] . (B.1.3)

For any s ∈ C, we will define the formal series

(x1 + x2)
s =

∞∑
n=0

(
s

n

)
xs−n1 xn2 , (B.1.4)

where (
s

n

)
=
s(s− 1) · · · (s− n+ 1)

n!
. (B.1.5)

Note that the convention is to always have the second variable raised to positive integral powers. In

particular,

(x1 + x2)
s ̸= (x2 + x1)

s , for s ∈ C\N0 . (B.1.6)

A basic function which will feature prominently is the “delta function”

δ(x) :=
∑
n∈Z

xn ∈ C[x, x−1] . (B.1.7)

The delta function satisfies the property

f(x)δ(x) = f(1)δ(x) for f(x) ∈ C[x, x−1] . (B.1.8)
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We will often use the three-variable delta function

x−1
0 δ

(
x1 − x2
x0

)
=
∑
n∈Z

(x1 − x2)
n

xn+1
0

=
∑

m∈N0,n∈Z

(−1)m
(
n

m

)
x−n−1
0 xn−m1 xm2 . (B.1.9)

The following identities can be verified by formal manipulations:

x−1
1 δ

(
x2 + x0
x1

)
= x−1

2 δ

(
x1 − x0
x2

)
x−1
0 δ

(
x1 − x2
x0

)
− x−1

0 δ

(
x2 − x1
−x0

)
= x−1

2 δ

(
x1 − x0
x2

)
.

(B.1.10)

Limits of formal expression are defined in a purely algebraic sense. For example

lim
x→0

f(x) = v0 , for f(x) =
∞∑
n=0

vnx
n ∈ V [[x]] . (B.1.11)

Formal residue is defined as

Resx

(∑
n∈Z

vnx
n

)
:= v−1 . (B.1.12)

For example

Resx1
x−1
1 δ

(
x1 + x0
x1

)
= 1 . (B.1.13)

We will usually work with C-graded vector spaces

V =
⊕
n∈C

V(n) . (B.1.14)

We will often denote this direct sum by

V =
∐
n∈C

V(n) . (B.1.15)

We also work with direct products

V =
∏
n∈C

V(n) . (B.1.16)

V is also called the completion or the algebraic extension of V . The main difference between these

two notations is that in direct sum (
∐
), we only take finite sums of homogeneous vectors while in

direct product (
∏
), we are allowed to take formal infinite sums.

B.1.2 Definition and consequences

Definition B.1.1. A vertex operator superalgebra (SVOA) is a tuple (V, YV ,1, ω, c), where

• V is a 1
2Z-graded complex vector space

V =
∐
n∈ 1

2Z

V(n) , (B.1.17)

and V is also Z2-graded V = V0̄ ⊕ V1̄,
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• YV is the vertex operator map

YV (•, x) : V −→ End(V )[[x
1
2 , x−

1
2 ]] ,

u 7−→ YV (u, x) =
∑
n∈ 1

2Z

unx
−n−1 ,

(B.1.18)

such that we have unv ∈ Vī+j̄ when u ∈ Vī and v ∈ Vj̄

• 1 ∈ V(0) is the vacuum vector,

• ω ∈ V(2) is the conformal vector.

• c ∈ C is the central charge.

This data satisfies the following axioms:

1. Creation property:

YV (1, x) = 1V , lim
x→0

YV (v, x)1 = v . (B.1.19)

Equivalently,

1n = 0, n ̸= −1 , 1−1 = 1V ,

vn · 1 = 0, n > −1 , v−1 · 1 = v .
(B.1.20)

2. Grading restriction property: V(n) = 0 for n < 0 and dim(V(n)) <∞.

3. Virasoro property: Define the operators Ln ∈ End(V ) by3

YV (ω, x) =
∑
n∈Z

Lnx
−n−2 . (B.1.21)

Then Ln satisfy the Virasoro algebra with central charge c:

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0 . (B.1.22)

4. L0 property: L0 is the grading operator on V :

L0v = nv , for all v ∈ V(n) . (B.1.23)

The eigenvalues of L0 are called weights or conformal dimension. The vertex operators satisfies

d

dx
YV (v, x) = YV (L−1v, x) . (B.1.24)

3It is conventional in Mathematics literature to denote the Virasoro generators by L(m). We will use the two notations

interchangeably.
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5. Jacobi identity: For any u, v ∈ V , we have

x−1
0 δ

(
x1 − x2
x0

)
YV (u, x1)YV (v, x2)− (−1)|u||v|x−1

0 δ

(
x2 − x1
−x0

)
YV (v, x2)YV (u, x1)

= x−1
2 δ

(
x1 − x0
x2

)
YV (YV (u, x0)v, x2) ,

(B.1.25)

where |u| is the Z2-degree of u.

We will often denote an SVOA by (V, YV ) or simply by V . An SVOA is called a VOA if

• V1̄ = 0 and V(n+ 1
2 )

= 0 for n ∈ Z,

• the vertex operator map is a formal series in integral powers of x, i.e., for u ∈ V ,

YV (u, x) =
∑
n∈Z

unx
−n−1 ∈ End(V )[[x, x−1]] . (B.1.26)

Remark B.1.1. 1. A vertex operator algebra is to be understood as the chiral algebra of a 2d

CFT.

2. Using Jacobi identity, we can prove the following properties:

YV (v, x)1 = exL−1v , (B.1.27)

YV (e
x0L−1v, x) = ex0

d
dxYV (v, x) = YV (v, x+ x0) , (B.1.28)

[L−1, YV (v, x)] = YV (L−1v, x) , (B.1.29)

[L0, YV (v, x)] = YV (L0v, x) + xYV (L−1v, x) , (B.1.30)

[L1, YV (v, x)] = Y (L1v, x) + 2xYV (L0v, x) + x2YV (L−1v, x) . (B.1.31)

This is the action of SL(2,C), spanned by {L0, L±1}, on the vertex operators. More generally,

if v ∈ V(h) is such that Lnv = 0 for all n > 0, then

[Ln, YV (v, x)] =

(
xn+1 d

dx
+ h(n+ 1)xn

)
YV (v, x) . (B.1.32)

This is equivalent to the OPE of the stress tensor with a primary field of conformal dimension

h.

3. The Jacobi identity can be written in terms of commutators of vn ∈ End(V ). This is how

Borcherds originally defined vertex algebra [Bor86b].

From now on, we will restrict to VOAs but almost all of the discussion goes through for SVOAs.
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Jacobi identity as commutativity and associativity

Most of the axioms of vertex operator algebra is familiar from physical theory of 2d CFT except for

the Jacobi identity. As we will now discuss, the Jacobi identity captures the locality of generators of

chiral algebras. We will give a brief review of the results of [FHL93b] which shows that the Jacobi

identity is equivalent to the “commutativity” and “associativity” of vertex operators which are more

familiar from physics point of view.

Define the restricted dual

V ′ :=
∐
n∈Z

V ∨
(n) , (B.1.33)

where V ∨
(n) := Hom(V(n),C) is the dual of V(n). Then there is a natural pairing of V, V ′, which we

will denote by ⟨·, ·⟩. By grading restriction and creation property, it is clear that for u, v ∈ V and

v′ ∈ V ′, we have

⟨v′, YV (u, x)v⟩ ∈ C[x, x−1] . (B.1.34)

We have the following theorem.

Theorem B.1.1. Let (V, YV ) be a VOA. Let v, v1, v2 ∈ V and v′ ∈ V ′. The the following is true:

1. (Rationality of products) The formal series ⟨v′, YV (v1, x1)YV (v2, x2)v⟩, which has only finitely

many negative powers of x2 and only finitely many positive powers of x1, takes the form

⟨v′, YV (v1, x1)YV (v2, x2)v⟩ = ι12f(x1, x2) , (B.1.35)

where f is of the form

f(x1, x2) =
g(x1, x2)

xr1x
s
2(x1 − x2)t

(B.1.36)

for some g ∈ C[x1, x2], r, s, t ∈ Z and the notation ι12f means that we expand f in positive

integral powers of x2.

2. (Commutativity) We have

⟨v′, YV (v2, x2)YV (v1, x1)v⟩ = ι21f(x1, x2) , (B.1.37)

where ι21f means that we expand f in positive integral powers of x1.

3. (Rationality of iterates) The formal series ⟨v′, YV (YV (v1, x0)v2, x2)v⟩, which only has finitely

many negative powers of x0 and only finitely many positive powers of x2, has the form

⟨v′, YV (YV (v1, x0)v2, x2)v⟩ = ι20h(x0, x2) , (B.1.38)
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where h is of the form

h(x0, x2) =
k(x0, x2)

xr0x
s
2(x0 + x2)t

, (B.1.39)

for some k ∈ C[x0, x2], r, s, t ∈ Z. Moreover, we also have

⟨v′, YV (v1, x0 + x2)YV (v2, x2)v⟩ = ι02h(x0, x2) . (B.1.40)

Remark B.1.2. Commutativity means that the formal series

⟨v′, YV (v1, x1)YV (v2, x2)v⟩ and ⟨v′, YV (v2, x2)YV (v1, x1)v⟩ (B.1.41)

are the expansion of the same rational function f expanded with positive integral powers of x2, x1

respectively. Associativity means that the formal series

⟨v′, YV (YV (v1, x0)v2, x2)v⟩ and ⟨v′, YV (v1, x0 + x2)YV (v2, x2)v⟩ (B.1.42)

are the expansion of the same rational function expanded with positive integral powers of x0, x2

respectively.

When we replace the formal variable x0, x1, x2 by nonzero complex numbers, then we get the

familiar notion of locality of vertex operators.

Proposition B.1.1. The Laurent series ⟨v′, YV (v1, z1)YV (v2, z2)v⟩ and ⟨v′, YV (v2, z2)YV (v1, z1)v⟩

converge to a common rational function in the domains

|z1| > |z2| > 0 and |z2| > |z1| > 0 , (B.1.43)

respectively. Moreover, this function has poles only at z1, z2 = 0 and z1 = z2. The Laurent se-

ries ⟨v′, YV (v1, z1)YV (v2, z2)v⟩ and ⟨v′, YV (YV (v1, z1 − z2)v2, z2)v⟩ converge to a common rational

function in the domains

|z1| > |z2| > 0 and |z2| > |z1 − z2| > 0, (B.1.44)

respectively and in the common domain

|z1| > |z2| > |z1 − z2| > 0 , (B.1.45)

these two series converge to the common series.

The associativity of vertex operators becomes the operator product expansion from physics.

More precisely, from Proposition B.1.1, inside correlation function, the identity

YV (u, z1)YV (v, z2) = YV (YV (u, z1 − z2)v, z2) =
∑
n∈Z

Y (un · v, z2)(z1 − z2)
−n−1 , (B.1.46)
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holds in the domain |z1| > |z2| > |z1 − z2| > 0. This is precisely the operator product expansion. In

physics, we only care about the n ≥ −1 terms.

Theorem B.1.2. Associativity and commutativity of vertex operators is equivalent to the Jacobi

identity. In particular, in the definition of a VOA, we could replace the Jacobi identity by the

following Locality axiom: For u1, u2, v ∈ V and v′ ∈ V ′ and complex numbers z1, z2, the series

⟨v′, YV (u1, z1)YV (u2, z2) v⟩

⟨v′, YV (u2, z2)YV (u1, z1) v⟩

⟨v′, YV (YV (u1, z1 − z2)u2, z2) v⟩

(B.1.47)

are absolutely convergent in the regions |z1| > |z2| > 0, |z2| > |z1| > 0, |z2| > |z1 − z2| > 0,

respectively, to a common rational function in z1 and z2 with the only possible poles at z1, z2 = 0

and z1 = z2.

Definition B.1.2. A VOA homomorphism between (V1, YV1 ,11, ω1, c1) and (V2, YV2 ,12, ω2, c2) is a

linear map f : V1 −→ V2 such that

f(YV1
(u, x)v) = YV2

(f(u), x)f(v) , u, v ∈ V1 ,

f(11) = 12 , f(ω1) = ω2 .
(B.1.48)

A VOA isomorphism is a bijective homomorphism, a VOA endomorphism is a homomorphism from

V to itself and a VOA automorphism is a bijective endomorphism. We say that V1 is a subalgebra

of V2 if there is an injective homomorphism f : V1 → V2.

The tensor product of two VOAs is defined as follows: given VOAs V 1, . . . , V n, the vector space

V = V 1 ⊗ V 2 · · · ⊗ V n , (B.1.49)

is equipped with the vertex operator map

YV (v
1 ⊗ · · · ⊗ vn, x) = YV 1(v1, x)⊗ · · · ⊗ YV n(v

n, x) , vi ∈ V i , (B.1.50)

vacuum vector

1 = 11 ⊗ · · · ⊗ 1n , (B.1.51)

and conformal vector

ω =

n∑
i=1

11 ⊗ · · ·ωi ⊗ · · · ⊗ 1n . (B.1.52)

(V, YV ) can then proved to be a VOA with central charge c = c1 + · · ·+ cn.
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B.1.3 Modules of a VOA

We now define modules of a VOA.

Definition B.1.3. Let (V, YV ) be a VOA. A V -module is a C-graded vector space

W =
∐
n∈C

W(n) , (B.1.53)

equipped with the module vertex operator map

YW (•, x) : V −→ End(W )[[x, x−1]] ,

v 7−→ YW (v, x) =
∑
n∈Z

vnx
−n−1 ,

(B.1.54)

satisfying

1. Identity property: YW (1, x) = 1W .

2. Grading restriction property: W(n) = 0 for sufficiently small Re(n), dim(W(n)) < ∞ and

vn · w = 0 for sufficiently large n.

3. Virasoro property: Define the operators Ln ∈ End(W ) by

YW (ω, x) =
∑
n∈Z

Lnx
−n−2 . (B.1.55)

Then Ln satisfy the Virasoro algebra with central charge c:

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0 . (B.1.56)

4. L0 property: L0 is the grading operator on W :

L0w = nw , for all w ∈W(n) . (B.1.57)

Moreover the vertex operators satisfies

d

dx
YW (v, x) = YW (L−1v, x) . (B.1.58)

5. Jacobi identity: For any u, v ∈ V , we have

x−1
0 δ

(
x1 − x2
x0

)
YW (u, x1)YW (v, x2)− x−1

0 δ

(
x2 − x1
−x0

)
YW (v, x2)YW (u, x1)

= x−1
2 δ

(
x1 − x0
x2

)
YW (YV (u, x0)v, x2) .

(B.1.59)

If we relax item 2 to vnw = 0 for all v ∈ V,w ∈ W for sufficiently large n and remove item 3 and

item 4, then we call (W,YW ) a weak V -module.
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A V -module homomorphism between V -modules (W1, YW1) and (W2, YW2) is a linear map f :

W1 −→W2 such that

f(YW1
(v, x)w) = YW2

(v, x)f(w) , v ∈ V, w ∈W1 . (B.1.60)

Isomorphisms (equivalences), automorphisms, submodules, direct sums, irreducible (simple) mod-

ules, completely reducible (semisimple) modules etc., are defined in the usual way.

A VOA V is called simple if it is simple as a module for itself. W will be called simple or

irreducible V -module if it does not contain any nontrivial submodule.

Theorem B.1.3. A tensor product of VOAs V 1⊗· · ·⊗V n is simple if and only if each V i is simple.

A simple (V 1⊗· · ·⊗V n)-module W with the property that, the eigenvalues of Li0 on the lowest weight

space of W are rational, is a tensor product of simple V i-modules.

Contragredient module

Let (W,YW ) be a V -module. Define the restricted dual

W ′ =
∐
n∈C

W∨
(n) . (B.1.61)

W ′ has the obvious C-grading. Define the adjoint vertex operators YW ′(v, x) by the linear map

YW ′(•, x) : V −→ End(W ′)[[x, x−1]] ,

v 7−→ YW ′(v, x) =
∑
n∈Z

v′nx
−n−1 ,

(B.1.62)

defined by

⟨YW ′(v, x)w′, w⟩ =
〈
w′, YW

(
exL1(−x−2)L0v, x−1

)
w
〉
, v ∈ V,w ∈W,w′ ∈W ′ . (B.1.63)

Theorem B.1.4. Let (W,YW ) be a V -module. Then (W ′, YW ′) is also a V -module.

The proof of this theorem is by direct computations and the details can be found in [FHL93b].

If we expand

YW ′(ω, x) =
∑
n∈Z

L′
nx

−n−2 , (B.1.64)

then we have

⟨L′
nw

′, w⟩ = ⟨w′, L−nw⟩ , w ∈W,w′ ∈W ′, n ∈ Z . (B.1.65)

This is the usual Belavin-Polyakov-Zamolodchikov BPZ conjugation.

Here are some properties of contragredient modules.
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Proposition B.1.2. Let (W,YW ) be a V -module and (W ′, YW ′) be the contragredient module.

1. (W ′′, YW ′′) is naturally isomorphic to (W,YW ).

2. (W ′, YW ′) is irreducible if and only if (W,YW ) is irreducible.

3. (W ′, YW ′) is isomorphic to (W,YW ) if and only if there exists a nondegenerate bilinear form

(·, ·) on W . Moreover for W = V , this bilinear form is symmetric.

A VOA V is called selfdual if V ∼= V ′ as V -modules.

B.1.4 Intertwining operators

Definition B.1.4. Let (V, YV ) be a VOA and let (Wi, YWi
), i = 1, 2, 3 be V -modules. An intertwin-

ing operator of type
(

W3

W1W2

)
is a linear map

Y(•, x) :W1 −→ Hom(W2,W3){x} ,

w1 7−→ Y(w1, x) =
∑
n∈C

(w1)nx
−n−1 ,

(B.1.66)

satisfying the following properties:

1. (w1)n · w2 = 0 for all w2 ∈W2 for sufficiently large Re(n).

2. Jacobi identity: for all v ∈ V,w1 ∈W1, w2 ∈W2

x−1
0 δ

(
x1 − x2
x0

)
YW3

(v, x1)Y(w1, x2)w2 − x−1
0 δ

(
x2 − x1
−x0

)
Y(w1, x2)YW2

(v, x1)w2

= x−1
2 δ

(
x1 − x0
x2

)
Y(YW1(v, x0)w1, x2)w2 .

(B.1.67)

3. L−1 property:

d

dx
Y(w1, x) = Y(L−1w1, x) , w1 ∈W1 . (B.1.68)

The vertex operator map YV is an example of an intertwining operator of type
(
V
V V

)
and the

module vertex operator YW is an example of an intertwining operator of type
(
W
V W

)
.

The space of intertwining operators of type
(

W3

W1W2

)
forms a vector space, which we denote by

VW3

W1W2
. The dimension of these spaces are called fusion rules:

NW3

W1W2
:= dimVW3

W1W2
. (B.1.69)

From the discussion above

N V
V V ≥ 1 , NW

VW ≥ 1 , (B.1.70)
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for a nonzero V -module W . Let us now discuss the skew-symmetry map. Let Y ∈ VW3

W1W2
be a

nonzero intertwining operator. For p ∈ Z and Y ∈ VW3

W1W2
, define the operator

Ωp(Y) :W2 ⊗W1 −→W3{x}

Ωp(Y)(w2, x0)w1 := ex0L−1Y(w1, x)w2

∣∣
xn=eπi(2p+1)nxn0 ,n∈C , w1 ∈W1, w2 ∈W2 .

(B.1.71)

Then we have the following theorem from [HL93].

Theorem B.1.5. For p ∈ Z, the operator Ωp(Y) is an intertwining operator of type
(

W3

W2W1

)
and

Ω−p−1 ◦ Ωp = Ωp ◦ Ω−p−1 = 1. In particular, Ωp : VW3

W1W2
−→ VW3

W2W1
is an isomorphism and

NW3

W1W2
= NW3

W2W1
. (B.1.72)

One can also define the contragredient of an intertwining operator as follows: given an inter-

twining operator Y ∈ VW3

W1W2
and r ∈ Z, we define the contragredient of Y, denoted by Ar(Y),

by

Ar(Y) :W1 ⊗W ′
3 −→W ′

2{x}

w1 ⊗ w′
3 7−→ Ar(Y)(w1, x)w

′
3 ,

(B.1.73)

where Ar(Y)(w1, x)w
′
1 is defined by

⟨Ar(Y)(w1, x)w
′
3, w2⟩ =

〈
w′

3,Y
(
exL1e(2r+1)πiL0x−2L0w1, x

−1
)
w2

〉
. (B.1.74)

For W1 = V and W2 = W3 = W , the operator Ar(YW ) agrees with the contragredient vertex

operator YW ′ defined in (B.1.63). We have the following theorem from [HL93].

Theorem B.1.6. The contragredient operator Ar(Y) of an intertwining operator Y of type
(

W3

W1W2

)
is an intertwining operator of type

( W ′
2

W1W ′
3

)
. Moreover,

A−r−1 ◦Ar = Ar ◦A−r−1 = 1 . (B.1.75)

In particular, the map Y 7→ Ar(Y) defines a linear isomorphism

Ar : VW3

W1W2
−→ VW

′
2

W1W ′
3
, (B.1.76)

and we have

NW3

W1W2
= NW ′

2

W1W ′
3
. (B.1.77)

B.2 Tensor product of modules of a VOA

Let V be a VOA and W1,W2 two V -modules. We would like to define the tensor product of modules

W1 ⊠W2 such that it is also a V -module. The usual tensor product of vector spaces W1 ⊗W2 does
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not work: the usual module vertex operator is

YW1⊗W2
(v, x) = YW1

(v, x)⊗ 1+ 1⊗ YW2
(v, x) , (B.2.1)

so that the Virasoro generators act as

Ln ⊗ 1+ 1⊗ Ln , (B.2.2)

which satisfies the Virasoro algebra but with central charge 2c. A solution to this problem based

on physical reasoning was given by Moore-Seiberg in [MS89c, MS89a]. In a series of papers, Huang-

Lepowsky [HL95, Hua95a, HL93, HL94] rigourised the Moore-Seiberg definition of tensor product.

Huang later used this tensor product to prove that the category of modules of a rational VOA is a

modular tensor category [HKJL15, Hua05]. In this appendix, we will review the Huang-Lepowsky

construction and the construction of the modular tensor category.

We begin by defining P (z)-tensor product of modules.

Definition B.2.1. For z ∈ C×, the P (z)-product of two V -modules W1,W2 is a pair (W3, IP (z))

where W3 is a V -module and4 IP (z) :W1 ⊗W2 −→W 3 is an intertwining map, i.e.,

IP (z)(w1 ⊗ w2) := Y(w1, z)w2 , w1 ⊗ w2 ∈W1 ⊗W2 , (B.2.5)

for some intertwining operator Y of type
(
W3

W1W2

)
. The P (z)-tensor product of W1,W2 is then defined

by the following universal property: the P (z)-tensor product of W1,W2, denoted by (W1 ⊠P (z)

W2,⊠P (z)) is a P (z)-product such that for any other P (z)-product (W3, IP (z)), there exists a unique

V -module map f :W1 ⊠P (z)W2 −→W3, with the unique extension5 f :W1 ⊠P (z) W2 −→W 3, such

that IP (z) = f ◦⊠P (z), i.e., the following diagram commutes:

4Recall that W 3 denotes the algebraic completion of W3 defined by

W 3 =
∏
n∈C

(W3)(n) . (B.2.3)

We use the principal branch of logarithm

log z = log |z|+ iarg(z) , 0 ≤ arg(z) < 2π , (B.2.4)

to define rational powers of z as z−n−1 = e−(n+1) log z .
5Given a V -module map f :W1 →W2, its extension f :W 1 →W 2 is defined as

f

∑
n∈C

w(n)

 =
∑
n∈C

f(w(n)) , (B.2.6)

where w(n) ∈ (W1)(n). This extension is unique since V -module maps preserve the grading.
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W1 ⊠P (z) W2 W3

W1 ⊗W2

f̄

⊠P (z)

I

Remark B.2.1. By standard arguments, because of the universal property the P (z)-tensor product

of two V -modules, if it exists, is unique up to unique isomorphism.

The rigorous construction of P (z)-tensor product of V -modules is a laborious task. We will not

go in full details but summarize the construction.

The strategy is to find a subspace W1 W2 ⊂ (W1 ⊗W2)
∨ which gives the tensor product. Let

Y ∈ VW3

W1W2
. For a fixed z ∈ C×, we can construct a linear map

λzY :W ′
3 −→ (W1 ⊗W2)

∨

w′
3 7−→ λzY(w

′
3) ,

(B.2.7)

where

λzY(w
′
3)(w1 ⊗ w2) := ⟨w′

3,Y(w1, z)w2⟩ . (B.2.8)

We then define

W1 P (z)W2 := SpanC

{
λzY(w

′
3) :W3 a V -module, w′

3 ∈W ′
3,Y ∈ VW3

W1W2

}
. (B.2.9)

Thus the map Y 7→ λzY is a linear map from VW3

W1W2
and W1 P (z)W2. The grading on W1 P (z)W2

is given by declaring

wtλzY(w
′
3) = wt(w′

3) . (B.2.10)

We can then write

W1 P (z)W2 =
∐
n∈C

(W1 P (z)W2)(n) . (B.2.11)

We now want to construct a module vertex operator

YP (z) : V ⊗ (W1 P (z)W2) −→ (W1 P (z)W2){x} ,

u⊗ λzY(w
′
3) 7−→ YP (z)(u, x)λ

z
Y(w

′
3) .

(B.2.12)

Since

YP (z)(u, x)λ
z
Y(w

′
3) ∈ (W1 ⊗W2)

∨{x} , (B.2.13)
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we define its action on w1 ⊗ w2 ∈W1 ⊗W2 by

(
YP (z)(u, x)λ

z
Y(w

′
3)
)
(w1 ⊗ w2) =

〈
YW ′

3
(u, x)w′

3,Y(w1, x)w2

〉
, (B.2.14)

where (W ′
3, YW ′

3
) is the contragredient of (W3, YW3). We would like the pair (W1 P (z)W2, YP (z)) to

be a V -module. This is not true in general, we need to impose some restrictions on the VOA. The

appropriate condition comes from RCFTs:

1. There are only finitely many irreducible V -modules.

2. All V -modules are completely reducible, i.e., isomorphic to the direct sum of finitely many

irreducible V -modules

3. All fusion rules are finite.

Such VOAs have been called rational in [Hua95a]6. Under these assumptions (W1 P (z)W2, YP (z)) is

a V -module. We now define

W1 ⊠P (z) W2 := (W1 P (z)W2)
′ . (B.2.15)

This gives us a V -module. To construct the intertwining map ⊠P (z) such that (W1⊠P (z)W2,⊠P (z))

satisfies the universal property of the P (z)-tensor product, we will need the following proposition.

Proposition B.2.1. Let V be a rational VOA and W1,W2,W3 be three V -modules. Then there is a

linear isomorphism of the space HomV (W
′
3,W1 P (z)W2) of V -module maps from W ′

3 to W1 P (z)W2

and the space VW3

W1W2
of intertwining operators of type

(
W3

W1W2

)
.

Sketch of Proof. The map from VW3

W1W2
to HomV (W

′
3,W1 P (z)W2) is given by Y 7→ λzY defined in

(B.2.7). The fact that this map is a V -module map is obvious from the definition (B.2.14). The

construction of the inverse map is slightly more involved. Given J ∈ HomV (W
′
3,W1 P (z)W2), we

define YzJ :W1 ⊗W2 −→W3 by defining its pairing with W ′
3 as follows:

⟨w′
3,YzJ(w1 ⊗ w2)⟩ = J (w′

3) (w1 ⊗ w2) . (B.2.16)

We then define the map

YJ :W1 ⊗W2 −→W3{x}

w1 ⊗ w2 7−→ YJ(w1, x)w2 := xL0z−L0YzJ
(
x−L0zL0w1 ⊗ x−L0zL0w2

)
.

(B.2.17)

6The definition of rationality in [Hua05] is that it admits an N0-grading compatible with V -action. Such modules

have been called admissible V -modules in [ABD02]. V is called a rational VOA if every admissible V -module is

isomorphic to direct sum of simple admissible V -modules [ABD02].
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One then shows that YJ ∈ VW3

W1W2
and is the inverse to the map Y 7→ λzY . □

Now consider the identity map

1P (z) :W1 P (z)W2 −→W1 P (z)W2 . (B.2.18)

By Proposition B.2.1, and the natural identification W ′′
3

∼= W3 for any V -module W3, there is a

unique intertwining operator

YW1⊠P (z)W2
:= Y1P (z)

(B.2.19)

of type
(W1⊠P (z)W2

W1W2

)
. We then define the P (z)-product ⊠P (z) by

⊠P (z) :W1 ⊗W2 −→W1 ⊠P (z) W2

w1 ⊗ w2 7−→ w1 ⊠P (z) w2 := ⊠P (z)(w1 ⊗ w2) := YW1⊠P (z)W2
(w1, z)w2 .

(B.2.20)

Theorem B.2.1. Let V be a rational VOA and W1,W2 be two V -modules. Then the pair (W1⊠P (z)

W2,⊠P (z)) defined in (B.2.15) and (B.2.20) is the P (z)-tensor product of W1,W2.

Let f1 : W1 → W3 and f2 : W2 → W4 be V -module homomorphisms. We now define the

P (z)-tensor product

f1 ⊠P (z) f2 :W1 ⊠P (z) W2 −→W3 ⊠P (z) W4 , (B.2.21)

of these homomorphisms. Let us first define the extension

f1 ⊠P (z) f2 :W1 ⊠P (z) W2 −→W3 ⊠P (z) W4 , (B.2.22)

by

f1 ⊠P (z) f2(w1 ⊠P (z) w2) = f1(w1)⊠P (z) f2(w2) = YW3⊠P (z)W4
(f1(w1), z)f2(w2) . (B.2.23)

Let us expand

YW1⊠P (z)W2
(w1, x)w2 =

∑
n∈C

(
(YW1⊠P (z)W2

)(n)(w1) · w2

)
x−n−1 . (B.2.24)

One can show that

W1 ⊠P (z) W2 = SpanC{(YW1⊠P (z)W2
)(n)(w1) · w2 : n ∈ C, w1 ∈W1, w2 ∈W2} . (B.2.25)

Then, we define

f1 ⊠P (z) f2

(
(YW1⊠P (z)W2

)(n)(w1) · w2

)
:=
(
(YW3⊠P (z)W4

)(n)(f1(w1)) · f2(w2)
)
, (B.2.26)

and then extend linearly. One can show that this is a V -module homomorphism.
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B.2.1 The category of VOA modules

Let V be a VOA. Then the set of all V -modules as objects and V -module homomorphisms as

morphisms is a category. Let us denote this category by CV . Given that we have constructed tensor

product of V -modules in the previous section, we would like to conclude that CV is a tensor (also

called monoidal) category. This is indeed true and in fact something more is true: under certain

conditions on V , CV is a modular tensor category. Let us briefly discuss the conditions on V :

1. V is CFT type i.e., V(n) = 0 for n < 0, V(0) = C1 and V is selfdual V ∼= V ′.

2. V is regular7, i.e., every N0-gradable weak V -module is completely reducible, i.e., isomorphic

to the direct sum of finitely many irreducible V -modules.

3. V is C2-cofinite8, i.e.,

dimV/C2(V ) <∞ , (B.2.27)

where

C2(V ) = SpanC{u−2 · v : u, v ∈ V } . (B.2.28)

Following [SST24], we will call VOAs satisfying Conditions item 1, item 2 and item 3 as “nice” VOAs.

It was shown in [ABD02, Li99] that in the presence of Condition item 1, Condition item 2 and item 3

is equivalent to regularity of V , i.e., every weak V -module is completely reducible. It was shown in

[Li99, DLM97, Zhu95] that these conditions imply the conditions for rationality used to construct

the P (z)-tensor product.

Before we discuss the modular and tensor structure on CV , let us briefly recall what is a modular

tensor category, we refer the reader to [Tur92, BK01] for more details.

A modular tensor category C is equipped with the following structures:

1. Tensor bifunctor ⊠ : C × C −→ C, with unit object 1C , associator isomorphism

αW1,W2,W3 :W1 ⊠ (W2 ⊠W3) −→ (W1 ⊠W2)⊠W3 , (B.2.29)

left and right unit isomorphism

ℓW : 1C ⊠W −→W , rW :W ⊠ 1C −→W , (B.2.30)

such that the following diagrams

7The notion of regular VOA was introduced in [ABD02]
8C2-confiniteness was defined in [Zhu95].
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W1 ⊠ (W2 ⊠ (W3 ⊠W4))

(W1 ⊠W2)⊠ (W3 ⊠W4) W1 ⊠ ((W2 ⊠W3)⊠W4)

((W1 ⊠W2)⊠W3)⊠W4 (W1 ⊠ (W2 ⊠W3))⊠W4

αW1,W2,W3⊠W4

αW1⊠W2,W3,W4

1W1
⊠αW2,W3,W4

αW1,W2⊠W3,W4

αW1,W2,W3
⊠1W4

Figure B.1: Pentagon identity for tensor category

(W1 ⊠ 1C)⊠W2 W1 ⊠ (1C ⊠W2)

W1 ⊠W2

αW1,1C ,W2

rW1
⊠1W2

1W1
⊠ℓW2

Figure B.2: Triangle identity for tensor category

commute and the morphisms ℓ1C : 1C ⊠ 1C → 1C and r1C : 1C ⊠ 1C → 1C are equal. The

category C equipped with these structures is a called tensor or monoidal category.

2. A braiding isomorphism cW1,W2 : W1 ⊠W2 −→ W2 ⊠W1 such that the hexagon and triangle

diagrams below commute.

(W1 ⊠W2)⊠W3

(W2 ⊠W1)⊠W3 W1 ⊠ (W2 ⊠W3)

W2 ⊠ (W1 ⊠W3) (W2 ⊠W3)⊠W1

W2 ⊠ (W3 ⊠W1)

cW1,W2
⊠1W3

α−1
W2,W1,W3

α−1
W1,W2,W3

1W2
⊠cW1,W3

cW1,W2⊠W3

α−1
W2,W3,W1

Figure B.3: Hexagon diagram for braided monoidal category
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W ⊗ 1C

W

1C ⊠W

cW1,1C

rW

ℓW

Figure B.4: Triangle diagram for braided monoidal category

This structure makes C a braided tensor category.

3. Rigidity axioms: for every object W , there is a (right) dual object W∨ along with morphisms

eW :W∨ ⊠W −→ 1C , iW : 1C −→W ⊠W∨ , (B.2.31)

called annihilation and creation morphisms such that the diagram below is commutative.

W 1C ⊠W (W ⊠W∨)⊠W

W W ⊠ 1C W ⊠ (W∨ ⊠W )

W∨ W∨ ⊠ 1C W∨ ⊠ (W ⊠W∨)

W∨ 1C ⊠W∨ (W∨ ⊠W )⊠W∨

ℓ−1
W iW⊠1W

α−1

W,W∨,W
1W

rW 1W⊠eW

r−1

W∨ 1W⊠iW

αW∨,W,W∨1W∨

ℓW∨ eW⊠1W∨

Figure B.5: Coherence condition for right creation and annihilation morphism

Similarly, left duals, denoted by ∨W and corresponding annihilation, creation morphisms

ẽW :W ⊠ ∨W −→ 1C , ĩW : 1C −→ ∨W ⊠W , (B.2.32)

such that the diagrams below commute.
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W 1C ⊠W W ⊠ (W∨ ⊠W )

W W ⊠ 1C (W ⊠W∨)⊠W

W∨ W∨ ⊠ 1C (W∨ ⊠W )⊠W∨

W∨ 1C ⊠W∨ W∨ ⊠ (W ⊠W∨)

r−1
W 1W⊠ĩW

αW,W∨,W1W

ℓW ẽW⊠1W

ℓ−1

W∨ ĩW⊠1W

α−1

W∨,W,W∨1W∨

rW∨ 1W∨⊠ẽW

Figure B.6: Coherence condition for left creation and annihilation morphism

We must also have 1∨
C
∼= ∨1C ∼= 1C . A braided tensor category satisfying rigidity axioms is

called a rigid braided tensor category.

4. Linearity and Semisimplicity: The space of morphisms HomC(W1,W2) are vector spaces9 and

C is endowed with the structure of direct sum and that every object is isomorphic to the direct

sum of a finite number of simple objects10.

5. Finiteness: C must have finitely many isomorphism classes of simple objects and the unit

object 1C must be one of them. Moreover HomC(1C ,1C) must be one-dimensional (C for us).

These structures define a rigid braided fusion category.

6. Ribbon structure: For every object W , there is an isomorphism θW : W −→ W , called the

twist map, satisfying the balancing axioms:

θW1⊠W2
= cW2,W1

◦ cW1,W2
◦ (θW1

⊠ θW2
) ,

θW∨ = (θW )∨ ,

θ1C = 11C ,

(B.2.33)

where for a morphism f ∈ HomC(W1,W2), the dual f∨ ∈ HomC(W
∨
2 ,W

∨
1 ) is defined as

f∨ := (eW2
⊠ 1W∨

1
) ◦ (1W∨

2
⊠ f ⊠ 1W∨

1
) ◦ (1W∨

2
⊠ iW1

) . (B.2.34)

9We will work with complex vector spaces.
10Linearity involves other technical conditions which allow us to define subobjects of an object. Simple objects are

those objects whose only subobjects are the zero obejct and itself. We will not go into the details, the reader is

referred to [Tur94, BK01] for details.
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This is the additional data for a ribbon category. In a ribbon category, the left and right duals

coincide.

7. Nondegeneracy: Let {W a}a∈A be the isomorphism classes of simple objects with W 0 = 1C .

Then the S-matrix11 defined by

Sab :=ℓ1C ◦
(
eWa ⊠ e(W b)∨

)
◦
(
1(Wa)∨ ⊠ cWaW b ⊠ 1(W b)∨

)
◦
(
1(Wa)∨ ⊠ cWaW b ⊠ 1(W b)∨

)
◦
(
i(Wa)∨ ⊠ iWa

)
◦ ℓ−1

1C
,

(B.2.35)

where 1Wa : W a −→ W a is the identity morphism, is invertible. This condition on a rigid

braided ribbon fusion category defines a modular tensor category (MTC). The number of

isomorphism classes of simple objects is called the rank of the MTC.

We now briefly summarize how CV is endowed with these structures. Throughout, we will assume

that V is a rational VOA, although many of the results below can be proved under much weaker

assumptions [Hua04, HKJL15, Hua05]. Firstly, it is clear that CV is a linear category. We define

the tensor product on CV by declaring

W1 ⊠W2 :=W1 ⊠P (1) W2 , (B.2.36)

i.e., the P (z)-tensor product at z = 1. The construction of associativity and left, right isomorphisms

is slightly more involved.

Theorem B.2.2. Let z1, z2 ∈ C satisfying |z1| > |z2| > |z1 − z2| > 0. Then there exists a unique

V -module isomorphism

AP (z2),P (z1−z2)
P (z1),P (z2)

:W1 ⊠P (z1)

(
W2 ⊠P (z2) W3

)
−→

(
W1 ⊠P (z1−z2) W2

)
⊠P (z2) W3 , (B.2.37)

called associativity isomorphism, such that for every w1 ∈W1, w2 ∈W2 and w3 ∈W3, the extension

AP (z2),P (z1−z2)
P (z1),P (z2)

:W1 ⊠P (z1)

(
W2 ⊠P (z2) W3

)
−→

(
W1 ⊠P (z1−z2) W2

)
⊠P (z2) W3 , (B.2.38)

satisfies

AP (z2),P (z1−z2)
P (z1),P (z2,)

(w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

)
) =

(
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3 . (B.2.39)

Sketch of Proof. The construction of the associativity isomorphism uses the universal property of

11The map Sa,b ∈ Hom(1C ,1C) ∼= C and hence is a complex number.
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the P (z)-tensor product. Let us introduce the notation

W4 : = (W1 ⊠P (z1−z2 W2)⊠P (z2) W3

W6 : =W1 ⊠P (z1−z2) W2

Y3 : = YW6⊠P (z2)W3

Y4 : = YW1⊠P (z1−z2)W2

Y2 : = YW2⊠P (z2)W3

Y1 : = YW1⊠P (z1)(W2⊠P (z2)W3)

(B.2.40)

Under the assumption of rationality of V , one can show that there exists a V -module W5 and

intertwining operator Y1 and Y2 of the type
(

W4

W1W5

)
and

(
W5

W2W3

)
respectively, such that for all

w′
4 ∈W ′

4, w1 ∈W1, w2 ∈W2 and w3 ∈W3 we have [?]12

⟨w′
4, (w1 ⊠P (z1−z2) w2)⊠P (z2) w3⟩ = ⟨w′

4,Y3(Y4(w1, z1 − z2)w2, z2)w3⟩

= ⟨w′
4,Y1 (w1, z1)Y2 (w2, z2)w3⟩ .

(B.2.41)

Let I2 = Y2(•, z2), then (W5, I2) is a P (z2)-product. By the universal property of the P (z2)-tensor

product (W2 ⊠P (z2)W3,⊠P (z2)), there exists a unique V -module map f :W2 ⊠P (z2)W3 →W5, such

that I2 = f ◦⊠P (z2), i.e.,

I2(w2 ⊗ w3) = Y2(w2, z2)w3 = f(w2 ⊠P (z2) w3) = f(Y2(w2, z2)w3), (B.2.42)

Now let us denote I1 := Y1(•, z1)f(•). It can be shown that I1 is an intertwining map of type(
W4

W1 W2⊠P (z2)W3

)
, and the pair (W4, I1) is an P (z1)-product. Then, by the universal property of the

P (z1)-tensor product
(
W1 ⊠P (z1)

(
W2 ⊠P (z2) W3

)
,⊠P (z1)

)
, there exists a unique V -module map

AP (z2),P (z1−z2)
P (z1),P (z2)

:W1 ⊠P (z1)

(
W2 ⊠P (z2) W3

)
−→

(
W1 ⊠P (z1−z2) W2

)
⊠P (z2) W3 (=W4) (B.2.43)

such that I1 = AP (z2),P (z1−z2)
P (z1),P (z2)

◦⊠P (z1). Then we have

AP (z2),P (z1−z2)
P (z1),P (z2)

(w1 ⊠P (z1) w) = I1(w1 ⊗ w) = Y1(w1, z1)f(w) (B.2.44)

for w1 ∈W1 and w ∈W2 ⊠P (z2) W3. Some calculations then show that〈
w′

4,A
P (z2),P (z1−z2)
P (z1),P (z2)

(
w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

))〉
=
〈
w′

4,
(
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3

〉
(B.2.45)

for w′
4 ∈ W ′

4, w1 ∈ W1, w2 ∈ W2 and w3 ∈ W3. The same construction gives a V -module map from(
W1 ⊠P (z1−z2) W2

)
⊠P (z2)W3 to W1⊠P (z1)

(
W2 ⊠P (z2) W3

)
which is the inverse of AP (z2),P (z1−z2)

P (z1),P (z2)
. □

This theorem give us a z-dependent associativity isomorphism. But we want to construct asso-

ciativity isomorphism for the P (1)-tensor product. This is achieved by the parallel transport map.

12In Physics, this is the statement about OPE of primary fields.
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Theorem B.2.3. Let z1, z2 ∈ C× and γ : [0, 1] → C× be paths in C× from z1 to z2. Then there

exists a unique V -module isomorphism

T[γ] :W1 ⊠P (z1) W2 −→W1 ⊠P (z2) W2 , (B.2.46)

called the parallel transport isomorphism associated to the homotopy class [γ] such that the extension

T[γ] :W1 ⊠P (z1) W2 −→W1 ⊠P (z2) W2 , (B.2.47)

satisfies the following property: For w1 ∈W1 and w2 ∈W2, we have

T[γ]
(
w1 ⊠P (z1) w2

)
= YW1⊠P (z2)W2

(w1, x)w2

∣∣∣
xn=enℓp(z1)

, (B.2.48)

where YW1⊠P (z2)W2
is the intertwining operator of type

(W1⊠P (z2)W2

W1 W2

)
such that

•⊠P (z2) • = YW1⊠P (z2)W2
(•, z2)• , (B.2.49)

and

ℓp(z1) := log |z1|+ iArg(z1) + 2πip , (B.2.50)

is the value of logarithm of z1 obtained by analytically extending the value log z2 along the path γ.

Sketch of Proof. We again use the universal property. Let

I(z1)(w1 ⊗ w2) := Y(w1, x)w2

∣∣∣
xn=enℓp(z1)

∈W1 ⊠P (z2) W2 . (B.2.51)

Then (W1 ⊠Pz2 W2, I) is a P (z1)-product. By the universal property, there exists a module map

T[γ],[γ] :W1 ⊠P (z1) W2 −→W1 ⊠P (z2) W2 , (B.2.52)

such that the diagram

W1 ⊠P (z1) W2 W1 ⊠P (z2) W2

W1 ⊗W2

T[γ]

⊠P (z1)

I

Using the universal property of W1 ⊠P (z2) W2, we get the inverse map

T[γ−1] :W1 ⊠P (z2) W2 −→W1 ⊠P (z1) W2 , (B.2.53)

where γ−1 is the curve γ travelling in the reverse direction. One can show that

T[γ−1] ◦ T[γ] = 1W1⊠P (z1
W2
, T[γ],[γ] ◦ T[γ−1] = 1W1⊠P (z2)W2

. (B.2.54)
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□

Using the parallel transport map, we can construct the associativity isomorphism as follows: let

z1, z2 ∈ C with |z1| > |z2| > |z1 − z2| > 0 and let γi : [0, 1] → C, i = 1, 2, 3, 4 be curves connecting

γ1 : 1 → z1 , γ2 : 1 → z2 ,

γ3 : z1 − z2 → 1 , γ4 : z2 → 1 .
(B.2.55)

Then

αW1,W2,W3 :W1 ⊠ (W2 ⊠W3) −→ (W1 ⊠W2)⊠W3 (B.2.56)

is defined by the diagram below.

W1 ⊠P (1)

(
W2 ⊠P (1) W3

) (
W1 ⊠P (1) W2

)
⊠P (1) W3

W1 ⊠P (1)

(
W2 ⊠P (z2) W3

) (
W1 ⊠P (1) W2

)
⊠P (z2) W3

W1 ⊠P (z1)

(
W2 ⊠P (z2) W3

) (
W1 ⊠P (z1−z2) W2

)
⊠P (z2) W3

αW1,W2,W3

1W1
⊠P (1)T[γ2] T[γ4]

T[γ1]

AP (z2),P (z1−z2)

P (z1),P (z2)

T[γ3]⊠P (z2)1W3

The pentagon identity Figure B.1 is proved by first proving the commutativity of the diagram below

W1 ⊠P (z1) (W2 ⊠P (z2) (W3 ⊠P (z3) W4))

(W1 ⊠P (z12) W2)⊠P (z2) (W3 ⊠P (z3) W4) W1 ⊠P (z1) ((W2 ⊠P (z23) W3)⊠P (z3) W4)

((W1 ⊠P (z12) W2)⊠P (z23) W3)⊠P (z3) W4 (W1 ⊠P (z13) (W2 ⊠P (z23) W3))⊠P (z3) W4

AP (z2),P (z12
P (z1),P (z2)

AP (z3),P (z23
P (z2),P (z3)

1W1
⊠P (z1)A

P (z3),P (z23
P (z2),P (z3)

AP (z3),P (z13
P (z1),P (z3)

AP (z23),P (z12
P (z13),P (z23)

⊠P (z3)1

Figure B.7: Pentagon identity for associativity isomorphism for P (z)-tensor product. We use the

notation zij = zi − zj .

Diagram B.7 commutes because the associativity isomorphism maps tensor product elements to

tensor poduct elements

(w1 ⊠P (z1)

(
w2 ⊠P (z2) w3

)
) 7−→

(
w1 ⊠P (z1−z2) w2

)
⊠P (z2) w3 . (B.2.57)
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To prove the pentagon diagram B.1, we use the parallel transport map. In particular the rectangle

diagram shown below commutes.

W1 ⊠P (z1) (W2 ⊠P (z2) W3) (W1 ⊠P (z12) W2)⊠P (z2) W3

W1 ⊠ (W2 ⊠W3) (W1 ⊠W2)⊠W3

(1W1
⊠P (z1)Tγ2 )◦Tγ1 T

γ
−1
3

◦(T
γ
−1
4

⊠P (z2)1W3
)

Thus the outer rectangles in Figure B.8 commutes and hence by commutativity of Figure B.7, we

get the pentagon identity for the associativity isomorphism. This is the recurring structure of proofs

for coherence conditions for all the isomorphisms we construct and hence we will omit them from

now on. We will now give the construction of other isomorphisms.
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The unit object of CV is the VOA V itself. The left unitor isomorphism

ℓW : V ⊠W −→W , (B.2.58)

is constructed as follows: let YW be the module vertex operator. It is an intertwining operator of

type
(
W
V W

)
. Then

IP (z) : V ⊗W −→W

u⊗ w 7−→ IP (z)(u⊗ w) := YW (u, z)w ,
(B.2.59)

is a P (z)-product. So by universal property, we have a V -module map ℓW,z : V ⊠P (z) W −→ W

satisfying the property

ℓW,z(u⊠P (z) w) = IP (z)(u⊗ w) = YW (u, z)w , u ∈ V,w ∈W . (B.2.60)

The left unitor is then defined as

ℓW := ℓW,1 . (B.2.61)

It satisfies the property

ℓW (1 ⊠ w) = w , w ∈W , (B.2.62)

where 1 is the vacuum vector. To define the right unitor rW :W ⊠V −→W , we consider the unique

V -module map

rW,z :W ⊠P (z) V −→W , (B.2.63)

obtained using the universal property from the P (z)-product (W,Ω0(YW )), where Ωp is the skew

symmetry map defined in (B.1.71). It satisfies

rW,z(w ⊠P (z) u) = Ω0(YW )(w, z)u , u ∈ V,w ∈W . (B.2.64)

We then define

rW := rW,1 . (B.2.65)

It satisfies

rW,w
(
w ⊠P (z) 1

)
= ezL−1w , w ∈W . (B.2.66)

One can show that these maps satisfy the triangle Diagram B.2. This makes CV a tensor category.
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Let us now define the braiding map. Let γ be a curve from 1 to −1 in the closed upper half plane

with 0 removed traveling in the counterclockwise direction. Let I be the P (1) intertwining map of

type
(W2⊠P (1)W1

W1W2

)
defined by

I (w1 ⊗ w2) = eL−1T[γ]
(
w2 ⊠P (−1) w1

)
, w1 ∈W1, w2 ∈W2 . (B.2.67)

Then the braiding map is the unique module map

cW1,W2
:W1 ⊠W2 →W2 ⊠W1 (B.2.68)

such that

I(w1 ⊗ w2) = cW1,W2(w1 ⊠P (1) w2) . (B.2.69)

It is characterized by

cW1,W2

(
w1 ⊠P (1) w(2

)
= eL−1T [γ]

(
w2 ⊠P (−1) w1

)
, w1 ∈W1, w2 ∈W2 . (B.2.70)

Again using the parallel transport map, one can show that the braiding map satisfies the hexagon

Diagram B.3.

The category CV is clearly semisimple by assumption, the simple objects being the irreducible V -

modules. We will label the finitely many isomorphism classes of irreducible V -modules by the index

set IV and denote a representative from isomorphism classes of irreducible modules by {W a}a∈IV

with the convention that W 0 = V . Since V ′ ∼= V , we will identify 0′ = 0. Also V -modules for V

satisfying Conditions item 1, item 2 and item 3 are graded by rational numbers [DLM97]13. In fact,

we have

W a =
∐

n∈ha+Z≥0

W a
(n) . (B.2.71)

We will label the contragredient of W a by W a′ . We will denote the space of intertwining operators

of type
(

W c

WaW b

)
by Vcab and the corresponding fusion rule by N c

ab. A basis of Vcab will be denoted by

Ycab;i, i = 1, . . . ,N c
ab. We will choose

Ya0a;1 = YWa (B.2.72)

and Yaa0;1 to be the intertwining operator defined as

Yaa0;1 = Ω−1(Ya0a;1)) , (B.2.73)

13The first proof of rationality of conformal dimensions and central charge under the assumption of modular invariance

and finiteness of number of irreducible modules was given by Anderson and Moore in [AM88].
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where Ωp is the skew-symmetry map defined in (B.1.71). We also choose the intertwining operator

Y0
aa′;1 to be

(
u,Y0

aa′;1(wa, x)w
′
a

)
=
〈
Yaa0;1

(
exL1x−2L0wa, x

−1
)
u,w′

a

〉
, u ∈ V , wa ∈W a , w′

a ∈ (W a)′ ,

(B.2.74)

where (·, ·) is the symmetric bilinear form on V which exists by Proposition B.1.2 since V ∼= V ′. We

have the following theorem.

Theorem B.2.4. We have

W a ⊠W b ∼=
⊕
c∈IV

N c
abW

c . (B.2.75)

Proof. Since CV is a semisimple category, we have

W a ⊠W b ∼=
⊕
c∈IV

Mc
ab ⊗W c , (B.2.76)

where

Mc
ab = HomV (W

a ⊠W b,W c) , (B.2.77)

are the multiplicity spaces. By the universal property of P (z)-tensor product, we get a natural

isomorphism between the space VW c

WaW b of intertwining operators of type
(

W c

WaW b

)
and Mc

ab. Indeed,

given an intertwining operator Y ∈ VW c

WaW b ,

I(wa ⊗ wb) = Y(wa, z)wb , wa ∈W a, wb ∈W b , (B.2.78)

is a P (z)-intertwining map and hence by universal property, there exists a unique V -module map

JY :W a ⊠P (z) W
b →W c satisfying

JY(wa ⊠P (z) wb) = Y(wa, z)wb , wa ∈W a, wb ∈W b . (B.2.79)

One can show that the map Y → JY is an isomorphism. Thus, we get

HomV (W
a ⊠W b,W c) ∼= VW

c

WaW b . (B.2.80)

This implies the statement.

We now describe the rigidity axioms. We take the left and right dual of a V -module (W,YW )

to be the contragredient module (W ′, YW ′). We now give the construction of the creation and
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annihilation morphisms. Since our tensor category is semisimple, to prove the rigidity, we will only

discuss irreducible modules. For a ∈ IV and z ∈ C×, the operator

IP (z) : (W
a)′ ⊗W a −→ V

w′
a ⊗ wa 7−→ I(w′

a ⊗ wa) = Y0
a′a;1(w

′
a, z)wa ,

(B.2.81)

where Y0
a′a;1 is defined using (B.2.74). Then by universal property, we have the unique V -module

map

êa;z : (W
a)′ ⊠P (z) W

a −→ V , (B.2.82)

satisfying

êa;z(w
′
a ⊠P (z) wa) = Y0

a′a;1(w
′
a, z)wa . (B.2.83)

Define the map

êa := êa;1 : (W a)′ ⊠W a −→ V . (B.2.84)

This map will be related to the annihilation morphism.

We now construct another map which will give us the annihilation morphism. By universal

property, for any fixed basis {Ybaa′;i} of Vbaa′ , there exists an isomorphism

fa;z :W
a ⊠P (z) (W

a)′ −→
⊕
b∈IV

N b
aa′W

b , (B.2.85)

such that

fa;z(wa ⊠P (z) w
′
a) = Y(wa, z)w

′
a , (B.2.86)

where

Y =
∑
b∈IV

N b
aa′∑
i=1

Ybaa′;i , (B.2.87)

is an intertwining operator of type
(⊕b∈IV N b

aa′W
b

Wa (Wa)′

)
. We have

N b
0a = δba . (B.2.88)

By Theorem B.1.5 and Theorem B.1.6 we have

N b
0a = N b

a0 = N 0
ab′ = δba . (B.2.89)

Since N 0
aa′ = 1, there is an injective map

ga;z : V −→
⊕
b∈IV

N b
aa′W

b , (B.2.90)
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such that

ga;z(1) = 1 ∈ V =W 0 ⊂
⊕
b∈IV

N b
aa′W

b . (B.2.91)

Define

ia;z := f−1
a;z ◦ ga;z : V −→W a ⊠P (z) (W

a)′ . (B.2.92)

One can show that the definition of ia;z is independent of the choice of basis of Vbaa′ . The creation

morphism is then defined as

ia := ia;1 : V −→W a ⊠ (W a)′ . (B.2.93)

We can now compute the following composition of maps

λa := ra ◦ (1Wa ⊠ êa) ◦ α−1
Wa,(Wa)′,Wa ◦ (ia ⊠ 1Wa) ◦ ℓ−1

a , (B.2.94)

which appears in the coherence condition Diagram B.5. Here ℓa := ℓWa , ra := rWa . Since this

λa ∈ HomV (W
a,W a) andW a is an irreducible V -module, λa ∈ C. A tedious computation performed

in [Hua05] shows that λa ̸= 0. Thus, we can define

ea :=
1

λa
êa . (B.2.95)

Then clearly, ea, ia satisfies the coherence condition in Diagram B.5. ea is thus the annihilation

morphism for CV .

We now construct the creation and annihilation morphisms for left duals. Using universal prop-

erty of W a ⊠P (z) (W
a)′, we get the unique V -module map

ˆ̃ea;z :W
a ⊠P (z) (W

a)′ −→ V , (B.2.96)

such that

ˆ̃ea;z(wa ⊠P (z) w
′
a) = Y0

aa′;1(wa, z)w
′
a , wa ∈W a , w′

a ∈ (W a)′ . (B.2.97)

We also introduce the notation

ˆ̃ea := ˆ̃ea;1 . (B.2.98)

By universal property, for any fixed basis {Yba′a;i} of Vba′a, there exists an isomorphism

f̃a;z : (W
a)′ ⊠P (z) W

a −→
⊕
b∈IV

N b
a′aW

b , (B.2.99)
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such that

f̃a;z(w
′
a ⊠P (z) wa) = Y(w′

a, z)wa , (B.2.100)

where

Y =
∑
b∈IV

N b
a′a∑
i=1

Yba′a;i , (B.2.101)

is an intertwining operator of type
(⊕b∈IV N b

a′aW
b

(Wa)′Wa

)
. Since N 0

a′a = 1, there is a unique injective

V -module map

g̃a;z : V −→
⊕
b∈IV

N b
a′aW

b , (B.2.102)

such that

g̃a;z(1) = 1 ∈ V =W 0 ⊂
⊕
b∈IV

N b
a′aW

b . (B.2.103)

We then define

ĩa;z := f̃−1
a;z ◦ g̃a;z : V −→ (W a)′ ⊠P (z) W

a . (B.2.104)

The left creation morphism is defined by

ĩa := ĩa;1 . (B.2.105)

We can again compute the composition of maps

γa := ℓa ◦ (ˆ̃e⊠ 1Wa) ◦ αWa,(Wa)′,Wa ◦ (1Wa ⊠ ĩa) ◦ r̃−1
a ∈ HomV (W

a,W a) ∼= C , (B.2.106)

that appears in Diagram B.6. Similar computation shows that γa ̸= 0. We can then define the left

annihilation morphism

ẽa :=
1

γa
êa . (B.2.107)

Similarly, one can check that other coherence conditions in Diagram B.5 and Diagram B.6 is satisfied.

The twist map is defined by

θW := e2πiL0 . (B.2.108)

Straightforward calculation shows that θW satisfies the balancing axioms.

To prove the nondegeneracy in CV , we need the Verlinde formula and its consequences. We

first briefly discuss the Verlinde conjecture and its proof following [Hua04] and then describe its

application in proving the nondegeneracy of CV following [Hua05].
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Verlinde formula

For an irreducible V -module W a, we define the characters

χa(u, τ, z) := TrWaYWa(e2πizL0u, e2πiz)qL0− c
24 , q := e2πiτ , τ ∈ H , (B.2.109)

where c is the central charge of the VOA V .

Theorem B.2.5. [Zhu95] Under the (slightly stronger than) Conditions item 1, item 2 and14 item 3,

the following statements hold:

1. The q-series χa(u, τ, z) converges absolutely in the domain |q| < 1.

2. χa(u, τ, z) is independent of z and the set of maps {u 7→ χa(u, τ, z)}a∈IV is linearly indepen-

dent.

3. The following modular invariance property holds: there exists a homomorphism15

ρV : SL(2,Z) −→M(|IV |,C) , (B.2.110)

such that

χa1

((
1

cτ + d

)L0

u,
aτ + b

cτ + d
,

z

cτ + d

)
=
∑
a2∈IV

ρV (γ)
a1
a2χa2(u, τ, z) , γ =

a b

c d

 ∈ SL(2,Z) .

(B.2.111)

We define the S-matrix to be

Sa2a1 := ρV

 0 1

−1 0

a2

a1

. (B.2.112)

For u = 1, we see that the S-matrix acts on the space spanned by the characters

χa(τ) := χa(1, τ, z) . (B.2.113)

For a ∈ IV , let N (a) ∈M(|IV |,C) be the matrix with entries

N (a)a1a2 := N a2
aa1 . (B.2.114)

Theorem B.2.6. [Ver88, Verlinde Conjecture] The S-matrix S = Sa2a1 diagonalizes the fusion matrix

N (a) for each a ∈ IV . Moreover, Sa0 ̸= 0 and we have the following Verlinde formula

N a3
a1a2 =

∑
a4∈IV

Sa4a1S
a4
a2S

a′3
a4

Sa40
. (B.2.115)

14Dong-Li-Mason in [DLM97] improved Zhu’s results by weakening the assumptions.
15We denote the group of n× n complex matrices by M(n,C).
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We will now describe the main steps in the proof of this theorem. We start by discussing the

matrix elements of braiding and fusing isomorphisms. For a1, a2, a3 ∈ IV and p ∈ N, we will denote

by

{
Ya3;(p)a1a2;i

: i = 1, . . . ,N a3
a1a2

}
, (B.2.116)

various bases of Va3a1a2 . Then it was proved in [Hua95a, Hua00, Hua02] that for a1, . . . .a6 ∈ IV , i =

1, . . .N a4
a1a5 , j = 1, . . . ,N a5

a2a3 , k = 1, . . . ,N a4
a6a3 and l = 1, . . . ,N a6

a1a2 , there exists

F (Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a6a3;l
⊗ Ya6;(4)a1a2;k

) ∈ C (B.2.117)

such that

⟨w′
a4 ,Y

a4;(1)
a1a5;i

(wa1 , z1)Y
a5;(2)
a2a3;j

(wa2 , z2)wa3⟩

=
∑
a6∈A

Na4
a6a3∑
k=1

Na6
a1a2∑
l=1

F (Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a6a3;l
⊗ Ya6;(4)a1a2;k

)

× ⟨w′
a4 ,Y

a4;(3)
a6a3;k

(Ya6;(4)a1a2;l
(wa1 , z1 − z2)wa2 , z2)wa3⟩ ,

(B.2.118)

for |a1| > |z2| > |z1 − z2| > 0 and wa1 ∈W a1 , wa2 ∈W a2 , wa3 ∈W a3 , w′
a4 ∈ (W a4)′. The numbers

F (Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a6a3;l
⊗ Ya6;(4)a1a2;k

) ∈ C (B.2.119)

are matrix elements of a linear transformation⊕
a1,a2,a3,a4,a5∈A

Va4a1a5 ⊗ Va5a2a3 −→
⊕

a1,a2,a3,a4,a6∈A
Va4a6a3 ⊗ Va6a1a2 , (B.2.120)

called the fusing isomorphism. It was proved in [Hua95b, Hua00, Hua02], that for a1, . . . , a6 ∈ A,

i = 1, . . . , Na4
a1a5 , j = 1, . . . , Na5

a2a3 , k = 1, . . . , Na4
a2a6 , l = 1, . . . , Na6

a1a3 , and r ∈ Z, there exist

B(r)(Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a2a6;l
⊗ Ya6;(4)a1a3;k

) ∈ C (B.2.121)

such that the analytic extension of the single-valued analytic function

⟨w′
a4 ,Y

a4;(1)
a1a5;i

(wa1 , z1)Y
a5;(2)
a2a3;j

(wa2 , z2)wa3⟩ (B.2.122)

on the region |z1| > |z2| > 0, 0 ≤ arg z1, arg z2 < 2π along the path

t 7→
(
3

2
− e(2r+1)πit

2
,
3

2
+
e(2r+1)πit

2

)
(B.2.123)

to the region |z2| > |z1| > 0, 0 ≤ arg z1, arg z2 < 2π is

∑
a6∈A

Na4
a2a6∑
k=1

Na6
a1a3∑
l=1

B(r)(Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a2a6;k
⊗ Ya6;(4)a1a3;l

)

× ⟨w′
a4 ,Y

a4;(3)
a2a6;k

(wa2 , z1)Y
a6;(4)
a1a3;l

(wa1 , z2)wa3⟩.

(B.2.124)
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The numbers

B(r)(Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a2a6;k
⊗ Ya6;(4)a1a3;l

) (B.2.125)

are matrix elements of a linear isomorphism

B(r) :
⊕

a1,a2,a3,a4,a5∈A
Va4a1a5 ⊗ Va5a2a3 −→

⊕
a1,a2,a3,a4,a6∈IV

Va4a2a6 ⊗ Va6a1a3 , (B.2.126)

called the braiding isomorphism. We will need the matrix elements of the square of the braiding

isomorphism. The matrix elements of the square of the braiding isomorphism is denoted by

(B(r))2(Ya4;(1)a1a5;i
⊗ Ya5;(2)a2a3;j

;Ya4;(3)a1a6;i
⊗ Ya6;(4)a2a3;j

) . (B.2.127)

Note that (B(r))2 give the monodromy of the correlation function (B.2.122) corresponding to log(z1−

z2) → log(z1 − z2)+ 2(2r+1)πi. Braiding and fusing matrices give the genus-zero data of an RCFT.

The next step is to relate genus-zero data to genus-one data. To this end, we consider genus-one

correlation functions of the form

χi,ja1,a2,a3(wa, wa′ ; z1, z2; τ)

= δaa2 TrWa1Ya1;(1)a3a1;k

(
U(e2πiz2)Ya3;(2)a2a′;j

(wa, z1 − z2)wa′ , e
2πiz2

)
qL0− c

24 ,
(B.2.128)

where U(x) is defined as

U(x) := (e2πix)L0e−L
+(A) , (B.2.129)

where L+(A) =
∑
n≥0AnLn and An is defined by the expansion

1

2πi
log(1 + 2πiy) =

exp

∑
n≥0

Any
n+1 ∂

∂y

 y . (B.2.130)

These are two point torus correlation functions constructed by geometrically modifying the inter-

twining operators from sphere to torus. This is the origin of the operator U(x). Note that

χ1,1
a,0,0(1 ⊗ u; z1, z2; τ) = χa(u, z2, τ) . (B.2.131)

We denote by F1;2 the space spanned by the maps

wa ⊗ wa′ 7→ χi,ja1,a2,a3(wa ⊗ wa′ ; z1, z2; τ) . (B.2.132)

We denote by F0
1;2 the subspace of F1;2 spanned by16 {χ1,1

a1,a2,0
} and by F ̸=0

1;2 the subspace of F1;2

spanned by {χi,ja1,a2,a3}a3 ̸=0. We have the following generalization of Zhu’s result.

16In defining χ1,1
a1,a2,0

, we use the intertwining operators defined in (B.2.72) and (B.2.73).
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Theorem B.2.7. [Hua04, Hua02] Under the Conditions item 1, item 2 and item 3, the following

statements hold:

1. The q-series χi,ja1,a2,a3(wa ⊗ wa′ ; z1, z2; τ) converges absolutely in the domain |q| < 1.

2. The maps wa⊗wa′ 7→ χi,ja1,a2,a3(wa⊗wa′ ; z1, z2; τ) are linearly independent. Moreover, {χ1,1
a1,a2,0

}a1∈IV

forms a basis of F0
1;2.

3. We have

F1;2 = F0
1;2 ⊕F ̸=0

1;2 , (B.2.133)

and we have the projection map π0 : F1;2 → F0
1;2.

We can now define the action of S ∈ SL(2,Z) on F0
1;2 as follows:

(
S(χ1,1

a1,a2,0
)
)
(wa ⊗ wa′ ; z1, z2; τ) := δaa2χ

1,1
a1,a2,e

((
−1

τ

)L(0)
wa,

(
−1

τ

)L(0)
wa′ ;−

z1
τ
,−z2

τ
;−1

τ

)
.

(B.2.134)

By Theorem B.2.7, we see that there exists Sa1a3 ∈ C such that

S(χ1,1
a1,a2,0

) =
∑
a3∈IV

Sa1a3χ
1,1
a3,a2,0

. (B.2.135)

These S-matrix elements are the same as (B.2.112) as can be seen from (B.2.131).

Now define the maps

(α(χ1,1
a1,a2,e))(wa, wa′ ; z1, z2; τ) = π0(χ

1,1
a1,a2,e(wa, wa′ ; z1, z2 − 1; τ)) , (B.2.136)

(β(χ1,1
a1,a2,e))(wa, wa′ ; z1, z2; τ) = π0(χ

1,1
a1,a2,e(wa, wa′ ; z1, z2 + τ ; τ)) . (B.2.137)

From (B.2.134), (B.2.136) and (B.2.137), it can easily be checked that as operators on F0
1;2, we have

the operator identity17

SαS−1 = β . (B.2.138)

We now want to write the action of α, β in terms of the braiding and fusing matrix elements. For

that we need to introduce the action of the permutation group S3 on the space of intertwining

operators: for Y ∈ Va3a1a2 , define

σ12(Y) = eπi∆(Y)Ω−1(Y) , σ23(Y) = eπiha1A−1(Ω) , (B.2.139)

17This equation was first obtained in [MS88, MS89c] by using the geometric description of modular transformation

on the torus. More precisely, the S-transformation exchanges the α and β cycles on the torus and hence gives rise

to (B.2.138) on torus correlators.
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where

∆(Y) = ha3 − ha1 − ha2 , (B.2.140)

and ha denotes the conformal dimension of the lowest weight vector ofW a. Then by direct calculation

using the definition (B.1.71) and (B.1.74) of Ωp and Ar, one can show that

S3
∼= ⟨σ12, σ23⟩ . (B.2.141)

Let σ123 = σ12σ23. Then we have the following Moore-Seiberg equations [MS88, MS89c].

Theorem B.2.8. [Hua04] The following relations hold:

1. We have

Na3
a1a2∑
i=1

Na2
a′1a3∑
k=1

F (Ya2a20;1 ⊗ Y0
a′3a3;1

;Ya2a′1a3;k ⊗ Ya
′
1

a2a′3;i
)F (Ya2a′1a3;k ⊗ σ123(Y

a′1
a2a′3;i

);Ya20a2;1
⊗ Y0

a′1a1;1
)

= N a3
a1a2F (Y

a2
a20;1

⊗ Y0
a′2a2;1

;Ya20a2;1
⊗ Y0

a2a′2;1
) .

(B.2.142)

2. The maps α, β : F0
1;2 → F0

1;2 are well defined. Moreover, if we denote the matrix elements of

α, β for fixed a2 by αa3a1(a2), β
a3
a1 (a2), then we have

αa3a1(a2) = δa3a1 (B
(−1))2(Ya1a10;1 ⊗ Y0

a′2a2;1
;Ya1a10;1 ⊗ Y0

a′2a2;1
) ,

βa3a1 (a2) = e−2πiha2

Na1a2a3∑
i=1

N
a3
a′2a1∑
j=1

F (Ya2a20;1 ⊗ Y0
a′1a1;1

;Ya2a′3a1;j ⊗ Ya
′
3

a2a′1;i
)

× F (Ya2a′3a1;j ⊗ σ123(Y
a′3
a2a′1;i

);Ya20a2;1
⊗ Y0

a′3a3;1
) .

(B.2.143)

Sketch of Proof of Verlinde Conjecture B.2.6. Using (B.2.138) and Theorem B.2.8 immediately

imply∑
a4∈IV

Sa4a1 (B
(−1))2(Ya4a40;1 ⊗ Y0

a′2a2;1
;Ya4a40;1 ⊗ Y0

a′2a2;1
)(S−1)a3a4

=

Na3
a1a2∑
i=1

Na2
a′1a3∑
k=1

F (Ya2a20;1 ⊗ Y0
a′3a3;1

;Ya2a′1a3;k ⊗ Ya
′
1

a2a′3;i
)

× F (Ya2a′1a3;k ⊗ σ123(Y
a′1
a2a′3;i

);Ya20a2;1
⊗ Y0

a′1a1;1
)

= N a3
a1a2F (Y

a2
a20;1

⊗ Y0
a′2a2;1

;Ya20a2;1
⊗ Y0

a2a′2;1
) .

(B.2.144)

From (B.2.144), we see that we must have

F (Ya2a20;1 ⊗ Y0
a′2a2;1

;Ya20a2;1
⊗ Y0

a2a′2;1
) ̸= 0 . (B.2.145)
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Indeed, if otherwise then by (B.2.144), we must have

(B(−1))2(Ya4a40;1 ⊗ Y0
a′2a2;1

;Ya4a40;1 ⊗ Y0
a′2a2;1

) . (B.2.146)

But since the vertex operators are single valued, we know that

(B(−1))2(Y0
00;1 ⊗ Y0

a′2a2;1
;Y0

00;1 ⊗ Y0
a′2a2;1

) = 1 , (B.2.147)

which is a contradiction. Thus, we are allowed to divide by F (Ya2a20;1⊗Y0
a′2a2;1

;Ya20a2;1
⊗Y0

a2a′2;1
). We

can then rewrite (B.2.144) to get

∑
a1,a3∈IV

(S−1)a1a4N
a3
a1a2S

a5
a3 = δa5a4

(B(−1))2(Ya4a40;1 ⊗ Y0
a′2a2;1

;Ya4a40;1 ⊗ Y0
a′2a2;1

)

F (Ya2a20;1 ⊗ Y0
a′2a2;1

;Ya20a2;1
⊗ Y0

a2a′2;1
)

. (B.2.148)

This proves the first part of the Verlinde conjecture that S-matrix diagonalizes the fusion matrix.

To prove the Verlinde formula (B.2.115), let us define

λa4a2 :=
(B(−1))2(Ya4a40;1 ⊗ Y0

a′2a2;1
;Ya4a40;1 ⊗ Y0

a′2a2;1
)

F (Ya2a20;1 ⊗ Y0
a′2a2;1

;Ya20a2;1
⊗ Y0

a2a′2;1
)

, (B.2.149)

and invert (B.2.148) to get

N a3
a1a2 =

∑
a4∈IV

Sa4a1λ
a4
a2(S

−1)a3a4 . (B.2.150)

For a1 = 0 and using N a3
0a3

= δa2a3 , we get from (B.2.150)

λa2a4 =
Sa4a2
Sa20

. (B.2.151)

Finally, we calculate that

S2(χa) = χa′ , a ∈ IV . (B.2.152)

This means that (S−1)a4a2 = S
a′4
a2 . Substituting this and (B.2.151) into (B.2.150), we get the Verlinde

formula. □

Another computation shows that the S-matrix is symmetric.

Remark B.2.2. The proof of rigidity also uses a consequence of the Verlinde conjecture. Indeed,

the number λa, γa from (B.2.95), (B.2.107) are given by [Hua05]

λa = γa = Fa := F (Yaa0;1 ⊗ Y0
a′a;1;Ya0a;1 ⊗ Y0

aa′;1) . (B.2.153)

The fact that λa, γa ̸= 0 then follows from (B.2.145) which can be thought of as a consequence of

the Verlinde conjecture.
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Nondegeneracy of CV

To prove the nondegeneracy, we need to compute the composition of maps in (B.2.35). This com-

putation has been done in detail in [Hua05]. The result is

(SMTC)ab =
(B(−1))2b,a
FaFb

, (B.2.154)

where

(B(−1))2b,a := (Ybb0;1 ⊗ Y0
a′a;1;Ybb0;1 ⊗ Y0

a′a;1) , (B.2.155)

and we have used the subscript MTC to differentiate the S-matrix defined for the MTC using the

composition of maps in (B.2.35) and the S-matrix defined in (B.2.112) in the VOA. From (B.2.151)

we find that

(SMTC)ab =
Sba
Sa0

, (B.2.156)

which is invertible by the Verlinde formula. This proves the nondegeneracy of CV .

B.3 The dictionary from VOA to 2d CFT

We now give the dictionary between the vertex operator algebra literature and rational conformal

field theory. We will assume familiarity with the discussion of Moore-Seiberg [MS89c]. Consider an

RCFT with chiral algebra A and antichiral algebra Ã . 18 In the mathematical language, the chiral

algebra A , Ã are vertex operator algebras, which we denote by V, Ṽ . For rational CFT, V, Ṽ are

“nice” VOAs in the sense that they satisfy the Conditions item 1,item 2 and item 3. Thus there are

finitely many isomorphism classes of irreducible V, Ṽ -modules. Following our earlier notation, we

will label the irreducible modules by

{W a}a∈IV , {W̃ ã}ã∈IṼ . (B.3.1)

We first decompose the physical Hilbert space of the CFT into conformal families:

Hphys =

M⊕
α=0

Hα , (B.3.2)

18In general, the chiral and the antichiral algebra may be non-isomorphic. Most notable example are the Narain CFTs

[Nar86, NSW87, NSV87] which appear in the toroidal compactification of string theory [Pol07a]. Another example

is the worldsheet CFT of the heterotic string [Pol07b]. A rigorous mathematical formulation of such theories was

given using the formalism of nonchiral vertex operator algebra in [SS23, SST24].
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where the index α runs over the chiral primary fields of the theory and α = 0 corresponds to the

identity primary field. We can also decompose the Hilbert space into irreducible representations of

the chiral algebra A ⊗ Ã :

Hphys =

M⊕
α=0

Hr(α) ⊗ H̃r̃(α) , (B.3.3)

where r, r̃ maps a primary field to the appropriate representation of the chiral algebra. In mathemat-

ical language, the vector space Hr(α) is an irreducible V -module and H̃r̃(α) an irreducible Ṽ -module.

Thus we can think of r, r̃ as maps

r : {0, . . . ,M} −→ IV , r̃ : {0, . . . ,M} −→ IṼ , (B.3.4)

mapping 0 to 0. Depending on the RCFT, the map r, r̃ may or may not be surjective19. We will

denote the map from Hα to Hr(α), H̃r̃(α) by the same symbol:

r : Hα −→ Hr(α) , r̃ : Hα −→ H̃r̃(α) . (B.3.5)

Now recall that given three modules Ha,Hb,Hc of the chiral algebra A , a chiral vertex operator Y

of type
(

Hc

Ha Hb

)
is a linear map

Y : Ha ⊗ Hb −→ Hc{z} ,

w(a) ⊗ w(b) 7−→ Y(w(a), z)w(b) ,
(B.3.6)

which satisfies certain locality properties20. Chiral vertex operators in the mathematical language

are intertwining operators defined in Definition B.1.4. Let us denote the vector space of intertwining

operators of type
(

Hc

Ha Hb

)
by Vcab. The space of intertwining operators Ṽ c̃

ãb̃
for the antichiral algebra

Ã is defined similarly. The fusion rules N c
ab, Ñ c̃

ãb̃
of the CFT are defined as the dimension of the

spaces Vcab, Ṽ c̃ãb̃ respectively. Let us denote the space of all intertwining operators by V:

V :=
⊕

a,b,c∈IV

Vcab , Ṽ :=
⊕

ã,b̃,c̃∈IṼ

Ṽ c̃
ãb̃
. (B.3.7)

Define the “OPE coefficients” as a linear map

dγαβ : V ⊗ Ṽ −→ C , (B.3.8)

19The diagonal modular invariant corresponds to the choice A ∼= Ã , i.e., V ∼= Ṽ , M + 1 = |IV |, r is a bijective

map of sets and r̃(α) = r(α)′. Here we are following the notation that a′ labels the contragredient of the V -module

labeled by a.
20Chiral vertex operators were first introduced in [TK87] and then generalized to general setting by Moore-Seiberg

in [MS89c]. They were then formalized in [FHL93b] to intertwining operators.
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which is nonzero only on the subspace Vr(γ)r(α)r(β) ⊗ Ṽ r̃(γ)r̃(α)r̃(β). This function will relate the three point

function of primary fields to the matrix elements of intertwining operator. Let πα : H −→ Hα be

the projection map and let {
Ycab;i : i = 1, . . . ,N c

ab

}
,{

Ỹ c̃
ãb̃;̃i

: ĩ = 1, . . . , Ñ c̃
ãb̃

}
,

(B.3.9)

be a basis for Vcab, Ṽ c̃ãb̃ respectively. Then a field corresponding to a state v ∈ Hα is given in terms

of the intertwining operators by [MS89b]

ϕv(z, z̄) =

M∑
β,γ=0

N r(γ)

r(α)r(β)∑
i=1

Ñ r̃(γ)

r̃(α)r̃(β)∑
ĩ=1

dγαβ

(
Yr(γ)r(α)r(β);i, Ỹ

r̃(γ)

r̃(α)r̃(β);̃i

)
πγ

(
Yr(γ)r(α)r(β);i(r(v), z)⊗ Ỹ r̃(γ)

r̃(α)r̃(β);̃i
(r̃(v), z̄)

)
πβ .

(B.3.10)

Assuming that the fields ϕv1 , ϕv2 corresponding to states v1 ∈ Hα, v2 ∈ Hβ are BPZ self-conjugate,

this implies the relation between the OPE coefficients and three point functions:

lim
z1,z2→0

⟨ϕv1(z1, z̄1)ϕv(z, z̄)ϕv2(z2, z̄2)⟩

=

N r(γ)

r(α)r(β)∑
i=1

Ñ r̃(γ)

r̃(α)r̃(β)∑
ĩ=1

dγαβ

(
Yr(γ)r(α)r(β);i, Ỹ

r̃(γ)

r̃(α)r̃(β);̃i

)〈
r(v1),Yr(γ)r(α)r(β);i(r(v), z)r(v2)

〉〈
r̃(v1), Ỹ r̃(γ)r̃(α)r̃(β);̃i

(r̃(v), z̄)r̃(v2)
〉
.

(B.3.11)

Solving this equation using known 3-point functions of the RCFT, we can determine the OPE coef-

ficient map.

Conversely, given a “nice” VOA, we can construct the diagonal RCFT (see Footnote 19) except for

the data of OPE coefficient map (B.3.8). Equivalently, the chiral RCFT can be fully reconstructed

from the data of VOA and a subset of its irreducible modules. Constructing other modular invariants

requires further analysis because we need to glue chiral and antichiral sector in a modular invariant

way. A systematic study of constructing the full RCFT from the modular tensor category CV of a

“nice” VOA was carried out in a series of papers [FRS02, FRS04a, FRS03, FRS04b, FFRS05]. A

review of this construction is beyond the scope of this thesis.
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Appendix C

Appendix for Chapter 3

C.1 Affine Lie Algebras

In this appendix, we review the essential aspects of affine Lie algebra theory needed in our discussion.

We refer the reader to [DFMS97, Hum95, FS97] for more details.

C.1.1 Lie Algebra Conventions

Let g be a finite dimensional real Lie algebra. An element x ∈ g is called nilpotent or ad-nilpotent

if adx : g → g defined by

adx(y) = [x, y] , (C.1.1)

is nilpotent. If ad(x) is diagonalizable, then x is called semisimple. A subalgebra of g consisting of

semisimple elements is called a toral subalgebra. One can prove that a toral subalgebra of a complex

Lie algebra is abelian1. A maximal toral subalgebra tg of g is called the Cartan subalgebra of g.

Considering the complexification gC, since tCg is abelian, the elements of tCg can be simultaneously

diagonalized. More precisely, the set of operators
{
adx : x ∈ tCg

}
are simultaneously diagonalizable.

This means that the complexification gC can be decomposed as a direct sum

gC =
⊕
α∈t∗g

gCα , (C.1.2)

where gα := {y ∈ g : adx(y) = α(x)y ∀ x ∈ tg}. Let Φ :=
{
α ∈ t∗g : α ̸= 0, gα ̸= 0

}
. Then Φ is

called the set of roots of g. Note that g0 = Cg(tg), the centralizer of tg in g. One can show that

Cg(tg) = tg. Thus, we have the decomposition

gC = tCg ⊕
⊕
α∈Φ

gCα . (C.1.3)

Recall that the Killing form is defined by

κ(x, y) := Trg(adx ◦ ady) . (C.1.4)

1This result works for Lie algebra over algebraically closed fields. Thus, we need to consider complex Lie algebras.
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A Lie algebra g is semisimple if and only if the Killing form is non-degenerate. From now on, we

shall assume that g is semisimple. One can show that the restriction of the Killing form κ to tg is

non-degenerate. Thus, given ϕ ∈ t∗g, there exists a unique tϕ ∈ tg such that ϕ(x) = κ (tϕ, x) for all

x ∈ tg. In particular, Φ ⊂ t∗g corresponds to {tα : α ∈ Φ} ⊂ tg.

Theorem C.1.1. The following is true:

1. κ (gα, gβ) = 0 if α, β ∈ t∗g with α+ β ̸= 0. In particular κ (tg, gα) = 0 for all α ∈ Φ.

2. Φ spans t∗g.

3. If α ∈ Φ then −α ∈ Φ.

4. If α ∈ Φ, then for x ∈ gα, y ∈ g−α, we have [x, y] = κ(x, y)tα. In particular [gα, g−α] is

one-dimensional with basis tα.

5. α (tα) = κ (tα, tα) ̸= 0 for α ∈ Φ.

6. If α ∈ Φ and xα ∈ gα\{0}, then there exists yα ∈ g−α such that the subalgebra spanned by

xα, yα and zα := [xα, yα] is isomorphic to su(2) under the map

xα 7→

 0 1

0 0

 , yα 7→

 0 0

1 0

 , zα 7→

 1 0

0 −1

 . (C.1.5)

Moreover

zα =
2tα

κ (tα, tα)
, zα = −z−α. (C.1.6)

7. dim(gα) = 1 for α ∈ Φ.

Since Φ spans t∗g, we can choose a basis {α1, . . . , αr} ⊂ Φ of t∗g. For β ∈ Φ, we can write

β =

r∑
i=1

ciαi (C.1.7)

Then one can prove that ci ∈ Q. Let EQ be the Q-span of all the roots. Then dimQEQ = dimCt
∗
g =

rank(g). Introduce a bilinear form on t∗g as

⟨α, β⟩ := κ (tα, tβ) (C.1.8)

Then one can show that

⟨α, β⟩ ∈ Q and
2⟨α, β⟩
⟨β, β⟩

∈ Z, for α, β ∈ Φ . (C.1.9)

Moreover this form is positive-definite on EQ. Let E := R ⊗Q EQ. Then Φ spans E and 0 /∈ Φ.

Moreover if α ∈ Φ then the only multiple of α in Φ is −α. For α, β ∈ Φ, we have

β − 2⟨β, α⟩
⟨α, α⟩

α ∈ Φ . (C.1.10)
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A subset ∆ ⊂ Φ is called a base if ∆ is a basis of E and for each root β ∈ Φ, when we write

β =
∑
α∈∆

kαα (C.1.11)

then kα ∈ Z and either all kα is non-negative or non-positive. The crucial result is that there exists

a base of Φ. The elements of ∆ are called simple roots. If all kα ≥ 0 (kα ≤ 0) then we call β

positive (negative). We write β ≻ 0 (β ≺ 0). The collection of positive (negative) roots is denoted

by Φ+ (Φ−). Clearly Φ− = −Φ+. We put a partial order on E by defining

β ≺ α⇔ α− β ≻ 0 or β = α . (C.1.12)

Let r := dim(tg) = rank(g) be the rank of g and let {α1, . . . , αr} = ∆ be a set of simple roots. Then

the matrix Aij := (αi, αj) is called the Cartan matrix, where

(αi, αj) := 2
⟨αi, αj⟩
⟨αj , αj⟩

∈ Z . (C.1.13)

Let Λw ⊂ E be defined as

Λw := {λ ∈ E : (λ, α) ∈ Z ∀ α ∈ Φ} . (C.1.14)

Clearly Λw is an additive subgroup of E since (λ, α) is linear in λ. Λw equipped with the pairing

(·, ·) is called the weight lattice of g and E is called the weight vector space. It is clear that λ ∈ Λw

if and only if (λ, α) ∈ Z for all α ∈ ∆. Clearly Φ ⊂ Λw. Let Λr be the subgroup of Λw generated by

Φ. We call it the root lattice. By definition, the lattice dual Λ∨
r
∼= Λw. It is a lattice in E since it is

the Z-span of an R-basis of E. Fix a base ∆ ⊂ Φ. Then λ ∈ Λw is called dominant if (λ, α) ≥ 0 for

all α ∈ ∆ and strongly dominant if (λ, α) > 0 for all α ∈ ∆. Let Λ+
w ⊂ Λw be the set of all dominant

weights. A λ ∈ Λ+
w is called minimal if µ ∈ Λ+

w , µ ≺ λ implies µ = λ. One can show that the set

of minimal weights is in 1-1 correspondence with the coset Λw/Λr. In other words, every coset of

Λw/Λr contains a unique minimal weight.

The lattice

Λcr :=

{
α∨ :=

2tα
⟨α, α⟩

: α ∈ Λr

}
= SpanZ{α∨ : α ∈ ∆} ⊂ tg , (C.1.15)

equipped with the Killing form is called the coroot lattice. The dual

Λcw := Λ∨
cr = {t ∈ tg : κ(t, α∨) ∈ Z ∀ α∨ ∈ Λcr} ⊂ tg , (C.1.16)

of the coroot lattice is called the coweight lattice. It is easy to see that the simple coroots {α∨
i }ri=1

is a basis for the coroot lattice. The basis {ωi}ri=1 of Λw dual to the basis of simple roots, i.e.,

(ωi, αj) = δij , is called a fundamental basis of Λw and the basis vectors ωi are called fundamental
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weights. Any weight vector λ ∈ Λw can then be expanded as

λ =

r∑
i=1

λiωi . (C.1.17)

The coefficients λi are called the Dynkin labels of λ. A weight vector is called integral if all its Dynkin

labels are integers. Then dominant integral weights are precisely those weights whose Dynkin labels

are all non-negative integers. There is a distinguished element θ ∈ Φ, called the highest root, uniquely

characterized by the fact that in its expansion

θ =

r∑
i=1

aiαi , (C.1.18)

the sum
∑r
i=1 ai is maximized. The coefficients ai are called marks. The corresponding vector

tθ ∈ tg can also be expanded as

tθ =

r∑
i=1

a∨i α
∨
i . (C.1.19)

The coefficients a∨i are called comarks. The dual Coxeter number h∨g is defined as

h∨g := 1 +

r∑
i=1

a∨i . (C.1.20)

For each root α ∈ Φ, we have a map, called a Weyl reflection, defined by

σα : t∗g −→ t∗g

β 7−→ σα(β) := β − 2⟨β, α⟩
⟨α, α⟩

.
(C.1.21)

By (C.1.10), we see that the restriction of σα maps roots to roots: σα|Φ : Φ −→ Φ. The Weyl group

is the group generated by the Weyl reflection:

W := ⟨σα : α ∈ Φ⟩ . (C.1.22)

The action of the Weyl group on the weight vector space decomposes it into various chambers called

Weyl chambers:

Cw := {λ ∈ E : ⟨w(λ), αi⟩ ≥ 0, i = 1, . . . , r} , w ∈W . (C.1.23)

The chamber corresponding to the identity element, denoted by C0, is called the fundamental cham-

ber. One can show that for any weight λ ∈ E, there exists a w ∈W such that w(λ) ∈ C0.

We will often work with the Cartan-Weyl basis of g defined as follows: let ti := tαi ∈ tg, i =

1, . . . , r be the dual of the simple roots under the Killing form. Since each fgα is one-dimensional,

for each α ∈ Φ, we can choose eα ∈ gα such that

[ti, eα] = α(ti)eα . (C.1.24)
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Then {ti}ri=1 ∪ {eα}α∈Φg
is a Cartan-Weyl basis for g. The explicit Lie bracket is given by

[ti, tj ] = 0 ,

[ti, eα] = α(ti) ,

[eα, eβ ] =


2

∥α∥2

∑r
i=1 α(ti)ti α = −β ,

Nαβeα+β α+ β ∈ ∆ ,

0 otherwise ,

(C.1.25)

where ∥α∥2 = ⟨α, α⟩ and Nαβ is a normalization constant.

Let G̃ be the unique simply-connected Lie group such that g ∼= Lie(G̃). Then for any α∨ ∈ Λcr,

we see that e−2πiα∨
= 1 ∈ G̃. Moreover, the map h 7→ e−2πih defines an isomorphism

Z(G̃) ∼= Λ∨
cw/Λ

∨
cr . (C.1.26)

We also have a canonical isomorphism

Λw/Λr

∼=−→ Ẑ(G̃)

λ 7−→ [e−2πiα∨
7→ e−2πi⟨λ,α∨⟩] ,

(C.1.27)

where Ẑ(G̃) := Hom(Z(G̃),U(1)) is the Pontryagin dual of Z(G̃) and ⟨λ, α∨⟩ is the natural pairing

between t∗g and tg. Using the non-canonical isomorphism between Z(G̃) and Ẑ(G̃), we have

Λw/Λr
∼= Ẑ(G̃) ∼= Z(G̃) ∼= Λ∨

cw/Λ
∨
cr . (C.1.28)

Let M be a g-module. Then for each λ ∈ t∗g, we can define the weight λ subspace of M as

Mλ := {v ∈M : x · v = λ(x)v ∀ x ∈ tg} . (C.1.29)

λ ∈ t∗g is called a weight of M if Mλ ̸= 0. Let λ, µ be two weights of M , then λ is higher than µ if

λ − µ is expressible as a linear combination of positive roots with non-negative real coefficients. A

weight of M is called highest if it is higher that every weight of M . When g is a simple Lie algebra,

the theorem of the highest weight classifies finite-dimensional irreducible g-modules. The theorem

states that for every dominant integral weight λ of g, there exists a unique (up to isomorphism)

finite-dimensional irreducible g-module, which we will denote by Lg(λ), whose highest weight is λ.

C.1.2 Affine Lie Algebra Conventions

For simplicity of later discussions, we take g to be simple, the generalization to semisimple case

is straightforward. Associated to a finite-dimensional simple Lie algebra g equipped with a non-

degenerate symmetric invariant bilinear form ⟨·, ·⟩, its affinization produces an infinite-dimensional
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Lie algebra. We call this algebra the (untwisted) affine Lie algebra or a Kac-Moody algebra. To

construct it, we start with

ĝ = g⊗ C[t, t−1]⊕ Ck , (C.1.30)

and equip it with the Lie bracket

[a⊗ tm, b⊗ tn] = [a, b]⊗ tm+n +m⟨a, b⟩δm+n,0k , (C.1.31)

[a⊗ tm, k] = 0 , a, b ∈ g, m, n ∈ Z . (C.1.32)

Since k commutes with every element, it must act as a scalar multiple of the identity on irreducible

representations. We call the scalar the level of the affine Lie algebra and sometimes indicate it by

writing ĝk for the affine Lie algebra.

A Cartan-Weyl basis for ĝ is given by ti ⊗ tn, eα ⊗ tn, k with Lie bracket

[ti ⊗ tm, tj ⊗ tn] = mkδijδm+n,0 ,

[ti ⊗ tm, eα ⊗ tn] = α(ti)(eα ⊗ tm+n) ,

[eα ⊗ tm, eβ ⊗ tn] =


2

∥α∥2 (α(ti)(ti ⊗ tm+n) + kmδm+n,0) α = −β ,

Nαβ(eα+β ⊗ tm+n) α+ β ∈ ∆g ,

0 otherwise ,

(C.1.33)

where {ti}rank(g)i=1 ∪ {eα}α∈Φg
is a Cartan-Weyl basis for g, Φg ⊂ t∗g := Cartan(g)∗ denotes a set of

roots of g, ∆g ⊂ Φg is a set of simple roots of g, ∥α∥2 = ⟨α, α⟩ and Nαβ is a normalization constant.

There is another operator d with the following Lie bracket2

[d, a⊗ tn] = n(a⊗ tn) , a ∈ g , (C.1.34)

and all other Lie brackets vanish. The extended affine Lie algebra is the space

g̃ := ĝ⊕ Cd , (C.1.35)

with the above Lie bracket. The generators {ti⊗t0, d, k} is the maximal commuting set of generators

and hence span the Cartan subalgebra tĝ of the extended affine Lie algebra. As in the classical Lie

algebra case, affine weight vectors λ̂ are vectors whose components are the eigenvalues of a vector

in an irreducible representation of g̃ which is a simultaneous eigenvector of all the generators of tĝ.

It is clear that an affine weight vector has the form

λ̂ = (λ; kλ;nλ) , (C.1.36)

2In affine vertex operator algebra d = −L(0).
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where λ is a weight vector of g and kλ, nλ are the eigenvalues of k, d respectively. Similarly, affine

roots are the affine weight vectors in the adjoint representation. We also write

λ ≡ (λ; 0; 0) . (C.1.37)

We introduce the bilinear form

⟨λ̂, λ̂′⟩ = ⟨λ, λ′⟩+ kλnλ′ + kλ′nλ . (C.1.38)

Affine roots have the form

α̂ = (α; 0;n) , (C.1.39)

and hence

⟨α̂, β̂⟩ = ⟨α, β⟩ . (C.1.40)

We define affine fundamental weights {ω̂i}rank(g)i=0 by

ω̂0 = (0; 1; 0) , ω̂i = (ωi; a
∨
i ; 0) , i ̸= 0 , (C.1.41)

where {ωi}rank(g)i=1 are the fundamental weights and a∨i are the comarks of g. One can check that

⟨ω̂0, ω̂j⟩ = ⟨ω̂0, ω̂0⟩ = 0, ⟨ω̂i, ω̂j⟩ = ⟨ωi, ωj⟩ = Fij , i, j ̸= 0 , (C.1.42)

where

Fij = (A−1)ij
∥αj∥2

2
, (C.1.43)

and A is the Cartan matrix of g. If we ignore the d-eigenvalue, then affine weight vectors can be

expanded in affine fundamental weights:

λ̂ =

r∑
i=0

λiω̂i . (C.1.44)

We write the

λ̂ = [λ0, λ1, · · · , λr] . (C.1.45)

One can show that

λ0 = kλ − ⟨λ, θ⟩ . (C.1.46)

In particular, dominant integral weights at fixed level satisfy

λ0 ∈ Z≥0 . (C.1.47)
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We now consider affine embeddings. Suppose h ⊂ g be a Lie subalgebra. We can consider affine

Lie algebras ĥ, ĝ associated to h, g respectively. It turns out the levels k̃, k of ĥ, ĝ are related via the

embedding index :

k̃ = xek , (C.1.48)

which is defined as follows. We first define a projection matrix P which maps the weight vectors of

g to weight vectors of h. To define P, we start with the irreducible g-modules Lg(ωi) corresponding

to the fundamental weights3 of g. Then, considering Lg(ωi) as an h-module, we decompose it as

direct sum of irreducible h-modules:

Lg(ωi) ∼=
⊕

µi∈Λh+
w

nµiLh(µi) , nµi ∈ Z≥0 . (C.1.49)

Here Λh+
w denotes the set of dominant integral weights of h. We then define

P : Λg
w −→ Λh

w

ωi 7−→ Pωi :=
∑

µi∈Λh+
w

nµiµi ,
(C.1.50)

by Z-linearly extending the action from fundamental weights to the weight lattice. The matrix for

P can be obtained by expressing the images of ωi as Z-linear combinations of fundamental weights

of h.

Let θ, ϑ be the highest roots of g, h respectively. Then the embedding index xe of h ⊂ g is defined

by

xe :=
∥Pθ∥2

∥ϑ∥2
. (C.1.51)

Example: Induced Level Of u(1) Embedded In sl(2,R)k

In this appendix, we compute the induced level of u(1) embedded in sl(2,R) at level k. The Lie

algebra sl(2,R) is 3-dimensional spanned by generators h, e, f with Lie bracket

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h . (C.1.52)

A standard 2× 2 real matrix representation of this algebra is given by

h =

 1 0

0 −1

 , e =

 0 1

0 0

 , f =

 0 0

1 0

 . (C.1.53)

3Note that any fundamental weight ω is a dominant integral weight and hence there exists a unique (up to isomorphism)

irreducible g-module Lg(ω) with highest weight ω.
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There are several U(1) embedded inside SL(2,R). The compact U(1) is unique up to conjugation

and is given by

C :=


 cos θ sin θ

− sin θ cos θ

 ∈ SO(2) ⊂ SL(2,R) : θ ∈ R

 ∼= U(1) . (C.1.54)

The u(1)C subalgebra corresponding to this U(1) is spanned by

J = e− f =

 0 1

−1 0

 . (C.1.55)

There are two inequivalent noncompact U(1), called null U(1) subgroups of SL(2,R) given by

A :=


et 0

0 e−t

 ∈ SL(2,R) : t ∈ R

 = {eth : t ∈ R} ∼= R ,

N :=


0 t

1 0

 ∈ SL(2,R) : t ∈ R

 = {ete : t ∈ R} ∼= R .

(C.1.56)

To get the Killing form, we need the adjoint representation matrices. It is straightforward to check

that

adh =


0 0 0

0 2 0

0 0 −2

 , ade =


0 0 −1

−2 0 0

0 0 0

 , adf =


0 0 0

0 0 0

2 0 0

 . (C.1.57)

Using this, it is straightforward to check that for

X = x1h+ x2e+ x3f, Y = y1h+ y2e+ y3f, (C.1.58)

we have

κ(X,Y ) = Tr (adX ◦ adY ) = 8x1y1 − 2 (x2y2 + x3y3) . (C.1.59)

In particular,

∥J∥2 = κ(J, J) = 4 , ∥h∥2 = 8 , ∥e∥2 = −2 . (C.1.60)

Now let Ja(z), a = h, e, f be the sl(2,R)-WZW currents. Then

Ja(z)Jb(0) ∼ k κ(a, b)

2z2
+
ifabcJ

c(0)

z
. (C.1.61)

The u(1) current is J(z) = Je(z)− Jf (z). Then we have

J(z)J(0) ∼ k κ(J, J)

2z2
=:

ku(1)

2z2
. (C.1.62)

where

ku(1)C = k κ(J, J) = 4k . (C.1.63)
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Similarly

ku(1)A = 8k , ku(1)N = −2k . (C.1.64)

C.1.3 Outer Automorphisms

The automorphisms of the simple Lie algebra g induced from the symmetries of the corresponding

Dynkin diagram is called an outer automorphism. Similarly, one defines the outer automorphisms

of the affine Lie algebra ĝ using symmetries of the Dynkin diagram of ĝ. Let D(g) and D(ĝ) be the

symmetries of the Dynkin diagrams for g and ĝ. Then clearlyD(g) ⊂ D(ĝ). The outer automorphism

group of ĝ is defined by the quotient

O(ĝ) := D(ĝ)/D(g) . (C.1.65)

Table C.1 summarizes the action of outer automorphisms of affine Lie algebras on affine weight

vectors.

g O(ĝ) Action of the O(ĝ) generators

Ar Zr+1 a [λ0, λ1, · · · , λr−1, λr] = [λr, λ0, · · · , λr−2, λr−1]

Br Z2 a [λ0, λ1, · · · , λr−1, λr] = [λ1, λ0, · · · , λr−1, λr]

Cr Z2 a [λ0, λ1, · · · , λr−1, λr] = [λr, λr−1, · · · , λ1, λ0]

Dr=2ℓ Z2 ×Z2

a [λ0, λ1, λ2, · · · , λr−1, λr] = [λ1, λ0, λ2, · · · , λr, λr−1]

ã [λ0, λ1, λ2, · · · , λr−1, λr] = [λr, λr−1, λr−2, · · · , λ1, λ0]

Dr=2ℓ+1 Z4 a [λ0, λ1, λ2, · · · , λr−1, λr] = [λr−1, λr, λr−2, · · · , λ1, λ0]

E6 Z3 a [λ0, λ1, · · · , λ6] = [λ1, λ5, λ4, λ3, λ6, λ0, λ2]

E7 Z2 a [λ0, λ1, · · · , λ7] = [λ6, λ5, λ4, λ3, λ2, λ1, λ0, λ7]

Table C.1: Outer automorphism group action on affine weights.

One has the isomorphism

O(ĝ) ∼= Z(G̃) , (C.1.66)

where as before G̃ is the unique compact connected simply-connected Lie group such that g ∼= Lie(G̃).

The explicit isomorphism is given by composing the map

O(ĝ) −→ Λw/Λr

A 7−→ Aω̂0 ,
(C.1.67)



300

with the isomorphisms in (C.1.28). This isomorphism also gives us the action of Z(G̃) on any highest

weight module Lg(λ):

b · v = e−2πi⟨A(ω̂0),λ⟩v , ∀ v ∈ Lg(λ) . (C.1.68)

Isomorphism classes of irreducible integrable-highest weight modules of ĝ at level k ∈ Z>0 are in

one-to-one correspondence with the set of dominant integral affine weights defined by

P+
k (g) := {λ ∈ Λw : ⟨λ, αi⟩ ≥ 0, i = 1, . . . , r, ⟨λ, θ⟩ ≤ k} , (C.1.69)

where αi, i = 1, . . . , r are the simple roots of g. We will denote the irreducible integrable highest

weight irreducible module by Lg(k, λ̂). We have emphasized the dependence of the irreducible

module on the level by using the affine weight λ̂ rather than the weight λ. Note that λ0 = k−⟨λ, θ⟩

as in (C.1.46). This is also important because the outer automorphism of ĝ acts on affine weights

and not on weights.

The center Z(G̃) acts on Lg(k, λ̂) identical to (C.1.68):

b · v = e−2πi⟨A(ω̂0),λ⟩v , ∀ v ∈ Lg(k, λ̂) . (C.1.70)

C.2 Selection Rules, Field Identifications And Fixed Point Resolutions

In this appendix, we would like to characterize the set of equivalence classes E/ ∼. More specifically,

we want to characterize the set of isomorphism classes of irreducible modules of the coset VOA Vg/h.

As we have already noted in Theorem 3.2.1 that under some conditions, all irreducible modules of

Vg/h are of the form Lg/h(λ̂, µ̂). We will see below that this is not always true.

C.2.1 Selection Rules

As noted in Section 3.3.2, while constructing the irreducible modules of the coset VOA Vg/h using

the irreducible modules of Lg(k, 0), not all modules Lg/h(λ̂, µ̂) are nontrivial. Indeed, a necessary

condition for Lg/h(λ̂, µ̂) or equivalently the coset character χg/h

(λ̂,µ̂)
(τ) to be nonzero is [DFMS97]

Pλ− µ ∈ PΛr
g , (C.2.1)

where P is a projection matrix that maps weight vectors of g to weight vectors of h and Λr
g is the

root lattice of g. Generically, (C.2.1) is the only selection rule. But there are examples in which the

coset character χg/h
(λ,µ)(τ) is zero even if (C.2.1) is satisfied. Such examples are called Maverick cosets

[DJ93b, DJ93a, PSW99]. An explanation of such selection rules based on non-abelian gauging has
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been proposed in [CGS23] which we have reviewed in Section 3.2.3. So, for non-Maverick cases, we

can write

E = {(λ̂, µ̂) : λ ∈ P+
k (g),µ ∈ P+

k̃
(h),Pλ− µ ∈ PΛr

g} . (C.2.2)

C.2.2 Field Identifications

Our next goal is to determine the equivalence relation on E .

Field Identifications From Outer Automorphism Branching

We first explain field identifications algebraically and then we will review its physical origin from

Chern-Simons theory. Consider an embedding ι : h ↪→ g of semisimple Lie algebras. Let G̃, H̃ be

the unique compact, connected and simply connected Lie groups with Lie(G̃) = g and Lie(H̃) = h.

Composing ι with exponential map, we obtain a homomorphism ι : H ↪→ G as shown in (C.2.3).

g G̃

h H̃

exp

ι

exp

ι (C.2.3)

Note that in general ι : H̃ → G̃ is not an injective map and hence not an embedding4. We will

assume that ι : H̃ → G̃ is an embedding. Consider the common center of G̃, H̃ defined by

Z := Z(G̃) ∩ ι(Z(H̃)) . (C.2.4)

Suppose g ∈ Z ⊂ Z(G). Then there exists g̃ ∈ Z(H) such that g = ι(g̃). Let Ag ∈ O(ĝ) and

Ãg̃ ∈ O(ĥ) be the image of g, g̃ under the isomorphism (C.1.67). Then we say that Ag branches to

Ãg̃ if ι(g̃) = g ∈ Z. We write this as

Ag 7→ Ãg̃ , for ι(g̃) = g ∈ Z . (C.2.5)

Given (A, Ã) ∈ O(ĝ) × O(ĥ), we would like to know if A 7→ Ã. An algebraic condition for this is

derived in [DFMS97]: for all weight vectors λ of g,

⟨Aω̂0,λ⟩ = ⟨Ãω̂0,Pλ⟩mod 1 . (C.2.6)

4An example of such a Lie algebra embedding is ŝu(2)8 ⊂ ŝu(3)2. Under this embedding, the three dimensional

fundamental representation of su(3) becomes the adjoint representation of su(2) [DFMS97]. Clearly the center of

SU(2) acts trivially but the center of SU(3) acts nontrivially on this representation and hence Z(SU(2)) maps to the

identity under the induced group homomorphism.
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Note that, to define the bilinear pairing, we use (C.1.37) and ω̂0 on RHS is the fundamental weight

for ĥ. Define

Gid := {(A, Ã) ∈ O(ĝ)×O(ĥ) : A 7→ Ã} . (C.2.7)

Using the isomorphism O(ĝ) ∼= Z(G̃),O(ĥ) ∼= Z(H̃) and the fact that

A 7→ Ã ⇐⇒ ι(g̃Ã) = gA ∈ Z , (C.2.8)

where gA is the image of A under the isomorphism O(ĝ) ∼= Z(G), we conclude that5

Z −→ Gid

g 7−→ (Ag, Ãι−1(g))
(C.2.9)

is an isomorphism. Thus, Gid is a group, which is called the identification group, the reason for this

name will become clear below.

One can also show that if there is an outer automorphism branching A 7→ Ã, then [DFMS97]

Lg/h(λ̂, µ̂) ∼= Lg/h(Aλ̂, Ãµ̂) . (C.2.10)

Equivalently, one can prove that [DFMS97]

χ
g/h

(λ̂,µ̂)
(τ) = χ

g/h

(Aλ̂,Ãµ̂)
(τ) . (C.2.11)

It turns out that these are all the identifications among modules Lg/h(λ̂, µ̂). Thus, for (λ̂, µ̂) ∈ E ,

we can write the equivalence class as

[(λ̂, µ̂)] = {(Aλ̂, Ãµ̂) : (A, Ã) ∈ Gid} . (C.2.12)

It is widely believed that if there are no fixed points of the outer automorphisms in the branching

A 7→ Ã, i.e., there are no nonzero dominant integrable weight vectors (λ̂, µ̂) ∈ E such that

Aλ̂ = λ̂, Ãµ̂ = µ̂ , (C.2.13)

then all irreducible modules of Vg/h is of the form Lg/h(λ̂, µ̂) and the number of elements in each

equivalence class [(λ̂, µ̂)] is the same and equal to the number of outer automorphisms of ĝ that

branch into outer automorphisms of ĥ (i.e., the order |Z| of Z). Thus, under this assumption, we

can write the GKO Hilbert space as

H GKO
g/h :=

⊕
(λ̂L,µ̂L)∈E/∼
(λ̂R,µ̂R)∈E/∼

Mg

λ̂Lλ̂R
Mh

µ̂Lµ̂R
Lg/h(λ̂L, µ̂L)⊗ ˜Lg/h(λ̂R, µ̂R) ,

(C.2.14)

5Note that ι−1 : Z → Z(H̃) is well-defined since ι is assumed to be injective.
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where Mg

λ̂Lλ̂R
,Mh

µ̂Lµ̂R
are modular invariants of Lg(k, 0) and Lh(k̃, 0). In this paper, we are only

interested in the diagonal modular invariants for the GKO theorem, for which

H GKO
g/h :=

⊕
(λ̂,µ̂)∈E/∼

Lg/h(λ̂, µ̂)⊗ ˜Lg/h(λ̂, µ̂) . (C.2.15)

Field Identifications From Chern-Simons Theory

Let us explain the origin of field identifications from the Chern-Simons theory point of view. We

assume that G and H ⊂ G are simple and simply connected. For a compact Lie group G, the Chern-

Simons-Witten (CSW) theory is a 3d topological field theory [Wit89]. It was argued in [Wit89] that

the Hilbert space of the CSW theory on a compact Riemann surface on Σ is the (finite-dimensional)

space of chiral conformal blocks of the WZW model based on G on Σ and the gauge invariant

observables – the Wilson loops – correspond to the primary fields in the WZW model. It was shown

in [MS89d, EFR91] that the CSW action on three manifold with boundary reduces to the WZW

action on the boundary, i.e., Chern-Simons theory is the holographic dual of WZW models. The

natural question is to understand the holographic dual of gauged WZW models. It was argued in

[MS89d] that the holographic dual of the G/H-WZW model is the Chern-Simons theory for the

group6 (Gk ×H−k̃)/Z where Z = Z(G)∩Z(H) is the common center of G,H embedded diagonally

in G × H. Here k is the level of G and k̃ is the induced level from the embedding H ⊂ G. The

Wilson loops of the (Gk ×H−k̃)/Z theory are

Wλ,µ(C) = TrλP exp

(∮
C

A

)
TrµP exp

(∮
C

B

)
, (C.2.16)

where A,B are G,H-gauge fields respectively. Naively, from this we discover that the state space is

Lg(k, λ̂) ⊗ Lh(k̃, µ̂)
∨ [MS89d]. But the boundary path integral of the G ×H CSW theory imposes

first order constraints which restricts the state space to be the LH-invariant in Lg(k, λ̂)⊗Lh(k̃, µ̂)
∨

[MS89d]. These are precisely the space of LH-homomorphisms:

(Lg(k, λ̂)⊗ Lh(k̃, µ̂)
∨)LH ∼= Hom(Lh(k̃, µ̂), Lg(k, λ̂)) = Lg/h(λ̂, µ̂) . (C.2.17)

Comparing with (3.3.40), we see that we have recovered the modules of the GKO vertex operator

algebra Vg/h. We now discuss the effect of division by Z and explain how it gives rise to selection

rules and field identifications. Gauging Z implies two conditions:

1. Lg(k, λ̂), Lh(k̃, µ̂) must transform in the same way under Z.

6There are counter examples to this proposal [CGS23], they mostly appear for conformal embeddings or Maverick

cosets.
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2. Wilson lines related by the action of spectral flow corresponding to elements of Z must be

identified.

Let us see how Condition 1 gives selection rules. A central element g ∈ Z(G) acts on the represen-

tation Lg(k, λ̂) as a phase given by (C.1.70)

g · v = e−2πi⟨Ag(ω̂0),λ⟩v , ∀ v ∈ Lg(k, λ̂) , (C.2.18)

where g 7→ Ag ∈ O(ĝ) is the group isomorphism Z(G) ∼= O(ĝ). Similarly, h ∈ Z(H) acts on Lh(k̃, µ̂)

as a phase

h · v = e−2πi⟨Ah(ω̂0),µ⟩v , ∀ v ∈ Lg(k̃, µ̂) , (C.2.19)

where h 7→ Ah ∈ O(ĥ) is the group isomorphism Z(H) ∼= O(ĥ). Now, suppose g ∈ Z = Z(G)∩Z(H).

We will write the corresponding outer elements of O(ĝ) and O(ĥ) by A, Ã respectively. Then we see

that g ∈ Z acts in the same way on Lg(k, λ̂), Lh(k̃, µ̂) if and only if

⟨Aω̂0, λ⟩ = ⟨Ãω̂0, µ⟩ mod 1 . (C.2.20)

Because of the isomorphism Z ∼= Gid in (C.2.9), A 7→ Ã or equivalently satisfies

⟨Aω̂0, λ⟩ = ⟨Ãω̂0,Pλ⟩ mod 1 . (C.2.21)

Combining (C.2.20) and (C.2.21) we get

⟨Ãω̂0,Pλ− µ⟩ = 0mod 1 . (C.2.22)

A sufficient condition for (C.2.22) to hold is

Pλ− µ ∈ PΛg
r , (C.2.23)

which is precisely (C.2.1). Condition 2 implies that we must identify sectors related by spectral flow

isomorphism. Using the isomorphism Z ∼= Gid, we see that the spectral flow isomorphism gives the

identification:

Lg/h(λ, µ) ∼= Lg/h(Aλ, Ãµ) , (A, Ã) ∈ Gid , (C.2.24)

which gives us field identifications. This explains field identifications from Chern-Simons theory

point of view. Finally, if the action of Z has fixed points, there are new operators in the theory and

one has do fixed point resolution as explained in Appendix C.2.4 below.
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Example: ĝ = ŝo(4n)1, ĥ = ŝp(n− 1)1 ⊕ ŝu(2)1 ⊕ ŝu(2)n

In this appendix, we give an explicit example of field identification. We consider the following

embedding [BRS88, ABR88] of sp(n − 1) ⊕ su(2)a ⊕ su(2)b in so(4n). First embed so(4n − 4) ⊕

su(2)a ⊕ su(2)c in so(4n) in the standard way. To embed sp(n− 1)⊕ su(2)d into so(4n− 4), we will

give the embedding of the corresponding Lie group. For g ∈ Sp(n− 1) = Sp(2n− 2,C) ∩ su(2n− 2)

and h ∈ su(2), denote by ĥ the diagonal embedding of SU(2) in Sp(n− 1):

ĥ := diag(h, . . . , h) ∈ Sp(n− 1) , (C.2.25)

and consider the embedding

Sp(n− 1)× SU(2) −→ SO(4n− 4)

(g, h) 7−→

 Re(gĥ) Im(gĥ)

−Im(gĥ) Re(gĥ)

 .
(C.2.26)

Finally, embed su(2)b diagonally into su(2)c ⊕ su(2)d.

To figure out the factor corresponding to field identifications, we start with the weight vectors

for so(4n). Let e1, . . . , e2n be an orthonormal basis of R2n. A choice of roots of so(4n) is

±ei ± ej , i ̸= j , (C.2.27)

and a choice of simple roots is

αj = ej − ej+1 , j = 1, . . . , 2n− 1, α2n = e2n−1 + e2n . (C.2.28)

A choice of fundamental weights is

ωj = e1 + . . .+ ej , j = 1, . . . , 2n− 2 ,

ω2n−1 =
1

2
(e1 + . . .+ e2n−1 − e2n) ,

ω2n =
1

2
(e1 + . . .+ e2n−1 + e2n) .

(C.2.29)

Some of the fundamental weights and their corresponding representation is shown in Table C.2.

Representation Fundamental weight

Vector ω1 = e1

Adjoint ω2 = e1 + e2

Spinor ω2n−1 = 1
2 (e1 + . . .+ e2n−1 − e2n)

Conjugate spinor ω2n = 1
2 (e1 + . . .+ e2n−1 + e2n)

Table C.2: Some representations of so(4n) and the corresponding fundamental representation
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Under the embedding sp(n− 1)⊕ su(2)a ⊕ su(2)d described above, we want to find a projection

matrix P such that Pλ is a weight vector for sp(n− 1)⊕ su(2)⊕ su(2) for every weight vector λ of

so(4n). Let us expand a weight vector x of so(4n) as

x =

2n∑
i=1

xiei . (C.2.30)

Now, to project onto weights of sp(n− 1)⊕ su(2)a ⊕ su(2)b, we first note that under the embedding

so(4n − 4) ⊕ su(2)a ⊕ su(2)c ↪→ so(4n), we can take the weight space of so(4n − 4) to be spanned

by e1, . . . , e2n−2 and weight space of su(2)a ⊕ su(2)c to be spanned by e2n−1, e2n respectively. Now,

group the 2n− 2 basis vectors e1, e2, . . . , e2n−2 into pairs

(e1, e2) , (e3, e4) , . . . , (e2n−3, e2n−2) . (C.2.31)

For the coefficients in (C.2.30), define pair sums

µk = x2k−1 + x2k , k = 1, · · · , n− 1 . (C.2.32)

Under the embedding sp(n− 1)⊕ su(2)d ↪→ so(4n− 4), the Dynkin labels (b1, . . . , bn−1) of sp(n− 1)

are given by

bi = µi − µi+1 , i = 1, . . . , n− 2, bn−1 = µn−1 . (C.2.33)

The roots of su(2)a, su(2)c and su(2)d is given respectively by

αa = e2n−1 + e2n, αc = e2n−1 − e2n, αd =

n−2∑
j=1

[(e2j−1 + e2j)− (e2j+1 + e2j+2)] . (C.2.34)

Then the Dynkin labels for su(2)a and su(2)b = diag
(
su(2)c ⊕ su(2)d

)
are

ha = x2n−1 + x2n, hb = x2n−1 − x2n +

2n−2∑
i=1

bi . (C.2.35)

In summary, the projection map P : R2n → Rn−1 ⊕ R⊕ R is given by

x 7−→ (b1, . . . , bn−1;ha;hb) . (C.2.36)

Here we must keep in mind that the first n− 1 coordinates are in the basis of fundamental weights

of sp(n − 1) and the last two coordinates are in the standard basis of R ⊕ R. To emphasize this,

let us choose the standard orthonormal basis
{
e
(1)
1 , . . . , e

(1)
n−1

}
of Rn−1 and e(2), e(3) of the R ⊕ R.

Then a choice of fundamental weights for sp(n− 1) is

ω
(1)
i := e

(1)
1 + · · ·+ e

(1)
i , i = 1, . . . , n− 1 , (C.2.37)

while that of su(2)a, su(2)b is

ω(2) := e(2) , ω(3) := e(3) . (C.2.38)



307

Thus, the projection map can be written as

x
P7−→

n−1∑
i=1

biω
(1)
i + haω

(2) + hbω
(3) . (C.2.39)

For affine ŝo(4n)1, we fix the fundamental weights ω̂0, ω̂1, . . . , ω̂2n defined using the fundamental

weights of so(4n) as in (C.1.41). Then

⟨ω̂i, ω̂j⟩ = Fij =
(
A−1

)
ij

∥αj∥2

2
, i, j = 1, . . . , 2n , (C.2.40)

where A is the Cartan matrix of so(4n) which we take to be

A(so(4n)) =



2 −1 0 · · · 0 0 0

−1 2 −1 · · · 0 0 0

0 −1 2 · · · 0 0 0

· · · · · · · · ·

0 0 0 · · · 2 −1 −1

0 0 0 · · · −1 2 0

0 0 0 · · · −1 0 2


. (C.2.41)

We can check that

F (so(4n)) =
1

2



2 2 2 · · · 2 1 1

2 4 4 · · · 4 2 2

2 4 6 · · · 6 3 3

· · · · · · · · ·

2 4 6 · · · 2(2n− 2) 2n− 2 2n− 2

1 2 3 · · · 2n− 2 n n− 1

1 2 3 · · · 2n− 2 n− 1 n


. (C.2.42)

Now for each automorphism A of so ŝo(4n)1, we need to check if there is an outer automorphism Ã

of ŝp(n− 1)1 ⊕ ŝu(2)a1 ⊕ ŝu(2)bn satisfying

⟨Aω̂0, λ⟩ ≡
〈
Ãω̂0,Pλ

〉
mod 1, for all λ ∈ Λw

so(4n) , (C.2.43)

where ω̂0 on the RHS is the first fundamental weight of ŝp(n− 1)1 ⊕ ŝu(2)a1 ⊕ ŝu(2)bn. We now want

to calculate Pλ for any λ ∈ Λw
so(4n). In the basis {e1, . . . , e2n} we can write the fundamental weights

ω1, . . . , ω2n of so(4n) given in (C.2.29) as

ωi = (1, 1, . . . , 1︸ ︷︷ ︸
i entries

, 0, . . . , 0) , i = 1, . . . , 2n− 2 ,

ω2n−1 =
1

2
(1, . . . , 1,−1) ,

ω2n =
1

2
(1, . . . , 1) .

(C.2.44)
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Thus we have
Pω2j = 2ω

(1)
j + 2ω(3) , j = 1, . . . , n− 1 ,

Pω2j+1 = ω
(1)
j + ω

(1)
j+1 + 2ω(3) , j = 0, . . . , n− 2 ,

Pω2n−1 = ω
(1)
n−1 + ω(3) ,

Pω2n = ω
(1)
n−1 + ω(2) .

(C.2.45)

Take a general weight vector λ of so(4n):

λ =

2n∑
i=1

λiωi, λi ∈ Z . (C.2.46)

Then

Pλ =

2n∑
i=1

λiPωi =
n−1∑
j=1

λ2j2
(
ω
(1)
j + ω(3)

)
+

n−2∑
j=0

λ2j+1

(
ω
(1)
j + ω

(1)
j+1 + 2ω(3)

)
+ λ2n−1

(
ω
(1)
n−1 + ω(3)

)
+ λ2n

(
ω
(1)
n−1 + ω(2)

)
.

(C.2.47)

The outer automorphism group of ŝo(4n)1 is Z2 × Z2 which acts on ω̂0 as follows: let a and ã be

the generators of Z2 ×Z2, then

a · ω̂0 = ω̂1, ã · ω̂0 = ω̂2n, (aã) · ω̂0 = ω̂2n−1 . (C.2.48)

Let

λ =

2n∑
i=1

λiωi, λi ∈ Z , (C.2.49)

be a weight vector of so(4n). Then using (C.2.48), (C.2.40) and (C.2.42), we have

⟨ω̂0, λ⟩ = 0 ,

⟨a · ω̂0, λ⟩ = ⟨ω̂1, λ⟩ =
2n−2∑
i=1

λi +
1

2
(λ2n−1 + λ2n)

≡ 1

2
(λ2n−1 + λ2n) mod 1 ,

⟨ã · ω̂0, λ⟩ = ⟨ω̂2n, λ⟩ =
1

2

2n−2∑
i=1

iλi +
1

2
((n− 1)λ2n−1 + nλ2n)

≡ 1

2

n−2∑
j=0

λ2j+1 +
1

2
((n− 1)λ2n−1 + nλ2n) mod 1 ,

⟨aã · ω̂0, λ⟩ = ⟨ω̂2n−1, λ⟩ =
1

2

2n−2∑
i=1

iλi +
1

2
(nλ2n−1 + (n− 1)λ2n)

≡ 1

2

n−2∑
j=0

λ2j+1 +
1

2
(nλ2n−1 + (n− 1)λ2n) mod 1 .

(C.2.50)

For ŝp(n− 1)1 ⊕ ŝu(2)a1 ⊕ ŝu(2)b1 , we have

ω̂0 ≡
(
ω̂
(1)
0 , ω̂

(2)
0 , ω̂

(3)
0

)
, (C.2.51)
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where ω̂(1)
0 , ω̂

(2)
0 , ω̂

(3)
0 are the first fundamental weights of ŝp(n − 1)1, ŝu(2)a1, ŝu(2)b1 respectively.

We will denote the generators of the Z2 outer automorphism group of ŝp(n− 1)1, ŝu(2)
a
1, ŝu(2)

b
1 by

a(1), a(2), a(3) respectively. Then for any outer automorphism Ã = (Ã(1), Ã(2), Ã(3)) of ŝp(n− 1)1 ⊕

ŝu(2)a1 ⊕ ŝu(2)b1 , using (C.2.47), we have

〈
Ãω̂0,Pλ

〉
=

n−1∑
j=1

λ2j

〈
Ãω̂0, 2

(
ω
(1)
j + ω(3)

)〉
+

n−2∑
j=0

λ2j+1

〈
Ãω̂0,

(
ω
(1)
j + ω

(1)
j+1 + 2ω(3)

)〉
+ λ2n−1

〈
Ãω̂0,

(
ω
(1)
n−1 + ω(3)

)〉
+ λ2n

〈
Ãω̂0,

(
ω
(1)
n−1 + ω(2)

)〉
= 2

n−1∑
j=1

λ2j

〈
Ã(1)ω̂

(1)
0 , ω

(1)
j

〉
+

n−2∑
j=0

λ2j+1

〈
Ã(1)ω̂

(1)
0 , ω

(1)
j + ω

(1)
j+1

〉

+ 2

2n−2∑
i=1

λ2j+1

〈
Ã(3)ω̂

(3)
0 , ω(3)

〉
+ (λ2n−1 + λ2n)

〈
Ã(1)ω̂

(1)
0 , ω

(1)
n−1

〉
+ λ2n−1

〈
Ã(3)ω̂

(3)
0 , ω(3)

〉
+ λ2n

〈
Ã(2)ω̂

(2)
0 , ω(2)

〉
.

(C.2.52)

To compute the RHS of (C.2.56), we need the Cartan matrix A(sp(n− 1)) and F (sp(n− 1)):

A(sp(n− 1)) =



2 −1 0 · · · 0 0

−1 2 −1 · · · 0 0

0 −1 2 · · · 0 0

· · · · · · · ·

0 0 0 · · · 2 −1

0 0 0 · · · −2 2


, F (sp(n− 1)) =

1

2



1 1 1 · · · 1 1

1 2 2 · · · 2 2

1 2 3 · · · 3 3

· · · · · · · ·

1 2 3 · · · n− 2 n− 2

1 2 3 · · · n− 2 n− 1


.

(C.2.53)

For su(2), we have

A(su(2)) = (2) , F (su(2)) =

(
1

2

)
. (C.2.54)

The action of the outer automorphism group of ŝp(n− 1)1, ŝu(2)
a
1, ŝu(2)

b
1 is given by

a(1) · ω̂(1)
0 = ω̂

(1)
n−1 , a(i) · ω̂(i)

0 = ω̂
(i)
1 , i = 2, 3 . (C.2.55)

Thus we have〈
Ãω̂0,Pλ

〉
≡
n−2∑
j=0

λ2j+1

〈
Ã(1)ω̂

(1)
0 , ω

(1)
j + ω

(1)
j+1

〉
+ (λ2n−1 + λ2n)

〈
Ã(1)ω̂

(1)
0 , ω

(1)
n−1

〉
+ λ2n−1

〈
Ã(3)ω̂

(3)
0 , ω(3)

〉
+ λ2n

〈
Ã(2)ω̂

(2)
0 , ω(2)

〉
mod 1 .

(C.2.56)

Then using (C.1.42), we have

⟨ω̂0, λ⟩ =
〈
Ãω̂0,Pλ

〉
= 0 for Ã = (1,1,1) ∈ Z2 ×Z2 ×Z2 . (C.2.57)
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Using (C.2.55) and (C.2.56), for Ã =
(
a(1), a(2),1

)
, we have〈

Ãω̂0,Pλ
〉
≡
n−2∑
j=0

λ2j+1

〈
ω̂
(1)
n−1, ω̂

(1)
j + ω̂

(1)
j+1

〉
+ (λ2n−1 + λ2n)

〈
ω̂
(1)
n−1, ω̂

(1)
n−1

〉
+ λ2n

〈
ω̂
(2)
1 , ω(2)

〉
mod 1

≡ 1

2

n−1∑
j=0

λ2j+1(j + j + 1) +
n− 1

2
(λ2n−1 + λ2n) +

1

2
λ2n

≡ 1

2

n−1∑
j=0

λ2j+1 +
1

2
((n− 1)λ2n−1 + nλ2n) mod 1 .

(C.2.58)

Comparing with (C.2.50), we see that〈
Ãω̂0,Pλ

〉
≡ ⟨ã · ω̂0, λ⟩mod 1 , Ã =

(
a(1), a(2),1

)
. (C.2.59)

Similarly, for Ã =
(
a(1),1, a(3)

)
we have〈

Ãω̂0,Pλ
〉
≡
n−2∑
j=0

λ2j+1

〈
ω̂
(1)
n−1, ω̂

(1)
j + ω̂

(1)
j+1

〉
+

n−2∑
j=0

λ2j+1

〈
a(3)ω̂

(3)
0 , ω(3)

〉
+ (λ2n−1 + λ2n)

〈
a(1)ω̂

(1)
0 , ω

(1)
n−1

〉
+ λ2n−1

〈
a(3)ω̂

(3)
0 , ω(3)

〉
mod 1

≡ 1

2

n−1∑
j=0

λ2j+1 +
n− 1

2
(λ2n−1 + λ2n) +

1

2
λ2n−1 mod 1

≡ 1

2

n−1∑
j=0

λ2j+1 +
1

2
(nλ2n−1 + (n− 1)λ2n) mod 1

≡ ⟨(aã) · ω̂0, λ⟩ mod 1 .

(C.2.60)

Finally, we have〈
Ãω̂0,Pλ

〉
≡ 1

2
(λ2n−1 + λ2n) ≡ ⟨a · ω̂0, λ⟩mod 1 , Ã =

(
1, a(2), a(3)

)
. (C.2.61)

Thus, all four outer automorphisms of ŝo(4n)1 branch into non-trivial outer automorphisms of

ŝp(n− 1)1 ⊕ ŝu(2)1 ⊕ ŝu(2)n.

C.2.3 Selection Rules And Field Identifications From Simple Currents

Selection rules and field identifications can be given a uniform description in terms of simple currents

of Lg(k, 0) and Lh(k̃, 0). Let us begin by defining simple currents.

Definition C.2.1. A simple current for a rational VOA V is an irreducible module J for which the

quantum dimension, defined as

dW :=
SV J
SV V

, (C.2.62)

is 1. Here SWW ′ is the modular S-matrix.
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Note that V is trivially a simple current. We will call simple currents J ≁= V as nontrivial simple

currents. This definition has many important consequences which we summarize below.

1. For any simple current J and an irreducible V -module W , we have∑
a

NWa

JW = 1 , (C.2.63)

whereW a runs over the finite set of isomorphism classes of irreducible V -modules. This implies

that J ⊠W is an irreducible V -module for any irreducible V -module W . In particular, the

contragredient module J ′ of J satisfies J ⊠ J ′ ∼= V .

2. For two simple currents J1, J2, the tensor product J1 ⊠ J2 is also a simple current. Thus the

set of all simple currents of V form an abelian group with respect to the tensor product.

Given a simple current J and an irreducible V -module W , we can define the monodromy charge of

W with respect to J as

QJ(W ) := (hJ + hW − hJ⊠W )mod 1 , (C.2.64)

where hW is the conformal dimension of the irreducible V -module W . The monodromy charge

satisfies

QJ(W1 ⊠W2) = (QJ(W1) +QJ(W2))mod 1 . (C.2.65)

One can also show that [SY90b] for any irreducible V -modules W1,W2 and a simple current J , the

S-matrix satisfies

SJα⊠W1,W2
= e2πiαQJ (W2)SW1,W2

, (C.2.66)

where Jα := J⊠ · · ·⊠J denotes the α times tensor product. Simple currents of affine VOAs Lg(k, 0)

for simple Lie algebras g have been classified in [SY90b, SY90a]. We quote the theorem from [Fuc91]

here.

Theorem C.2.1. Let g be a simple Lie algebra and k ∈ Z≥1. Then Lg(k, λ) is a nontrivial simple

current of Lg(k, 0) if and only if either

λ = kωi , ai = 1 , (C.2.67)

or

g = e8, k = 2, λ = ω7 , (C.2.68)

where ai is the mark of g defined in (C.1.18).
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Fundamental weights ωi such that the corresponding mark ai = 1 are called cominimal weights.

It was also shown in [Fuc91] that for any outer automorphism A ∈ O(ĝ), the finite part of Aω̂0 is

a cominimal weight and in fact all cominimal weights of g are of this form. This establishes a 1-1

correspondence between the simple currents of Lg(k, 0) and O(ĝ) except for the case ĝk = (ê8)2.

We will restrict to cases where such a correspondence is true. We will denote the simple current

corresponding to an outer autormorphism A by JA and label the set of simple currents of Lg(k, 0)

by O(ĝ).

Consider now the set

G′
id := {(JA, J ′

Ã
) : (A, Ã) ∈ O(ĝ)×O(ĥ), hgJA − hhJ′

Ã

∈ Z, χg/h
(JA,J′

Ã
)(τ) ̸= 0} . (C.2.69)

Selection rules can then be written as follows [SY90a, SY90b]:

χ(λ,µ)(τ) ̸= 0 ⇐⇒ QJ(λ) = QJ′(µ) . (C.2.70)

We can now show that G′
id is in fact a group. Indeed, suppose (J1, J

′
1), (J2, J

′
2) ∈ G′

id. Then using

(C.2.65), we have for all (J, J ′) ∈ G′
id

QJ(J1 ⊠ J2)−QJ′(J ′
1 ⊠ J ′

2) = QJ(J1)−QJ′(J ′
1) +QJ(J2)−QJ′(J ′

2) = 0 . (C.2.71)

This means that

χ
g/h
(J1⊠J2,J′

1⊠J
′
2)
(τ) ̸= 0 . (C.2.72)

Next, we also have

hJ1⊠J2 − hJ′
1⊠J

′
2
= hJ1 + hJ2 −QJ1(J2)− hJ′

1
− hJ′

2
+QJ′

1
(J ′

2)

= (hJ1 − hJ′
1
) + (hJ2 − hJ′

2
) ∈ Z .

(C.2.73)

Thus G′
id is closed under tensor product and hence a group with identity given by (Lg(k, 0), Lh(k̃, 0)).

Let J(λ) ∈ P+
k (g) be such that

J ⊠ Lg(k, λ) ∼= Lg(k, J(λ)) . (C.2.74)

Then G′
id acts on the set E as

(J, J ′) · (λ, µ) = (J(λ), J ′(µ)) . (C.2.75)

One can show that

Lg/h(λ, µ) = Lg/h(J(λ), J
′(µ)) , (J, J ′) ∈ G′

id . (C.2.76)

We now show that G′
id
∼= Gid.
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Proposition C.2.1. The map

G′
id −→ Gid

(JA, J
′
Ã
) 7−→ (A, Ã) .

(C.2.77)

is a group isomorphism.

We will need the following lemma to show that the above map is well-defined.

Lemma C.2.1. Let A ∈ O(ĝ) and JA be the corresponding simple current. Then for any dominant

integral weight λ ∈ P+
k (g), we have

QJA(λ) = −⟨Aω̂0, λ⟩mod 1 . (C.2.78)

Proof. For any semisimple Lie algebra g, the fusion rules satisfy [DFMS97]

N λ̂3

λ̂1λ̂2
= NA1A2λ̂3

A1λ̂1,A2λ̂2
, λ̂1, λ̂2, λ̂3 ∈ P+

k (g), A1,A2 ∈ O(ĝ) . (C.2.79)

This implies that

N λ̂2

Aω̂0,λ̂1
= NA−1λ̂2

ω̂0,λ̂1
= δA

−1λ̂2

λ̂1
, (C.2.80)

where we used the fact that Lg(k, ω̂0) = Lg(k, 0). This implies that

JA ⊠ Lg(k, λ) = Lg(k,Aλ̂) . (C.2.81)

One can show that [DFMS97]

Sg

Aλ̂1,λ̂2
= e−2πi⟨Aω̂0,λ2⟩Sg

λ̂1,λ̂2
. (C.2.82)

Using (C.2.81) and comparing (C.2.66) with (C.2.82) we get7

QJA(λ) = −⟨Aω̂0, λ⟩mod 1 . (C.2.83)

Proof of Proposition C.2.1. Consider any pair of weights (λ, µ) ∈ E , then selection rule implies that

QJA(λ) = QJ′
Ã
(µ) . (C.2.84)

Using the selection rule Pλ− µ ∈ PΛg
r and (C.2.83) we get

⟨Aω̂0, λ⟩ = ⟨Ãω̂0,Pλ⟩mod 1 . (C.2.85)

7Note that (C.2.83) is true for dominant integrable weights at arbitrary level k and hence we can conclude that it is

true for arbitrary weight vector λ.
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This implies that A 7→ Ã and hence the map (C.2.77) is well defined. To show that the map is group

homomrophism, it is enough to show that JA 7→ A is a group homomorphism. Using (C.2.79), the

fact that N ω̂0

ω̂0ω̂0
= 1 and Lg(k,Aω̂0) is a simple current, we find that

JA ⊠ JA′ ∼= JAA′ . (C.2.86)

This proves that JA 7→ A is a group homomorphism. Injectivity of the map is obvious. To prove

surjectivity, consider the pair (JA, J ′
Ã
) for (A, Ã) ∈ Gid. We want to show that (JA, J ′

Ã
) ∈ G′

id. Since

JA = Lg(k,Aω̂0) and similarly for J ′
Ã
, it is clear that

χ
g/h
(JA,J′

Ã
)(τ) = χ

g/h

(Aω̂0,Ãω̂0)
(τ) = χ

g/h
(0,0)(τ) ̸= 0 . (C.2.87)

Next, for any (λ, µ) ∈ E , by selection rules and (C.2.81), we have

hgJA + hgλ − hgAλ = QJA(λ) = QJ′
Ã
(µ) = hhJ′

Ã

+ hhµ − hh
Ãµ

mod 1 . (C.2.88)

Since Lg/h(λ, µ) ∼= Lg/h(Aλ, Ãµ), we have

hgλ − hgAλ = hhµ − hh
Ãµ

. (C.2.89)

Thus, we conclude that hgJA − hhJ′
Ã

∈ Z. The proof is complete. □

We will omit the prime from now on.

It turns out that for generic cases,

E/ ∼ = E/Gid . (C.2.90)

Thus, field identifications can be described by choosing one representative from each Gid-orbit of E .

Selection rules and field identifications from Wilson lines

Selection rules and field identifications can be understood in a geometric way as the trivialization of

Wilson lines corresponding to the elements of Z in the Gk×H−k̃ CSW theory. As discussed in C.2.2,

Wilson lines in the Gk × H−k̃ CSW theory are labeled by pair of weights (λ, µ) ∈ P+
k (g) × Pk̃(h).

Gauging Z is equivalent to trivializing the Wilson lines corresponding to Z via the isomorphism

with Gid in terms of simple currents as discussed above. Wilson lines can link with other Wilson

lines in two ways:

1. Two Wilson lines can be parallel in which case they fuse to another Wilson line.

2. One Wilson line can loop around another Wilson line.
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This is shown in Figure C.1 and Figure C.2.

(λ, µ) (λ′, µ′)

=

(λ⊠ λ′, µ⊠ µ′)

Figure C.1: Fusion of two Wilson lines.

(λ, µ)

(J, J ′)

= e2πi(QJ(λ)−QJ′(µ)) .

(λ, µ)

Figure C.2: Wilson loop with nontrivial linking with another Wilson line.

If (J, J ′) ∈ Gid
∼= Z loops around another Wilson line (λ, µ), it acts by the phase e2πi(QJ (λ)−QJ′ (µ)).

It is now clear that trivializing first action leads to field identifications and trivializing second action

leads to selection rules.

C.2.4 Fixed Point Resolution

When an element (λ̂, µ̂) ∈ E is fixed by some branching outer automorphism, i.e., there exists

(A, Ã) ∈ O(ĝ)×O(ĥ) with A 7→ Ã such that

Aλ̂ = λ̂, Ãµ̂ = µ̂ , (C.2.91)
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then the module Lg/h(λ̂, µ̂) is not irreducible. Assuming that Lg/h(λ̂, µ̂) is completely reducible as

a Vg/h-module, there are other irreducible modules of Vg/h, which are not obtained by decomposing

Lg(k, 0) in terms of Lh(k̃, 0)-modules and these new Vg/h-modules, that appear in the decomposition

of Lg/h(λ̂, µ̂) in terms of irreducible Vg/h-modules. More precisely, let

Gλ̂,µ̂
id := {(A, Ã) ∈ Gid : Aλ = λ, Ãµ = µ} , (C.2.92)

be the stabilizer subgroup of (λ̂, µ̂). Then the Vg/h-module Lg/h(λ̂, µ̂) splits into |Gλ̂,µ̂
id | number

of distinct irreducible modules and one needs to construct these distinct irreducible modules using

different methods. This is called fixed point resolution. Some progress has been made in regard

to solving this issue in [SY90a, FSS95a, FSS95c, SY90b]. For diagonal embedding g ↪→ g ⊕ g,

this problem was solved in [FSS95b, FSS96] (see also [FSS95a]), but it is expected to work for

generic coset theories, the only known counterexamples appear at level k = 1, 2. These are all either

conformal embeddings or Maverick cosets [DJ93a, DJ93b, PSW99]. We now review the solution

proposed in [FSS95b]. By spectral flow isomorphism, there is a vector space isomorphism

τA,Ã : Lg/h(λ̂, µ̂) −→ Lg/h(Aλ̂, Ãµ̂) . (C.2.93)

One can show that τA,Ã is actually a VOA automorphism with respect to the Virasoro sub-VOA of

Vg/h [FSS95b]. When (A, Ã) ∈ Gλ̂,µ̂
id , then τA,Ã is an automorphism. Then we can decompose

Lg/h(λ̂, µ̂) =
⊕

Ψ∈Hom
(
Gλ̂,µ̂

id ,C×
)Lg/h(λ̂, µ̂)

Ψ , (C.2.94)

where

Lg/h(λ̂, µ̂)
Ψ =

{
v ∈ Lg/h(λ̂, µ̂) : τA,Ã(v) = Ψ(A, Ã)v

}
. (C.2.95)

It has been shown in [FSS95b] that the spaces Lg/h(λ̂, µ̂)
Ψ are Vg/h-submodules of Lg/h(λ̂, µ̂) and

can be consistently taken to be irreducible. The characters χΨ,g/h

(λ̂,µ̂)
(τ) for the irreducible modules

Lg/h(λ̂, µ̂)
Ψ can be obtained by following the steps below:

1. Define the Fourier transform of χΨ,g/h

(λ̂,µ̂)
(τ) by

χ̂
(A,Ã),g/h

(λ̂,µ̂)
(τ) :=

∑
Ψ∈Hom

(
Gλ̂,µ̂

id ,C×
)Ψ(A, Ã)χ

Ψ,g/h

(λ̂,µ̂)
(τ) . (C.2.96)

Then χ̂(A,Ã),g/h

(λ̂,µ̂)
(τ) can be identified with the twining character

χ̂
(A,Ã),g/h

(λ̂,µ̂)
(τ) = TrLg/h(λ̂,µ̂)

[
τ(A,Ã)q

Lg/h(0)− cg/h

24

]
, q := e2πiτ . (C.2.97)
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2. Let τA : Lg(k, λ̂) −→ Lg(k,Aλ̂) and τÃ : Lh(k̃, µ̂) −→ Lh(k̃, Ãµ̂) be the spectral flow

isomorphism of ĝ and ĥ-modules respectively. Then for (A, Ã) ∈ Gλ̂,µ̂
id , then these maps are

automorphisms and we can consider the twined characters

χA,g

λ̂
(τ) := TrLg(k,λ̂)

[
τAq

Lg(0)− cg

24

]
, χÃ,h

µ̂ (τ) := TrLh(k̃,µ̂)

[
τÃq

Lh(0)− ch

24

]
. (C.2.98)

The branching functions are then precisely χ̂(A,Ã),g/h

(λ̂,µ̂)
(τ):

χA,g

λ̂
(τ) =

∑
µ∈P+

k̂
(h)

χ̂
(A,Ã),g/h

(λ̂,µ̂)
(τ)χÃ,h

µ̂ (τ) . (C.2.99)

3. The twined characters χA,g

λ̂
(τ), χÃ,h

µ̂ (τ) can be computed using the ordinary character of the

orbit Lie algebras g◦ and h◦ of g, h respectively:

χA,g

λ̂
(τ) = χg◦

λ̂◦(τ) := TrLg◦ (k◦,λ̂◦) q
Lg◦

(0)− cg
◦

24 ,

χÃ,h
µ̂ (τ) = χh◦

µ̂◦(τ) := TrLh◦ (k̃◦,µ̂◦) q
Lh◦

(0)− ch
◦

24 .
(C.2.100)

The precise construction of orbit Lie algebras and the mapping of weights of g, h to weights of

g◦, h◦ is explained in [FSS95c]. Using these twined characters, we can compute the branching

functions χA,g

λ̂
(τ), χÃ,h

µ̂ (τ).

4. Finally, we compute the character χΨ,g/h

(λ̂,µ̂)
(τ) of the irreducible Vg/h-module Lg/h(λ̂, µ̂)

Ψ by

inverse Fourier transformation of (C.2.96) using the orthogonality of characters:∑
(A,Ã)∈Gλ̂,µ̂

id

Ψ1(A, Ã)Ψ2(A, Ã) =
∣∣∣Gλ̂,µ̂

id

∣∣∣ δΨ1,Ψ2
. (C.2.101)

More explicitly, we have

χ
Ψ,g/h

(λ̂,µ̂)
(τ) =

1∣∣∣Gλ̂,µ̂
id

∣∣∣
∑

(A,Ã)∈Gλ̂,µ̂
id

Ψ(A, Ã)χ̂
(A,Ã),g/h

(λ̂,µ̂)
(τ) . (C.2.102)

C.3 Lagrangians For Unitary Minimal Series

For each h, c ∈ C, there exists a unique module of the Virasoro VOA with central charge c. We

denote this module by Vir(c, h) and identify Vir(c, 0) with Virasoro VOA itself. For 0 < c < 1,

unitary Virasoro VOA modules have been completely classified. There is a discrete series of allowed

central charges

cn := 1− 6

(n+ 1)(n+ 2)
, n = 2, 3, . . . , (C.3.1)

and for each cn, the only allowed values of h are labeled by two integers p, q:

hn,p,q :=
[(n+ 2)p− (n+ 1)q]2 − 1

4(n+ 1)(n+ 2)
, 1 ≤ p ≤ n, 1 ≤ q ≤ p . (C.3.2)
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The character of the module Vir (cn, hn,p,q) is denoted by

χn,p,q(τ) := TrVir(cn,hn,p,q)e
2πiL(0)τ . (C.3.3)

There is also an identification of modules:

χn,p,q(τ) = χn,n+1−p,n+2−q(τ) . (C.3.4)

The Virasoro VOA with this irreducible modules constitute the unitary minimal models.

It was shown by Goddard-Kent-Olive [GKO86] that these modules can be obtained as modules

of the coset VOA Lg/h for

ĝ = ŝu(2)1 ⊕ ŝu(2)n ,

ĥ = ŝu(2)n+1
∼= diag (ŝu(2)1 ⊕ ŝu(2)n) ↪→ ŝu(2)1 ⊕ ŝu(2)n .

(C.3.5)

Cappelli-Itzykson-Zuber [CIZ87] classified all modular invariants for ŝu(2)k WZW model and using

the coset description of the discrete unitary minimal series, they classified all modular invariants

that can be constructed using χn,p,q(τ). It follows an ADE classification. The simplest one is the

An modular invariant obtained from diagonal gluing of the left and right chiral parts:

ZAn(τ) =
1

2

n∑
p=1

n+1∑
q=1

|χn,p,q(τ)|2 . (C.3.6)

In [BRS88, ABR88] a different coset realization of minimal models was given using gauged free

fermions. One takes

ĝ = ŝo(4n)1 ,

ĥk̃ = p̂k1 ⊕ ŝu(2)k2 ⊕ ŝu(2)k3 ,
(C.3.7)

where the subalgebras p̂ and levels k̃i are listed in [ABR88, Table 2] for various modular invariants

in the CIZ classification.
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Type Mg Mh

An Diagonal: δλL,λR δµ∗
L,µR

D4ℓ


1 1 0 0

1 1 0 0

0 0 0 0

0 0 0 0

 δµ∗
L,µR

D2ℓ+2


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 δµ∗
L,µR

E6 Diagonal: δλL,λR δµ∗
L,µR

E7 Diagonal: δλL,λR δµ∗
L,µR

E8 Diagonal: δλL,λR δµ∗
L,µR

Table C.3: The modular invariants for affine VOA Lg(k, 0) and affine sub-VOA Lh(k̃, 0) used in the

construction of modular invariant partition function of the coset VOA Lg/h(0, 0). The ordering of

characters used to write down the 4× 4 matrices Mg is o, s,v, t.

The embedding of

ĥk̃ ⊂ ŝo(4n)1 , (C.3.8)

can be found in [ABR88, BRS88]. The coset VOA Lg/h in each of the cases listed in [ABR88, Table

2] is the Virasoro algebra with appropriate central charge from the CIZ classification. In particular,

the central charge of the coset Virasoro VOA for An,Dn series is cn defined in (C.3.1). There are

four dominant integral weights of so(4n) which lead to irreducible modules of ŝo(4n)1:

λ ∈ {o,v, s, c} , (C.3.9)

where o,v, s, c corresponds to the trivial, vector, spinor and conjugate representation of so(4n).

The modular invariants used for ŝo(4n)1 WZW model and ĥk̃ WZW model to get various modular

invariants in the CIZ classification is listed in Table C.3. One can then use the formula (3.3.56)

to compute the partition function of the coset model. Here we reproduce the calculation for An

modular invariant with a discussion of field identifications. In this case,

ĥk̃ = ŝp(n− 1)1 ⊕ ŝu(2)1 ⊕ ŝu(2)n . (C.3.10)

In the notation of Section 3.3.1, the decomposition of the four dominant integral highest weight

modules of ŝo(4n)1 in terms of modules of
(
ŝp(n− 1)1 ⊕ ŝu(2)1 ⊕ ŝu(2)n

)
⊗ Vir (cn, 0) is given by
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[ABR88]

Lso(4n)(1,o) ∼=
n−1⊕
j=0

j even

n⊕
m=0

m even

Lh

(
k̃, (Λj , 0,m)

)
⊗ Vir (cn, hn,j+1,m+1)

⊕
n−1⊕
j=0
j odd

n⊕
m=0

m even

Lh

(
k̃, (Λj , 1,m)

)
⊗ Vir (cn, hn,j+1,m+1) ,

(C.3.11)

Lso(4n)(1,v) ∼=
n−1⊕
j=0

j even

n⊕
m=0
m odd

Lh

(
k̃, (Λj , 1,m)

)
⊗ Vir (cn, hn,j+1,m+1)

⊕
n−1⊕
j=0
j odd

n⊕
m=0
m odd

Lh

(
k̃, (Λj , 0,m)

)
⊗ Vir (cn, hn,j+1,m+1) ,

(C.3.12)

Lso(4n)(1, c) ∼=
n−1⊕
j=0

j even

n⊕
m=0
m odd

Lh

(
k̃, (Λj , 1,m)

)
⊗ Vir (cn, hn,n−j,m+1)

⊕
n−1⊕
j=0
j odd

n⊕
m=0
m odd

Lh

(
k̃, (Λj , 0,m)

)
⊗ Vir (cn, hn,n−j,m+1) ,

(C.3.13)

Lso(4n)(1, s) ∼=
n−1⊕
j=0

j even

n⊕
m=0

m even

Lh

(
k̃, (Λj , 0,m)

)
⊗ Vir (cn, hn,n−j,m+1)

⊕
n−1⊕
j=0
j odd

n⊕
m=0

m even

Lh

(
k̃, (Λj , 1,m)

)
⊗ Vir (cn, hn,n−j,m+1) ,

(C.3.14)

where Λj is the j-th fundamental weight of sp(n− 1), and m denotes the spin-m2 representation of

su(2). Using this and the modular invariants in Table C.3, we can write coset partition function for

An and Dn modular invariants. It is also easy to see that the outer automorphisms of ŝo(4n)1 do

not fix any of the fundamental weights in Table C.2, and hence we do not need to worry about fixed
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point resolution. Thus, the GKO coset partition function must be divided by 4. We have

ZAn(τ) =
1

4

n−1∑
j=0

j even

n∑
m=0

m even

|χn,j+1,m+1(τ)|2 +
1

4

n−1∑
j=0
j odd

n∑
m=0

m even

|χn,j+1,m+1(τ)|2

+
1

4

n−1∑
j=0

j even

n∑
m=0

|χn,j+1,m+1(τ)|2 +
1

4

n−1∑
j=0
j odd

n∑
m=0
m odd

|χn,j+1,m+1(τ)|2

+
1

4

n−1∑
j=0

j even

n∑
m=0

|χn,n−j,m+1(τ)|2 +
1

4

n−1∑
j=0
j odd

n∑
m=0

m even

|χn,n−j,m+1(τ)|2

+
1

4

n−1∑
j=0

j even

n∑
m=0

|χn,n−j,m+1(τ)|2 +
1

4

n−1∑
j=0
j odd

n∑
m=0

|χn,n−j,m+1(τ)|2 ,

=
1

2

n∑
p=1

n+1∑
q=1

|χn,p,q(τ)|2 ,

(C.3.15)

where we used the identity (C.3.4) and renamed variables p = j + 1, q = m + 1 in the last step.

Similarly, for the Dn-modular invariant we again reproduce the partition function from Table using

the coset partition function formula (3.3.56) and modular invariants from Table C.3.

One can repeat the exercise for the modular invariants for En from Table C.3 and reproduce the

partition function for En minimal models in the CIZ classification.

C.4 Some Categorical Notions

In this appendix, we briefly review some definitions required in Section 3.2, we refer the reader to

[Tur94, BK01, ?] for more details.

Recall that a modular tensor category C is equipped with the following structures:

1. Tensor bifunctor ⊠ : C × C −→ C, with unit object 1C , associator isomorphism

αW1,W2,W3
:W1 ⊠ (W2 ⊠W3) −→ (W1 ⊠W2)⊠W3 , (C.4.1)

left and right unit isomorphism

ℓW : 1C ⊠W −→W , rW :W ⊠ 1C −→W . (C.4.2)

Along with coherence conditions on these ismorphisms, the category C is a called tensor or

monoidal category.

2. A braiding isomorphism cW1,W2 : W1 ⊠W2 −→ W2 ⊠W1 satisfying compatibility with the

tensor bifunctor. This structure makes C a braided tensor category.
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3. Rigidity axioms: for every object W , there is a (left) dual object W∨ along with morphisms

eW :W∨ ⊠W −→ 1C , iW : 1C −→W ⊠W∨ , (C.4.3)

called annihilation and creation morphisms compatible with the tensor and braiding structure.

Similarly, right duals, denoted by ∨W and corresponding annihilation, creation morphisms

ẽW :W ⊠ ∨W −→ 1C , ĩW : 1C −→ ∨W ⊠W , (C.4.4)

satisfying compatibility with tensor and braiding and tensor structure must exist. A braided

tensor category satisfying rigidity axioms is called a rigid braided tensor category.

4. Linearity and Semisimplicity: The space of morphisms HomC(W1,W2) are vector spaces8 and

C is endowed with the structure of direct sum and that every object is isomorphic to the direct

sum of a finite number of simple objects9.

5. Finiteness: C must have finitely many isomorphism classes of simple objects and the unit

object 1C must be one of them. Moreover HomC(1C ,1C) = EndC(1C) must be one-dimensional

(C for us). These structures define a rigid braided fusion category.

6. Ribbon structure: For every object W , there is an isomorphism θW : W −→ W , called the

twist map, satisfying the balancing axioms, i.e., compatible with the braiding isomorphism and

the rigid structure. This is the additional data for a ribbon category. In a ribbon category, the

left and right duals coincide.

7. Nondegeneracy: Let {Wa}a∈A be the isomorphism classes of simple objects with W0 = 1C .

Then the S-matrix10 defined by

Sab :=
[
ℓ1C ◦

(
eWa ⊗ eW∨

b

)
◦
(
1W∨

a
⊗ cWaWb

⊗ 1W∨
b

)
◦
(
1W∨

a
⊗ cWaWb

⊗ 1W∨
b

)
◦
(
iW∨

a
⊗ iWa

)
◦ ℓ−1

1C

]
ab

,

(C.4.5)

where 1Wa : Wa −→ Wa is the identity morphism, is invertible. This condition on a rigid

braided ribbon fusion category defines a modular tensor category (MTC). The number of

isomorphism classes of simple objects is called the rank of the MTC.

8We will work with complex vector spaces.
9Linearity involves other technical conditions which allow us to define subobjects of an object. Simple objects are

those objects whose only subobjects are the zero object and itself. We will not go into the details, the reader is

referred to [Tur94, BK01] for details.
10The map Sa,b ∈ HomC(1C ,1C) ∼= C and hence is a complex number.
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Definition C.4.1. An object A in a braided fusion category C is called an algebra object if there

exists morphisms µA ∈ HomC(A⊠A,A) and ηA ∈ HomC(1C , A) such that

µA ◦ (µA ⊠ 1A) ◦ αA,A,A = µA ◦ (1A ⊠ µA) ,

µA ◦ (ηA ⊠ 1A) ◦ ℓ−1
A = 1A = µA ◦ (1A ⊠ ηA) ◦ r−1

A ,
(C.4.6)

and Hom(1C , A) is one-dimensional11. A is called commutative if in addition

µA = µA ◦ cA,A . (C.4.7)

Definition C.4.2. Let A be a commutative algebra object in C. A left A-module is a tuple (W,µW )

with W an object in C and µW a morphism µW ∈ HomC(A⊠W,W ) such that

µW ◦ (µA ⊠ 1W ) ◦ αA,A,W = µW ◦ (1A ⊠ µW ) . (C.4.8)

We will call left A-modules as simply A-modules. An A-module (W,µW ) is called local if

µW ◦ cW,A ◦ cA,W = µW . (C.4.9)

An A-module homomorphism between A-modules (W1, µW1
) and (W2, µW2

) is a morphism f ∈

HomC(W1,W2) satisfying

f ◦ µW1
= µW2

◦ (1A ⊠ f) . (C.4.10)

We will denote the space of A-module homomorphism by HomA(W1,W2). An A-module (W,µW ) is

called simple if HomA(W,W ) ∼= C1W .

The set of all A-modules in the category C forms a category with morphisms given by A-module

homomorphisms. We will denote the A-module category in C by CA and the local A-module category

by C0
A.

Theorem C.4.1. Let C be a braided tensor category and A a commutative algebra object in C. Then

the module category CA is a fusion category and the local A-module category C0
A is a braided fusion

category. Moreover, if C is an MTC and A is simple12 an A-module with θA = 1A, then C0
A is also

an MTC.

11Many references do not include this condition in the definition of an algebra object. Rather, this condition defines

a haploid algebra object. In this paper, we will always assume this condition in the definition of an algebra object.
12In [FFRS03b], an algebra object is defined to be simple if the space of bimodule homomorphims from A to A

is spanned by the identity morphism. But it is noted in [FFRS03b, Remark 2.28] that for commutative algebra

objects, the space of bimodule homomorphisms are same as the space of module homomorphism and our definition

of simplicity is enough.
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Definition C.4.3. A coalgebra object in a braided fusion category C is a tuple (A,∆A, εA) where

A is an object, ∆A ∈ HomC(A,A⊠A), εA ∈ HomC(A,1C) which satisfy the following:

(1A ⊠∆A) ◦∆A = (∆A ⊠ 1A) ◦∆A ,

rA ◦ (1A ⊠ εA) ◦∆A = 1A = ℓA ◦ (εA ⊠ 1A) ◦∆A ,
(C.4.11)

and HomC(1C , A) is one-dimensional. A is called cocommutative if in addition

cA,A ◦∆A = ∆A . (C.4.12)

Definition C.4.4. A Frobenius algebra object in a braided fusion category C is a quintuple (A,µA, ηA,∆A, εA)

such that (A,µA, ηA) is a regular algebra object and (A,∆A, εA) is a regular coalgebra object, such

that the following Frobenius condition is satisfied:

(1A ⊗ µA) ◦ (∆A ⊗ 1A) = ∆A ◦ µA = (µA ⊗ 1A) ◦ (1A ⊗∆A) . (C.4.13)

A is called commutative if (A,µA, ηA) is also commutative. A Frobenius algebra is called special if

εA ◦ ηA = β1C11C , µA ◦∆A = βA1A , (C.4.14)

for non-zero complex numbers β1C , βA.

Definition C.4.5. An algebra object A together with a morphism εA ∈ HomC(A,1C) in a braided

fusion ribbon category C is called symmetric if the two morphisms defined by

Φ1 := [(εA ◦ µA)⊠ 1A∨ ] ◦ αA,A,A∨ ◦ (1A ⊠ iA) ◦ r−1
A ,

Φ2 := [1∨A ⊠ (εA ◦ µA)] ◦ α−1
∨A,A,A ◦ (̃iA ⊠ 1A) ◦ ℓ−1

A ,
(C.4.15)

are equal13 in HomC(A,A
∨).

Given two categories C1, C2, one can define the Deligne product C1 ⊠D C2 whose objects are pairs

written as X ⊠D Y where X,Y are objects of C1, C2 respectively and morphisms are

HomC1⊠DC2
(X1 ⊠D Y1, X2 ⊠D Y2) := HomC1(X1, X2)⊗C HomC2(Y1, Y2) . (C.4.16)

We will denote morphisms in C1 ⊠D C2 by f ⊠D g Various structures on C1, C2 can be extended to

C1 ⊠D C2 in the obvious way. For example, if C1, C2 are MTCs then so is C1 ⊠D C2, see [FFRS03b,

Proposition 6.3] for details.

We are now ready to state a simplified version of the main theorem of [FFRS03b].

13Note that in a ribbon category ∨A = A∨ and hence the equality of the maps makes sense.
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Theorem C.4.2. Let C1, C2 be two modular tensor categories14 and A be a special symmetric com-

mutative Frobenius algebra object in C1 ⊠D C2. Let C3 be another modular tensor category equivalent

to the category of local A-modules (C1 ⊠D C2)0A. If the only subobject of A of the form U ⊠D 1C2
is

1C1⊠D1C2 , then there exists a special symmetric commutative Frobenius algebra object B in C3⊠DCopp
2

such that

C1 ∼= (C3 ⊠D Copp
2 )0B , (C.4.17)

where Copp
2 is the opposite category of C2.

The explicit description of B is also given in [FFRS03b], we will not give its detailed description

but write it explicitly for the setting in which we will apply this theorem in Section 3.2.3.

14The general statement of this theorem in [FFRS03b] requires the categories to be only rigid braided ribbon cate-

gories. In that case the Deligne product is replaced by Karoubian product. Since modular tensor categories are

automatically Karoubian, the Karoubian product coincides with the Deligne product. Since any abelian semisimple

category is Karoubian, we can further relax the requirement of C1 being an MTC to an abelian semisimple rigid

braided ribbon category.
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Appendix D

Appendix for Chapter 4

D.1 Supersymmetry conventions

We consider the Euclidean flat space R4 with real coordinates xµ. The Lorentz group is SO(4). To

define spinors, we consider its double cover

Spin(4) ∼= SU(2)− × SU(2)+ . (D.1.1)

Left and right handed Weyl spinors ψα, ψ̃
.
α respectively are defined as the (2,1) and (1,2) repre-

sentation of Spin(4) where (ℓ,m) indicates the dimension of the representation under the two SU(2)

factors in Spin(4). The indices on the Weyl spinors is raised and lowered using the North-West

South-West (NWSW) convention1

ϵαβ = ϵ.
α
.
β
= −ϵαβ = −ϵ

.
αβ =

 0 −1

1 0

 , ϵαβϵ
βδ = δβα, ϵ.

α
.
β
ϵ
.
β
.
δ = δ

.
β.
α
, (D.1.2)

as follows
ψα = ϵαβψβ , ψα = ϵαβψ

β

ψ
.
α = ϵ

.
α
.
βψ .

β
, ψ.

α = ϵ.
α
.
β
ψ
.
β

(D.1.3)

Spinor contractions are given by

ψχ = ψαχα = −ψαχα = χαψα = χψ

ψ̃χ̃ = ψ̃.
αχ̃

.
α = −ψ̃

.
αχ̃.α = χ̃.αψ̃

.
α = χ̃ψ̃.

(D.1.4)

The following exchange identity holds:

A.
αB .

β
= A .

β
B.
α − ϵ.

α
.
β
A.
γB

.
γ . (D.1.5)

The Euclidean Pauli 4-vector is given by

σµ
α
.
β
=
(
σi, i1

)
α
.
β
, (σ̃µ)

.
αβ

=
(
−σi, i1

).αβ
, (D.1.6)

1The Appendices of [CMRS23] follow the North-West South-East convention.
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so that

σ1 =

 0 1

1 0

 , σ2 =

 0 −i

i 0

 , σ3 =

 1 0

0 −1

 , σ4 =

 i 0

0 i

 . (D.1.7)

We define the matrices

(σµν)
α
β =

1

4
(σµσ̃ν − σν σ̃µ)

α
β , (σ̃µν)

.
α.
β
≡ 1

4
(σ̃µσν − σ̃νσµ)

.
α.
β
. (D.1.8)

These matrices are symmetric

(σµν)αβ = (σµν)βα ,

(σ̃µν)
.
α
.
β = (σ̃µν)

.
β
.
α ,

(D.1.9)

and generate rotations under SU(2)−, and SU(2)+ on ψ and χ̃ respectively. They also satisfy

1

2
ϵµνρλσρλ = −σµν , 1

2
ϵµνρλσ̃ρλ = σ̃µν . (D.1.10)
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Thus σµν and σ̃µν are generators of Lorentz transformation on the space of anti-selfdual (ASD) and

selfdual (SD) rank 2-tensors. Some identities useful in calculations involving sigma matrices are

(σµ)α.α = −(σ̃µ).αα, (D.1.11)

(σ̃µ)
.
αα = −(σµ)α

.
α, (D.1.12)

(σ̃µ)
.
β
α = (σµ)α

.
β (D.1.13)

(σ̃µ)
.
αβ(σν)β .α = −2δµν , (D.1.14)

(σ̃µ)
.
αβ(σµ)γ .ρ = −2δβγ δ

.
α.
ρ (D.1.15)

(σ̃µ)
.
αβ(σν)β.γ = −δµνδ

.
α.
γ + 2(σ̃µν)

.
α.
γ , (D.1.16)

(σµ)α
.
β
(σ̃ν)

.
βγ = −δµνδ γ

α + 2(σµν)
γ
α (D.1.17)

σµσ̃ν + σν σ̃µ = −2δµν , (D.1.18)

σ̃µσν + σ̃νσµ = −2δµν , (D.1.19)

(σ̃ρσ)
.
α .
β
(σ̃µ)

.
βα = ϵρσµν(σ̃

ν)
.
αα + δρµ(σ̃σ)

.
αα − δσµ(σ̃ρ)

.
αα (D.1.20)

(σρσ)α
β
(σµ)β .α = −ϵρσµν(σν)α.α + δρµ(σσ)α.α − δσµ(σρ)α.α (D.1.21)

(σµ)α
.
β
(σ̃ρσ)

.
β.
γ
= −1

2
ϵρσµν(σ

ν)α.γ −
1

2
δµρ(σσ)α.γ +

1

2
δµσ(σρ)α.γ , (D.1.22)

(σ̃µ)
.
αβ(σρσ)

γ
β =

1

2
ϵρσµν(σ̃

ν)
.
αγ − 1

2
δµρ(σ̃σ)

.
αγ +

1

2
δµσ(σ̃ρ)

.
αγ (D.1.23)

(σµν)
β
α (σρσ)

α
β = ϵµνρσ − δµρδνσ + δµσδνρ, (D.1.24)

(σ̃µν)
.
α.
β
(σ̃ρσ)

.
β.
α
= −ϵµνρσ − δµρδνσ + δµσδνρ (D.1.25)

(σ̃µν)
.
α.
β
(σ̃µν)

.
γ.
δ
= δ

.
α.
β
δ
.
γ.
δ
− 2δ

.
α.
δ
δ
.
γ .
β
, (D.1.26)

(σµν)
β
α (σµν) δ

γ = δ β
α δ δ

γ − 2δ δ
α δ

β
γ , (D.1.27)

(σ̃µν)
.
α.
β
(σ̃ρσ)

.
β.
γ
= −1

4
ϵµνρσδ

.
α.
γ +

1

2
δµρ(σ̃νσ)

.
α.
γ −

1

2
δµσ(σ̃νρ)

.
α.
γ +

1

2
δνσ(σ̃µρ)

.
α.
γ (D.1.28)

− 1

2
δνρ(σ̃µσ)

.
α.
γ −

1

4
δµρδνσδ

.
α.
γ +

1

4
δµσδνρδ

.
α.
γ , (D.1.29)

(σµν)
β
α (σρσ)

γ
β =

1

4
ϵµνρσδ

γ
α +

1

2
δµρ(σνσ)

γ
α − 1

2
δµσ(σνρ)

γ
α +

1

2
δνσ(σµρ)

γ
α (D.1.30)

− 1

2
δνρ(σµσ)

γ
α − 1

4
δµρδνσδ

γ
α +

1

4
δµσδνρδ

γ
α . (D.1.31)

A vector can be written as a bispinor by using the sigma matrices as follows:

Aα.α = σµ
α
.
α
Aµ, A.

αα = σ̃µ.
αα
Aµ , (D.1.32)

and the inverse is given by

Aµ =
1

2
σα

.
α

µ Aα.α, Aµ =
1

2
σ̃
.
αα
µ A.

αα . (D.1.33)

Thus

AµB
µ =

1

2
Aα.αBα

.
α . (D.1.34)
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The antisymmetric part of a rank 2-tensor is decomposed into its SD and ASD part as

A[µν] = A+
[µν] +A−

[µν] , (D.1.35)

where

A±
[µν] =

1

2
A[µν] ±

1

4
ϵµνρσA

ρσ . (D.1.36)

Using σµν and σ̃µν we can project onto the ASD and SD part of a rank 2 tensor in the spinor

notation:

Aαβ = Aµν(σ
µν)αβ , A.

α
.
β
= Aµν(σ̃

µν).
α
.
β
, (D.1.37)

and the inverse is given by

Aµν =
1

2
Aαβ(σµν)

αβ , Aµν =
1

2
A.
α
.
β
(σ̃µν).α .β , (D.1.38)

In the bispinor indices, we get

A
[α
.
α,β

.
β]

= A.
α
.
β
ϵαβ +Aαβϵ.α .β , (D.1.39)

so that

A.
α
.
β
= −1

2
ϵαβA

[α
.
α,β

.
β]
, A.

α
.
β
= −1

2
ϵ
.
α
.
βA

[α
.
α,β

.
β]
. (D.1.40)

On curved Riemannian 4-manifolds, we introduce local orthonormal frames or veirbein {eaµ} so that

ds2 = gµνdx
µdxν = δabe

a
µe
b
νdx

µdxν . (D.1.41)

Then we have Pauli matrices σa, σ̃a and the generators σa b, σ̃a b of left and right-handed Lorentz

transformations given by the same formula as (D.1.6), (D.1.8). The veilbein in spinor indices is

given by

eµ
α
.
α
= (σa)α.αeµa , eµ.

αα
= (σa).ααeµa . (D.1.42)

The spin connection is given by

ωa bµ = eaνΓ
ν
σµe

σ b + eaν∂µe
νb = eaνΓ

ν
σµe

σ b − eνb∂µeν
a , (D.1.43)

where

Γρµν =
1

2
gρλ (∂µgλν + ∂νgµλ − ∂λgµν) , (D.1.44)

The Riemman curvature tensor is given by

Rµνa b = ∂µωνa b − ∂νωµa b − ωµa cων
c
b + ωνa cωµ

c
b . (D.1.45)

In spinor indices, the Riemann tensor can be decomposed into irreducibles as

R
α
.
αβ

.
βγ

.
γδ

.
δ
= ϵαβϵγδC.

α
.
β
.
γ
.
δ
+ ϵ.

α
.
β
ϵ.
γ
.
δ
Cαβγδ + ϵαβϵ.γ.δR.

α
.
βγδ

+ ϵ.
α
.
β
ϵγδRαβ.γ.δ

+
R

24

(
ϵαβϵγδ

(
ϵ.α.γϵ .β.δ + ϵ .

β
.
γ
ϵ.
α
.
δ

)
+ ϵ.

α
.
β
ϵ.
γ
.
δ
(ϵαγϵβδ + ϵβγϵαδ)

)
,

(D.1.46)
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where Cαβγδ and C.
α
.
β
.
γ
.
δ

are Weyl tensors, R
αβ

.
γ
.
δ

is the Ricci tensor and R is the Ricci scalar. From

the symmetries of the Riemann tensor we get

Cαβγδ = Cγδαβ , C.
α
.
β
.
γ
.
δ
= C.

γ
.
δ
.
α
.
β
, R

αβ
.
γ
.
δ
= R.

γ
.
δαβ

. (D.1.47)

Define

R.
α
.
β
.
γ
.
δ
:= ϵαβϵγδR

α
.
αβ

.
βγ

.
γδ

.
δ
. (D.1.48)

Then from the expansion of Riemann tensor we have

R.
α
.
β
.
γ
.
δ
= 4C.

α
.
β
.
γ
.
δ
− R

6

(
ϵ.α.γϵ .β.δ + ϵ .

β
.
γ
ϵ.
α
.
δ

)
(D.1.49)

Thus

R
.
β.

α
.
β
.
δ
=
R

2
ϵ.
α
.
δ
. (D.1.50)

D.2 Transfer Of Structure Group

In this appendix, we recall the notion of transfer of structure group. For simplicity, we will work

in the category of smooth manifolds (where the objects are smooth manifolds and morphisms are

smooth maps). Let G be a Lie group and X a smooth manifold. Let C(G,X) be the groupoid of

principal G-bundles over X. Let G1, G2 be two Lie groups. Given a homomorphism ϕ : G1 −→ G2,

we have a functor ϕ∗ : C (G1,X) −→ C (G2,X) that maps a principal G1-bundle P1
π1−→ X to

P1 ×ϕ G2
π′
1−→ X where

P1 ×ϕ G2 := (P1 ×G2) / ∼ϕ , (D.2.1)

with equivalence relation is defined by

(p1 · h, g) ∼ϕ (p1, ϕ(h)g) , (p1, g) ∈ P1 ×G2, h ∈ G1 . (D.2.2)

The projection π′
1 : P1 ×ϕ G2 −→ X is defined as π′

1([(p1, g)]) = π1(p1) and the right G2 action is

given by

[(p1, g1)] · g2 = [(p1, g1 · g2)] . (D.2.3)

Let P1
π1−→ X be a principal G1-bundle. The transfer of structure group of P1

π1−→ X from G1

to G2 using the homomorphism ϕ : G1 −→ G2 is, by definition, the image ϕ∗(P1
π1−→ X) under the

above functor. One can show that in terms of patches and transition functions, this means that if

the local trivialization of P1
π1−→ X is given by {Up, tpq}, then the local trivialization of ϕ∗(P1

π1−→ X)

is given by {Up, t̃pq} with t̃pq = ϕ ◦ tpq.

A related notion is a reduction of structure group defined as follows: let P2
π2−→ X be a principal

G2-bundle. A reduction of structure group of P2
π2−→ X from G2 to G1 using the homomorphism
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ϕ : G1 −→ G2 is a principal G1-bundle P1
π1−→ X together with an isomorphism of ϕ∗(P1

π1−→ X)

with P2
π2−→ X. One can show that in terms of patches and transition functions, this means that

there is an atlas and local trivialization of P2
π2−→ X given by {Up, t̃pq} such that there exists a G1

bundle P1 → X with local trivializations {Up, tpq} such that t̃pq = ϕ ◦ tpq.

It is worth noting that there is never an obstruction to transferring the structure group of a

principal bundle, but there are, in general, nontrivial obstructions to the existence of a reduction of

structure group. Here are some examples of reductions of structure groups:

Fix a positive integer n ∈ Z>0. Given an n-manifold X and a structure group G, a G-structure

[Che66] on X is a principal G-subbundle of the frame bundle FX. Cases where the G-structure

corresponds to standard tensor fields are familiar. For example, an O(n) structure defines a Rieman-

nian metric on X and can be viewed as a principal O(n) subbundle of the GL(n,R) frame bundle,

or equivalently, a reduction of structure group from GL(n,R) to O(n) via the natural inclusion. A

further reduction to SO(n) structure defines an orientation2 on X, and a reduction to Spin(n) via the

standard homomorphism Spin(n) → O(n) defines a spin structure. Indeed, some of these reductions

might not exist – obstructions are quantified by certain characteristic classes. The aforementioned

examples are of tangential structures, i.e., structure group reductions for the frame bundle. However,

the idea of the reduction of structure group applies more generally to principal bundles.

The notion of transfer of structure group can be extended to include the data of a connection.

Let Cconn(G,X) be the groupoid of principal G-bundles with connection. If we view a connection as

a rule for the coherent lifting of paths then a connection ∇1 on P1
π1−→ X lifts a path γ : [0, 1] → X

to a path γ̃ : [0, 1] → P1, uniquely specified once we are given the initial point γ̃(0) in the fiber above

γ(0). The image connection ϕ∗(∇1) is simply the connection on P1 ×ϕ G2
π′
1−→ X given by the rule

to lift the path γ(t) to [(γ̃(t), 1)] given the initial point [(γ̃(0), 1)].

In terms of local patches and transition functions {Up, tpq} for P1 we have locally-defined Lie(G1)-

valued one-forms Ap, then ϕ∗(P1
π1−→ X) has local trivializations {Up, ϕ ◦ tpq} and the pushed-forward

connection ϕ∗(∇1) is represented by the locally-defined Lie(G2)-valued one-forms ϕ∗(Ap) where

ϕ∗ : Lie(G1) → Lie(G2) is the induced morphism of Lie algebras.

2An orientation without a choice of Riemannian metric corresponds to a reduction from GL(n,R) to GL+(n,R), the

subgroup of matrices of positive determinant. A volume form corresponds to a reduction from GL(n,R) to SL(n,R),

the subgroup of matrices of determinant +1.
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D.3 Generalized Spinc Structure

In this section, we elaborate on the notion of generalized spinc structures on smooth, oriented 4-

manifolds and give some examples. Our conventions and notation for Čech cohomology are from

Section 4.4. Define the generalized spinc group

SpindC(4) =
Spin(4)× U(1)d

C
, (D.3.1)

where C is a finite subgroup of the center:

C ⊂ Z(Spin(4)× U(1)d) ∼= (Z2 × Z2)× U(1)d , (D.3.2)

such that

p1(C) = ⟨(−1,−1)⟩ ⊂ Z(SU(2)× SU(2)) = Z(Spin(4)) . (D.3.3)

This ensures that

p1(Spin
d
C(4))

∼= Spin(4)/p1(C) ∼= SO(4) . (D.3.4)

We define a principal SpindC(4)-bundle P → X to be a generalized spinc structure if

p1,∗(P ) ∼= OFr(TX) . (D.3.5)

A connection ∇ on a principal SpindC(4)-bundle P is called a generalized spinc connection if p1,∗(P )(∇) ∼=

∇LC. A generalized spinc structure is thus a particular case of a G- structure on a 4-manifold with

G = SpindC(4).3 Below, we present some examples to illustrate that a generalized spinc structure is in

general different from the standard spinc structure. The latter exists on all oriented four-manifolds.4

Example D.3.1. Consider the subgroup

C = ⟨(−1,−1,−1, . . . ,−1)⟩ = diag(Zd+2
2 ) ⊂ Z2 ×Z2 × U(1)d . (D.3.6)

3Reference [BI23] discusses “SpinG(4)-structures,” which can be given a similar interpretation. It is possible that

these are relevant to special topological twistings with nongeneric masses. See also references [AM20, LJ23] for

other generalizations of spinc such as Spinh(n) := (Spin(n) × Sp(1))/Z2 and Spink(n) := (Spin(n) × Spin(k))/Z2 in

n-dimensions (and any positive integer k ∈ Z>0). Reference [AI80] is an interesting early work on generalizations of

spin structures, motivated by quantum gravity. [AI80] considers a reduction of structure group of the tangent bundle

to SpinG(4) := (Spin(4) × G)/Z2 where G is a Lie group with center Z2. See [WWW18] for a recent discussion of

“Spin− SU(2)-structures,” which correspond to G = SU(2).
4This follows from the important fact that on such manifolds, the second Stiefel-Whitney class of the tangent bundle,

i.e., w2(TX) ∈ H2(X;Z2), admits an integral lift, due to the existence of a characteristic element [HH58]. This is

equivalent to the vanishing of W3 = Bock(w2(TX)) where Bock : H2(X;Z2) → H3(X;Z) is the Bockstein map at

degree 2, associated with the short exact sequence 0 −→ Z
×2−−→ Z

mod 2−−−−→ Z2 −→ 0. See [TV94, GS99, Sco05] for

details.
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We first show that for this choice of C, a SpindC(4)-structure exists on any orientable 4-manifold, and

is equivalent to a choice of d independent spinc structures.

We start with transition functions

tSO(4)
pq : Upq −→ SO(4) , (D.3.7)

for OFr(X), and choose local lifts

(
t̃+pq, t̃

−
pq

)
: Upq −→ SU(2)× SU(2) ∼= Spin(4) , (D.3.8)

such that the diagram

Upq Spin(4)

SO(4)

(t̃+pq,t̃
−
pq)

tSO(4)
pq

π
(D.3.9)

commutes, where π : Spin(4) → SO(4) is the projection map. The Z2-valued cochain

ζ±pqr := t̃±pq t̃
±
qr t̃

±
rp , (D.3.10)

is a Čech representative of the Stiefel-Whitney class of TX:

[
ζ±pqr

]
:= w2(TX) ∈ H2(X;Z2) . (D.3.11)

Choose d integral lifts of w2(TX), i.e., d integer classes {c1(u) ∈ H2(X;Z)}du=1 such that

c1(u) ≡ w2(TX)mod 2 . (D.3.12)

(Such integral lifts always exist – see footnote 4.) There exist complex line bundles {Lu}du=1 with

first Chern classes {c1(u)}du=1. Endowing each Lu with a Hermitian metric on its fibers, we can

regard Lu as a U(1)-bundle. Let us choose transition functions functions (hu)pq : Upq → U(1) on

Lu. We further choose local lifts (h̃u)pq : Upq → U(1) such that the diagram

Upq U(1)

U(1)

(h̃u)pq

(hu)pq P2

(D.3.13)

commutes, where P2 : U(1) → U(1) is the squaring map, that acts as z 7→ z2 for z ∈ U(1). Therefore,

(ηu)pqr := (h̃u)pq(h̃u)qr(h̃u)rp : Upqr −→ Z/2Z ⊂ U(1) , u = 1, . . . , d , (D.3.14)

represents the mod 2 reduction of c1(u):

[(ηu)pqr] = r2(c1(u)) ∈ H2(X;Z/2Z) , u = 1, . . . , d , (D.3.15)
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or equivalently, the obstruction to finding a line bundle Wu such that W⊗2
u

∼= Lu. Note that by defi-

nition, this mod 2 reduction is simply the second Stiefel-Whitney class w2(TX) due to (D.3.12). So

the representatives ζ±pqr and (ηu)pqr are cohomologous in Z/2Z. Therefore, there exist coboundaries

(εu)pqr : Upqr → Z2 such that

ζ±pqr = (εu)pqr(ηu)pqr . (D.3.16)

Let (εu)pq : Upq → U(1) denote the trivializing maps of these coboundaries, that is,

(εu)pqr = (εu)pq(εu)qr(εu)rp . (D.3.17)

We define transition functions

t̃pq : Upq −→ Spin(4)× U(1)d , (D.3.18)

via

t̃pq :=
(
t̃+pq, t̃

−
pq, (ε1)pq(h̃1)pq, · · · , (εd)pq(h̃d)pq

)
. (D.3.19)

Then (D.3.16) implies that

t̃pq t̃qr t̃rp =
(
ζ+pqr, ζ

−
pqr, (ε1)pqr (η1)pqr , · · · , (εd)pqr (ηd)pqr

)
∈ C . (D.3.20)

Thus the transition functions

tpq := [t̃pq] : Upq −→ SpindC(4) , (D.3.21)

(where [·] indicates an equivalence class due to the quotient by C), satisfy the cocycle condition

tpq(x)tqr(x)trp(x) = 1SpindC(4) . (D.3.22)

Therefore, using these transition functions, we can construct a SpindC(4)-bundle P → X. Finally,

because of (D.3.4), the bundle P satisfies

(p1)∗(P ) ∼= OFr(X) . (D.3.23)

The defining data of a SpindC(4) structure is a choice of d integral lifts of w2(TX). This is the same

data needed to choose d spinc-structures. The groups SpindC(4) and (Spinc(4))d are not isomorphic:

they have distinct third homotopy groups:

π3
(
(Spinc(4))d

) ∼= (Z⊕Z)⊗d ,

π3
(
SpindC(4))

∼= Z⊕Z .
(D.3.24)

The groupoids of principal bundles based on these two structure groups are not isomorphic. However,

once the latter bundles are subject to constraint (D.3.5), with a similar constraint for each of the

factors in (Spinc(4))d there will be a 1-1 correspondence. Let us elaborate on this.
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An element of the set of d spinc-structures is a collection of equivalence classes of pairs of maps

{[t̃ ipq, hipq]}di=1 where t̃ ipq : Upq → Spin(4) and hipq : Upq → U(1). For a fixed i, both elements of this

pair fail by a common Z2-valued cochain. However, since the Čech 2-cocycle constructed out of any

choice5 of t̃ ipq is a representative of the second Stiefel-Whitney class of TX, the only choice one has

is in picking the transition functions hipq. With this Čech data, we can define a map

Set of d spinc structures −→ Set of SpindC(4) structures{
[t̃ ipq, h

i
pq]
}d
i=1

7−→ [t̃ ipq, h
1
pq, . . . , h

d
pq] ,

(D.3.25)

where we have picked – without loss of generality – one of the transition functions to Spin(4), namely

the ith one. We can also define another map

Set of SpindC(4) structures −→ Set of d spinc structures

[t̃ ipq, h
1
pq, . . . , h

d
pq] 7−→

{
[t̃ ipq, h

j
pq]
}d
j=1

,
(D.3.26)

The composition of the maps (D.3.25) and (D.3.26) clearly defines a one-to-one correspondence of

the set of d spinc structures to itself. This example illustrates that it is not sufficient to say that the

groups are not isomorphic to claim that this structure is different from a choice of d spinc structures.

Example D.3.2. Consider a finite subgroup C of the following subgroup of the center of Spin(4)×

U(1)d:

C ⊂
{
(ζ, ζ, µ1, · · · , µd) ∈ Z2 × Z2 × U(1)d | ζ

d∏
k=1

µk = 1

}
. (D.3.27)

Let us begin with transition functions

tSO(4)
pq : Upq −→ SO(4) , (D.3.28)

for OFr(X), and choose local lifts

(
t̃+pq, t̃

−
pq

)
: Upq −→ SU(2)× SU(2) ∼= Spin(4) , (D.3.29)

such that the diagram

Upq Spin(4)

SO(4)

(t̃+pq,t̃
−
pq)

tSO(4)
pq

π
(D.3.30)

commutes, where π : Spin(4) → SO(4) is the projection map. The Z2-valued cochain

ζ±pqr := t̃±pq t̃
±
qr t̃

±
rp , (D.3.31)

5The transition functions are determined up to possible bundle automorphisms (a.k.a. gauge transformations or frame

rotations).
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is a Čech representative of the Stiefel-Whitney class of TX:

[
ζ±pqr

]
:= w2(TX) ∈ H2(X;Z2) . (D.3.32)

Note that pu+1(C) (for any u = 1, . . . , d) is a cyclic group, since all finite subgroups of U(1) are

cyclic. Therefore, we define d integers {nu}du=1 by

pu+1(C) ∼= Z/nuZ ⊂ U(1) , u = 1, . . . , d , (D.3.33)

where pu+1(C) denotes the projection onto the (u+ 1)th factor of C.

For each U(1) factor in Spin(4)×U(1)d, we introduce a complex line bundle Lu with first Chern

class c1(u) ∈ H2(X;Z). At this point, this is a completely arbitrary choice, but we will momentarily

present a cohomological constraint for the existence of a SpindC(4)-structure which will involve these

Chern classes as well as the second Stiefel-Whitney class of TX.

Let us endow all complex line bundles with Hermitian inner products on their fibers so that they

become U(1) bundles. Let (hu)pq : Upq → U(1) be transition functions on the bundle Lu. Also

choose local lifts (h̃u)pq : Upq → U(1) such that the diagram

Upq U(1)

U(1)

(h̃u)pq

(hu)pq Pnu

(D.3.34)

commutes, where Pnu : U(1) → U(1) is the nthu power map, that acts as z 7→ znu for z ∈ U(1). Then

the cochain defined by

(ηu)pqr := (h̃u)pq(h̃u)qr(h̃u)rp : Upqr −→ Z/nuZ ⊂ U(1) , u = 1, . . . , d . (D.3.35)

represents the mod nu reduction of c1(u):

[(ηu)pqr] = rnu(c1(u)) ∈ H2(X;Z/nuZ) , u = 1, . . . , d . (D.3.36)

For any fixed u, the class [(ηu)pqr] (or equivalently, the Znu -valued cochain (ηu)pqr) measures the

obstruction to the existence of a globally-defined line bundle Wu such that W⊗nu
u

∼= Lu.

At this point, we have Z2-valued cochains ζ±pqr, and the d cochains of the form (ηu)pqr for

u = 1, . . . , d, where, for a fixed u, (ηu)pqr is Znu-valued.6

Let us define

N := lcm(2, n1, . . . , nd) . (D.3.37)

6It is instructive to contrast this with the Čech arguments that establish the existence of a standard spinc structure.

There, d = 1, u = 1, and nu = 2. One has two Z2-valued cochains, and due to the result of footnote 4, they represent

the same Z2 cohomology class, and must consequently differ by a coboundary.
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Therefore, N = 2p for some p ∈ Z≥1. Hence, the maps

ρs : Z/2Z −→ Z/NZ , (D.3.38)

ιu : Z/nuZ −→ Z/NZ , u = 1, . . . , d , (D.3.39)

are well-defined. They induce the following maps in cohomology

ρs : H
•(X;Z/2Z) −→ H•(X;Z/NZ) , (D.3.40)

ιu : H•(X;Z/nuZ) −→ H•(X;Z/NZ) , u = 1, . . . , d . (D.3.41)

which, in general, are neither injective nor surjective.7

We define transition functions

t̃pq : Upq −→ Spin(4)× U(1)d , (D.3.42)

by

t̃pq :=
(
t̃+pq, t̃

−
pq, (h̃1)pq, · · · , (h̃d)pq

)
. (D.3.43)

With this definition,

t̃pq t̃qr t̃rp =
(
ζ+pqr, ζ

−
pqr, (η1)pqr , · · · , (ηd)pqr

)
. (D.3.44)

It follows from the definition (D.3.27) that if

ζ±pqr ·
d∏

u=1

(ηu)pqr = 1 , (D.3.45)

the transition functions t̃pq satisfy

t̃pq t̃qr t̃rp ∈ C , (D.3.46)

as desired. In particular, the transition functions

tpq := [t̃pq] : Upq −→ SpindC(4) , (D.3.47)

(where [·] indicates an equivalence class due to the quotient by C), satisfy the cocycle condition

tpq(x)tqr(x)trp(x) = 1SpindC(4) . (D.3.48)

Then, following the same line of reasoning as in Section 4.4, (D.3.45) implies the following

cohomological condition:

ρs (w2(X)) +
d∑

u=1

ιu ◦ rnu(c1(u)) = 0 ∈ H2(X;Z/NZ) . (D.3.49)

7For example, the induced map ρs on cohomology has a kernel isomorphic to the p-torsion submodule of H•(X;Z/2Z),

whereas the induced map ιu has a kernel isomorphic to the (N/nu)-torsion submodule of H•(X;Z/nuZ).
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We now argue that this cohomological condition enables us to construct explicitly a SpindC(4) cocycle.

For this, we assume that a collection of line bundles Lu exists with its first Chern classes chosen to

satisfy (D.3.49).

The cohomological condition (D.3.49) implies that the product of the Čech cochains correspond-

ing to the individual terms represents a coboundary:

ρs
(
ζ±pqr

)
·

[
d∏

u=1

ιu
(
(ηu)pqr

)]
= εpqr : Upqr → Z/NZ ⊂ U(1) . (D.3.50)

Since εpqr is a coboundary, there exist trivializing maps

εpq : Upq → Z/NZ ⊂ U(1) , (D.3.51)

such that

εpqr = εpqεqrεrq . (D.3.52)

Therefore,

ρs
(
ζ±pqr

)
·

[
d∏

u=1

ιu
(
(ηu)pqr

)]
= εpqεqrεrp . (D.3.53)

Now, we can define the modified transition functions8

(h̃u)
′
pq := (h̃u)pq

(
εpq
)−1/d

, (D.3.54)

as well as maps s̃pq : Upq → Spin(4)× U(1)d via

s̃pq :=
(
t̃+pq, t̃

−
pq, (h̃1)

′
pq, · · · , (h̃d)′pq

)
=
(
t̃+pq, t̃

−
pq, (h̃1)pqε

−1/d
pq , · · · , (h̃d)pqε−1/d

pq

)
. (D.3.55)

Note that

s̃pq s̃qr s̃rp =
(
ζ+pqr, ζ

−
pqr, (η1)pqrε

−1/d
pqr , · · · , (ηd)pqrε−1/d

pqr

)
. (D.3.56)

It follows directly from (D.3.53) that

s̃pq s̃qr s̃rp ∈ C . (D.3.57)

8By the dth root of a generic phase εpq , we mean the following: we choose a solution y to the equation yd = εpq and

use it in (D.3.54)–(D.3.56). The conclusion (D.3.57) remains valid because the dth power of any solution by definition

equals εpq . So (D.3.57) is valid and independent of the branch chosen to define the dth root. We could have avoided

taking the dth root – at the expense of an undemocratic treatment of the U(1) bundles – by arbitrarily picking one of

the d U(1) bundles – say the uth0 one – and defining its modified transition functions as (h̃u0 )
′
pq := (h̃u0 )pq · (εpq)−1,

whereas (h̃u)′pq := (h̃u)pq for u = 1, . . . , d, u ̸= u0.
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Therefore, the transition functions,

spq := [s̃pq] : Upq −→
(
Spin(4)× U(1)d

)
/C , (D.3.58)

satisfy the cocycle condition

spqsqrsrp = 1SpindC(4) . (D.3.59)

Moreover, because of (D.3.30) the SpindC(4)-bundle P → X with transition functions tpq satisfies

(p1)∗ (P )
∼= OFr(TX) . (D.3.60)

Thus we have constructed a SpindC(4)-structure on X. For d = 1, this is precisely the standard

Spinc(4)-structure.

It follows from the above argument that the set of SpindC(4)-structures on X is a torsor for the

subgroup of elements

(c(1), . . . , c(d)) ∈ H2(X;Z)d . (D.3.61)

that satisfy:
d∑

u=1

ιu ◦ rnu(c(u)) = 0 ∈ H2(X;Z/NZ) . (D.3.62)

Example D.3.3. Fix a positive even integer n ∈ Z>0 and consider the finite group

Cn =
{
(ζ, ζ, µ) ∈ Z2 × Z2 × U(1) | µn/2ζ = 1

}
. (D.3.63)

Then Cn is generated by

(−1,−1, g) ∈ Z2 × Z2 × U(1) , (D.3.64)

where g ∈ U(1) is any element of order n. Moreover, since n is even,

Cn ∼= Z/nZ . (D.3.65)

We denote the corresonding generalized spinc group by

Spin1Cn(4) =
(
Spin(4)× U(1)

)
/Cn . (D.3.66)

As in Example D.3.2, we introduce transition functions tSO(4)
pq for OFr(X) and choose local lifts

(t̃+pq, t̃
−
pq) : Upq → Spin(4) which satisfy a commutative diagram of the form (D.3.30). Therefore, as

before, the Z2-valued cochain

ζ±pqr := t̃±pqr t̃
±
pqr t̃

±
pqr , (D.3.67)
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is a Čech representative of the second Stiefel-Whitney class of TX:

[ζ±pqr] := w2(TX) ∈ H2(X;Z2) . (D.3.68)

Let us introduce a complex line bundle L with a first Chern class c1(L) which is at the moment an

arbitrary integral class, but will be further constrained by a cohomological condition later. Endowing

L with a Hermitian metric on its fibers, we can regard L as U(1)-bundle. Let {hpq} denote transition

functions on this bundle. As in (D.3.34), we choose local lifts h̃pq : Upq → U(1) such that the diagram

Upq U(1)

U(1)

h̃pq

hpq Pn
(D.3.69)

commutes, where Pn is the nth power map, which acts as z 7→ zn for z ∈ U(1). Note that the

global existence of the lifts h̃pq is equivalent to the existence of a complex line bundle W such that

W⊗n = L. Existence of W is equivalent to c1(L) being n times an integral class y ∈ H2(X;Z)

(which is then the first Chern class of W, i.e., y = c1(W)).

The cochain

ηpqr := h̃pqh̃qrh̃rp , (D.3.70)

represents the mod n reduction of c1(L):

[ηpqr] := rn
(
c1(L)

)
, (D.3.71)

where rn is reduction modulo n, and measures the obstruction to the existence of a line bundle W.

We define transition functions

t̃pq :=
(
t̃+pq, t̃

−
pq, (h̃)pq

)
. (D.3.72)

With this definition,

t̃pq t̃qr t̃rp =
(
ζ+pqr, ζ

−
pqr, ηpqr

)
. (D.3.73)

It follows from the definition (D.3.63) that if

ζ±pqr ·
(
ηpqr

)n/2
= 1 , (D.3.74)

the transition functions t̃pq satisfy

t̃pq t̃qr t̃rp ∈ Cn , (D.3.75)

as desired. If there exist functions

εpq : Upq → Z/nZ , (D.3.76)
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such that

ι(ζ±pqr) ·
(
ηpqr

)n/2
= εpqεqrεrp ≡ εpqr , (D.3.77)

this is equivalent to the following cohomological condition

ι
(
w2(X)

)
+
n

2
rn
(
c1(L)

)
= 0 ∈ H2(X;Z/nZ) , (D.3.78)

which should be viewed as a constraint on c1(L).

We now show that the condition (D.3.77) (or equivalently (D.3.78)) enables us to satisfy the

cocycle condition for Spin1Cn(4). We simply define the modified transition functions9

h̃′pq := h̃pq(εpq)
−2/n , (D.3.79)

and maps s̃pq : Upq → Spin(4)× U(1) via

s̃pq :=
(
t̃+pq, t̃

−
pq, h̃

′
pq

)
=
(
t̃+pq, t̃

−
pq, h̃pqε

−2/n
pq

)
. (D.3.80)

Note that

s̃pq s̃qr s̃rp =
(
ζ+pqr, ζ

−
pqr, ηpqrε

−2/n
pqr

)
. (D.3.81)

It follows directly from (D.3.77) that

s̃pq s̃qr s̃rp ∈ Cn . (D.3.82)

Therefore, the transition functions,

spq := [s̃pq] : Upq −→
(
Spin(4)× U(1)

)
/Cn , (D.3.83)

satisfy the cocycle condition

spqsqrsrp = 1SpindCn (4)
. (D.3.84)

A few remarks are in order. First of all, if n = 2, the map ι reduces to the identity map, and

the condition (D.3.78) reduces to the condition for a standard spinc structure, namely w2(X) =

c1(L)mod 2. In this case, one recovers the familiar fact that the evenness of c1(L) is equivalent to

the manifold being a spin manifold.

For n > 2, if c1(L) is n times an integral class, i.e., if there exists an integral class y ∈ H2(X;Z)

such that c1(L) = n · y, then the cohomological condition (D.3.78) is equivalent to ι(w2(X)) = 0. In

this case, one possibility is that X be spin, i.e., w2(X) = 0. The other possibility is that w2(X) be in

the kernel of the map ι : H2(X;Z2) → H2(X;Z/nZ). This possibility merits further study.

9We choose a solution y to yn/2 = εpq , use it in (D.3.79)–(D.3.81). The conclusion (D.3.82) remains true independent

of the choice of branch for the (n/2)th root because by definition, the (n/2)th power of any solution is the same.

The reasoning is similar to what was described in footnote 8 for Example D.3.1, except in this example, we do not

have the option to be undemocratic with only one U(1) bundle at our disposal.
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D.4 Derivation Of The Twisted Action (4.7.8)

In this appendix, we present the detailed calculation leading to the twisted action (4.7.8). We will

use various facts about supermultiplets of 4d N = 1, 2 supersymmetry, for which we refer the reader

to [WB92, LMn05, GGRS83]. We will use the same conventions as in [CMRS23, Appendix A]. Our

definition of the selfdual tensor χµν is

χµν =
1

2
(σ̃µν)

.
α
.
βχ.

α
.
β
,

χ.
α
.
β
= (σ̃µν)

.
α
.
βχµν .

(D.4.1)

We start by listing some formulas which will be useful in the computation below.

θαθβ = −1

2
ϵαβθθ, (D.4.2)

θαθβ =
1

2
ϵαβθθ (D.4.3)

θ̃
.
αθ̃

.
β = −1

2
ϵ
.
α
.
β θ̃θ̃, (D.4.4)

θ̃.αθ̃ .β =
1

2
ϵ.
α
.
β
θ̃θ̃ . (D.4.5)

D.4.1 Lagrangian for 4d N = 2 supermultiplets

Let us start with the 4d N = 2 supersymmetry algebra in Euclidean signature:

{QI
α, Q̃ .

βJ
} = 2σµ

α
.
β
δIJ , (D.4.6)

{QI
α,QJ

β} = 2ϵαβϵ
IJZ (D.4.7)

{Q̃.
αI , Q̃ .

βJ
} = 2ϵ.

α
.
β
ϵIJZ, (D.4.8)

where I, J are SU(2)R indices. Upper SU(2)R index is in the 2 of SU(2) and lower SU(2)R index is

in the 2 of SU(2) and the indices are raised and lowered as follows:

φI = ϵIJφ
J , φI = ϵIJφJ (D.4.9)

and ϵIJ is the antisymmetric matrix with ϵ12 = ϵ21 = 1. The supersymmetry transformation is

generated by

δ ≡ iξIQI + iξ̃IQ̃I = iξαIQI
α + iξ̃ I.

α Q̃
.
α
I (D.4.10)

where ξI , ξ̃I are (Grassmann even) parameters of supersymmetry transformation and transform in

the 2 and 2 of SU(2)R.
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Vector Multiplet

In Wess-Zumino gauge, the N = 2 vector multiplet is a collection of the following fields

VN=2 = (Aµ, ϕ, ϕ̃, ψ
I , ψ̃I , DIJ) , (D.4.11)

all in the adjoint representation of the gauge group. In terms of N = 1 superfields, VN=2 is the

combination of the N = 1 vector multiplet VN=1 and the N = 1 chiral multiplets ΦN=1, Φ̃N=1:

VN=1 = −θσµθ̃Aµ + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +
1

2
θ̃θ̃θθD, (D.4.12)

ΦN=1 = ϕ+ iθσµθ̃∂µϕ− 1

4
θθθ̃θ̃□ϕ+

√
2 θψ1 − i√

2
θθ∂µψ

1σµθ̃ + θθF, (D.4.13)

Φ̃N=1 = ϕ̃− iθσµθ̃∂µϕ̃− 1

4
θθθ̃θ̃□ ϕ̃+

√
2 θ̃ψ̃1 +

i√
2
θ̃θ̃σµ∂µψ̃

1θ + θ̃θ̃F̃ . (D.4.14)

The superpotential for the theory is given by

Wα = −1

4
D̃D̃e−VN=1Dαe

VN=1 , W̃.
α = −1

4
DDeVN=1D̃.

αe
−VN=1 (D.4.15)

where the supercovariant derivatives are

Dα =
∂

∂θα
+ iσµ

α
.
α
θ̃
.
α∂µ, D̃.

α = − ∂

∂θ̃
.
α
− iθασµ

α
.
α
∂µ . (D.4.16)

We have

e−VN=1Dαe
VN=1 = DαVN=1 −

1

2
[VN=1, DαVN=1] . (D.4.17)

Then

DαVN=1 = Dα

(
−θσµθ̃Aµ + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +

1

2
θ̃θ̃θθD

)
(D.4.18)

=

(
∂

∂θα
+ iσµ

α
.
α
θ̃
.
α∂µ

)(
−θσν θ̃Aν + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +

1

2
θ̃θ̃θθD

)
(D.4.19)

= −σµ
α
.
α
θ̃
.
αAµ + 2iθαθ̃ψ̃

.
α
2 − iθ̃θ̃ψ2

α + θ̃θ̃θαD

+ iσµ
α
.
α
θ̃
.
α

(
−θσν θ̃∂µAν + iθθθ̃∂µψ̃2 − iθ̃θ̃θ∂µψ

2 +
1

2
θ̃θ̃θθ∂µD

)
, (D.4.20)

where we used

∂

∂θα
θθ =

∂

∂θα
θβθβ =

∂

∂θα
ϵβγθ

βθγ = ϵβγδ
β
αθ

γ − ϵβγθ
βδγα (D.4.21)

= θα + θα (D.4.22)

= 2θα . (D.4.23)

Since the highest power of θ and θ̃ that is nonvanishing is 2, we can ignore several terms. We have

DαVN=1 = −σµ
α
.
α
θ̃
.
αAµ + 2iθαθ̃.αψ̃

.
α
2 − iθ̃θ̃ψ2

α + θ̃θ̃θαD − iσµ
α
.
α
θ̃
.
αθσν θ̃∂µAν

− σµ
α
.
α
θ̃
.
αθθθ̃∂µψ̃2. (D.4.24)
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Thus

e−VN=1Dαe
VN=1 = DαVN=1 −

1

2
[VN=1, DαVN=1]

= −σµ
α
.
α
θ̃
.
αAµ + 2iθαθ̃.αψ̃

.
α
2 − iθ̃θ̃ψ2

α + θ̃θ̃θαD − iσµ
α
.
α
θ̃
.
αθσν θ̃∂µAν

− σµ
α
.
α
θ̃
.
αθθθ̃∂µψ̃2 −

1

2

[
− θσµθ̃Aµ + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +

1

2
θ̃θ̃θθD,

− σµ
α
.
α
θ̃
.
αAµ + 2iθαθ̃.αψ̃

.
α
2 − iθ̃θ̃ψ2

α + θ̃θ̃θαD

− iσµ
α
.
α
θ̃
.
αθσν θ̃∂µAν − σµ

α
.
α
θ̃
.
αθθθ̃∂µψ̃2

]
= −σµ

α
.
α
θ̃
.
αAµ + 2iθαθ̃.αψ̃

.
α
2 − iθ̃θ̃ψα2 + θ̃θ̃θαD − iσµ

α
.
α
θ̃
.
αθσν θ̃∂µAν

− σµ
α
.
α
θ̃
.
αθθ∂µψ̃2 −

1

2

{
−θσµθ̃

(
−σνα.αθ̃

.
α[Aµ, Aν ] + 2iθαθ̃.α[Aµ, ψ̃

.
α
2 ]
)

−iθθθ̃σµ
α
.
α
θ̃
.
α[ψ̃2, Aµ]

}
= −σµ

α
.
α
θ̃
.
αAµ + 2iθαθ̃.αψ̃

.
α
2 − iθ̃θ̃ψα2 + θ̃θ̃θαD

− iσµ
α
.
α
θ̃
.
αθσν θ̃∂µAν − σµ

α
.
α
θ̃
.
αθθ∂µψ̃2 −

1

2
θσµθ̃σνα.αθ̃

.
α[Aµ, Aν ]

+ iθσµθ̃θαθ̃.α[Aµ, ψ̃
.
α
2 ] +

i

2
θθθ̃[ψ̃2, Aµ]σ

µ

α
.
α
θ̃
.
α .

(D.4.25)

Next, using
∂

∂θ̃
.
β
θ̃θ̃ =

∂

∂θ̃
.
β
ϵ
.
α
.
γ θ̃.αθ̃.γ = ϵ

.
α
.
γϵ.
α
.
β
θ̃.γ − ϵ

.
α
.
γϵ.
γ
.
β
θ̃.α

= −δ
.
γ.
β
θ̃.γ − δ

.
α.
β
θ̃.α

= −2θ̃ .
β
,

(D.4.26)

and
∂

∂θ̃
.
β
θα = ϵ.α.γ

∂

∂θ̃
.
β
θ
.
γ = ϵ.

α
.
β

(D.4.27)
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we get

D̃ .
β
e−VN=1Dαe

VN=1 =

(
∂

∂θ̃
.
β
+ iθβσρ

β
.
β
∂ρ

)(
σµ
α
.
α
θ̃
.
αAµ − 2iθαθ̃.αψ̃

.
α
2 + iθ̃θ̃ψα2 − θ̃θ̃θαD

+ iσµ
α
.
α
θ̃
.
αθσν θ̃∂µAν + σµ

α
.
α
θ̃
.
αθθ∂µψ̃2

+
1

2
θσµθ̃σνα.αθ̃

.
α[Aµ, Aν ]− iθσµθ̃θαθ̃.α[Aµ, ψ̃

.
α
2 ]

− i

2
θθθ̃[ψ̃2, Aµ]σ

µ

α
.
α
θ̃
.
α

)
= σµ

α
.
β
Aµ + 2iϵ.

α
.
β
θαψ̃

.
α
2 − 2iθ̃ .

β
ψα2 + 2θ̃ .

β
θαD + iσµ

α
.
β
θσν θ̃∂µAν + iσµ

α
.
α
θ̃
.
αθσνϵ.

γ
.
β
∂µAν

+ σµ
α
.
β
θθ∂µψ̃2 − σµ

α
.
α
θ̃
.
αθθϵ.

γ
.
β
∂µψ̃

.
γ
2 − 1

2
θσµϵ.

γ
.
β
σνα.αθ̃

.
α[Aµ, Aν ] +

1

2
θσµθ̃σν

α
.
β
[Aµ, Aν ]

+ iθσµϵ.
γ
.
β
θαθ̃.α[Aµ, ψ̃

.
α
2 ] + iθσµθ̃θαϵ.α .β [Aµ, ψ̃

.
α
2 ]−

i

2
θθϵ.

α
.
β
[ψ̃2, Aµ]σ

µ

α
.
α
θ̃
.
α

− i

2
θθθ̃[ψ̃2, Aµ]σ

µ

α
.
β
+ iθβσρ

β
.
β
σµ
α
.
α
θ̃
.
α∂ρAµ + 2θβσρ

β
.
β
θαθ̃.α∂ρψ̃

.
α
2 − θβσρ

β
.
β
θ̃θ̃∂ρψ

2
α

− iθβσρ
β
.
β
θ̃θ̃θα∂ρD − θβσρ

β
.
β
σµ
α
.
α
θ̃
.
αθσν θ̃∂ρ∂µAν

+
i

2
θβσρ

β
.
β
θσµθ̃σνα.αθ̃

.
α ([∂ρAµ, Aν ] + [Aµ, ∂ρAν ]) .
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Next

ϵ
.
γ
.
βD̃.

γD̃ .
β
e−VN=1Dαe

VN=1 =− ϵ
.
γ
.
β

(
∂

∂θ̃
.
γ
+ iθγσρ

γ
.
γ
∂ρ

)[
σµ
α
.
β
Aµ + 2iϵ.

α
.
β
θαψ̃

.
α
2 − 2iθ̃ .

β
ψα2

+ 2θ̃ .
β
θαD + iσµ

α
.
β
θσν θ̃∂µAν + iσµ

α
.
α
θ̃
.
αθσνϵ.

γ′
.
β
∂µAν + σµ

α
.
β
θθ∂µψ̃2 − σµ

α
.
α
θ̃
.
αθθϵ.

γ′
.
β
∂µψ̃

.
γ′

2

− 1

2
θσµϵ.

γ′
.
β
σνα.αθ̃

.
α[Aµ, Aν ] +

1

2
θσµθ̃σν

α
.
β
[Aµ, Aν ] + iθσµϵ.

γ′
.
β
θαθ̃.α[Aµ, ψ̃

.
α
2 ]

+ iθσµθ̃θαϵ.α .β [Aµ, ψ̃
.
α
2 ]−

i

2
θθϵ.

α
.
β
[ψ̃2, Aµ]σ

µ

α
.
α
θ̃
.
α − i

2
θθθ̃[ψ̃2, Aµ]σ

µ

α
.
β

+ iθβσρ
β
.
β
σµ
α
.
α
θ̃
.
α∂ρAµ + 2θβσρ

β
.
β
θαθ̃.α∂ρψ̃

.
α
2 − θβσρ

β
.
β
θ̃θ̃∂ρψ

α
2 − iθβσρ

β
.
β
θ̃θ̃θα∂ρD

−θβσρ
β
.
β
σµ
α
.
α
θ̃
.
αθσν θ̃∂ρ∂µAν +

i

2
θβσρ

β
.
β
θσµθ̃σνα.αθ̃

.
α ([∂ρAµ, Aν ] + [Aµ, ∂ρAν ])

]
.
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The Super Yang-Mills action is given by

LSYM =
1

4π
Im

(
τ TrR

∫
d2θWαWα

)
, (D.4.30)

where

τ =
Θ

2π
+

4πi

g2
, (D.4.31)

is the complexified coupling and the trace is taken in some representation of the Lie algebra. We

take the generators to be antihermitian and normalise the trace as

Tr(T aRT
b
R) = C(R)δab, (D.4.32)
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where C(R) is the index of the representation. In explicit computations we will take the trace in

adjoint representation in which case C(adj) = h∨ is the dual Coxeter number. So to compute the

Lagrangian, we only need terms in the superpotential which has no θ̃ dependence. This simplifies

the calculation a little bit. We get

ϵ
.
γ
.
βD̃.

γD̃ .
β
e−VN=1Dαe

VN=1 =− ϵ
.
γ
.
β
[
−2iϵ .

β
.
γ
ψα2 + 2ϵ .

β
.
γ
θαD − iσµ

α
.
β
θσνϵ.

δ
.
γ
∂µAν

+ σµ
α
.
β
θθϵ.

δ
.
γ
∂µψ̃

.
δ
2 − σµ

α
.
γ
θθϵ.

α
.
β
∂µψ̃

.
α
2 +

1

2
θσµϵ.

γ′
.
β
σνα.γ [Aµ, Aν ]−

1

2
θβσµ

β
.
γ
σν
α
.
β
[Aµ, Aν ]

+ iθγσµ
γ
.
β
θαϵ.α.γ [Aµ, ψ̃

.
α
2 ]− iθβσµ

β
.
γ
θαϵ.α .β [Aµ, ψ̃

.
α
2 ] +

i

2
θθϵ.

α
.
β
[ψ̃

.
α
2 , Aµ]σ

µ

α
.
γ

− i

2
θθϵ.α.γ [ψ̃

.
α
2 , Aµ]σ

µ

α
.
β
− iθβσρ

β
.
β
σµ
α
.
γ
∂ρAµ + 2θβσρ

β
.
β
θαϵ.α.γ∂ρψ̃

.
α
2

+iσµ
α
.
γ
θβσρ

β
.
β
∂ρAµ + iθγσρ

γ
.
γ
σµ
α
.
β
∂ρAµ + 2θγσρ

γ
.
γ
θαϵ.α .β∂ρψ̃

.
α
2

]
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This gives the superpotential to be

Wα = −1

4
D̃D̃e−VN=1Dαe

VN=1 =
1

4
[−4iψα2 + 4θαD − i(σµσ̃νθ)α∂µAν

+ σµ
α
.
β
∂µψ̃

.
β
2 θθ + σµ

α
.
β
∂µψ̃

.
β
2 θθ −

1

2
(σν σ̃µθ)α[Aµ, Aν ]−

1

2
(σν σ̃µθ)α[Aµ, Aν ]

+ iθγσµ
γ
.
β
θα[Aµ, ψ̃

.
β
2 ] + iθβσµ

β
.
γ
θα[Aµ, ψ̃

.
γ
2 ]−

i

2
[ψ̃

.
γ
2 , Aµ]σ

µ

α
.
γ
θθ − i

2
[ψ̃

.
γ
2 , Aµ]σ

µ

α
.
γ
θθ

+i(σµσ̃νθ)α∂νAµ + 2θβσµ
β
.
β
θα∂µψ̃

.
β
2 + i(σµσ̃νθ)α∂νAµ + 2θγσρ

γ
.
γ
θα∂ρψ̃

.
γ
2

]
=

1

4
(−4iψα2 + 4θαD + i(σµσ̃νθ)α∂µAν − i(σµσ̃νθ)α∂µAν − i(σµσ̃νθ)α∂νAµ

+ (σν σ̃µθ)α[Aµ, Aν ] + 2σµ
α
.
β
∂µψ̃

.
β
2 θθ + 2iθβσµ

β
.
β
θα[Aµ, ψ̃

.
β
2 ] + 4θβσµ

β
.
β
θα∂µψ̃

.
β
2

−iσµ
α
.
γ
[ψ̃

.
γ
2 , Aµ]θθ − i(σµσ̃νθ)α∂µAν

)
,
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where we used

(σµσ̃νθ)α = σµ
α
.
β
(σ̃ν)

.
βγθγ = −σµ

α
.
β
(σν)γ

.
βθγ

(
(σµ)γ

.
β = −(σ̃µ)

.
βγ
)

= −ϵγδϵ
.
β
.
γσµ

α
.
β
σνδ.γθγ

= −ϵ
.
β
.
γσµ

α
.
β
σνδ.γθδ

= ϵ
.
γ
.
βσµ

α
.
β
σνδ.γθδ .

(D.4.35)

Note that
θαθβ = −1

2
ϵαβθθ =⇒ θβσµ

β
.
β
θα = θβσµ

β
.
β
ϵαγθ

γ

= −1

2
σµ
β
.
β
ϵαγϵ

βγθθ

=
1

2
σµ
α
.
β
θθ .

(D.4.36)
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We get

Wα =
1

4

(
−4iψα2 + 4θαD − i(σµσ̃νθ)α (2(∂µAν − ∂νAµ)− i[Aµ, Aν ]) + 2σµ

α
.
β
∂µψ̃

.
β
2 θθ

+iσµ
α
.
β
[Aµ, ψ̃

.
β
2 ]θθ + 2σµ

α
.
β
∂µψ̃

.
β
2 θθ + iσµ

α
.
β
[Aµ, ψ̃

.
β
2 ]θθ

) (D.4.37)

To make the field strength gauge covariant, we scale VN=1 −→ 2VN=1 and Wα −→ 1
2Wα. We then

get

Wα = −iψα2 + θαD − i

2
(σµσ̃νθ)αFµν + (σµDµψ̃2)αθθ , (D.4.38)

where
Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] ,

Dµψ̃2 = ∂µψ̃2 + i[Aµ, ψ̃2] .
(D.4.39)

We can now switch to antihermitian generators for Lie algebra and write

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] ,

Dµψ̃2 = ∂µψ̃2 + [Aµ, ψ̃2] .
(D.4.40)

We now compute WαWα. We have

WαWα =ϵαβ
(
−iψ2

β + θβD − i

2
(σµσ̃νθ)βFµν + (σµDµψ̃2)βθθ

)
·
(
−iψ2

α + θαD − i

2
(σµσ̃νθ)αFµν + (σµDµψ̃2)αθθ

)
=− ψ2ψ2 − iD(θψ2)− 1

2
Fµν(σ

µσ̃νθψ2)− iσµDµψ̃2ψ
2θθ − i(θψ2)D + θθD2

− i

2
(σµσ̃νθ)FµνD − 1

2
(ψ2σµσ̃νθ)Fµν −

i

2
(θσµσ̃νθ)DFµν

− 1

4
(σµσ̃νθ)(σρσ̃λθ)FµνFρλ − i(ψ2σµDµψ̃2)θθ .

(D.4.41)

Now we have the following identities

θαθβ = ϵαγϵβδθ
δθγ = −1

2
ϵαγϵ

γδϵβδθθ = −1

2
ϵβαθθ =

1

2
ϵαβθθ . (D.4.42)

(σµσ̃νθ)θ = ϵαβ(σµσ̃νθ)βθα = ϵαβσµ
β
.
β
(σ̃ν)

.
βγθγθα

= ϵαβσµ
β
.
β
(σ̃ν)

.
βγϵγδθ

δϵαξθ
ξ

= −1

2
ϵαβϵγδϵαξϵ

δξσµ
β
.
β
(σ̃ν)

.
βγ(θθ)

= −1

2
ϵαβϵαγσ

µ

β
.
β
(σ̃ν)

.
βγ(θθ)

=
1

2
(σ̃ν)

.
βγσµ

γ
.
β
θθ

= −δµνθθ .

(D.4.43)
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θσµσ̃νθ = θασµ
α
.
β
(σ̃ν)

.
βγθγ = −1

2
ϵγδϵ

αδσµ
α
.
β
(σ̃ν)

.
βγθθ

=
1

2
(σ̃ν)

.
βγσµ

γ
.
β
θθ

= −δµνθθ .

(D.4.44)

(σµσ̃νθ)(σρσ̃λθ) = ϵβασµ
α
.
β
(σ̃ν)

.
βγθγσ

ρ

β
.
γ
(σ̃λ)

.
γδθδ

=
1

2
ϵβαϵγδσ

µ

α
.
β
(σ̃ν)

.
βγσρ

β
.
γ
(σ̃λ)

.
γδθθ

=
1

2
ϵβαϵγδ

(
−δµνδαγ + 2(σµν)αγ

) (
−δρλδβδ + 2(σρλ)βδ

)
θθ

=
1

2

(
δµνδρλ − δµν(σρλ)ββϵ

βαϵγα − δρλ(σµν)ααϵ
βαϵγδ

+2(σµν)γα(σ
ρλ)δβϵ

βαϵγδ
)
θθ .
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When contracting with FµνFρλ, only last term gives nonzero result. So we simplify it using

(σµν) γ
α (σρλ) δ

β ϵ
βαϵγδ = (σµν) γ

α (σρλ) α
γ

=
1

2

(
ϵµνρλ − δµρδνλ + δµλδνρ

)
.

(D.4.46)

Thus we get

WαWα|θθ = D2 − 1

4

(
ϵµνρλ − δµρδνλ + δµλδνρ

)
FµνFρλ − 2i

(
ψ2σµDµψ̃2

)
= D2 − 1

4
(−FµνFµν + FµνF

νµ)− 2i
(
ψ2σµDµψ̃2

)
− 1

4
ϵµνρλFµνFρλ

= D2 +
1

2
FµνF

µν − 2i
(
ψ2σµDµψ̃2

)
− 1

4
ϵµνρλFµνFρλ.

(D.4.47)

We thus get

LVN=1
=

1

8π
Tr [Im (τ WαWα|θθ)]

=
1

8π
Tr

[
Im

{(
i
4π

g2
+

Θ

2π

)(
D2 +

1

2
FµνF

µν − 2i(ψ2σµDµψ̃2) +
1

4
ϵµνρλFµνFρλ

)}]
!
=

1

g2
Tr

[
1

4
FµνF

µν +
1

2
D2 − iψ2σµDµψ̃2 +

Θg2

64π2
ϵµνρλFµνFρλ

]
,
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where !
= indicates that after taking the imaginary part, the theta term does not survive but we add

it by hand with an extra factor of i owing to Wick rotation to get Euclidean action.

The Lagrangian for N = 1 chiral multiplet in the adjoint representation of the gauge group is

given by

LΦΦ̃ =

∫
d2θd2θ̃ Φ̃N=1e

2 ρadj(VN=1)ΦN=1 (D.4.49)

where ρadj is the adjoint representation of the Lie algebra. We will omit it from now on. We begin

by computing the exponential. We have

e2VN=1 = 1 + 2VN=1 + 2V 2
N=1 . (D.4.50)
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Next, we compute

V 2
N=1 =

(
−θσµθ̃Aµ + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +

1

2
θθθ̃θ̃D

)(
−θσν θ̃Aν + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +

1

2
θθθ̃θ̃D

)
= (θσµθ̃)(θσν θ̃)AµAν

= −1

2
AµA

µθθθ̃θ̃ ,

(D.4.51)

where we used:
(θσµθ̃)(θσν θ̃) = θασµ

α
.
α
θ̃
.
αθβσν

β
.
β
θ̃
.
β

= −1

4
σµ
α
.
α
σν
β
.
β
ϵαβϵ

.
α
.
βθθθ̃θ̃

=
1

4
(σµ)β

.
β(σν)

β
.
β
θθθ̃θ̃

= −1

4
(σ̃µ)

.
ββ(σν)

β
.
β
θθθ̃θ̃

=
1

2
δµνθθθ̃θ̃ .
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Next

Φ̃N=1ΦN=1

∣∣∣
θθθ̃θ̃

=

(
ϕ̃− iθσµθ̃∂µϕ̃− 1

4
θθθ̃θ̃□ϕ̃+

√
2 θ̃ψ̃1 +

i√
2
θ̃θ̃θσµ∂µψ̃1 + θ̃θ̃ F̃

)
·
(
ϕ+ iθσν θ̃∂νϕ− 1

4
θθθ̃θ̃□ϕ+

√
2 θψ1 − i√

2
θθ(∂νψ

1σν θ̃) + θθF

)∣∣∣∣
θθθ̃θ̃

=− 1

4
θθθ̃θ̃ ϕ̃□ϕ+ (θσµθ̃)(θσν θ̃)∂µϕ̃ ∂νϕ− 1

4
(θθθ̃θ̃)□ϕ̃ ϕ

− iθ̃ψ̃1θθ ∂ν(ψ
1σν θ̃) +

i√
2
θ̃θ̃θσµ∂µψ̃1

√
2 θψ1 + θ̃θ̃ F̃ θθF

=− 1

4
(ϕ̃□ϕ+□ϕ̃ ϕ) +

1

2
∂µϕ̃ ∂

µϕ− i

2
ψ̃
.
α
1 σ

ν
α
.
α∂νψ

1α

+
i

2
σµ
α
.
α
∂µψ̃

.
α
1 ψ

1α + F̃F ,
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where we used
ψ̃1∂νψ

1σν θ̃ = ψ̃1
.
α∂νψ

1ασν
α
.
β
θ̃
.
β =

1

2
ϵ
.
β
.
αϵ.α.γψ̃

.
γ
1∂νψ

1ασν
α
.
β
θ̃θ̃

=
1

2
ψ̃
.
β
1 σ

ν

α
.
β
∂νψ

1αθ̃θ̃ ,
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and
θσµ∂µψ̃1θψ

1 = θασµ
α
.
α
∂µψ̃

.
α
1 θ

βψ1
β =

1

2
ϵαβσµ

α
.
α
∂µψ̃

.
α
1 ψ

1
βθθ

=
1

2
σµ
α
.
α
∂µψ̃

.
α
1 ψ

1αθθ .

(D.4.55)
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For the next term, we will only write the θθθ̃θ̃ term

Φ̃N=1VN=1ΦN=1

∣∣∣
θθθ̃θ̃

=

(
ϕ̃− iθσµθ̃∂µϕ̃− 1

4
θθθ̃θ̃□ϕ̃+

√
2 θ̃ψ̃1 +

i√
2
θ̃θ̃θσµ∂µψ̃1 + θ̃θ̃ F̃

)
·
(
−θσµθ̃Aµ + iθθθ̃ψ̃2 − iθ̃θ̃θψ2 +

1

2
θθθ̃θ̃D

)
·
(
ϕ+ iθσν θ̃∂νϕ− 1

4
θθθ̃θ̃□ϕ+

√
2 θψ1 − i√

2
θθ(∂νψ

1σν θ̃) + θθF

)∣∣∣∣
θθθ̃θ̃

=
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−ϕ̃(θσµθ̃)Aµ i(θσν θ̃)∂νϕ− iϕ̃θ̃θ̃θψ2

√
2 θψ1 +

1

2
θθθ̃θ̃ ϕ̃ ϕD

−i(θσµθ̃)∂µϕ̃
(
−θσν θ̃Aν

)
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√
2 θ̃ψ̃1

(
−θσµθ̃Aµ

)√
2 θψ1 +

√
2 θ̃ψ̃1 iθθθ̃ψ̃2 ϕ

)
|θθθ̃θ̃

=

(
i

2
ϕ̃Aµ∂

µϕ θθθ̃θ̃ − i
√
2 ϕ̃θ̃θ̃ θαψ2

α θ
βψ1
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1

2
ϕ̃Dϕ θθθ̃θ̃ − i

2
∂µϕ̃A

µϕ θθθ̃θ̃

−2θ̃.αψ̃
.
α
1 θ

ασµ
α
.
β
θ̃
.
βAµθ

γψ1
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√
2iθ̃.αψ̃

.
α
1 θθθ̃

.
βψ̃

2
.
β
ϕ
)
|θθθ̃θ̃

=
i

2
ϕ̃Aµ∂

µϕ− i
√
2

2
ϕ̃ ϵαβψ2

αψ
1
β +

1

2
ϕ̃Dϕ− i

2
∂µϕ̃A

µϕ[
−2ϵ

.
β
.
αψ̃1

.
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µ

α
.
β
Aµψ

1
γ

(
1

2
ϵαγθθ

)(
−1

2
ϵ.
ϵ
.
λ
θ̃θ̃

)
−
√
2i ψ̃

.
α
1 ψ̃2

.
αϕ

(
1

2
ϵ.
α
.
β
θ̃θ̃θθ
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|θθθ̃θ̃

=
i

2
ϕ̃Aµ∂

µϕ− i
√
2

2
ϕ̃ ϵαβψ2

αψ
1
β +

1

2
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2
∂µϕ̃A

µϕ− 1

2
ψ̃
.
α
1 σ

µ

α
.
α
Aµψ

1α +
1√
2
iψ̃1ψ̃2ϕ .
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Finally

Φ̃N=1V
2
N=1ΦN=1

∣∣∣
θθθ̃θ̃

= −1

2
ϕ̃AµA

µϕ . (D.4.57)

Thus the full Lagrangian is

LΦΦ̃ =Tr

[
−1

4
(ϕ̃□ϕ+□ϕ̃ ϕ) +

1

2
∂µϕ̃ ∂

µϕ− i

2
ψ̃
.
β
1 σ

ν

α
.
β
∂νψ

1α +
i

2
σµ
α
.
α
∂µψ̃

.
α
1 ψ
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+ F̃F + 2

(
i

2
ϕ̃Aµ∂

µϕ− i
√
2

2
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αψ
1
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1

2
ϕ̃Dϕ− i

2
∂µϕ̃A

µϕ
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2
ψ̃
.
β
1 σ

µ

α
.
β
Aµψ

1α +
1√
2
iψ̃1ψ̃2ϕ− 1

2
ϕ̃AµA

µϕ

)]
= Tr

[
∂µϕ̃ ∂

µϕ+ iϕ̃Aµ∂
µϕ− i∂µϕ̃A

µϕ− ϕ̃AµA
µϕ+ ϕ̃Dϕ+ F̃F +

√
2i ϕ̃ ψ2ψ1

+
√
2i ψ̃1ψ̃2ϕ+

i
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∂µψ̃

.
α
1 σ

µ

α
.
α
ψ1α +

i

2
∂µψ̃1σ

µψ1 − ψ̃
.
β
1 σ

µ

α
.
β
Aµψ

1α

]
= Tr

[
Dµϕ̃D

µϕ+D · [ϕ, ϕ̃] + F̃F − iψ̃1σµDµψ1 −
i√
2
ψ1[ϕ̃, ψ2]

+
i√
2
ψ̃1[ψ̃2, ϕ]

]
,
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where we dropped some total derivatives owing to fact that we will work on closed 4-manifolds. We

also used the fact that VN=1 acts on Φ, Φ̃ in the adjoint representation so that

Tr(ϕ̃ ·D · ϕ) = Tr
(
ϕ̃[D,ϕ]

)
= Tr(ϕ̃Dϕ− ϕ̃ϕD)

= Tr(ϕϕ̃D − ϕ̃ϕD) = Tr(D · [ϕ, ϕ̃]) .
(D.4.59)
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Also
Tr
(
ϕ̃ ψ2 · ψ1

)
= Tr

(
ϕ̃ [ψ2, ψ1]

)
= Tr

(
ϕ̃cT cψ2aψ1b[T a, T b]

)
= Tr

(
ϕ̃cψ1bψ2a(T cT aT b − T cT bT a)

)
= Tr

(
ψ1(ϕ̃cψ2aT bT cT a − ϕ̃cψ2aT aT bT c)

)
= Tr

(
ψ1[ϕ̃, ψ2]

)
.

(D.4.60)

Similarly

Tr
(
ϕ̃ ψ2 · ψ1

)
= Tr

(
ϕ̃cψ1bψ2a(T cT aT b − T cT bT a)

)
= Tr

(
ψ2ϕ̃cψ1b(T bT c − T cT b)

)
= −Tr

(
ψ2[ϕ̃, ψ1]

) (D.4.61)

Also
Tr
(
ψ̃1[ψ̃2, ϕ]

)
= Tr

(
ψ̃a1 ψ̃

b
2ϕ
cT a(T bT c − T cT b)

)
= Tr

(
ψ̃2ψ̃

a
1ϕ

c(T cT a − T aT c)
)

= Tr
(
ψ̃2[ϕ, ψ̃1]

)
.

(D.4.62)

Rescaling ΦN=1 −→ 1
gΦN=1, the full Lagrangian can be written as

LSYM = LVN=1
+ LΦΦ̃

=
1

g2
Tr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ− iψ1σµDµψ̃1 − iψ2σµDµψ̃2 + F̃F +

1

2
D2

+D[ϕ, ϕ̃] +
i√
2
ψ1[ϕ̃, ψ2]− i√

2
ψ2[ϕ̃, ψ1] +

i√
2
ψ̃1[ψ̃2, ϕ]−

i√
2
ψ̃2[ψ̃1, ϕ]

]
+

Θi

64π2
ϵµνρλTr (FµνFρλ)

=
1

g2
Tr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ− iψIσµDµψ̃I − iψ2σµDµψ̃2 + F̃F +

1

2
D2

+D[ϕ, ϕ̃]− i√
2
ψI [ϕ̃, ψ

I ] +
i√
2
ψ̃I [ϕ, ψ̃

I ]

]
+

Θi

64π2
ϵµνρλTr (FµνFρλ)

(D.4.63)

If we now define

DIJ :=

 √
2 F̃ iD + i[ϕ, ϕ̃]

iD + i[ϕ, ϕ̃]
√
2 F

 , (D.4.64)

then using

D11 = ϵ1Iϵ1JDIJ = D22, D22 = ϵ2Iϵ2JDIJ = D11

D12 = ϵ1Iϵ2JDIJ = −D21 ,
(D.4.65)
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we get

Tr
(
DIJD

IJ
)
= Tr

(
D11D

11 +D22D
22 + 2D12D

12
)

= Tr

(
2F̃F + 2FF̃ + 2

(
D + [ϕ, ϕ̃]

)2)
= 4 Tr

(
F̃F
)
+ 2 TrD2 + 2 [ϕ, ϕ̃]2 + 2 Tr

(
D [ϕ, ϕ̃]

)
.

(D.4.66)

The Lagrangian can then be written as

LSYM =
1

g2
Tr

[
−1

4
FµνF

µν +Dµϕ̃D
µϕ+ iψ̃I σ̃

µDµψ
I +

1

4
DIJD

IJ − 1

2
[ϕ, ϕ̃]2

− i√
2
ψI

[
ϕ̃, ψI

]
+

i√
2
ψ̃I
[
ϕ, ψ̃I

]]
+

Θi

64π2
ϵµνρλTr (FµνFρλ) ,
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where we used

Tr
(
ψ1ασµ

α
.
β
Dµψ̃

.
β
1

)
= Tr

(
ψ1ασµ

α
.
β

(
∂µψ̃

.
β
1 + [Aµ, ψ̃

.
β
1 ]
))

= Tr
(
−ψ̃

.
β
1 σ̃

µ.
βα
∂µψ

1α + ψ1ασµ
α
.
β
Aµψ̃

.
β
1 − ψ1ασµ

α
.
β
ψ̃
.
β
1Aµ

)
= Tr

(
−ψ̃

.
β
1 σ̃

µ.
βα
∂µψ

1α + ψ̃
.
β
1 σ̃

µ.
βα
Aµψ

1α − ψ̃
.
β
1 σ̃

µ.
βα
ψ1αAµ

)
= −Tr

(
ψ̃
.
β
1 σ̃

µ.
βα
Dµψ

1α
)
.
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Hypermultiplet

We now calculate the Lagrangian for a single flavor of hypermultiplet, generalization to arbitrary

flavor is straightforward. The Lagrangian in terms of superfields is given by

LHyper =

∫
d2θd2θ̃

[
Q̃e2VN=1Q+Q′e2V N=1Q̃′

]
+

∫
d2θ

[√
2 Q′ΦN=1Q+mQ′Q

]
+

∫
d2θ̃

[√
2 Q̃Φ̃N=1Q̃

′ +mQ̃Q̃′
] (D.4.69)

where

Q = q1 + iθσµθ̃∂µq
1 − 1

4
θθθ̃θ̃□q1 +

√
2 θλ− i√

2
θθ∂µλσ

µθ̃ + θθF 1

Q′ = −i

(
q̃1 + iθσµθ̃∂µq̃1 −

1

4
θθθ̃θ̃□q̃1 +

√
2 θχ− i√

2
θθ∂µχσ

µθ̃ + θθF̃2

)
Q̃ = q̃2 − iθσµθ̃∂µq̃2 −

1

4
θθθ̃θ̃□q̃2 +

√
2 θ̃λ̃+

i√
2
θ̃θ̃σµ∂µλ̃+ θ̃θ̃ F̃1

Q̃′ = +i

(
q2 − iθσµθ̃∂µq

2 − 1

4
θθθ̃θ̃□q2 +

√
2 θ̃χ̃+

i√
2
θ̃θ̃σµ∂µχ̃+ θ̃θ̃ F 2

)
(D.4.70)

The N = 1 chiral superfields Q, Q̃ transform in some representation R of the gauge group and Q′,

Q̃′ transform in R of the gauge group. The first two terms can be obtained using the calculations
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above. We have

Q̃e2VN=1Q
∣∣∣
θθθ̃θ̃

= Dµq̃2D
µq1 + q̃2Dq

1 + F̃1F
1 − iλσµDµλ̃+ i

√
2 q̃2ψ

λλ+ i
√
2 λ̃ ψ̃2q

1 ,

Q′e−2V N=1Q̃′
∣∣∣
θθθ̃θ̃

= Dµq̃1D
µq2 − q̃1Dq

2 + F̃2F
2 − iχσµDµχ̃− i

√
2 q̃1ψ̃2χ̃− i

√
2 χψ2q2 .

(D.4.71)

Next we calculate,

Q′ΦN=1Q|θθ = −i

(
q̃1 + iθσµθ̃∂µq̃1 −

1

4
θθθ̃θ̃□q̃1 +

√
2 θχ− i√

2
θθ∂µχσ

µθ̃ + θθF̃2

)
·
(
ϕ+ iθσµθ̃∂µϕ− 1

4
θθθ̃θ̃□ϕ+

√
2 θψ1 − i√

2
θθ ∂µψ

1σµθ̃ + θθF

)
·
(
q1 + iθσµθ̃∂µq

1 − 1

4
θθθ̃θ̃□q1 +

√
2 θλ− i√

2
θθ∂µλσ

µθ̃ + θθF 1

)∣∣∣∣
θθ

=
(
−iq̃1

√
2 θψ1

√
2 θλ− iq̃1θθFq

1 − iq̃1ϕ θθF
1 − i

√
2 θχ

√
2 θψ1q1 − i

√
2 θχϕ

√
2 θλ

−iθθF̃2ϕq
1
)∣∣∣
θθ

= −
(
2iq̃1θ

αψ1
αθ

βλβ + 2iθαχαθ
βψ1

βq
1 + 2iθαχαϕθ

βλβ
)∣∣
θθ

− iq̃1Fq
1 − iq̃1ϕF

1 − iF̃2ϕq
1

= −iq̃1ψ
1
αλβϵ

αβ − iχαψ
1
βϵ
αβq1 − iχαϕλβϵ

αβ − iq̃1Fq
1 − iq̃1ϕF

1 − iF̃2ϕq
1

= iq̃1ψ
1λ+ iχψ1q1 + iχϕλ− iq̃1Fq

1 − iq̃1ϕF
1 − iF̃2ϕq

1

(D.4.72)

Similarly

Q̃Φ̃N=1Q̃
′
∣∣∣
θ̃θ̃

= +i

(
q̃2 − iθσµθ̃∂µq̃2 −

1

4
θθθ̃θ̃□q̃2 +

√
2 θ̃λ̃+

i√
2
θ̃θ̃σµ∂µλ̃+ θ̃θ̃F̃1

)
·
(
ϕ̃− iθσµθ̃∂µϕ̃− 1

4
θθθ̃θ̃□ϕ̃+

√
2 θ̃ψ̃1 +

i√
2
θ̃θ̃σµ∂µψ̃1 + θ̃θ̃F̃

)
·
(
q2 − iθσµθ̃∂µq

2 − 1

4
θθθ̃θ̃□q2 +

√
2 θ̃χ̃+

i√
2
θ̃θ̃σµ∂µχ̃+ θ̃θ̃F 2

)∣∣∣∣
θ̃θ̃

=
(
i
√
2 q̃2θ̃ψ̃1

√
2 θ̃χ̃+

√
2iθ̃λ̃

√
2 θ̃ψ̃1q

2 +
√
2iθ̃λ̃ϕ̃

√
2 θ̃χ̃

)∣∣∣
θ̃θ̃

+ iq̃2ϕ̃F
2 + iq̃2F̃ q

2 + iF̃1ϕ̃q
2

= 2iq̃2θ̃.αψ̃
.
α
1 θ̃ .βχ̃

.
β + 2iθ̃.αλ̃

.
αθ̃ .
β
ψ̃
.
β
1 q

2 + 2iθ̃.αλ̃
.
αϕ̃θ̃ .

β
χ̃
.
β
∣∣∣
θ̃θ̃

+ iq̃2ϕ̃F
2 + iq̃2F̃ q

2 + iF̃1ϕ̃q
2

= −iq̃2ψ̃
.
α
1 χ̃

.
βϵ.
α
.
β
− iλ̃

.
αψ̃

.
β
1 ϵ.α .βq

2 − iλ̃
.
αϕ̃χ̃

.
βϵ.
α
.
β
+ iq̃2ϕ̃F

2 + iq̃2F̃ q
2 + iF̃1ϕ̃q

2

= iq̃2ψ̃1χ̃+ iλ̃ψ̃1q
2 + iλ̃ϕ̃χ̃+ iq̃2ϕ̃F

2 + iq̃2F̃ q
2 + iF̃1ϕ̃q

2 .

(D.4.73)
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Next

Q′Q|θθ = −i

(
q̃1 + iθσµθ̃∂µq̃1 −

1

4
θθθ̃θ̃□q̃1 +

√
2 θχ− i√

2
θθ∂µχσ

µθ̃ + θθF̃2

)
·
(
q2 + iθσµθ̃∂µq

2 − 1

4
θθθ̃θ̃□q2 +

√
2 θλ− i√

2
θθ∂µλσ

µθ̃ + θθF 1

)∣∣∣∣
θθ

= −
(
iq̃1F

1 + iF̃2q
2 + 2iθαχαθ

βλβ

)∣∣∣
θθ

= −iq̃1F
1 − iF̃2q

2 − iϵαβχαλβ

= −iq̃1F
1 − iF̃2q

2 + iχλ ,

(D.4.74)

and

Q̃Q̃′
∣∣∣
θ̃θ̃

= +i

(
q̃2 − iθσµθ̃∂µq̃2 −

1

4
θθθ̃θ̃□q̃2 +

√
2 θ̃λ̃+

i√
2
θ̃θ̃σµ∂µλ̃+ θ̃θ̃F̃1

)
·
(
q2 − iθσµθ̃∂µq

2 − 1

4
θθθ̃θ̃□q2 +

√
2 θ̃χ̃+

i√
2
θ̃θ̃σµ∂µχ̃+ θ̃θ̃F 2

)∣∣∣∣
θ̃θ̃

= iq̃2F
2 + iF̃1q

2 + 2iθ̃.αλ̃
.
αθ̃ .
β
χ̃
.
β
∣∣∣
θ̃θ̃

= iq̃2F
2 + iF̃1q

2 − iλ̃
.
αχ̃

.
βϵ.
α
.
β

= iq̃2F
2 + iF̃1q

2 + iλ̃χ̃ .

(D.4.75)

Thus the full N = 2 Lagrangian is given by

LN=2 =
1

g2
Tr

[
−1

4
FµνF

µν +Dµϕ̃D
µϕ+ iψ̃I σ̃

µDµψ
I + F̃F +

1

2
D2 +D[ϕ, ϕ̃]

− i√
2
ψI [ϕ̃, ψ

I ] +
i√
2
ψ̃I [ϕ, ψ̃I ]

]
+

Θi

64π2
ϵµνρλTr(FµνFρλ)

+Dµq̃2D
µq1 + q̃2Dq

1 + F̃1F
1 − iλσµDµλ̃+ i

√
2 q̃2ψ

2λ+ i
√
2 λ̃ψ̃2q

1

+Dµq̃1D
µq2 − q̃1Dq

2 + F̃2F
2 − iχσµDµχ̃+ i

√
2 q̃1ψ̃2χ̃+ i

√
2χψ2q2

+
√
2iq̃1ψ

1λ+
√
2iχψ1q1 +

√
2iχϕλ−

√
2iq̃1Fq

1 −
√
2iq̃1ϕF

1 −
√
2iF̃2ϕq

1

+
√
2iq̃2ψ̃1χ̃+

√
2iλ̃ψ̃1q

2 +
√
2iλ̃ϕ̃χ̃+

√
2iq̃2ϕ̃F

2 +
√
2iq̃2F̃ q

2 +
√
2iF̃1ϕ̃q

2

−miq̃1F
1 −miF̃2q

2 +miχλ+miq̃2F
2 +miF̃1q

2 +miλ̃χ̃.

(D.4.76)

In this action, the SU(2)R symmetry is not manifest. So we redefine auxiliary fields to make it

manifest. We redefine
F̂ 1 = F 1 −mq1 − i

√
2 ϕ̃q1 ,̂̃

F 1 = F̃1 −mq̃1 + i
√
2 q̃1ϕ ,

F̂ 2 = −F 2 +mq2 − i
√
2ϕq2 ,̂̃

F 2 = −F̃2 +mq̃2 + i
√
2 q̃2ϕ̃ ,

D̂a = Da + [ϕ, ϕ̃]a − q̃1T
a
Rq

1 + q̃2T
a
Rq

2 ,

F̂ a = F a + i
√
2 q̃2T

a
Rq

1 ,̂̃
F
a

= F̃ a − i
√
2 q̃1T

a
Rq

2 .

(D.4.77)
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Also, as before we define

D̂IJ =

√
2
̂̃
F iD̂

iD̂
√
2 F̂

 . (D.4.78)

Then, taking trace in some representation with normalization Tr(T aT b) = δa b, we obtain

Tr
(
D̂IJD̂

IJ
)
= Tr

(
D̂11D̂

11 + D̂22D̂
22 + 2D̂12D̂

12
)

= Tr
(
D̂11D̂22 + D̂22D̂11 − 2D̂12D̂21

)
= 4

(
F̃ a − i

√
2 q̃1T

a
Rq

2
)(

F a + i
√
2 q̃2T

a
Rq

1
)

+ 2
(
Da + [ϕ, ϕ̃]a − q̃1T

a
Rq

1 + q̃2T
a
Rq

2
)(

Da + [ϕ, ϕ̃]a − q̃1T
a
Rq

1 + q̃2T
a
Rq

2
)

= 4 F̃ aF a + 4
√
2i q̃2F̃

aq1 − 4
√
2i q̃1F

aq2 + 8 q̃1T
a
Rq

2q̃2T
a
Rq

1

+ 2

(
DaDa +

(
[ϕ, ϕ̃]a

)2
+ q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2 + 2Da[ϕ, ϕ̃]a

− 2q̃1D
aq1 + 2q̃2D

aq2 − 2q̃1[ϕ, ϕ̃]
aq1 + 2q̃2[ϕ, ϕ̃]

aq2

−2q̃1T
a
Rq

1q̃2T
a
Rq

2
)
.
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Thus we have

1

4
Tr
(
D̂IJD̂

IJ
)
= Tr(F̃F ) +

1

2
Tr(D2) +

1

2
Tr
(
[ϕ, ϕ̃]2

)
+ Tr

(
D[ϕ, ϕ̃]

)
+
√
2i q̃2F̃

aq1 −
√
2i q̃1F

aq2 + 2 q̃1T
a
Rq

2q̃2T
a
Rq

1

+
1

2

(
q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2
)
− q̃1D

aq1 + q̃2D
aq2

− q̃1[ϕ, ϕ̃]
aq1 + q̃2[ϕ, ϕ̃]

aq2 − q̃1T
a
Rq

1q̃2T
a
Rq

2 .
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So in the Lagrangian we substitute

Tr(F̃F ) +
1

2
Tr(D2) + Tr

(
D[ϕ, ϕ̃]

)
+ q̃2Dq

2 − q̃1Dq
1 −

√
2i q̃1Fq

2 +
√
2i q̃2F̃ q

1

=
1

4
̂̃
DIJD̂

IJ − 1

2
Tr
(
[ϕ, ϕ̃]2

)
− 2 q̃1T

a
Rq

2q̃2T
a
Rq

1 − 1

2

(
q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2
)

+ q̃1[ϕ, ϕ̃]q
1 − q̃2[ϕ, ϕ̃]q

2 + q̃1T
a
Rq

1q̃2T
a
Rq

2 .

(D.4.81)
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We then get

LN=2 =
1

g2
Tr

[
−1

4
FµνF

µν +Dµϕ̃D
µϕ+ iψ̃I σ̃

µDµψ
I +

1

4
̂̃
DIJD̂

IJ − 1

2
[ϕ, ϕ̃]2

− i√
2
ψI [ϕ̃, ψ

I ] +
i√
2
ψ̃I [ϕ, ψ̃I ]

]
+

Θi

64π2
ϵµνρλTr(FµνFρλ)

+Dµq̃2D
µq2 + F̃1F

1 − iλσµDµλ̃+ i
√
2 q̃2ψ

2λ+ i
√
2 λ̃ψ̃2q

2 +Dµq̃1D
µq1

+ F̃2F
2 − iχσµDµχ̃− i

√
2 q̃1ψ̃2χ̃− i

√
2χψ2q1 +

√
2i q̃1ψ

1λ+
√
2iχψ1q2

+
√
2iχϕλ−

√
2i q̃1ϕF

1 −
√
2i F̃2ϕq

2 −
√
2i q̃2ψ̃1χ̃+

√
2i λ̃ψ̃1q

1 +
√
2i λ̃ϕ̃χ̃

+
√
2i q̃2ϕ̃F

2 +
√
2i F̃1ϕ̃q

1 −mi q̃1F
1 −mi F̃2q

2 +miχλ+mi q̃2F
2

+mi F̃1q
1 +mi λ̃χ̃− 2 q̃1T

a
Rq

2q̃2T
a
Rq

1 + q̃1[ϕ, ϕ̃]q
1 − q̃2[ϕ, ϕ̃]q

2

+ q̃1T
a
Rq

1q̃2T
a
Rq

2 − 1

2

(
q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2
)
.
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Next we have

̂̃
F 1F̂

1 =
(
F̃1 − imq̃1 − i

√
2 q̃1ϕ

)(
F 1 + imq1 + i

√
2 ϕ̃q1

)
= F̃1F

1 + imF̃1q
1 +

√
2i F̃1ϕ̃q

1 − imq̃1F
1 +mmq̃1q

1 +
√
2mq̃1ϕ̃q

1

− i
√
2 q̃1ϕF

1 +
√
2mq̃1ϕq

1 + 2 q̃1ϕϕ̃q
1 ,

(D.4.83)

and ̂̃
F 2F̂

2 =
(
−F̃2 − imq̃2 − i

√
2 q̃2ϕ̃

)(
−F 2 + imq2 + i

√
2ϕq2

)
= F̃2F

2 − imF̃2q
2 −

√
2i F̃2ϕq

2 + imq̃2F
2 +mmq̃2q

2 +
√
2mq̃2ϕq

2

+
√
2i q̃2ϕ̃F

2 +
√
2mq̃2ϕ̃q

2 + 2 q̃2ϕ̃ϕq
2 .

(D.4.84)

In the Lagrangian we now substitute

F̃1F
1 + imF̃1q

1 +
√
2iF̃1ϕ̃q

1 −miq̃1F
1 − i

√
2q̃1ϕ̃F

1 + F̃2F
2 − imF̃2q

2 −
√
2iF̃2ϕ̃q

2 + imq̃2F
2 +

√
2iq̃2ϕ̃F

2

=
̂̃
F I F̂

I −mmq̃1q
1 −

√
2mq̃1ϕ̃q

1 −
√
2mq̃1ϕ̃q

1 − 2q̃1ϕ̃ϕ̃q
1

−mmq̃2q
2 +

√
2mq̃2ϕ̃q

2 −
√
2mq̃2ϕ̃q

2 − 2q̃2ϕ̃ϕ̃q
2

=
̂̃
F I F̂

I − |m|2q̃IqI −
√
2mq̃I ϕ̃q

I −
√
2mq̃I ϕ̃q

I − 2q̃1ϕ̃ϕ̃q
1 − 2q̃2ϕ̃ϕ̃q

2 .

(D.4.85)
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We get

LN=2 =
1

g2
Tr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ̃+ iψ̃I σ̃

µDµψ
I +

1

4
D̂IJD̂

IJ − 1

2

[
ϕ, ϕ̃

]2
− im√

2
ψI

[
ϕ̃, ψI

]
+

i√
2
ψ̃I

[
ϕ, ψ̃I

]]
+

Θiϵµνρσ

64π2
Tr (FµνFρσ)

+Dµq̃2D
µq2 − iλσµDµλ̃+ i

√
2q̃2ψ

2λ+ i
√
2λ̃ψ̃2q

2 +Dµq̃1D
µq1 +

̂̃
F I F̂

I

− iχσµDµχ̃− i
√
2q̃1ψ̃2χ̃− i

√
2χψ2q1 +

√
2iq̃1ψ

1λ+
√
2iχψ1q2

+
√
2iχϕλ+

√
2iq̃2ψ̃1χ̃+

√
2iλ̃ψ̃1q

1 +
√
2iλ̃ϕχ̃+miχλ+miλ̃χ̃

− 2q̃1T
a
Rq

2q̃2T
a
Rq

1 + q̃1[ϕ, ϕ̃]q
1 − q̃2[ϕ, ϕ̃]q

2 + q̃1T
a
Rq

1q̃2T
a
Rq

2

− 1

2

[
q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2
)
− |m|2q̃IqI −

√
2mq̃I ϕ̃q

I

−
√
2mq̃I ϕ̃q

I − 2q̃1ϕ̃ϕ̃q
1 − 2q̃2ϕ̃ϕ̃q

2 .
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We can then use the fact that

q̃1[ϕ, ϕ̃]q
1 − 2q̃1ϕ̃ϕ̃q

1 = q̃1ϕϕ̃q
1 − q̃1ϕ̃ϕq

1 − 2q̃1ϕ̃ϕ̃q
1 = −q̃1{ϕ, ϕ̃}q1 , (D.4.87)

and similarly

−q̃2[ϕ, ϕ̃]q2 − 2q̃2ϕ̃ϕ̃q
2 = −q̃2ϕϕ̃q2 + q̃2ϕ̃ϕq

2 − 2q̃2ϕ̃ϕ̃q
2 = −q̃2{ϕ, ϕ̃}q2 , (D.4.88)

to write the Lagrangian as

LN=2 =
1

g2
Tr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ+ iψ̃Iσ

µDµψ
I +

1

4
D̂IJD̂

IJ − 1

2
[ϕ, ϕ̃]2

− i√
2
ψI

[
ϕ̃, ψI

]
+

i√
2
ψ̃I

[
ϕ, ψ̃I

]]
+

Θi

64π2
ϵµνρσTr (FµνFρσ)

+Dµq̃2D
µq2 +Dµq̃1D

µq1 − |m|2q̃IqI −
√
2mq̃Iϕq

I −
√
2mq̃I ϕ̃q

I

− iλσµDµλ̃+ i
√
2q̃2ψ

2λ+
√
2iq̃1ψ

1λ+ i
√
2λ̃ψ̃2q

2 +
√
2iλ̃ψ̃1q

1

− i
√
2q̃1ψ̃2χ̃+

√
2iq̃2ψ̃1χ̃−

√
2iχψ1q2 + i

√
2χψ2q1 − iχσµDµχ̃

+
̂̃
F I F̂

I +
√
2iχϕλ+

√
2iλ̃ϕ̃χ̃+miχλ+miλ̃χ̃+ q̃1T

a
Rq

1q̃2T
a
Rq

2

− 2q̃1T
a
Rq

2q̃2T
a
Rq

1 − q̃I{ϕ, ϕ̃}qI −
1

2

(
q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2
)

=
1

g2
Tr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ+ iψ̃Iσ

µDµψ
I +

1

4
D̂IJD̂

IJ − 1

2
[ϕ, ϕ̃]2

− i√
2
ψI

[
ϕ̃, ψI

]
+

i√
2
ψ̃I

[
ϕ, ψ̃I

]]
+

Θi

64π2
ϵµνρσTr (FµνFρσ)

+Dµq̃ID
µqI − |m|2q̃IqI −

√
2mq̃Iϕq

I −
√
2mq̃I ϕ̃q

I − iλσµDµλ̃+ i
√
2q̃Iψ

Iλ

+
√
2iλ̃ψ̃Iq

I +
√
2iq̃I ψ̃

I χ̃+
√
2iχψIq

I − iχσµDµχ̃+
̂̃
F I F̂

I +
√
2iχϕλ

+
√
2iλ̃ϕ̃χ̃+miχλ+miλ̃χ̃+ q̃(IT aRq

J)q̃(IT
a
RqJ) − q̃I{ϕ, ϕ̃}qI ,
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where we used
−i

√
2q̃1ψ̃2χ̃+

√
2iq̃2ψ̃1χ̃ = −i

√
2q̃1ϵ2I ψ̃

I χ̃+
√
2iq̃2ϵ1I ψ̃

I χ̃

=
√
2iq̃1ψ̃

1χ̃+
√
2iq̃2ψ̃

2χ̃

=
√
2iq̃I ψ̃

I χ̃ ,

(D.4.90)

−
√
2iχψ1q2 + i

√
2χψ2q1 = −

√
2iχϵ1IψIq

2 + i
√
2χϵ2IψIq

1

=
√
2iχψ2q

2 +
√
2iχψ1q

1

=
√
2iχψIq

I ,
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and finally

q̃1T
a
Rq

1q̃2T
a
Rq

2 − 2q̃1T
a
Rq

2q̃2T
a
Rq

1 − 1

2

(
q̃1T

a
Rq

1q̃1T
a
Rq

1 + q̃2T
a
Rq

2q̃2T
a
Rq

2
)

= q̃2T aRq
1q̃2T

a
Rq1 + 2q̃2T aRq

2q̃1T
a
Rq2 −

1

2

(
−q̃2T aRq1q̃1T aRq2 − q̃1T aRq

2q̃2T
a
Rq1
)

=
1

4

(
q̃2T aRq

1 + q̃1T aRq
2
)
q̃2T

a
Rq1 +

1

4

(
q̃1T aRq

2 + q̃2T aRq
1
)
q̃1T

a
Rq2

+
1

4

(
q̃2T aRq

1 + q̃1T aRq
2
)
q̃2T

a
Rq1 +

1

4

(
q̃1T aRq

2 + q̃2T aRq
1
)
q̃1T

a
Rq2

+ q̃1T
a
Rq1q̃

1T aRq
1 + q̃2T aRq

2q̃2T
a
Rq2

= q̃(IT aRq
J)q̃(IT

a
RqJ) .
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Rescaling

Q→ 1

g
Q , Q̃→ 1

g
Q̃ , Q′ → 1

g
Q′ , Q̃′ → 1

g
Q′ , (D.4.93)

we obtain

LN=2 =
1

g2
Tr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ+ iψ̃Iσ

µDµψ
I +

1

4
DIJD

IJ − 1

2
[ϕ, ϕ̃]2

− i√
2
ψI

[
ϕ̃, ψI

]
+

i√
2
ψ̃I

[
ϕ, ψ̃I

]]
+

Θi

64π2
ϵµνρσTr (FµνFρσ)

+
1

g2

[
Dµq̃ID

µqI − |m|2q̃IqI −
√
2mq̃Iϕq

I −
√
2mq̃I ϕ̃q

I − iλσµDµλ̃

+
√
2iλ̃ψ̃Iq

I +
√
2iq̃I ψ̃

I χ̃+
√
2iχψIq

I − iχσµDµχ̃

+ F̃IF
I + i

√
2q̃Iψ

Iλ+
√
2iχϕλ+

√
2iλ̃ϕ̃χ̃+miχλ+miλ̃χ̃

+q̃(IT aRq
J)q̃(IT

a
RqJ) − q̃I{ϕ, ϕ̃}qI

]
,

(D.4.94)

where we omitted the hat from auxiliary fields.
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D.4.2 Twisted action on spin manifolds

The twisted action can be obtained from the untwisted action (D.4.94) by minimally coupling to

gravity and making the following change of variable10:

Aµ(2,2,1)
0 → Aµ(2,2)

0,

ψαA(2,1,2)
1 → ψ

α
.
β
(2,2)1,

ψ̃.
αA(1,2,2)

−1 → η(1,1)−1, χ
(
.
α
.
β)
(1,3)−1,

ϕ(1,1,1)−2 → ϕ(1,1)−2,

ϕ̃(1,1,1)2 → ϕ̃(1,1)2,

DIJ(1,1,3)
0 → D.

α
.
β
(1,3)0,

(D.4.95)

On the right hand side the representation is with respect to Γ′ = SU(2)− × SU′(2) × U(1)R. Note

that ψαI , which was a spinor in the untwisted theory, is a vector ψ
α
.
β

(written as a bispinor, that is

ψµ ≡ (σ̃µ)
α
.
βψ

α
.
β

is a vector), the right handed spinor ψ̃.
αI turns into ψ̃.

α
.
β

which decomposes as the

antisymmetric piece η, which is a scalar, and the symmetric piece ψ̃
(
.
α
.
β)

:

η ≡ 1

2
ϵ
.
α
.
βψ̃.

α
.
β
= ψ̃

[
.
1
.
2]
= −ψ̃

[
.
2
.
1]
, χ

(
.
α
.
β)

≡ 1

2

(
ψ̃.
α
.
β
+ ψ̃ .

β
.
α

)
(D.4.96)

ψ̃
(
.
α
.
β)

corresponds to a self-dual 2-form

χµν ≡ 1

2
(σ̃µν)

.
α
.
βχ.

α
.
β
. (D.4.97)

Note that all fields after twisting are integral spin and hence the twisted vector multiplet makes

sense on an arbitrary Riemannian manifold. Twisting of the hypermultiplet gives the following set

of fields:
qI(1,1,2) →M.

α(1,2), q̃I(1,1,2) → M̃.
α(1,2),

λα(2,1,1) → λα(2,1), λ̃.α(1,2,1) → λ̃.α(1,2)

χ̃α(2,1,1) → µ̃α(2,1), χ.α(1,2,1) → µ.α(1,2)

FI(1,1,2) → F.
α(1,2) , F̃ I(1,1,2) → F̃.

α(1,2) .

(D.4.98)

The minimal coupling to gravity is done by writing the N = 2 conformal supergravity action from

[dWLVP85, KR88, CMRS23] and setting the variation of gravitino to zero. The resulting twisted

10The notation (2,2,1)0 means that Aµ transforms in the fundamental two dimensional representation of

SU(2)+,SU(2)−, as a scalar under SU(2)R and has charge 0 under (U(1)R. Here Spin(4) ∼= SU(2)− × SU(2)+.
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action can be written as

Stwisted
N=2 =

1

g2

∫
d4x

√
gTr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ− 4iχµνD

µψν − 2iηDµψ
µ +

1

2
DµνD

µν

−1

2
[ϕ, ϕ̃]2 +

√
2iϕ̃ [ψµ, ψ

µ] +
√
2iχµν [ϕ, χ

µν ]−
√
2iϕ[η, η]

]
+

iΘ

64π2

∫
d4x ϵµνρσTr (FµνFρσ)

+

∫
d4x

√
g

[
DµM̃.

αD
µM

.
α − 1

16
RM̃.

αM
.
α −m2M̃.

αM
.
α −

√
2imM̃.

αϕM
.
α

+ i
√
2mM̃.

αϕ̃M
.
α −

√
2iλ̃.α (σ̃µν)

.
α
.
β
M .
β
χµν −

√
2iηλ̃.αM

.
α +

√
2iM̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν

+
√
2iηM̃.

αµ̃
.
α − iλσµDµλ̃−

√
2iM̃.

α (σ̃
µ)

.
αα
λαψµ +

√
2iµασµ

α
.
β
Mβψµ − iµσµDµµ̃

+ F̃.
αF

.
α +

√
2iµϕλ+

√
2iλ̃ϕ̃µ̃+mµλ−mλ̃µ̃− M̃.

α{ϕ, ϕ̃}M
.
α +M̃ (

.
αT aRM

.
β)M̃(

.
αT

a
RM .

β)

]
(D.4.99)

where now Dµ is the metric + gauge-covariant derivative. More explicitly we have

DµM̃
.
α = ∂µM̃

.
α − 1

2
ωa bµ (σ̃a b)

.
α.
β
M̃

.
β +AaµT

a
R
M̃

.
α , (D.4.100)

and similarly on other fields and we assumed that the mass parameter is purely imaginary. Here

ω
a b
µ is the spin connection and σ̃a b are the Lorentz generators on the space of self-dual 2-forms and

R is the Ricci scalar of the metric gµν on the 4-manifold X (see Appendix D.1 for details on our

conventions). The appearance of the term proportional to R can be explained most naturally in the

formalism based on coupling the untwisted matter theory to untwisted background conformal su-

pergravity [dWLVP85, KR88, CMRS23]. In going from (D.4.94) to (D.4.113), we used the following

calculations:

1.

iψ̃Iσ
µDµψ

I = −iψ̃I σ̃µDµψI

−→ −i
(
χ
.
α
.
β + ψ̃[

.
α
.
β]
)
σ̃µ.
αβ
Dµψν

β

= −iχ
.
α
.
β σ̃µ.

αβ
Dµψν

β − 2iη Dµψ
µ

= −i(σ̃µν)
.
α
.
βχµν σ̃

ρ.
αβ
Dρψν

β − 2iη Dµψ
µ

= −iχµν

(
−1

2
ϵµνρλ(σ̃λ)

.
β
β − 1

2
δµρ(σ̃ν)

.
β
β +

1

2
δνρ(σ̃µ)

.
β
β

)
Dρψν

β

− 2iη Dµψ
µ

= −2iχρλDρψλ − iχµνδ
µρDρψ

ν + iχµνδ
νρDρψ

µ − iη Dµψ
µ

= −4iχµνD
µψν − 2iη Dµψ

µ

(D.4.101)
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where we used ψµ = 1
2 (σ̃µ)

.
αβψβ .α and

(σ̃µν)
.
α
.
β σ̃ρ.

αβ
= −(σ̃µν)

.
β .
α(σ̃

ρ)
.
α
β

= −1

2
ϵµνρλ(σ̃λ)

.
β
β − 1

2
δµρ(σ̃ν)

.
β
β +

1

2
δνρ(σ̃µ)

.
β
β
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and the fact that χµν is a selfdual 2-form.

2.
DIJD

IJ −→ D.
α
.
β
D

.
α
.
β

= (σ̃µν).
α
.
β
Dµν(σ̃

ρσ)
.
α
.
βDρσ

= −(σ̃µν)
.
β .
α(σ̃

ρσ)
.
α .
β
DµνDρσ

= DµνDρσ

(
1

2
ϵµνρσ +

1

2
δµρδνσ − 1

2
δµσδνρ

)
=

1

2
ϵµνρσDµνDρσ +

1

2
DµνD

µν − 1

2
DµνD

νµ

= DµνD
µν +DµνD

µν

= 2DµνD
µν

(D.4.103)

where we used the fact that Dµν is selfdual.

3.
ψI

[
ϕ̃, ψI

]
−→ −ψ

α
.
β

[
ϕ̃, ψ

.
βα
]

= −(σµ)
α
.
β
ψµ

[
ϕ̃, (σ̃ν)

.
βαψν

]
= −(σ̃ν)

.
βα(σµ)

α
.
β
ψµ

[
ϕ̃, ψν

]
= 2δµνψµ

[
ϕ̃, ψν

]
= 2ψµ

[
ϕ̃, ψµ

]
.
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Moreover inside trace we can write

Tr
(
ψµ

[
ϕ̃, ψµ

])
= Tr

(
ψaµ ϕ̃

b ψµc
(
T aT bT c − T aT cT b

))
= Tr

(
ϕ̃b ψaµ ψ

µc [T c, T a]
)

= −Tr
(
ϕ̃ [ψµ, ψ

µ]
)
.

(D.4.105)

4.

ψ̃I

[
ϕ, ψ̃I

]
−→ ψ̃.

α
.
β

[
ϕ, ψ̃

.
α
.
β
]

=
(
χ.
α
.
β
+ ψ̃

[
.
α
.
β]

) [
ϕ, χ

.
α
.
β + ψ̃[

.
α
.
β]
]

= χ.
α
.
β

[
ϕ, χ

.
α
.
β
]
+ χ.

α
.
β

[
ϕ, ψ̃[

.
α
.
β]
]
+ ψ̃

[
.
α
.
β]

[
ϕ, χ

.
α
.
β
]
+ ψ̃

[
.
α
.
β]

[
ϕ, ψ̃[

.
α
.
β]
]

= 2χµν [ϕ, χ
µν ] + 0 + 0 + 2η [ϕ, η]

= 2χµν [ϕ, χ
µν ]− 2ϕ [η, η] .

(D.4.106)
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5. √
2iλ̃ψ̃Iq

I = −
√
2iλ̃ψ̃IqI

−→ −
√
2iλ̃.α

(
χ
.
α
.
β + ψ̃[

.
α
.
β]
)
M .
β

= −
√
2iλ̃.α(σ̃µν)

.
α
.
βM .

β
χµν +

√
2i η

(
λ̃.
1
M.

2
− λ̃.

2
M.

1

)
= −

√
2iλ̃.α(σ̃µν)

.
α
.
βM .

β
χµν −

√
2i η λ̃.αM

.
α
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where we used the fact that

η = ψ̃
[
.
1
.
2]
= −ψ̃

[
.
2
.
1]
= ψ̃[

.
1
.
2] = −ψ̃[

.
2
.
1] . (D.4.108)

6. √
2iq̃I ψ̃

I χ̃ = −
√
2iq̃I ψ̃I χ̃

−→ −
√
2iM̃

.
α
(
χ.
α
.
β
+ ψ̃

[
.
α
.
β]

)
µ̃
.
β

=
√
2iM̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν −

√
2i η

(
M̃

.
1µ̃

.
2 − M̃

.
2µ̃

.
1
)

=
√
2iM̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν +

√
2i η M̃.

αµ̃
.
α .

(D.4.109)

7.
i
√
2q̃Iψ

Iλ −→
√
2iM̃.

αψ
.
ααλα

= −
√
2iM̃.

α(σ̃
µ)

.
ααλαψµ .
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8.
√
2iχψIq

I −→
√
2iχαψ

α
.
β
M

.
β

=
√
2iχασµ

α
.
β
M

.
βψµ .
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The next step is to perform the following simplification∫
d4x

√
g

(
DµM̃.

αD
µM

.
α − 1

16
RM̃.

αM
.
α

)
=

∫
d4x

√
g
(
Dα

.
αM̃.

αDα
.
β
M

.
β − M̃.

α(F
+)

.
α
.
βM .

β

)
.
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This will give us the following twisted action

Stwisted
N=2 =

1

g2

∫
d4x

√
gTr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ− 4iχµνD

µψν − 2iηDµψ
µ +

1

2
DµνD

µν

−1

2
[ϕ, ϕ̃]2 +

√
2iϕ̃ [ψµ, ψ

µ] +
√
2iχµν [ϕ, χ

µν ]−
√
2iϕ[η, η]

]
+

iΘ

64π2

∫
d4x ϵµνρσTr (FµνFρσ)

+

∫
d4x

√
g
[
Dα

.
αM̃.

αDα
.
β
M

.
β − M̃.

α(F
+)

.
α
.
βM .

β
−m2M̃.

αM
.
α −

√
2imM̃.

αϕM
.
α

+ i
√
2mM̃.

αϕ̃M
.
α −

√
2iλ̃.α (σ̃µν)

.
α
.
β
M .
β
χµν −

√
2iηλ̃.αM

.
α +

√
2iM̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν

+
√
2iηM̃.

αµ̃
.
α − iλσµDµλ̃−

√
2iM̃.

α (σ̃
µ)

.
αα
λαψµ +

√
2iµασµ

α
.
β
Mβψµ − iµσµDµµ̃

+ F̃.
αF

.
α +

√
2iµϕλ+

√
2iλ̃ϕ̃µ̃+mµλ−mλ̃µ̃− M̃.

α{ϕ, ϕ̃}M
.
α +M̃ (

.
αT aRM

.
β)M̃(

.
αT

a
RM .

β)

]
,
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where

Dµϕ̃ = ∂µϕ̃+ [Aµ, ϕ̃] ,

Dµϕ = ∂µϕ+ [Aµ, ϕ] ,

Dµψν = ∂µψν − Γρµνψρ + [Aµ, ψν ] ,

DµM
.
α = ∂µM

.
α − 1

2
ωa bµ (σ̃a b)

.
α.
β
M

.
β +AaµT

a
RM

.
α ,

DµM̃
.
α = ∂µM̃

.
α − 1

2
ωa bµ (σ̃a b)

.
α.
β
M̃

.
β +AaµT

a
R
M̃

.
α ,

Dµλ̃
.
α = ∂µλ̃

.
α − 1

2
ωa bµ (σ̃a b)

.
α.
β
λ̃
.
β +AaµT

a
R
λ̃
.
α ,

Dµµ̃
.
α = ∂µµ̃

.
α − 1

2
ωa bµ (σ̃a b)

.
α.
β
µ̃
.
β +AaµT

a
Rµ̃

.
α .
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Since the proof of (D.4.112) is rather tedious, we present it in a separate subsection.

D.4.3 Proof of (D.4.112)

We start with

DµM̃.
αD

µM
.
α =

1

2
Dα

.
αM̃ .

β
Dα

.
αM

.
β (D.4.115)

Let

Dµ = ∇µ − 1

2
ωa bµ σ̃a b . (D.4.116)

We first show that we can perform partial integration with Dµ. On a closed Riemannian 4-manifold

we have∫
d4x

√
gAµ.

α
DµB

.
α =

∫
d4x

√
gAµ.

α

(
∂µB

.
α − 1

2
ωa bµ

(
σ̃a b
).α.
β
B

.
β

)
=

∫
d4x

(
∂µ

(√
gAµ.

α
B

.
α
)
− ∂µ

(√
gAµ.

α

)
B

.
α −

√
g

2
Aµ.
α
ωa bµ

(
σ̃a b
).α.
β
B

.
β

)
= −

∫
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√
g

(
B

.
α∂µA

µ.
α
+ ΓρµρA

µ.
α
B

.
α +

1

2
ωa bµ

(
σ̃a b
).α.
β
Aµ.
α
B

.
β

)
= −

∫
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√
g

(
(∇µA

µ.
α
)B

.
α − 1

2
ωa bµ

(
σ̃a b
) .
β
.
α
Aµ

.
αB

.
β

)
= −

∫
d4x

√
g
(
DµAµ.α

)
B

.
α,
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where we used the fact that

DµA.
α = ∂µA.

α − 1

2
ϵ.
α
.
β
ωa bµ

(
σ̃a b
) .β.
γ
A
.
γ

= ∂µA.
α − 1

2
ωa bµ

(
σ̃a b
)
.
α
.
γ
A
.
γ .
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We also need the integration by parts of the form∫
d4x

√
geµ
α
.
α
eνα

.
βM̃

.
αDµDνM .

β
= −

∫
d4x

√
geµ
α
.
α
eνα

.
βDµM̃

.
αDνM .

β
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To prove this note that

∂µ

(√
geµ
α
.
α
eνα

.
βM̃

.
α
)
=

√
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(
−Γµµρe

ρ
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+
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(
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√
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(
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2
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(
σ̃a b
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γ
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.
γ

)
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.
α
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√
geµ
α
.
α
eνα

.
βM̃

.
α +

√
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α
.
α
eν

.
β∂µM̃

.
α
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2

√
geµ
α
.
γ
ωa bµ

(
σ̃a b
).γ.
α
eνα

.
βM̃

.
α −√

gΓνµρe
µ

α
.
α
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.
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.
α

+
1

2

√
geµ
α
.
α
ωa bµ

(
σ̃a b
) .β.
γ
eνα

.
γM̃
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√
geµ
α
.
α
eνα

.
β∂µM̃

.
α
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√
geµ
α
.
α
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.
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.
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1

2

√
geµ
α
.
α
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(
σ̃a b
) .β.
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.
γM̃

.
α

−√
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µ

α
.
α
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.
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.
α ,
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where we used the fact that

Dµeνα.α = 0 . (D.4.121)

Using this we have∫
d4x

√
geµ
α
.
α
eνα

.
βM̃

.
αDµDνM .

β

=

∫
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√
geµ
α
.
α
eνα

.
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.
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(
∂µ
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DνM .
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− ΓρµνDρM .
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(
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.
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.
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)
.
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.
β
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.
γ
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∫
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√
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α
.
α
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.
β
(
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.
α
)
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β
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∫
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√
geµ
α
.
α
ωa bµ

(
σ̃a b
) .β.
γ
eνα

.
γM̃

.
αDνM .

β

+

∫
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√
gΓνµρe

µ

α
.
α
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.
βM̃.

αDνM .
β
−
∫
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√
geµ
α
.
α
eνα

.
β

(
ΓρµνDρM .

β
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1

2
ωa bµ

(
σ̃a b
) .
β
.
γ
DνM

.
γ
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∫
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√
geµ
α
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α
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.
β
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.
α
)
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β
.
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It is easy to check that Dµ satisfies the following Leibniz rule:

Dµ
(
AνM

.
α
)
= (∇µAν)M

.
α +AνDµM

.
α . (D.4.123)

Indeed
Dµ
(
AνM

.
α
)
= ∂µ

(
AνM

.
α
)
− ΓρµνAρM

.
α − 1

2
ωa bµ

(
σ̃a b
).α.
β
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.
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.
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β
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β

)
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We also have that

[Dµ,Dν ]M
.
β = −1

2
Rµνa b

(
σ̃a b
) .β.
α
M

.
α . (D.4.125)
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Now we have∫
d4x

√
gDµM̃.

αD
µM

.
α= =

∫
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√
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(
DµM̃.

α +AµM̃.
α

)(
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=
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√
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.
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.
α
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.
α
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=

∫
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√
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.
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αDµ
(
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α
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=
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α (∇µA
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α
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Using the exchange identity (D.1.5) we have

M̃.
αDµDµM

.
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1

2
M̃ .
β
Dα.αDα

.
αM

.
β

=
1

2
M̃.
αDα .βD

α
.
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2
ϵ .
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.
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M̃.
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.
γ
αDα

.
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.
β

=
1

2
M̃.
αDα .βD

α
.
αM

.
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1

2
M̃.
αDα
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αD

α
.
β
M

.
β .

(D.4.127)

We now write
M̃.
αDα .βD

α
.
αM

.
β = eµ

α
.
β
eνα

.
αM̃.

αDµDνM
.
β ,

M̃.
αDα

.
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α
.
β
M

.
β = eµα

.
αeν
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.
β
M̃.
αDµDνM

.
β .
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Commuting Dµ past Dν using (D.4.125) we get∫
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√
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∫
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.
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∫
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∫
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.
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Next we have
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Similarly

M̃.
αAµA

µM
.
α =

1

2
M̃.
αAα

.
β
Aα

.
βM

.
α

=
1

2
M̃ .
β
Aα.αAα

.
βM

.
α − 1

2
ϵ.
α
.
β
M̃.
γA

.
γ
α A

α
.
βM

.
α

=
1

2
M̃ .
β
Aα.αAα

.
βM

.
α − 1

2
M̃.
γA

α
.
γA

α
.
β
M

.
β

=
1

2
eµ
α
.
α
eνα

.
βM̃ .

β
AµAνM

.
α − 1

2
eµα

.
γeν
α
.
β
M̃.
γAµAνM

.
β

=
1

2
eµ
α
.
α
eνα

.
βM̃ .

β
(AµAν +AνAµ)M

.
α .

(D.4.131)

Next∫
d4x

√
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We now claim that∫
d4x
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To prove this we use integration by parts. We have∫
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Now using the exchange identity we get
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where we used the fact that eµα
.
αeν

.
β
α = eµα
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βeν
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α
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Using this relation we get∫
d4x
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Now
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Finally
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α
.
ηβ

.
β
.
δ
.
γ
M

.
γ

=
1

8
M̃.
αϵ
βαϵ

.
α
.
ηϵ

.
β
.
δϵγδR

α
.
ηβ

.
βδ

.
δγ
.
γ
M

.
γ

=
1

16
Rϵ

.
α
.
ηϵ.η.γM̃.

αM
.
γ

=
R

16
M̃.
αM

.
α .

(D.4.139)

Plugging these expressions in (D.4.137) we obtain (D.4.112).
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D.4.4 Q-transformations, and closure of commutations and Q-exactness

Recall that topological twisting, as explained in Section 4.6, gives us a conserved scalar supercharge.

To construct this scalar supercharge, we first note that after twisting, the supercharges change as

QαI → Q
α
.
β
, Q̃.

αI → Q.
α
.
β
. (D.4.140)

The scalar supercharge is then given by

Q :=
1

2
ε
.
α
.
βQ̃.

α
.
β
=

1

2
(Q̃.

1
.
2
− Q̃.

2
.
1
) . (D.4.141)

From the supersymmetry transformation of untwisted fields, we can find out the transformation of

the twisted fields under the scalar supercharge. From the supersymmetry algebra, we see that

Q2 =
1

2
{Q,Q} =

1

8
ϵ
.
α
.
βϵ

.
γ
.
δ
{
Q̃.
α
.
β
, Q̃.

γ
.
δ

}
=

1

4
ϵ
.
α
.
βϵ

.
γδϵ.α.γϵ .β.δZ

= −1

4
δ
.
α.
δ
δ
.
δ.
αZ

= −1

2
Z .

(D.4.142)

Thus on Z-invariant operators of the theory, we have a Q-cohomology. We need to check that

this is true in field space. The Q-transformations of the twisted fields can be determined from the

supersymmetry transformations of the untwisted fields. Since, we are working with gauge theory,

the most we can expect is that

Q2 = −1

2
δcentral−charge
m + δgauge , (D.4.143)

where δcentral−charge
m is th U(1)-transformation by mass parameter m and δgaugeϕ is the gauge transfor-

mation by parameter ϕ.

It turns out that the off-shell formulation with F, F̃ auxiliary fields does not satisfy (D.4.142).

So we need a different off-shell formulation of the action. Such an off-shell formulation was proposed
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in [KR88]. Following [LMn05], introduce two new spinorial auxiliary fields hα, h̃α as follows:

Stwisted
N=2 =

1

g2

∫
d4x

√
gTr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ− 4iχµνD

µψν − 2iηDµψ
µ +

1

2
DµνD

µν

−1

2
[ϕ, ϕ̃]2 +

√
2iϕ̃ [ψµ, ψ

µ] +
√
2iχµν [ϕ, χ

µν ]−
√
2iϕ[η, η]

]
+

iΘ

64π2

∫
d4x ϵµνρσ Tr (FµνFρσ)

+

∫
d4x

√
g
[
h̃ασµ

α
.
α
DµM

.
α +DµM̃.

ασ̃
µ.
αα
hα + h̃h−m2M̃.

αM
.
α −

√
2imM̃.

αϕM
.
α

+ i
√
2mM̃.

αϕ̃M
.
α − M̃(

.
αF

.
α
.
βM .

β)
−

√
2iλ̃.α (σ̃µν)

.
α
.
β
M .
β
χµν −

√
2iηλ̃.αM

.
α +

√
2iM̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν

+
√
2iηM̃.

αµ̃
.
α − iλσµDµλ̃−

√
2iM̃.

α (σ̃
µ)

.
αα
λαψµ +

√
2iµασµ

α
.
β
M

.
βψµ − iµσµDµµ̃

+
√
2iµϕλ+

√
2iλ̃ϕ̃µ̃+mµλ−mλ̃µ̃− M̃.

α{ϕ, ϕ̃}M
.
α +M̃ (

.
αT aRM

.
β)M̃(

.
αT

a
RM .

β)

]
.

(D.4.144)

The equation of motion of h̃α, hα is

hα = σµ
α
.
α
DµM

.
α ,

h̃α = −DµM̃
.
ασ̃µ.

αα
.

(D.4.145)

Plugging in the action, we obtain

h̃ασµ
α
.
α
DµM

.
α +DµM̃

.
ασ̃µ.

αα
hα + h̃αhα

= h̃ασµ
α
.
β
DµM

.
β − h̃ασµ

α
.
β
DµM

.
β −DµM̃

.
ασ̃µ.

αα
ϵαβσν

β
.
β
DνM

.
β

= −DµM̃
.
ασ̃µ.

αα
(σν)α .

β
DνM

.
β

= −DµM̃.
α(σ̃

µ)
.
αασν

α
.
β
DνM

.
β

= DµM̃
.
ασµ

α
.
α
(σν)α .

β
DνM

.
β

= Dα
.
αM̃

.
αDα .

β
M

.
β

= Dα
.
αM̃.

αDα
.
β
M

.
β

(D.4.146)

Thus we get back the old action with F.
α, F̃.

α integrated out. To write down the Q-transformation,

we use the following convention: Q acts on fields as

δϵΦ = ϵQΦ (D.4.147)

while on operators

[Q,Φ} = Q · Φ . (D.4.148)

Thus we can get the Q-commutators from infinitesimal variation of fields by stripping off the Grass-

mann odd parameter ϵ. Before proceeding we rescale fields to get rid of factors of i and
√
2. We
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make the following rescalings:

ϕ→ ϕ′ = −
√
2iϕ, ϕ̃→ ϕ̃′ =

1√
2i
ϕ̃, ψµ → ψ′

µ =
√
2ψµ,

χµν → χ′
µν = i

√
2χµν , η → η′ = i

√
2η, Da

µν → D′a
µν = −iDa

µν + M̃ (
.
αT aRM

.
β)

µ→ µ′ = iµ, λ→ λ′ = iλ, λ̃→ λ̃′ = −λ̃, µ̃→ µ̃′ = −µ̃, h̃α → h̃′
α
= −h̃α .

(D.4.149)

The action then takes the following form (after dropping the primes):

Stwisted
N=2 =

1

g2

∫
d4x

√
gTr

[
1

4
FµνF

µν − 1

2
DµνD

µν − 2χµνD
µψν +

1

2
χµν [ϕ, χ

µν ]− ηDµψ
µ

+ ϕ̃DµD
µϕ− 1

2
ϕ[η, η]− 1

2
[ϕ, ϕ̃]2 − ϕ̃ [ψµ, ψ

µ]

]
+

iΘ

64π2

∫
d4x ϵµνρσ Tr (FµνFρσ)

+

∫
d4x

√
g
[
−h̃ασµ

α
.
α
DµM

.
α +DµM̃.

ασ̃
µ.
αα
hα − h̃h−m2M̃.

αM
.
α +mM̃.

αϕM
.
α

− 2mM̃.
αϕ̃M

.
α + λ̃.α (σ̃µν)

.
α
.
β
M .
β
χµν + ηλ̃.αM

.
α − M̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν

− ηM̃.
αµ̃

.
α + λσµDµλ̃− M̃.

α (σ̃
µ)

.
αα
λαψµ + µασµ

α
.
β
M

.
βψµ + µσµDµµ̃

+ µϕλ− 2λ̃ϕ̃µ̃−mµλ−mλ̃µ̃

+ M̃.
α{ϕ, ϕ̃}M

.
α −M̃(

.
αF

.
α
.
βM .

β)
+ M̃(

.
αD

.
α
.
βM .

β)

]
.
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In this formulation, the central charge is realized as a global U(1) symmetry which acts with param-

eter 2m. Vector multiplet fields are singlets under the central charge. A consistent assignment of

charges for hypermultiplet fields is given in Table 4.6. This assignment is same as assigning charge

(−1, 1) to N = 1 chiral multiplets Q and Q̃′ and charge (1,−1) to Q′ and Q̃′.

The Q-action on fields is given in (D.4.151), we reproduce them here for ease of reference.

[Q, ϕ] = 0 , [Q, ϕ̃] = η , {Q, η} = [ϕ, ϕ̃] ,

[Q, Aµ] = ψµ , {Q, ψµ} = −Dµϕ ,

{Q, χµν} = F+
µν −Dµν , [Q, Dµν ] = 2

(
D[µψν]

)+ − [ϕ, χµν ] ,[
Q,M.

α

]
= µ̃.α ,

[
Q, M̃.

α

]
= λ̃.α ,

{Q, µ̃.α} = mM.
α − ϕM.

α ,
{
Q, λ̃.α

}
= −mM̃.

α + M̃.
αϕ ,

{Q, λα} = hα, {Q, µα} = h̃α ,

[Q, hα] = mλα − ϕλα , [Q, h̃α] = −mµα + µαϕ .

(D.4.151)
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On the vector multiplet fields, we have

{Q, [Q, ϕ]} = 0,

{Q, [Q, ϕ̃]} = {Q, η} = [ϕ, ϕ̃],

[Q, {Q, η}] = [Q, [ϕ, ϕ̃]] = −[ϕ̃, [Q, ϕ]]− [ϕ, [ϕ̃,Q]] = [ϕ, η],

{Q, [Q, Aµ]} = {Q, ψµ} = −Dµϕ,

[Q, {Q, ψµ}] = − [Q, Dµϕ] = − [Q, ∂µϕ+ [Aµ, ϕ]] = [ϕ, [Q, Aµ]]

= [ϕ, ψµ] .

(D.4.152)

Next, we have

[Q, {Q, χµν}] =
[
Q, F+

µν

]
− [Q, Dµν ]

= 2
(
D[µψν]

)+ − 2
(
D[µψν]

)+ − [χµν , ϕ]

= [ϕ, χµν ]

(D.4.153)

where we used
[Q, Fµν ] = [Q, ∂µAν − ∂νAµ + [Aµ, Aν ]]

= ∂µψν − ∂νψµ − [Aν , [Q, Aµ]]− [Aµ, [Aν , Q]]

= ∂µψν + [Aµ, ψν ]− ∂νψµ + [Aν , ψµ]

= Dµψν −Dνψµ = 2
(
D[µψν]

)
.

(D.4.154)

Finally, we have

{Q, [Q, Dµν ]} = 2
({

Q, D[µψν]
})+

+ {Q, [χµν , ϕ]}

= 2
({

Q, ∂[µψν]
}
+ {Q, [Aµ, ψν ]}

)+a − fbcaT
aχbµν [Q, ϕc] + fbcaT

a
{
Q, χbµν

}
ϕc

= −2
(
∂[µDν]ϕ

)+
+ [Aµ, {Q, ψν}]+ − {ψν , [Aµ,Q]}+ + fbcaT

a
(
F+b
µν −Db

µν

)
ϕc

= −2
(
D[µDν]ϕ

)+
+
{
ψ[ν , ψµ]

}+
+
[
F+
µν , ϕ

]
+ [ϕ,Dµν ]

= [ϕ,Dµν ]

(D.4.155)

where we used [Dµ, Dν ] = Fµν . Next, on hypermultiplet, we have

{Q, [Q,M.
α]} = {Q, µ̃.α} = −ϕM.

α +mM.
α{

Q,
[
Q, M̃.

α

]}
=
{
Q, λ̃.α

}
= M̃.

αϕ−mM̃.
α

[Q, {Q, µ̃.α}] = (m− ϕ) [Q,M.
α] = −ϕµ̃.α +mµ̃.α[

Q,
{
Q, λ̃.α

}]
=
[
Q, M̃.

α

]
(−m+ ϕ) = λ̃.αϕ−mλ̃.α

[Q, {Q, λα}] = [Q, hα] = −ϕλα +mλα

[Q, {Q, µα}] =
[
Q, h̃α

]
= µαϕ−mλα .

(D.4.156)

This shows that on the fields, (D.4.143) is true.
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Q-exactness of the action

We now show that the action is Q-exact up to topological term. We claim that

Stwisted
N=2 = {Q, V }+ iτ

16π

∫
Tr (F ∧ F ) (D.4.157)

where

V =
1

g2

∫
d4x

√
g Tr

(
1

2
χµν(F+

µν +Dµν)−
1

2
η[ϕ, ϕ̃] + ψµDµϕ̃

)
+

∫
d4x

√
g

(
DµM̃

.
ασ̃µ.

αα
λα +DµM

.
ασµ

α
.
α
µα +

1

2
mλ̃.αM

.
α +

1

2
µαh

α +
1

2
mM̃

.
αµ̃.α

−1

2
h̃αλ

α +
1

2

(
M̃

.
αϕ̃µ̃.α + λ̃

.
αϕ̃M.

α

)
− 1

2
M̃

.
αχ.

α
.
β
M

.
β

)
,

(D.4.158)

and

τ =
4πi

g2
+

Θ

2π
, (D.4.159)

is the complexified coupling. Let us check term by term. We will repeatedly use the identities:

[A,BC] = [A,B]C +B[A,C] ,

{A,BC} = {A,B}C −B[A,C] ,

{A,BC} = [A,B]C +B{A,C} .

(D.4.160)

We have

{Q, χµνF+µν} = −χµν [Q, F+µν ] + {Q, χµν}F+µν

= −2χµν(dAψ)
+µν +

(
F+
µν −Dµν

)
F+µν (D.4.161)

= −2χµνD
µψν + F+

µνF
+µν −DµνF

+µν

{Q, χµνDµν} = −χµν [Q, Dµν ] + {Q, χµν}Dµν

= −2χµν(dAψ)
µν − χµν [χ

µν , ϕ] + F+
µνD

µν −DµνD
µν

= −2χµνD
µψν − χµν [χ

µν , ϕ] + F+
µνD

µν −DµνD
µν (D.4.162)

= −2χµνD
µψν − χµν [χ

µν , ϕ] + F+
µνD

µν −DµνD
µν .

{Q, η[ϕ, ϕ̃]} = {Q, η}[ϕ, ϕ̃]− η[ϕ, [ϕ̃,Q]] = [ϕ, ϕ̃]2 + η[ϕ, η] . (D.4.163)

{Q, ψµDµϕ̃} = {Q, ψµ}Dµϕ̃− ψµ[Q, Dµϕ̃]

= −DµϕDµϕ̃− ψµ
(
∂µ[Q, ϕ̃] + [Q, [Aµ, ϕ̃]]

)
= −DµϕDµϕ̃− ψµ

(
∂µη − [ϕ̃, [Q, Aµ]]− [Aµ, [ϕ̃,Q]]

)
(D.4.164)

= −DµϕDµϕ̃− ψµ∂µη + ψµ[ϕ̃, ψµ]− ψµ[Aµ, η]

= −DµϕDµϕ̃− ψµDµη + ψµ[ϕ̃, ψµ]
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{Q, DµM̃
.
ασ̃µ.

αα
λα} = [Q, ∂µM̃

.
α +AµM̃

.
α]σ̃µ.

αα
λα +DµM̃

.
ασ̃µ.

αα
{Q, λα}

=
(
∂µλ̃

.
α − [Q, Aµ] · M̃

.
α −Aµ · [M̃

.
α,Q]

)
σ̃µ.
αα
λα +DµM̃

.
ασ̃µ.

αα
hα

= Dµλ̃
.
ασ̃µ.

αα
λα − ψµM̃

.
ασ̃µ.

αα
λα +DµM̃

.
ασ̃µ.

αα
hα (D.4.165)

= DµM̃
.
ασ̃µ.

αα
hα + λασµ

α
.
α
M̃

.
αψµ + λασµ

α
.
α
Dµλ̃

.
α

{Q, DµM
.
ασµ

α
.
α
µα} = [Q, ∂µM

.
α +AµM

.
α]σµ

α
.
α
µ
.
α +DµM

.
ασµ

α
.
α
{Q, µα}

= Dµµ̃
.
ασµ

α
.
α
µα + ψµM

.
ασµ

α
.
α
µα +DµM

.
ασµ.

αα
h̃
.
α (D.4.166)

= µσµDµµ̃+ µσµψµM − h̃σµDµM

{Q,M.
αλ̃

.
α} = [Q,M.

α]λ̃
.
α + {Q, λ̃

.
α}M.

α

= λ̃
.
αµ̃.α + (−mM̃

.
α + M̃

.
αϕ)M.

α (D.4.167)

= −mM̃
.
αM.

α + M̃.
αϕ ·M.

α + λ̃µ̃

{Q, µαhα} = {Q, µα}hα − µα[Q, hα]

= h̃αh
α −mµαλ

α + µαϕ · λα (D.4.168)

= h̃αh
α +mµλ− µϕ · λ

{Q, µ̃
.
αM̃.

α} = µ̃
.
α[Q, M̃.

α] + {Q, µ̃
.
α}M̃.

α

= µ̃
.
αλ̃.α +mM

.
αM̃.

α −M
.
αϕM̃.

α (D.4.169)

{Q, λαh̃α} = −λα[Q, h̃α] + {Q, λα}h̃α = mλαµ
α − λαϕµ

α + hαh̃
α

= −mλµ− λαϕµ
α + hαh̃

α (D.4.170)

{Q, λ̃.αϕ̃M
.
α} = −λ̃.α[Q, ϕ̃M

.
α] + {Q, λ̃.α}ϕ̃M

.
α

= −λ̃.α
(
[Q, ϕ̃]M

.
α + ϕ̃[Q,M

.
α]
)
−mM̃.

αϕ̃M
.
α + M̃.

αϕϕ̃M
.
α (D.4.171)

= ηλ̃.αM
.
α − λ̃.αϕ̃µ̃

.
α −mM̃.

αϕ̃M
.
α + M̃.

αϕϕ̃M
.
α

{Q, M̃
.
αϕ̃µ̃.α} = [Q, M̃

.
αϕ̃]µ̃.α + M̃

.
αϕ{Q, µ̃.α}

=
(
[Q, M̃

.
α]ϕ̃+ M̃

.
α[Q, ϕ̃]

)
µ̃.α +mM̃

.
αϕ̃Mα − M̃

.
αϕϕ̃Mα (D.4.172)

= λ̃
.
αϕ̃µ̃.α + M̃

.
αηµ̃.α +mM̃

.
αϕ̃M.

α − M̃
.
αϕϕ̃M.

α

{Q, M̃ (
.
αχ.

α
.
β
M

.
β)} = {Q, χa.

α
.
β
}M̃ (

.
αT aRM

.
β) − χa.

α
.
β
[Q, M̃ (

.
αT aRM

.
β)]

=
(
F+ a.
α
.
β

−Da.
α
.
β

)
M̃ (

.
αT aRM

.
β) − χa.

α
.
β
[Q, M̃ (

.
α]T aRM

.
β) − χa.

α
.
β
M̃ (

.
αT aR[Q,M

.
β)]

= M̃ (
.
αF+.

α
.
β
M

.
β) − M̃ (

.
αD.

α
.
β
M

.
β) − λ̃(

.
αχ.

α
.
β
M

.
β) − M̃ (

.
αχ.

α
.
β
χ̃
.
β) . (D.4.173)
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Combining all terms and using

Tr(F+ ∧ ⋆F+) = Tr

(
1

2
F ∧ ⋆F +

1

2
F ∧ F

)
=⇒ 1

2
Tr(F+

µνF
+µν) =

1

4
Tr(FµνF

µν) +
1

8
ϵµνρσTr(FµνFρσ) ,

(D.4.174)

we get

{Q, V } =
1

g2

∫
d4x

√
g Tr

(
1

2
{Q, χµν(F+

µν +Dµν)} −
1

2
{Q, η[ϕ, ϕ̃]}+ {Q, ψµDµϕ̃}

)
+

∫
d4x

√
g

(
{Q, DµM̃

.
ασ̃µ.

αα
λα}+ {Q, DµM

ασ̃µ.
αα
µ
.
α}+ 1

2
{Q,mλ̃.αM

.
α} − 1

2
{Q,mM̃

.
αµ̃.α}

+
1

2
{Q, µαhα} −

1

2
{Q, h̃.αλ

.
α} +

1

2
{Q, (M̃

.
αϕ̃µ̃.α + λ̃

.
αϕ̃M.

α)} −
1

2
{Q, M̃ (

.
αχ.

α
.
β
M

.
β)}
)

=
1

g2

∫
d4x

√
g Tr

[
1

2

(
−2χµνD

µψν + F+
µνF

+µν −DµνF
+µν

)
+

1

2

(
−2χµνD

µψν − χµν [χ
µν , ϕ] + F+

µνD
µν −DµνD

µν

+
(
M̃(

.
αχ

.
α
.
βµ̃ .

β)
+ λ̃(.αχ

.
α
.
βM .

β)

))
− 1

2

(
[ϕ, ϕ̃]2 + η[ϕ, η]

)
+
(
−DµϕDµϕ̃− ψµDµη + ψµ[ϕ̃, ψµ]

)]
+

1

8g2

∫
d4x

√
g ϵµνρλTr(FµνFρλ) +

1

g2

∫
d4x

√
g
[(
DµM̃

.
ασ̃µ.

αα
hα + λασµ

α
.
α
M̃

.
αψµ + λασµ

α
.
α
Dµλ̃

.
α
)

− 1

2

(
−λ̃.αχ

.
α
.
βM .

β
− M̃.

αχ
.
α
.
βµ̃ .

β
+ M̃.

αF
.
α
.
βM .

β
− M̃.

αD
.
α
.
βM .

β

)
+
(
µσµDµµ̃+ µσµMψµ − h̃σµDµM

)
+
m

2

(
−mM̃.

αM
.
α + M̃.

αϕM
.
α + λ̃µ̃

)
− 1

2

(
h̃αh

α +mµλ− µϕλ
)
− m

2

(
µ̃λ̃+mM̃.

αM
.
α − M̃.

αϕM
.
α
)

+
1

2

(
−mµλ− µαϕλ

α + hαh̃
α
)
+
(
−mM̃.

αϕ̃M
.
α + M̃.

αϕϕ̃M
.
α + ηλ̃.αM

.
α − λ̃.αϕ̃µ̃

.
α
)

+
(
λ̃
.
αϕ̃µ̃.α + M̃

.
αηµ̃.α −mM̃.

αϕ̃M
.
α + M̃.

αϕϕ̃M
.
α
)]

=
1

g2

∫
d4x

√
gTr

[
1

4
FµνF

µν +Dµϕ̃D
µϕ− 4iχµνD

µψν − 2iηDµψ
µ +

1

2
DµνD

µν

−1

2
[ϕ, ϕ̃]2 +

√
2iϕ̃ [ψµ, ψ

µ] +
√
2iχµν [ϕ, χ

µν ]−
√
2iϕ[η, η]

]
+

1

8g2

∫
d4x

√
g ϵµνρλTr(FµνFρλ)

+

∫
d4x

√
g
[
−h̃ασµ

α
.
α
DµM

.
α +DµM̃.

ασ̃
µ.
αα
hα − h̃h−m2M̃.

αM
.
α +mM̃.

αϕM
.
α

− 2mM̃.
αϕ̃M

.
α + λ̃.α (σ̃µν)

.
α
.
β
M .
β
χµν + ηλ̃.αM

.
α − M̃

.
ασ̃µν.

α
.
β
µ̃
.
βχµν

− ηM̃.
αµ̃

.
α + λσµDµλ̃− M̃.

α (σ̃
µ)

.
αα
λαψµ + µασµ

α
.
β
M

.
βψµ + µσµDµµ̃

+ µϕλ− 2λ̃ϕ̃µ̃−mµλ−mλ̃µ̃

+ M̃.
α{ϕ, ϕ̃}M

.
α −M̃(

.
αF

.
α
.
βM .

β)
+ M̃(

.
αD

.
α
.
βM .

β)

]
.
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Thus, we obtain

Stwisted
N=2 = {Q, V } − 1

8g2

∫
d4x

√
g ϵµνρλTr(FµνFρλ) +

Θi

64π2
ϵµνρσTr(FµνFρσ)

= {Q, V }+ i

32π

(
4π

g2
i +

Θ

2π

)∫
d4x

√
g ϵµνρσTr(FµνFρσ)

= {Q, V }+ iτ

16π

∫
Tr(F ∧ F )

(D.4.176)

It is straightforward to include multiple flavors of hypermultiplets. We now check that the twisted

action is Q-closed. Indeed,

{Q, Stwisted
N=2 } = {Q, {Q, V }} − {Q, top. term}

= −1

2
Z · V + total derivative

(D.4.177)

It is easy to see that Z · V = 0 from the charges given in Table 4.6.

D.4.5 Twisted action on nonspin manifolds: inclusion of background fields

To write the twisted action with background fields such that the (untwisted) theory makes sense on

nonspin manifolds (see Remark 4.2.3), we first write the untwisted action with massless hypermul-

tiplets for the gauge group G×Tf and then “freeze” the background Tf vector multiplet in a special

way consistent with the cohomological conditions. This is again done using the N = 2 conformal

supergravity background. To then get the twisted action, we change variables from untwisted fields

to twisted fields. We will directly write the twisted action with background fields. To this end, let

Let

V uN=2 =
(
Au
µ, ϕ

u, ϕ̃u, ψ
u
µ, χ

u

α
.
β
, ηu, Du

α
.
β

)
, u = 1, . . . , rank(Tf) , (D.4.178)

be the background vector multiplets. The Q-transformations on these fields is given by

[Q, ϕu] = 0, [Q, ϕ̃u] = 0, {Q, ηu} = [ϕu, ϕ̃u] (no sum over u)

[Q,Au
µ] = ψuµ, {Q, ψuµ} = Dµϕ

u,

{Q, χu.
α
.
β
} = F+u.

α
.
β

−Du.
α
.
β
− 2iM̃u(

.
αM

u.
β)

(no sum over u)

[Q, Du.
α
.
β
] = 2 (dAuψ

u)
+

α
.
β
− 2i

(
M̃u(

.
αµ̃

u.
β)

+ λ̃u(.αMu.
β)

)
(no sum over u) ,

(D.4.179)

where we have taken the generator of U(1) to be i. We now write the twisted action with these fields

with the fermions as well as their Q-variation in the background vector multiplets set to 0 while the

field strength Fuµν is set to first Chern class of the U(1)/p3,u(C
phys)-bundle:[

Fu

2π

]
= c1(u) , (D.4.180)

where c1(u) is as in (4.4.18). The scalars are set to the mass parameters of the hypermultiplets:

ϕu = −mu, ϕ̃u =
mu

2
. (D.4.181)
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Then the mass terms in the action is obtained from

M̃.
αu{ϕ, ϕ̃}M

.
αi + χuϕλ

i − 2λ̃uϕ̃µ̃
u (D.4.182)

by replacing one or more ϕ, ϕ̃ by −mu, mu2 . We obtain

M̃.
αu{ϕ, ϕ̃}M

.
αu + µuϕλ

u − 2λ̃uϕ̃µ̃
u −→− 2muM̃.

αuϕ̃M
.
αu +muM̃.

αuϕM
.
αu

−m2
uM̃.

αuM
.
αu −muµuλ

u −muλ̃uµ̃
u ,

(D.4.183)

which are all the mass terms. All covariant derivatives are covariant with respect to the Tf symmetry

and they appear explicitly in (4.7.12)–(4.7.18). The extra terms with background field strength,

monopole fields and auxiliary fields is

∫
d4x

√
g

rank(Tf)∑
u=1

(
1

4g2
FuµνF

µν
u +

Θi

64π2
ϵµνρσFuµνF

u
ρσ − 1

g2
M̃v

.
αF

.
α
.
β

u Mv.
β
− 1

4g2
Du.
α
.
β
D

.
α
.
β

u

− 1

g2
Mu(

.
αM

.
β)uM̃u(

.
αM

u.
β)

)
.

(D.4.184)

The Q-closed equation {Q, χu.
α
.
β
} = 0 gives

Du.
α
.
β
= F+u.

α
.
β

− 2iM̃u(αM
u.
β)
. (D.4.185)

We have
1

4
Du.
α
.
β
D

.
α
.
β

u =
1

4

(
F+u.
α
.
β

− 2iM̃u(
.
αM

u.
β)

)(
F
.
α
.
β

u − 2iM̃ (α
u M

.
β)u
)

=
1

4
Fu.
α
.
β
F
.
α
.
β

u − iFu.
α
.
β
M̃ (

.
α
u M

.
β)i − M̃u(

.
αM

u.
β)
M̃ (

.
α
u M

.
β)u

(D.4.186)

The extra term becomes∫
d4x

√
g

rank(Tf)∑
u=1

(
1

4g2
FuµνF

µν
u +

Θi

64π2
ϵµνρσFuµνF

u
ρσ − 1

g2
M̃u

.
αF

.
α
.
β

u Mu.
β
− 1

4g2
Du.
α
.
β
D

.
α
.
β

u

− 1

g2
Mu(

.
αM

.
β)uM̃u(

.
αM

u.
β)

)

=

∫
d4x

√
g

rank(Tf)∑
u=1

(
1

4g2
FuµνF

µν
u +

Θi

64π2
ϵµνρσFuµνF

u
ρσ − 1

g2
iFu.
α
.
β
M (

.
α
u M

.
β)u − 1

4g2
Fu.
α
.
β
F
.
α
.
β

u

+
1

g2
iFu.
α
.
β
M̃ (

.
α
u M

.
β)u +

1

g2
M̃u(

.
αM

u.
β)
M̃ (

.
α
u M

.
β)u − 1

g2
Mu(

.
αM

.
β)uM̃u(

.
αM

u.
β)

)

=

∫
d4x

√
g

rank(Tf)∑
u=1

(
1

4g2
FuµνF

µν
u +

Θi

64π2
ϵµνρσFuµνF

u
ρσ − 1

4g2
Fu.
α
.
β
F
.
α
.
β

u

)
.
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Now
F+u.
α
.
β
F+

.
α
.
β

u = (σ̃µν).
α
.
β
Fuµν(σ̃

ρσ)
.
α
.
βFuρσ

= −(σ̃µν)
.
β.
α
(σ̃ρσ)

.
α.
β
FuµνF

i
ρσ

= FuµνF
u
ρσ

(
1

2
ϵµνρσ +

1

2
δµρδνσ − 1

2
δµσδνρ

)
=

1

2
ϵµνρσFuµνF

u
ρσ +

1

2
FuµνF

µν
u − 1

2
FuµνF

νµ
u

=
1

2
ϵµνρσFuµνF

u
ρσ + FuµνF

µν
u .

(D.4.188)

Thus the extra term becomes

rank(Tf)∑
u=1

(
− 1

8g2
+

iΘ

64π2

)∫
d4x

√
g ϵµνρσFuµνF

u
ρσ =

i

32π

(
4π

g2
i +

Θ

2π

) rank(Tf)∑
u=1

∫
d4x

√
g ϵµνρσFuµνF

u
ρσ

=
iτ

32π

rank(Tf)∑
u=1

∫
d4x

√
g ϵµνρσFuµνF

u
ρσ ,

(D.4.189)

which is a topological term. The full action with background fields is thus written as

Stwisted
N=2+back =

1

g2

∫
d4x

√
g

[
Tr

(
1

4
FµνF

µν − 1

2
DµνD

µν − 2χµνD
µψν − 1

2
χµν [χ

µν , ϕ]− ηDµψ
µ

− ϕ̃[ψµ, ψ
µ] + ϕ̃DµD

µϕ− 1

2
ϕ[η, η]− 1

2
[ϕ, ϕ̃]2

)

+
Θi

64π2
ϵµνρσTr(FµνFρσ) +

iτ

32π

rank(Tf)∑
u=1

ϵµνρσFuµνF
u
ρσ


+

1

g2

∫
d4x

√
g

−h̃αuσµα.αDµM
.
αu −DµM̃

.
α
u σ̃

µ.
αα
hαu − h̃αuh

αu +

rank(Tf)∑
u=1

(
−m2

uM̃.
αuM

.
αu

+muM̃.
αuϕM

.
αu − 2muM̃.

αuϕ̃M
.
αi −muµuλ

u −muλ̃uµ̃
u
)

+ λ̃.αu(σ̃µν)
.
α
.
βMu.

β
χµν + ηλ̃.αuM

.
αu − M̃

.
α
u σ̃

µν.
α
.
β
µ̃
.
βuχµν

− ηM̃.
αuµ̃

.
αu + λuσ

µDµλ̃
u − M̃.

αu(σ̃
µ)

.
ααλαuψµ + µαuσ

µ

α
.
β
M

.
βiψµ

+ µuσ
µDµµ̃

u + µuϕλ
u − 2λ̃uϕ̃µ̃

u + M̃.
αu{ϕ, ϕ̃}M

.
αu −M (

.
α
u F.

α
.
β
M

.
β)u

+M̃u(
.
αD

.
α
.
βMu.

β)

]
.

(D.4.190)

We have already shown that this action is Q-exact up to a topological term. More precisely

Stwisted
N=2+back = {Q, V }+ iτ

16π

∫ Tr(F ∧ F ) +
rank(Tf)∑
u=1

Fu ∧ Fu
 , (D.4.191)

where V is still given by (D.4.158) but now the covariant derivatives in V are given as in (4.7.12)–

(4.7.18).
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Action with General Coupling Matrix

The twisted action (D.4.190) can be generalized by replacing the complexified coupling τ be a general

symmetric coupling matrix τIJ where I = (a, u) are the Lie algebra indices for G×Tf . In general τIJ

are taken to be field dependent and the action is written in terms of a complex function F , called

the prepotential. The potential satisfies the following homogeneity relations:

2F = FI ϕ̃
I , FIJ ϕ̃

J = FI , FIJK ϕ̃
K = 0, (D.4.192)

2F = FIϕI , FIJϕJ = FI , FIJKϕK = 0, (D.4.193)

where

FIJK... :=
∂

∂ϕI
∂

∂ϕJ
∂

∂ϕK
. . .F , FIJK... :=

∂

∂ϕ̃I

∂

∂ϕ̃J

∂

∂ϕ̃K
. . .F . (D.4.194)

The coupling matrix is then identified as

FIJ = τIJ , FIJ = τ IJ . (D.4.195)

The hypermultiplet part of the action (D.4.150) does not depend on the prepotential and hence is

unchanged, while the vector multiplet part of the action takes the form [CMRS23]:

Sgeneral
vec :=

i

16π

∫
X
d4x

√
g

[
1

2

(
τ̄IJF

+I
µν F

µν+J − τIJF
−I
µν F

µν−J)+ i (ImτIJ)Dµν
IDµν,J

+ 2FIDµD
µϕI − 2FIDµD

µϕ̃I − 2τIJ
(
Dση

I
)
ψσJ − 2τ̄IJη

IDσψ
σ,J

+ 2τIJ
(
Dρχσ

ρI
)
ψσJ + 2τ̄IJ

(
D[µψν]

I
)
χµνJ

+
1

2
FIJKη

I
(
F+J
µν +Dµν

J
)
χµνK + FIJK

(
Fµν−I −Dµν,I

)
ψµ

Jψν
K

+ 2FI [η, η]I + 2τ̄IJη
I [η, ϕ]J + 2FI [ϕ̃, [ϕ, ϕ̃]]I − 2FI [ϕ, [ϕ, ϕ̃]]

I

+
i

12
FIJKLη

Iχµ
ρ,Jχµσ,Kχρσ

L +
i

4
FIJK

(
F+I
µρ −Dµρ

I
)
χµσ,Jχρσ

K

−1

2
τ̄IJ [ϕ, χµν ]

I
χµν,J +

1

2
τIJ [ϕ, χµν ]

I
χµνJ − 2FI [ψµ, ψ

µ]
I
+ 2τIJψµ

I
[
ψµ, ϕ̃

]J]
+

i

192π

∫
X
d4x FIJKLεµνρσψµIψνJψρKψσL ,

(D.4.196)

where

ImτIJ :=
FIJ −FIJ

2i
. (D.4.197)

We can decompose this action into dynamical and background. Ad(G×Tf)-invariance of τIJ implieas

that

τau = τua = 0 . (D.4.198)
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Noting that in the background vector multiplets, the fermions are set to zero and the scalars are set

to the mass parameters, we can use the homogeneity relations to get

FIDµD
µϕI −FIDµD

µϕ̃I = −2i(Imτab)ϕ̃
bDµD

µϕa

FI [ϕ̃, [ϕ, ϕ̃]]I −FI [ϕ, [ϕ, ϕ̃]]
I = i(Imτab)[ϕ, ϕ̃]

a[ϕ, ϕ̃]b

FI [η, η]I + τ̄IJη
I [η, ϕ]J = i(Imτab)ϕ

a[η, η]b

τIJψµ
I
[
ψµ, ϕ̃

]J
−FI [ψµ, ψ

µ]
I
+ = 2i(Imτab)ϕ̃

a[ψµ, ψ
µ] .

(D.4.199)

Then we see that

Sgeneral
vec = Sdynamical

vec + Sbackground
vec , (D.4.200)

where

Sbackground
vec :=

i

16π

∫
X
d4x

√
g

(
1

2
τ̄uvF

+u
µν F

µν+v − 1

2
τuvF

−u
µν F

µν−v + i(Imτuv)D
u
µνD

µν,v

)
.

(D.4.201)

and

Sdynamical
vec :=

Imτab
4π

∫
X
d4x

√
g

[
1

4

(
F+a
µν F

µν+b −Da
µνD

µν,b
)
+ ϕ̃aDµD

µϕb − ηaDµψ
µ,b

+ 2 (Dµψν)
a
χµν,b − ϕ̃a [ψµ, ψ

µ]
b
+
1

2
χaµν [ϕ, χ

µν ]
b − 1

2
ϕa[η, η]b − 1

2
[ϕ, ϕ̃]a[ϕ, ϕ̃]b

]
+

i

16π

∫
X
d4x

√
g

[
1

2
Fabcη

a
(
F+b
µν +Dµν

b
)
χµν,c + Fabc

(
Fµν−a −Dµν,a

)
ψµ

bψν
c

+
i

12
Fabcdη

aχµ
ρ,bχµσ,cχρσ

d +
i

4
Fabc

(
F+a
µρ −Dµρ

a
)
χµσ,bχρσ

c

]
+

i

192π

∫
X
d4x Fabcdεµνρσψµaψνbψρcψσd +

i

32π
τab

∫
X
F a ∧ F b ,

(D.4.202)

where we used the relation∫
X
d4x

√
g

(
1

2
τ̄abF

+a
µν F

µν+b − 1

2
τabF

−a
µν F

µν−b
)

=
1

2
τab

∫
X
F a ∧ F b −

∫
X
d4x

√
gi(Imτab)F

+a
µν F

µν+b .

(D.4.203)

To prove this, note that

1

2
τab

∫
X
F a ∧ F b −

∫
X
d4x

√
gi(Imτab)F

+a
µν F

µν+b

=
1

2
τab

∫
X

(
F+a + F−a) ∧ (F+b + F−b)− τab − τ̄ab

2

∫
X
F+a ∧ ⋆F+a

=
1

2
τ̄ab

∫
X
F+a ∧ ⋆F+b − 1

2
τab

∫
X
F−a ∧ ⋆F−b

=

∫
X
d4x

√
g

(
1

2
τ̄abF

+a
µν F

µν+b − 1

2
τabF

−a
µν F

µν−b
)
.

(D.4.204)
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Similarly, one can prove∫
X
d4x

√
g

(
1

2
τ̄uvF

+u
µν F

µν+v − 1

2
τuvF

−u
µν F

µν−v
)

=
1

2
τuv

∫
X
Fu ∧ F v −

∫
X
d4x

√
gi(Imτuv)F

+u
µν F

µν+v .

(D.4.205)

Finally using the Q-closed background configuration Du
µν = F+u

µν which comes from {Q, χuµν} = 0,

we get

Sbackground
vec =

i

32π
τuv

∫
X
Fu ∧ F v + 1

16π
Imτuv

∫
X
d4x

√
g
(
F+u
µν F

µν+v −Du
µνD

µν,v
)

=
i

32π
τuv

∫
X
Fu ∧ F v .

(D.4.206)

Collecting all these calculations together, we can write

Sgeneral
vec = {Q, Vvec}+ Stopological + Sextra , (D.4.207)

where

Vvec :=
Imτab
4π

∫
X
d4x

√
g

(
1

4
χµν,a

(
F+
µν +Dµν

)b − 1

4
ηa[ϕ, ϕ̃]b +

1

2
ψµ,aDµϕ̃

b

)
Stopological :=

i

32π
τab

∫
X
F a ∧ F b + i

32π
τuv

∫
X
Fu ∧ F v + i

192π

∫
X
d4x Fabcdεµνρσψµaψνbψρcψσd

Sextra :=
i

16π

∫
X
d4x

[
i

12
Fabcdη

aχµ
ρ,bχµσ,cχρσ

d +
i

4
Fabc

(
F+a
µρ −Dµρ

a
)
χµσ,bχρσ

c

]
.
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Thus the full N = 2 action can be written as

Sgeneral
N=2 = {Q, Vgeneral}++Stopological + Sextra , (D.4.209)

where

Vgeneral := Vvec +

∫
X
d4x

√
g

(
DµM̃

α̇σ̃µα̇αλ
α +DµM

α̇σ̃µα̇αµ
α +

1

2
mλ̃α̇M

α̇ − 1

2
µαh

α − 1

2
mM̃ α̇µ̃α̇

+
1

2
h̃αλ

α +
1

2

(
M̃ α̇ϕ̃µ̃α̇ + λ̃α̇ϕ̃Mα̇

)
− M̃ (α̇χα̇β̇M

β̇)

)
,

(D.4.210)

where we suppressed the flavor index on the hypermultiplet part of V . This agrees with the action

(D.4.191) when we specialize to the quadratic prepotential with constant coupling proportional to

identity:

F =
1

2
τϕ2, F =

1

2
τ ϕ̃2 . (D.4.211)

We have thus derived (4.7.8)–(4.7.11).
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D.5 Superconformal Multiplets

In this section, we will briefly review superconformal multiplets for the d = 4 N = 2 superconformal

algebra su(2, 2|2).11 The reader is referred to [CDI16b, RR14, DO02, Ebe20] for more details. The

superconformal algebra admits a bosonic subalgebra,

su(2, 2)⊕ su(2)R ⊕ u(1)R ⊂ su(2, 2|2) . (D.5.1)

Note that su(2, 2) ∼= so(4, 2), and there is an su(2)R ⊕ u(1)R symmetry, we will denote the charge

under the R-symmetry by (R; r) where R ∈ Z≥0 is the Dynkin label for the su(2)R and r ∈ R

is the charge under u(1)R. The scaling dimension will be denoted by ∆ and the Dynkin labels

for the representation under the (spin lift of) the 4d rotation group Spin(4) ∼= SU(2) × SU(2) will

be denoted by (j1; j2) ∈ Z≥0 × Z≥0. An operator with these eigenvalues under the generators of

the superconformal algebra will then be denoted by [j1; j2]
(R;r)
∆ . In particular, the supercharges

transform in the following representations:

Q ∈ [1; 0]
(1;−1)
1
2

, Q ∈ [0; 1]
(1;1)
1
2

. (D.5.2)

The basic generating multiplets are the long multiplets and short multiplets satisfying certain uni-

tarity bounds [Min97]. Short multiplets are obtained from the long multiplet by imposing certain

shortening conditions. These multiplets are listed in Tables D.1 and D.2.

Name Primary Unitarity Bound

L [j1; j2]
(R;r)
∆ ∆ > 2 + j1 +R− 1

2r

A1 [j1; j2]
(R;r)
∆ , j1 ≥ 1 ∆ = 2 + j1 +R− 1

2r

A2 [0; j2]
(R;r)
∆ ∆ = 2 +R− 1

2r

B1 [0; j2]
(R;r)
∆ ∆ = R− 1

2r

Table D.1: Multiplets with Q-shortening conditions, adapted from [CDI16b, Table 13].

11This is the real form appropriate to d = 4 Lorentzian signature, which is implicit in standard treatments of radial

quantization. The appropriate real form for d = 4 Euclidean signature is su∗(4|2), which would lead to a noncompact

summand in the Euclidean R-symmetry group. This distinction will be unimportant for us, however, see [CMRS23]

for a discussion in the context of topological twisting.
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Name Primary Unitarity Bound

L̄ [j1; j2]
(R;r)
∆ ∆ > 2 + j2 +R+ 1

2r

Ā1 [j1; j2]
(R;r)
∆ , j2 ≥ 1 ∆ = 2 + j2 +R+ 1

2r

Ā2 [j1; 0]
(R;r)
∆ ∆ = 2 +R+ 1

2r

B̄1 [j1; 0]
(R;r)
∆ ∆ = R+ 1

2r

Table D.2: Multiplets with Q-shortening conditions, adapted from [CDI16b, Table 14].

Full multiplets are two-sided, i.e., they satisfy both Q and Q-shortening conditions which leads

to restrictions on some of the quantum numbers. The consistent two-sided multiplets are listed

below.12 We refer the reader to [CDI16b, Table 15] for details on the restrictions on the quantum

numbers.13

A∆
R,r(j1,j2)

= LL[j1; j2]
(R;r)
∆ ,

CR,r(j1,j2) = AℓL[j1; j2]
(R;r) , BR,r(0,j2) = B1L[0; j2]

(R>0;r) ,

Er(0,j2) = B1L[0; j2]
(0;r) , ĈR(j1,j2) = AℓAℓ[j1; j2]

(R;j1−j2) ,

DR(0,j2) = B1Aℓ[0; j2]
(R;−j2−2) , B̂R = B1B1[0; 0]

(R;0) .

(D.5.3)

where ℓ, ℓ = 1, 2. The conjugate multiplets CR,r(j1,j1),BR,r(j1,0), Er(j1,0), and DR(j1,0) can be ob-

tained by complex conjugation. The full operator content of each of these multiplets is tabulated in

[CDI16b].

Vectormultiplets realize the short multiplet A2B1[0; 0]
(0;1) and hypermultiplets realize the short

multiplet B1B1[0; 0]
(1;0). Superconformal multiplets containing currents for symmetries are called

conserved current multiplets. Here we are only interested in the flavor current multiplet and the stress

tensor multiplet (also called the energy-momentum multiplet). See [CDI16b] for other conserved

current multiplets.

Flavor current multiplet.

The R = 2 multiplet B1B1[0; 0]
(2;0)
2 is a flavor current multiplet containing eight bosonic and eight

fermionic operators. The full flavor multiplet [CDI16b] has the structure shown in Fig. D.1.

12The notation on the LHS of (D.5.3) is borrowed from [DO02].
13Note that the scaling dimensions of the short multiplets are determined by shortening conditions; this is not indicated

in the notation.
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[0; 0]
(2;0)
2

[1; 0]
(1;−1)
5
2

[0; 1]
(1;1)
5
2

[0; 0]
(0;−2)
3 [1; 1]

(0;0)
3 [0; 0]

(0;2)
3

Q Q̃

Q Q̃ Q Q̃

Figure D.1: The structure of the flavor multiplet, adapted from [Ebe20, Fig. 5].

Let us denote the bottom component by µ((AB))a, where A = 1, 2 is the index for the fundamental

representation of SU(2)R and a is the index for the adjoint representation of the flavor group.14 Then

the full multiplet can be constructed by acting on the bottom component by the supercharges:[
QAα, µ

((BC))a
]
= δA

((BψC))a
α ∈ [1; 0]

(1;−1)
5
2

, (D.5.4)[
Q̃A

.
α, µ

((BC))a
]
= δA

((Bψ̃
C))a.
α

∈ [0; 1]
(1;1)
5
2

, (D.5.5){
Q̃A

.
α, ψ

Ba
α

}
= δA

Bσ̃µ.
αβ
Jaµ ∈ [1; 1]

(0;0)
3 , (D.5.6){

QAα, ψ̃
Ba.
β

}
= δA

Bσµ
α
.
β
Jaµ ∈ [1; 1]

(0;0)
3 . (D.5.7)

The current Jaµ is the conserved current for the flavor symmetry of the theory.

Stress tensor multiplet.

The multiplet A2A2[0; 0]
(0;0)
2 is the stress tensor multiplet whose top component is the stress tensor

of the theory. The generators of the d = 4 N = 2 superconformal algebra must be integrals of local

currents over a spatial slice. The bosonic generators are integrals of the stress tensor Tµν and the

su(2)R⊕u(1)R R-symmetry currents (j(R)µ )A, j(R)µ . The fermionic generators are integrals of conserved

fermionic supercurrents GAµα and G̃A
µ
.
α
. The superconformal algebra dictates that the stress tensor,

R-symmetry current, and supercurrent sit in the same multiplet, called the stress tensor multiplet.

In particular,

{QαA, G̃
B

µ
.
β
} = σν

α
.
β
δA

BTµν , {Q̃.
αA, G

B
µβ} = σ̃ν.αβδABTµν . (D.5.8)

The full stress tensor multiplet has the form [CDI16b, Ebe20] shown in Fig. D.2.

14The notation T ((AB)) denotes a symmetric traceless rank-2 tensor transforming in the adjoint (3) of SU(2)R.
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[0; 0]
(0;0)
2

[1; 0]
(1;−1)
5
2

[0; 1]
(1;1)
5
2

[2; 0]
(0;−2)
3 [1; 1]

(2;0)
3 ⊕ [1; 1]

(0;0)
3 [0; 2]

(0;2)
3

[2; 1]
(1;1)
7
2

[1; 2]
(1;−1)
7
2

[2; 2]
(0;0)
4

Q Q̃

Q Q̃ Q Q̃

Q̃ Q Q̃ Q

Q̃ Q

Figure D.2: The structure of the stress tensor multiplet, adapted from [Ebe20, Fig. 6].

The top component of the supermultiplet is the stress tensor (which is, in fact, at the bottom of

the diagram), and the middle components (with ∆ = 3) are the R-symmetry currents. The operators

with ∆ = 7
2 are the supercurrents.

D.6 The Superconformal Index

In this appendix, we review the superconformal index. For recent reviews, see [RR14, RR16, Gad20].

First, let us review the supersymmetric index as a trace over the Hilbert space in the Hamiltonian

quantization of a generic supersymmetric theory in d spacetime dimensions, coupled to conserved

currents of some global symmetries (i.e., to background flavor bundles). To compute it, we pick a

supercharge15 Q with an adjoint Q+ where {Q,Q+} = 2H, and Q2 = 0. In a unitary theory, this

implies that the spectrum of H is positive semidefinite. The index is simply a weighted supertrace

of states in Ker H, i.e., states in the cohomology of Q and Q+, or equivalently, the Hilbert space of

a radially quantized theory on Sd−1 × R. Concretely, the index has a trace formula of the form

I({µi}) = TrKer H(−1)Fe−
∑
i µiTie−2β{Q,Q+} , (D.6.1)

15In terms of background supergravity, this is a choice of generalized Killing spinor, i.e., a solution to the differential

constraints obtained by demanding the vanishing of the supersymmetry variations of the gravitino, in a bosonic

background where the auxiliary fields of the supergravity multiplet may have nontrivial profiles [FS11, KTZ12,

CKM+12, KZ13, KR88, CMRS23].
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where {Ti} is a complete set of generators that commute with Q and with each other, {µi} is a set

of “fugacities,” or “chemical potentials” for the associated global symmetries16 and F is the fermion

number. As is the case for the original Witten index [Wit82], only the states with H = 0 contribute

to the index, and consequently the index does not depend on β. The index so defined is a function

of the fugacities that couple to the conserved charges of the corresponding global symmetries.17

There are various refinements of the index, and specializations that are useful in different contexts,

especially for probing enhanced supersymmetry [GRRY11b].

Expressed as a trace over the full Hilbert space H of states on S3 the d = 4 N = 2 superconformal

index has the generic form

I(p, q, t; {ai})

:= TrH(−1)Fp
1
3 (∆+ 1

2 j1−R−r)+ 1
2 j2q

1
3 (∆+ 1

2 j1−R−r)− 1
2 j2t

1
2 (R+r)e−β(∆−j1−R+ 1

2 r)
rkGf∏
i=1

afii . (D.6.2)

Recall that the index is written with respect to a choice of supercharge18 Q, which determines an

N = 1 subalgebra of an N = 2 algebra. The commutant of Q in the superconformal algebra su(2, 2|2)

is su(2, 1|1), which has rank 3. Here (p, q, t) are the three superconformal fugacities, and {ai} is a

set of fugacities associated with global symmetries Gf that commute with each other and with the

superconformal algebra (and {fi} are the conserved flavor charges), ∆ is the dilatation generator

(a.k.a. the conformal Hamiltonian in radial quantization), j1 and j2 are the Cartan generators of the

SU(2)1 × SU(2)2 isometry group of the spatial S3, and R and r are the Cartan generators of SU(2)R

and U(1)R respectively. As previously stated, the trace formula makes a choice of supercharge.

The formula (D.6.2) is written for a supercharge with quantum numbers ∆ = 1
2R = −r = 1

2 ,

(j1, j2) = (0,−1).19

The superconformal index counts short multiplets modulo an equivalence relation that sets to zero

16At the moment, we are including superconformal fugacities (finitely many in number) as well as fugacities associated

with flavor symmetries (which could be arbitrarily many in number, and which commute with all generators of the

superconformal algebra). We will shortly refine this definition.
17Sometimes, the factor e−

∑
i µiTi is replaced by

∏
i µ̃

Ci
i with µ̃i referred to as the fugacities and Ci the conserved

charges.
18The supercharges of the d = 4 N = 2 superconformal algebra in radial quantization are QAα, Q̃

A.
α
,SAα :=

Q†Aα, S̃
.
α
A := Q̃†.α

A . Here A is an SU(2)R symmetry index, and α and .
α are spinor indices, which take values

+,− and
.
+,

.
− respectively. The supercharge used to define the index is Q := Q1−, for which {Q1−, (Q1−)†} =

∆−j1−2R+ 1
2
r. This is the coefficient of −β in (D.6.2). This Q should not be confused with the scalar supercharge

in the bulk of the paper.
19As in the main text, we use the same symbols for the generators and their eigenvalues. The eigenvalues are

normalized in accordance with Appendix D.5.
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the contributions of short multiplets that can recombine to long ones [KMMR05].20 Superconformal

multiplets and their shortening conditions are briefly reviewed in Appendix D.5. (See [BLL+13,

App. B] for further details).

The background S3 × S1 has been studied extensively in the context of supersymmetric lo-

calization (see [P+16] for a review). S3 × S1 is a non-Kähler complex manifold that admits a

Hermitian metric, and admits nontrivial holomorphic line bundles classified by a rank one Dol-

beault cohomology group H0,1(S3 × S1) (although complex line bundles on it are trivial since

H2(S3 × S1;Z) = 0). The parameter dependence of the partition function on background fields

is discussed in [CDFK13, CDFK14], where it is argued that the path integral of a supersymmetric

theory on a Hermitian manifold depends only on the complex structure deformations of the manifold.

While it is often remarked that the supersymmetric index is the partition function on S3 ×

S1, a more precise statement is that it is proportional to the partition function up to a scheme-

independent (and hence physical) multiplicative factor involving the supersymmetric Casimir energy

[ACM14, LM14, ACDP+15]. This multiplicative factor is dependent on the central charges a4d and

c4d and reduces to 1 for a conformal theory.

In general, the three-parameter superconformal index (D.6.2) is not known in closed analytic

form as a function of (p, q, t). There is at least one technique for determining it in terms of a series

expansion in these variables by exploiting generalized S-duality and recasting the problem to one of

diagonalizing a set of commuting difference operators known as the elliptic Ruijsenaars-Schneider

Hamiltonians [GRR12, Raz13]. The eigenfunctions of these operators are functions of (p, q, t) and

one can reconstruct the index as a sum of products of these “wavefunctions,” weighted with coefficient

functions that encode data at the punctures in Class S theory. In principle, this algorithm can be

used to determine a series expansion of I(p, q, t, {ai}) in all fugacities.21

In practice, however, it is preferable to have a specialization that is computable with less effort

and nevertheless contains useful information. One such specialization is the so-called Schur limit of

the superconformal index, with the resulting index known as the Schur index.22 It can be obtained

from (D.6.2) by setting q = t and noting that the p-dependence is Q-exact and drops out23 leading

20A consequence of the definition (D.6.2) is that the index is zero on long multiplets, and therefore, it cannot be used

to distinguish between two short multiplets for which it evaluates to the same result. See [GPR09] for a discussion

of this issue.
21See also [PP21] for some recent work on expressing the Schur index (with flavor fugacities) in closed form.
22Its name stems from the existence of closed-form expressions for the “wavefunctions,” in terms of Schur polynomials.
23One uses the fact that the index is independent of β, and in particular, counts states with

∆− j1 −R+
1

2
r = 0 .
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to

ISchur(q, {ai}) = TrH(S3)(−1)Fq∆−R
2

rkGf∏
i=1

afii . (D.6.3)

The states counted by this index – known as Schur operators (or equivalently, Schur states) – are

harmonic representatives of cohomology classes of a nilpotent supercharge defined by the sum of

a Poincaré supercharge Q and a conformal supercharge S.24 The Schur index is, in fact, related

to q-deformed 2d topological Yang-Mills theory [GPRR09, GRRY11a]. It is now known that Schur

operators form the structure of a two-dimensional chiral algebra [BLL+13, BPRvR14, LP14], and

the Schur index is the supercharacter of the vacuum module of this chiral algebra. The Schur

index also has interesting modularity properties related to conformal anomalies [Raz12]. Finally,

the Schur index is also conjecturally related to a wall-crossing invariant [CS15] defined in terms

of the protected spin character of [GMN10]. So, despite its apparent simplicity relative to the

“full” superconformal index, it encodes a lot of useful information about the protected operator

spectrum of the theory.25 For a superconformal N = 2 theory, the index is the partition function on

S3×S1 as stated above. A natural question is whether there is a supergravity background on which

the partition function computes the superconformal index, with couplings to background N = 2

conformal supergravity fields.26 Such superconformal backgrounds have been discussed in [HH12,

Pes14], with a detailed discussion in [PP19], where explicit expressions may be found for the metric,

the generalized Killing spinors, and profiles of background fields of N = 2 conformal supergravity (in

suitable parametrizations, bases of fields, and spinors).27 (For a recent quick introduction to N = 2

conformal supergravity, see [CMRS23].) The background is an S3 fibration over S1, where the fiber

S3 itself is a T2 fibration over an interval. In this formalism, one can turn on flat connections

for background N = 2 vectormultiplets for a maximal torus of the flavor symmetry group. These

correspond to the flavor fugacities appearing in the index.

This determines j1 for a given (∆, r, R). The exponents of p, q, and t in (D.6.2) are combinations of Cartan

generators that commute with the supercharge Q used to define the index in the first place. The power of p in

(D.6.2) becomes 1
2

{
Q̃

1,
.
+
,
(
Q̃

1,
.
+

)†}
= 1

2
(∆+j2−R− 1

2
r) – see footnote 18. The p-dependence is therefore Q-exact,

and the index counts states with ∆+ j2 −R− 1
2
r = 0. This simplification leads to (D.6.3)

24The Schur index is an intrinsically N = 2 index.
25See also [GV24] for a relation between pure SU(2) SYM and the SYK model, where Schur indices play an important

role.
26For the N = 1 index, a background based on new minimal supergravity was found in [FS11, Sec. 5].
27It would be interesting to apply the methods of [CMRS23] to determine a background on which the partition

function computes a “topologically twisted Schur index,” but as discussed in the main text, the interpretation of

such an index would probably be appropriate only for a conformal theory. As is well known [Wit88], the trace of

the energy-momentum tensor for topologically twisted N = 2 SYM is a total derivative: the theory has global scale

invariance, but not conformal invariance.
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To our knowledge, a mass deformation of the Schur index is not known. On the one hand, it is

quite natural – from the standpoint of N = 2 supergravity – to consider couplings to background

N = 2 vectormultiplets with their scalars tuned to mass deformations (e.g., as we did in (4.7.6)).

However, for non-conformal theories, one cannot perform a Weyl rescaling from S3 × R to R4, and

there is no state-operator correspondence. The interpretation of the resulting mass-deformed index

is therefore less clear.28

D.7 Lagrangian Analysis Of The ffs Trinion Theory

In this appendix, we describe the ffs trinion theory as a Lagrangian theory of a free hypermultiplet

and present the action. Let V be the N -dimensional defining representation of SU(N). The field

content of the theory is a hypermultiplet valued in the quaternionic space E ⊕ E where E is the

representation V ⊗ V of SU(N)× SU(N)× U(1) with U(1) acting as scalars.29

To write the Lagrangian, we write the hypermultiplet in terms of a pair of N = 1 chiral multiplets.

The field content is same as a chiral multiplet Qmn and an anti-chiral multiplet Q̃′mn both in V ⊗V .30

Let us write their component fields as31

Qmn =
(
(q2)mn, (ψα)

mn
)
, Q̃′mn =

(
(q1)mn, (χ̃.α)mn

)
. (D.7.1)

Define complex scalars q̃A,nm valued in V ⊗ V via

q̃A,nm = (qA,mn)
† = Ωmn,n

′m′
εABqB,m′n′ , (D.7.2)

where Ω is a symplectic form32 on V ⊗V ⊕V ⊗V , and εAB is the completely antisymmetric invariant

28The authors of [CS15] propose an extension of the Schur index to non-conformal Lagrangian N = 2 theories (with

Ggauge-vectormultiplets and hypermultiplets in some representation of Ggauge) in terms of a matrix integral over the

maximal torus of Ggauge. However, they note that it is a priori unclear why this extension will lead to a protected

observable and that further investigation is merited. Another non-conformal generalization of the Schur index which

is based on isolating a subalgebra of the superconformal algebra that includes only the isometries of S3 × R and

SU(2)R was proposed in [Dum16], but remains an unpublished proposal at the time of writing this.
29In fact we could have chosen global symmetry group U(N)× U(N)× U(1) but a subgroup of the center isomorphic

to U(1)× U(1) acts trivially, so we choose to take SU(N)× SU(N)× U(1) for simplicity. Otherwise, we would need

to discuss non-effective group actions and stacks. This is beyond the scope of this paper.
30An anti-chiral multiplet is distinguished from a chiral multiplet by having a Weyl spinor of the opposite chirality.

In Euclidean signature, chiral and antichiral multiplets are independent and unrelated by complex conjugation: the

complex conjugate of a chiral multiplet is another chiral multiplet.
31Here m,n = 1, . . . , N are indices for V , and m,n = 1, . . . , N are indices for V . We use the convention that upper

left (right) indices are for the first (second) factor and lower left (right) indices are for the dual space of the first

(second) factor. We could equivalently have treated (q2)mn and (q̃1)nm as independent scalars.
32There exists a choice of basis exhibiting V ⊗ V ⊕ V ⊗ V as a real vector space with real dimension 4N2. In this

basis, Ω is a 2N2 × 2N2 matrix with a block diagonal form, with N2 blocks each of the form
(

0 1
−1 0

)
.
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tensor of su(2)R, with ε12 = 1. The matrix q1 q2

−q̃1 q̃2

 , (D.7.3)

(with V ⊗ V indices suppressed) is then a quaternion in the standard quaternionic structure on

V ⊗ V ⊕ V ⊗ V and SU(2)R acts on the scalars by right multiplication by unit quaternions.

For later use, we also define conjugate spinors

χα,nm :=
(
ψα,mn

)†
= εαβΩmn,n

′m′
ψβ,m′n′ ,

ψ̃
.
α,nm :=

(
χ̃.α,mn

)†
= ε

.
α
.
βΩmn,n

′m′
χ̃ .
β,m′n′ .

(D.7.4)

Let P̃T denote a principal G̃T bundle over X, where

G̃T := Spin(4)× SU(2)R × SU(N)× SU(N)× U(1) . (D.7.5)

For this bundle to exist, X must be a spin manifold. We assume this is so for the moment. In the

main text, we have discussed how this can be relaxed by defining the theory in terms of a G̃T /CT

bundle, for a suitable choice of subgroup CT of the center of G̃T .

To write the action in curved space, we follow the procedure outlined in Section 4.7 or [KR88,

CMRS23], coupling the hypermultiplet theory to a bosonic background of off-shell N = 2 conformal

supergravity that preserves N = 2 supersymmetry. Such a background can be defined by consistently

setting the gravitinos and auxiliary spinor fields in the N = 2 conformal supergravity multiplet to

zero, as well as their supersymmetry variations to zero.33 The supergravity background contains a

connection for SU(2)R × U(1)R symmetry, but we treat the U(1)R symmetry as rigid and gauge its

connection to zero (see [CMRS23] for details). The SU(2)R connection plays an important role in

the specialization of twisting, discussed later. We also couple to background vectormultiplets for

the aforementioned SU(N) × SU(N) × U(1) flavor symmetry: to this end, we introduce connections

A
SU(N)(1)

µ , ASU(N)(2)

µ , AU(1)
µ . Although we write separate connections to clarify how they contribute

to the covariant derivatives, it is useful to think of a composite background vectormultiplet for the

SU(N) × SU(N) × U(1) flavor symmetry. We denote the composite curvature for this background

vectormultiplet by F aµν where a, b = 1, . . . , 2(N2−1)+1 run over the generators of the Lie algebra of

33For the untwisted theory, this leads to a differential constraint on the supersymmetry parameter. However, as is well

known from [Wit88, KR88, CMRS23], upon twisting, there is a globally-defined scalar supersymmetry parameter

corresponding to Q symmetry, and no differential constraints are needed. The bosonic auxiliary fields of the

supergravity multiplet are allowed to have nontrivial profiles consistent with supersymmetry [FS11]. However, for

simplicity we assume that the 2-form field in the N = 2 conformal supergravity multiplet is set to zero: T±
µν = 0,

as this simplifies our partition function. For examples of more general backgrounds, see [HH12, Pes14].
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the gauge group as usual. The background vectormultiplet also contains an adjoint-valued auxiliary

field Da
AB which transforms as a triplet of SU(2)R.

The action of the free hypermultiplet coupled to background fields is

SHyper =

∫
X
vol(g)

[
∇f
µ(q̃A)

nm∇µ
f (q

A)mn − 1

24

(
R + 3D

)
(q̃A)

nm(qA)mn

+ (q̃A)
nmDAB(qB)mn + iψ̃nm /D

+

V⊗Vψmn − iχnm /D
−
V⊗V χ̃mn

]
+

1

4π

∫
X
vol(g)

[
Im τa b

(
1

4
F aµνF

µν,b − 1

2
Da
ABD

AB,b

)
+

i

32π
τa b(F

a ∧ F b)
]
. (D.7.6)

Here, D is the auxiliary scalar in the N = 2 conformal supergravity multiplet, R is the Ricci

scalar curvature of X, ∇f
µ (or ∇µ

f ) are (metric + background gauge (flavor f) + SU(2)R)-covariant

derivatives, and /D
+ denotes the chiral Dirac operator coupled to background gauge (flavor) and

SU(2)R connections – we will momentarily write their explicit expressions.

We have made the following important specialization of the background vectormultiplet: we have

set its scalars to zero (to preserve the full flavor symmetry) and we have set its fermions to zero

as doing so eliminates coupling terms between spinors in the hypermultiplet and the spinors in the

background vectormultiplet. However, this imposes an algebraic constraint on Da
AB in terms of the

supersymmetry parameter defining the N = 2 supergravity background and the curvature F aµν .34

The covariant derivatives appearing above are connections on associated bundles induced from

the G̃T -connection ∇T on P̃T , and /D
+

V⊗V denotes the Dirac operator coupled to the vector bundle

V ⊗ V associated to P̃T by the representation V ⊗ V of SU(N)× SU(N)× U(1).

Let ωµ, AR
µ, A

SU(N)(1)

µ , ASU(N)(2)

µ and AU(1)
µ denote local coordinate representatives of the connec-

tions on vector bundles associated to (p1)∗ (∇T ) , (p2)∗ (∇T ) , (p3)∗ (∇T ), (p4)∗ (∇T ), and (p5)∗ (∇T )

34Upon further specialization to the twisted theory, this constraint will simplify to (D.7.17). The supersymmetry

constraints on the background vectormultiplet can be easily deduced from the results of [CMRS23], but are not

needed to follow the present discussion.
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respectively. Here ωµ is the spin connection. The covariant derivatives are

∇f
µq
A
mn = ∂µq

A
mn +

(
AR
µ

)A
B qBmn +

(
ASU(N)(1)

µ

)m′

m q2m′nδ
A
2 +

(
ASU(N)(2)

µ

)n′

n q
1
mn′δA1

+AU(1)
µ qAmn , (D.7.7)

∇f
µq̃A

mn = ∂µq̃A
mn +

(
AR
µ

)B
A q̃B

mn +
(
ASU(N)(1)

µ

)m
m′ q̃2

m′ nδ2A +
(
ASU(N)(2)

µ

)n
n′ q̃1

mn′
δ1A

+AU(1)
µ q̃A

mn , (D.7.8)

(DV⊗V)µψαmn = ∂µψαmn − 1

2
ωµ

a b(σa b)
β
αψβmn +

(
ASU(N)(1)

µ

)m′

mψαm′n +
(
ASU(N)(2)

µ

)n′

nψαmn′

+AU(1)
µ ψαmn , (D.7.9)

(DV⊗V)µχ̃.αmn = ∂µχ̃.αmn − 1

2
ωµ

a b(σ̃a b)
.
β .
αχ̃ .

β
mn +

(
ASU(N)(1)

µ

)m
m′ χ̃.αm

′ n +
(
ASU(N)(2)

µ

)n
n′ χ̃.αmn′

+AU(1)
µ χ̃.αmn , (D.7.10)

Recall that for chiral spinors valued in a vector bundle E → X with connection, the chiral Dirac

operators are maps

/D
+
E : Γ(S+ ⊗ E) → Γ(S− ⊗ E) ,

/D
−
E : Γ(S− ⊗ E) → Γ(S+ ⊗ E) ,

(D.7.11)

where S± are chiral spinor bundles on X.35 The corresponding Dirac operator is

/DE =

 0 −i /D
−
E

i /D
+
E 0

 , (D.7.12)

in a basis determined by the chiral splitting. For us,

/D
+

V⊗V := σ̃µ
(
DV⊗V

)
µ
, /D

−
V⊗V := σµ

(
DV⊗V

)
µ
. (D.7.13)

The partition function of the theory is

Z̃T =

∫
[Dq̃DqDψ̃DψDχ̃Dχ]e−SHyper

= Det
(
i /D

+

V⊗V
)
Det
(
− i /D

−
V⊗V

) ∫
[Dq̃Dq]e−S

Bosonic
Hyper , (D.7.14)

where SBosonic
Hyper is the bosonic part of the action (D.7.6), and Det

(
i /D

+

V⊗V
)
Det
(
− i /D

−
V⊗V

)
is a section

of the determinant line bundle

DET
(
i /D

+

V⊗V
)
DET

(
− i /D

−
V⊗V

)
. (D.7.15)

Recall that the determinant line bundle of a chiral Dirac operator coupled to a bundle E with

connection has fiber(
ΛmaxKer( /D

±
E)
)∨

⊗ ΛmaxCok( /D
±
E)

∼=
(
ΛmaxKer( /D

±
E)
)∨

⊗ ΛmaxKer( /D
±
E)

† , (D.7.16)

35For a complex vector bundle E, the adjoint of D+
E is ( /D

+
E)† = /D

−
E .
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over the space of connections on P̃T . Note that DET
(
− i /D

+

V⊗V
)

is dual to DET
(
i /D

−
V⊗V

)
, therefore

(D.7.15) is isomorphic to the trivial line bundle, and therefore, the partition function of a free

hypermultiplet is just a c-number, as expected.

D.7.1 Topological Twisting Of The ffs Theory

Upon twisting, qA becomes M.
α and q̃A becomes M̃.

α. Note that M.
α ∈ Γ(S− ⊗ V ⊗ V) and M̃.

α ∈

Γ(S− ⊗V ⊗V). After topological twisting, for Q-symmetry, and in particular, for SHyper to define a

Q-exact energy-momentum tensor – as we have already noted in Section 4.7 – the fermions in the

background vectormultiplet must be set to zero, and therefore, their Q-variations must be required

to vanish for consistency. In particular, the vanishing of the Q-variation of χµν yields the condition

Dµν = F+
µν , or equivalently D.

α
.
β
= F.

α
.
β
, (D.7.17)

where Fµν is the composite curvature for the background SU(N)× SU(N)×U(1) connection (which,

for purposes of writing the covariant derivatives above, was split into three connections for the three

individual factors) and Dµν is the self-dual 2-form auxiliary field of the background vectormultiplet.

We also set

D =
1

6
R , (D.7.18)

to specialize to the twisted background.36

To obtain the twisted action Stwisted
hyp from the untwisted action (D.7.6) we use the constraints

(D.7.17) and (D.7.18) and the Lichnerowicz identity [Lic63]37

/D
+

V⊗V /D
−
V⊗VM

.
α = ∇f

µ∇
µ
f M

.
α − 1

16
RM

.
α + F

.
α
.
βM .

β
. (D.7.19)

to combine terms in the twisted action containing M.
α and M̃.

α as follows:∫
X
vol(g)

(
∇f
µM̃.

α∇
µ
f M

.
α − 1

16
RM̃.

αM
.
α + M̃.

αF
.
α
.
βM .

β

)
integrate
====
by parts

∫
X
vol(g)

(
M̃.
α∇f

µ∇
µ
f M

.
α − 1

16
RM̃.

αM
.
α + M̃.

αF
.
α
.
βM .

β

)
Lichnerowicz
=====
(D.7.19)

∫
X
vol(g)M̃ /D

+

V⊗V /D
−
V⊗VM . (D.7.20)

36See [KR88, CMRS23] for a derivation of this condition.
37In standard mathematical literature, and indeed if the conventions/normalizations of [CMRS23] were used, the

Lichnerowicz identity would have the more familiar form

/D
+

V⊗V
/D
−
V⊗VM

.
α = ∇f

µ∇
µ
f M

.
α −

1

4
RM

.
α +

1

2
F
.
α
.
βM.

β
.

However, the conventions of this paper differ slightly from [CMRS23], leading to (D.7.19).
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The path integral of the twisted theory is expressed as

Ztwisted
T = exp

(
− i

16π

∫
X
τa b (F

a ∧ F b)
)∫

[DHM]e−S
twisted
hyp , (D.7.21)

where Stwisted
hyp is the twisted version of the hypermulitplet part of the action of equation (4.7.10).

Thus the Gaussian path integral in (D.7.21) yields∫
[DHM]e−S

twisted
hyp =

(
Det

(
/D
+

V⊗V /D
−
V⊗V

))−1

Det
(
i /D

+

V⊗V
)
Det
(
− i /D

−
V⊗V

)
= 1 . (D.7.22)

Because of Q-symmetry, the determinants cancel. The prefactor in (D.7.21) is a topological invariant,

and in fact,

Ztwisted
T = exp

(
− i

16π

∫
X
τa b (F

a ∧ F b)
)
. (D.7.23)

D.7.2 Central Action And Extension Of Domain

Since the two determinant line bundles in (D.7.15) are dual, the action of the global symmetry

associated to the center of G̃T acts trivially on the product. Therefore we cannot use that expression

to derive Cmax
T . However, a further extension of the domain allows us to derive this group. Note

that equation (D.7.6) just involves massless free bosons and fermions coupled to external fields. For

trivial background fields, the flavor symmetry of the action is in fact larger than the product of

flavor symmetries associated to the separate punctures (as often happens in theories of class S). Let

Gf := SU(N)× SU(N)× U(1) . (D.7.24)

There is (classically) a G+
f × G−

f symmetry where G+
f acts trivially on χ̃, χ and acts on ψ̃, ψ in

the standard way. Similarly, G−
f acts trivially on ψ̃, ψ. We introduce a background bundle with

connection for G+
f × G−

f . The coupling to the bosonic fields breaks SU(2)R symmetry by choosing

a complex structure for the quaternionic target space: We couple G+
f to the chiral multiplets Qmn

and (Q̃′mn)†, and G−
f to the anti-chiral multiplets (Q̃mn)† and Q̃′mn. Then our full symmetry group

is extended to:

G̃extended
T = Spin(4)× SU(2)R ×G+

f ×G−
f , (D.7.25)

Now we can consider the chiral actions of subgroups of the center. Elements of C+
T are of the form

(ζ, 1, ζ, ωk
+
1 1N , ω

k+2 1N , ξ
+, 1G−

f
) , (D.7.26)

while elements of C−
T are of the form

(1, ζ, ζ, 1G+
f
, ωk

−
1 1N , ω

k−2 1N , ξ
−) , (D.7.27)
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The action on the partition function is:

(ζ, 1, ζ, ωk
+
1 1N , ω

k+2 1N , ξ
+, 1G−

f
) · Z̃T (P̃T , ∇̃T ) = (ζωk

+
1 ωk

+
2 ξ+)

Ind( /D+

V⊗V)
Z̃T (P̃T , ∇̃T ) . (D.7.28)

(1, ζ, ζ, 1G+
f
, ωk

−
1 1N , ω

k−2 1N , ξ
−, ) · Z̃T (P̃T , ∇̃T ) = (ζωk

−
1 ωk

−
2 ξ−)

Ind( /D−
V⊗V)

Z̃T (P̃T , ∇̃T ) . (D.7.29)

Demanding that these actions are trivial implies:

ξ± = ζω−k±1 +k±2 , (D.7.30)

and we thus produce invariance groups C±,max
T isomorphic to Cmax

T in (4.8.17). We can, of course,

restrict to the vectorlike couplings used above. In general, we expect it is important to use the

maximal symmetry group to find the most stringent conditions for defining Cmax
T .

D.8 Examples Of Cohomological Conditions For AN−1 Class S Theories

With Full And Simple Punctures

In this section, we will derive cohomological conditions for the existence of weakly coupled descrip-

tions of AN−1 class S theories on general non-spin manifolds following the discussion in Section 4.8.

These cohomological conditions depend on the chosen pants decomposition for the weakly coupled

description of the theory. For simplicity, we will restrict to the theories constructed from trinions

with ffs and fff punctures and only full punctures being gauged.

Let us briefly recall the notation from Section 4.8. Choose a pants decomposition of Cg,n into

a set T of trinions. The external cutting curves are denoted by ci and internal cutting curves are

denoted by cα. We will denote the external cutting curve bounding a full (resp. simple) puncture

by cfi (resp. csi).

For the cutting curves bounding a trinion T , we will write cT,i, cT,α. The simply connected cover

of the flavor group at an external cutting curve ci is denoted by G̃ci and the simply connected cover

of the gauge group at an internal cutting curve cα is denoted by SU(N)cα . Define the group

GS =

(
Spin(4)× SU(2)R ×

∏
i

G̃i ×
∏
α

SU(N)α

)/
C ′′

T , (D.8.1)

where C ′′
T is defined below (4.8.46).

The cohomological conditions for the theory are obtained from the existence of the principal GS

bundle PS → X. To determine these cohomological conditions, we will follow the same strategy as

in Section 4.4. Let p1, p2, p3,ci , p4,cα be projection maps to various factors:

GS

Spin(4) SU(2)R G̃ci SU(N)cα

p1
p2 p3,ci

p4,cα (D.8.2)
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Let us also denote the transfer of structure groups of PS along various projections by

Fr(X) := (p1)∗(PS) ,

PR := (p2)∗(PS) ,

P f,ci := (p3,ci)∗(PS) ,

P gauge,cα := (p4,cα)∗(PS) .

(D.8.3)

Define a set of positive integers ncsi by

p3,csi(C
′′
T )

∼= Z/ncsiZ . (D.8.4)

Let us write

Ccfi := p3,cfi(C
′′
T ) ⊆ ZN , Ccα := p4,cα(C

′′
T ) ⊆ ZN . (D.8.5)

We can then introduce flat Ccfi , Ccα -gerbes bcfi , bcα respectively. Their characteristic classes

µ(bcfi) ∈ H2(X;Ccfi) , µ(bcα) ∈ H2(X;Ccα) , (D.8.6)

can be identified with the obstruction to lifting the structure groups of P f,cfi and P gauge,cα respectively

from SU(N)/Cflavor
i,f and SU(N)/Cgrb

α , to SU(N). In particular, µ(bcα) can be identified with the ’t

Hooft flux of the SU(N)cα factor of the gauge group. Now choose transition functions

tSpq :=
[(
t̃+pq, t̃

−
pq, t̃

R
pq, t̃

f
pq, t̃

g
pq

)]
: Upq −→ GS , (D.8.7)

for the GS-bundle PS → X. The cocycle on triple overlaps is given by

tSpqt
S
qrt

S
rp =

[(
ζ+pqr, ζ

−
pqr, ζ

R
pqr, ζ

f
pqr, ζ

g
pqr

)]
. (D.8.8)

Thus the cocycle condition is given by

(
ζ+pqr, ζ

−
pqr, ζ

R
pqr, ζ

f
pqr, ζ

g
pqr

)
∈ C ′′

T . (D.8.9)

As before, the cocycles ζ±pqr and ζRpqr can be identified with the second Stiefel-Whitney class of X

and PR respectively:

w2(X) =
[
ζ±pqr

]
∈ H2 (X,Z2) ,

w2

(
PR
)
: =

[
ζRpqr

]
∈ H2 (X,Z2) .

(D.8.10)

The projections of the cocycles ζ fpqr and ζgpqr can be identified with representatives of the character-

istic classes µ(bi,f) and µ(bα) by

µ(bcfi) =
[
p3,cfi

(
ζ fpqr

) ]
∈ H2(X;Ccfi) ,

µ(bcα) =
[
p4,cα

(
ζgpqr

)]
∈ H2(X;Ccα) .

(D.8.11)
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Finally, let c1(csi) ∈ H2(X;Z) be the first Chern class of the U(1)-bundle obtained by transfer of

structure group of P f,csi along the isomorphism (see footnote 22)

U(1)/Zncs
i

∼=−→ U(1) . (D.8.12)

The cocycle p3,csi
(
ζRpqr

)
represents the modni,s reduction of c1(csi):[

p3,csi
(
ζRpqr

)]
= rncs

i
(c1(c

s
i)) . (D.8.13)

We are now equipped to write the cohomological conditions. Due to the definition of C ′′
T , we must

have

ζ−pqr = ζ+pqr = ζRpqr , (D.8.14)

which implies

w2(X) = w2(P
R) . (D.8.15)

Next, if two trinions T, T ′ ∈ T are bounded by a common internal cutting curve cT,α = cT ′,α, then

we must have

p4,cT,α
(
ζgpqr

)
= p4,cT ′,α

(
ζgpqr

)
, (D.8.16)

which implies the cohomological condition

µ(bcT,α) = µ(bcT ′,α) . (D.8.17)

Next, we derive cohomological conditions for the two types of trinions.

fff Trinion.

For every trinion T ∈ T of type fff with two external cutting curves cfT,i, c
f
T,j and one internal

cutting curve cfT,α, equations (4.8.41), (4.8.44) and the explicit form (4.8.30) implies that

(
ζ±pqr

)
p3,cfT,i

(
ζ fpqr

)
p3,cfT,j

(
ζ fpqr

)
p4,cgT,α

(
ζ fpqr

)
= 1 , N even , (D.8.18)

p3,cfT,i

(
ζ fpqr

)
p3,cfT,j

(
ζ fpqr

)
p4,cgT,α

(
ζ fpqr

)
= 1 , N odd . (D.8.19)

This gives the cohomological condition

ρs(w2(X)) + ι(µ(bcfT,i)) + ι(µ(bcfT,j )) + ι(µ(bcfT,α)) = 0 ∈ H2(X;Z[2,N ]) , N even , (D.8.20)

ι(µ(bcfT,i)) + ι(µ(bcfT,j )) + ι(µ(bcfT,α)) = 0 ∈ H2(X;ZN ) , N odd , (D.8.21)

where [2, N ] = lcm(2, N), ρs is the map in cohomology induced from the inclusion map ρs : Z2 →

Z[2,N ], and ι is the map in cohomology obtained from inclusions in (D.8.5). If the trinion is bounded
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by two internal cutting curves cfT,α, c
f
T,β and one external cutting curve cfT,i, the cohomological

condition we get is

ρs(w2(X)) + ι(µ(bcfT,i)) + ι(µ(bcfT,α)) + ι(µ(bcfT,β )) = 0 ∈ H2(X;Z[2,N ]) , N even , (D.8.22)

ι(µ(bcfT,i)) + ι(µ(bcfT,α)) + ι(µ(bcfT,β )) = 0 ∈ H2(X;ZN ) , N odd . (D.8.23)

If the trinion is bounded by three internal cutting curves cfT,α, c
f
T,β and cfT,γ , the cohomological

condition we get is

ρs(w2(X)) + ι(µ(bcfT,α)) + ι(µ(bcfT,β )) + ι(µ(bcfT,γ )) = 0 ∈ H2(X;Z[2,N ]) , N even , (D.8.24)

ι(µ(bcfT,α)) + ι(µ(bcfT,β )) + ι(µ(bcfT,γ )) = 0 ∈ H2(X;ZN ) , N odd . (D.8.25)

ffs Trinion.

For every trinion T ∈ T of type ffs with two external cutting curves cfT,i, c
s
T,j and one internal cutting

curve cfT,α, equations (4.8.41), (4.8.44) and the explicit form (4.8.17) implies that

(
ζ±pqr

) (
p3,cfT,i

(
ζ fpqr

))−1

p4,cfT,α

(
ζgpqr

)
p3,csT,j

(
ζ fpqr

)
= 1 . (D.8.26)

This gives the cohomological condition

ρs(w2(X))− ι(µ(bcfT,i)) + ι(µ(bcfT,α)) + ι ◦ rncs
T,j

(c1(c
s
j)) = 0 ∈ H2(X;Z[2,N ]) , (D.8.27)

where rn denotes reduction mod n. If the trinion is bounded by two internal cutting curves cfT,α, c
f
T,β

and one external cutting curve csT,i, the cohomological condition we get is

ρs(w2(X)) + ι(µ(bcfT,α))− ι(µ(bcfT,β )) + ι ◦ rncs
T,i

(c1(c
s
T,i)) = 0 ∈ H2(X;Z[2,N ]) . (D.8.28)

Note that in this case, we cannot have all three internal cutting curves.
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Lŝ2(1, 0)

⊗n, arXiv:1311.0608. [Cited: pg. 120.]

[JL14] , Tensor decomposition, parafermions, level-rank duality, and reciprocity law
for vertex operator algebras, arXiv:1406.4191. [Cited: pg. 120.]

[JSW19] W. Ji, S.-H. Shao, and X.-G. Wen, Topological Transition on the Conformal Manifold,
Phys. Rev. Res. 2 (2020) 033317, arXiv:1909.01425 [cond-mat.str-el]. [Cited:
pg. 49.]

[KJO02] A. Kirillov Jr and V. Ostrik, On a q-analogue of the mckay correspondence and the
ade classification of sl2 conformal field theories, Advances in Mathematics 171 (2002)
183–227. [Cited: pgs. 110, 111, and 112.]

[KL91] D. Kazhdan and G. Lusztig, Affine lie algebras and quantum groups, International
Mathematics Research Notices 1991 (1991) 21–29. in Duke Math. J. [Cited: pg. 249.]

[KL93a] , Tensor structures arising from affine lie algebras, i, Journal of the American
Mathematical Society 6 (1993) 905–947. [Cited: pg. 249.]

[KL93b] , Tensor structures arising from affine lie algebras, ii, Journal of the American
Mathematical Society 6 (1993) 949–1011. [Cited: pg. 249.]

[KL94a] , Tensor structures arising from affine lie algebras, iii, Journal of the American
Mathematical Society 7 (1994) 335–381. [Cited: pg. 249.]

http://dx.doi.org/10.1090/conm/193/02434
http://dx.doi.org/10.1090/conm/193/02434
http://arxiv.org/abs/hep-th/9406190
http://arxiv.org/abs/q-alg/9505020
http://dx.doi.org/10.1142/S0219199705001799
http://dx.doi.org/10.1142/S0219199705001799
http://arxiv.org/abs/math/0206206
http://dx.doi.org/10.1142/S0219199708002727
http://dx.doi.org/10.1142/S0219199708002727
http://arxiv.org/abs/math/0406291
http://dx.doi.org/10.1142/S0219199708003083
http://dx.doi.org/10.1142/S0219199708003083
http://arxiv.org/abs/math/0502533
http://arxiv.org/abs/1311.0608
http://arxiv.org/abs/1406.4191
http://dx.doi.org/10.1103/PhysRevResearch.2.033317
http://arxiv.org/abs/1909.01425


413

[KL94b] , Tensor structures arising from affine lie algebras, iv, Journal of the American
Mathematical Society 7 (1994) 383–453. [Cited: pg. 249.]

[KM63] M. A. Kervaire and J. W. Milnor, Groups of homotopy spheres: I, The Annals of
Mathematics 77 (1963) 504–537. [Cited: pg. 6.]

[KM15] M. Krauel and M. Miyamoto, A modular invariance property of multivariable trace
functions for regular vertex operator algebras, Journal of algebra 444 (2015) 124–142.
[Cited: pg. 104.]

[KMMN19] G. Korpas, J. Manschot, G. Moore, and I. Nidaiev, Renormalization and BRST Sym-
metry in Donaldson–Witten Theory, Annales Henri Poincare 20 (2019) 3229–3264,
arXiv:1901.03540 [hep-th]. [Cited: pg. 9.]

[KMMR05] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, An Index for 4 di-
mensional super conformal theories, Commun. Math. Phys. 275 (2007) 209–254,
arXiv:hep-th/0510251. [Cited: pgs. 209, 212, and 386.]

[Koc04] J. Kock, Frobenius Algebras and 2-D Topological Quantum Field Theories, 2004.
[Cited: pg. 100.]

[Kon06] L. Kong, Full field algebras, operads and tensor categories, Adv. Math. 213 (2007)
271–340, arXiv:math/0603065. [Cited: pg. 112.]

[Kon14] , Anyon condensation and tensor categories, Nuclear Physics B 886 (2014)
436–482. [Cited: pg. 111.]

[KORS20] Z. Komargodski, K. Ohmori, K. Roumpedakis, and S. Seifnashri, Symmetries and
strings of adjoint QCD2, JHEP 03 (2021) 103, arXiv:2008.07567 [hep-th]. [Cited:
pg. 121.]

[KR88] A. Karlhede and M. Roček, Topological Quantum Field Theory and N = 2 Conformal
Supergravity, Phys. Lett. B 212 (1988) 51–55. [Cited: pgs. 202, 204, 359, 360, 369,
384, 389, and 392.]

[KS77] R. C. Kirby and L. C. Siebenmann, Foundational essays on topological manifolds,
smoothings, and triangulations, Annals of Mathematics Studies, no. 88, Princeton
University Press, Princeton, NJ, 1977. With notes by John Milnor and Michael Atiyah.
[Cited: pg. 6.]

[KS21] M. Kontsevich and G. Segal, Wick Rotation and the Positivity of Energy in Quantum
Field Theory, Quart. J. Math. Oxford Ser. 72 (2021) 673–699, arXiv:2105.10161
[hep-th]. [Cited: pg. 177.]

[KT17] A. Kapustin and R. Thorngren, Fermionic SPT phases in higher dimensions and
bosonization, JHEP 10 (2017) 080, arXiv:1701.08264 [cond-mat.str-el]. [Cited:
pg. 49.]

[KTT19] A. Karch, D. Tong, and C. Turner, A Web of 2d Dualities: Z2 Gauge Fields and
Arf Invariants, SciPost Phys. 7 (2019) 007, arXiv:1902.05550 [hep-th]. [Cited:
pg. 49.]

[KTZ12] C. Klare, A. Tomasiello, and A. Zaffaroni, Supersymmetry on Curved Spaces and
Holography, JHEP 08 (2012) 061, arXiv:1205.1062 [hep-th]. [Cited: pg. 384.]

[Kuu19] P. Kuusela, GammaMaP - A Mathematica Package for Clifford Algebras, Gamma
Matrices and Spinors, arXiv:1905.00429 [hep-th]. [Cited: pg. 41.]

http://www.jstor.org/stable/1970128
http://www.jstor.org/stable/1970128
http://dx.doi.org/10.1007/s00023-019-00835-x
http://arxiv.org/abs/1901.03540
http://dx.doi.org/10.1007/s00220-007-0258-7
http://arxiv.org/abs/hep-th/0510251
http://dx.doi.org/10.1016/j.aim.2006.12.007
http://dx.doi.org/10.1016/j.aim.2006.12.007
http://arxiv.org/abs/math/0603065
http://dx.doi.org/10.1007/JHEP03(2021)103
http://arxiv.org/abs/2008.07567
http://dx.doi.org/10.1016/0370-2693(88)91234-8
http://dx.doi.org/10.1093/qmath/haab027
http://arxiv.org/abs/2105.10161
http://arxiv.org/abs/2105.10161
http://dx.doi.org/10.1007/JHEP10(2017)080
http://arxiv.org/abs/1701.08264
http://dx.doi.org/10.21468/SciPostPhys.7.1.007
http://arxiv.org/abs/1902.05550
http://dx.doi.org/10.1007/JHEP08(2012)061
http://arxiv.org/abs/1205.1062
http://arxiv.org/abs/1905.00429


414

[KW06] A. Kapustin and E. Witten, Electric-Magnetic Duality And The Geometric Langlands
Program, Commun. Num. Theor. Phys. 1 (2007) 1–236, arXiv:hep-th/0604151.
[Cited: pg. 197.]

[KZ84] V. G. Knizhnik and A. B. Zamolodchikov, Current Algebra and Wess-Zumino Model
in Two-Dimensions, Nucl. Phys. B 247 (1984) 83–103. [Cited: pg. 99.]

[KZ13] C. Klare and A. Zaffaroni, Extended Supersymmetry on Curved Spaces, JHEP 10
(2013) 218, arXiv:1308.1102 [hep-th]. [Cited: pg. 384.]

[Li99] H. Li, Some finiteness properties of regular vertex operator algebras, Journal of Alge-
bra 212 (1999) 495–514. [Cited: pg. 265.]

[Lic63] A. Lichnerowicz, Spineurs harmoniques, C. R. Acad. Sci. Paris 257 (1963) 7–9. [Cited:
pg. 392.]

[LJ23] H. B. Lawson Jr., Spinh Manifolds, Symmetry, Integrability and Geometry: Methods
and Applications (2023) , arXiv:2301.09683 [math.DG]. [Cited: pg. 332.]

[LL12] J. Lepowsky and H. Li, Introduction to vertex operator algebras and their representa-
tions, Progress in Mathematics, Birkhäuser Boston, 2012. https://books.google.
com/books?id=bB3UBwAAQBAJ. [Cited: pgs. 16, 99, 101, 102, 105, 106, 113, 115, 116,
and 168.]

[LM14] J. Lorenzen and D. Martelli, Comments on the Casimir energy in supersymmetric
field theories, JHEP 07 (2015) 001, arXiv:1412.7463 [hep-th]. [Cited: pg. 386.]

[LMn95] J. M. F. Labastida and M. Mariño, NonAbelian monopoles on four manifolds, Nucl.
Phys. B 448 (1995) 373–398, arXiv:hep-th/9504010. [Cited: pgs. 10 and 206.]

[LMn97] , Twisted baryon number in N=2 supersymmetric QCD, Phys. Lett. B 400
(1997) 323–330, arXiv:hep-th/9702054. [Cited: pgs. 11, 173, and 193.]

[LMn05] J. Labastida and M. Mariño, Topological quantum field theory and four manifolds,
Springer, Dordrecht, 2005. [Cited: pgs. 202, 342, and 369.]

[LNS97] A. Losev, N. Nekrasov, and S. L. Shatashvili, Issues in topological gauge theory, Nucl.
Phys. B 534 (1998) 549–611, arXiv:hep-th/9711108. [Cited: pgs. 174 and 206.]

[LP14] M. Lemos and W. Peelaers, Chiral Algebras for Trinion Theories, JHEP 02 (2015)
113, arXiv:1411.3252 [hep-th]. [Cited: pg. 387.]

[LR90] U. Lindström and M. Roček, N = 2 super Yang-Mills Theory in Projective Superspace,
Commun. Math. Phys. 128 (1990) 191. [Cited: pg. 202.]

[LR08] , Properties of hyperkähler manifolds and their twistor spaces, Commun. Math.
Phys. 293 (2010) 257–278, arXiv:0807.1366 [hep-th]. [Cited: pg. 202.]

[LS19] Y.-H. Lin and S.-H. Shao, Duality Defect of the Monster CFT, J. Phys. A 54 (2021)
065201, arXiv:1911.00042 [hep-th]. [Cited: pgs. 25, 49, 56, 59, and 60.]

[Mar95] N. Marcus, The Other topological twisting of N=4 Yang-Mills, Nucl. Phys. B 452
(1995) 331–345, arXiv:hep-th/9506002. [Cited: pg. 197.]

[Mar04] D. Margalit, Automorphisms of the pants complex, Duke Mathematical Journal 121
(2004) 457 – 479. [Cited: pg. 219.]

[McR21] R. McRae, On rationality for c2-cofinite vertex operator algebras, 2021,
arXiv:2108.01898 [math.QA]. [Cited: pg. 66.]

http://dx.doi.org/10.4310/CNTP.2007.v1.n1.a1
http://arxiv.org/abs/hep-th/0604151
http://dx.doi.org/10.1016/0550-3213(84)90374-2
http://dx.doi.org/10.1007/JHEP10(2013)218
http://dx.doi.org/10.1007/JHEP10(2013)218
http://arxiv.org/abs/1308.1102
http://dx.doi.org/10.1006/jabr.1998.7654
http://dx.doi.org/10.1006/jabr.1998.7654
http://dx.doi.org/10.3842/SIGMA.2023.012
http://dx.doi.org/10.3842/SIGMA.2023.012
http://arxiv.org/abs/2301.09683
https://books.google.com/books?id=bB3UBwAAQBAJ
https://books.google.com/books?id=bB3UBwAAQBAJ
http://dx.doi.org/10.1007/JHEP07(2015)001
http://arxiv.org/abs/1412.7463
http://dx.doi.org/10.1016/0550-3213(95)00300-H
http://dx.doi.org/10.1016/0550-3213(95)00300-H
http://arxiv.org/abs/hep-th/9504010
http://dx.doi.org/10.1016/S0370-2693(97)00376-6
http://dx.doi.org/10.1016/S0370-2693(97)00376-6
http://arxiv.org/abs/hep-th/9702054
http://dx.doi.org/10.1007/1-4020-3177-7
http://dx.doi.org/10.1016/S0550-3213(98)00628-2
http://dx.doi.org/10.1016/S0550-3213(98)00628-2
http://arxiv.org/abs/hep-th/9711108
http://dx.doi.org/10.1007/JHEP02(2015)113
http://dx.doi.org/10.1007/JHEP02(2015)113
http://arxiv.org/abs/1411.3252
http://dx.doi.org/10.1007/BF02097052
http://dx.doi.org/10.1007/s00220-009-0923-0
http://dx.doi.org/10.1007/s00220-009-0923-0
http://arxiv.org/abs/0807.1366
http://dx.doi.org/10.1088/1751-8121/abd69e
http://dx.doi.org/10.1088/1751-8121/abd69e
http://arxiv.org/abs/1911.00042
http://dx.doi.org/10.1016/0550-3213(95)00389-A
http://dx.doi.org/10.1016/0550-3213(95)00389-A
http://arxiv.org/abs/hep-th/9506002
https://doi.org/10.1215/S0012-7094-04-12133-5
https://doi.org/10.1215/S0012-7094-04-12133-5
http://arxiv.org/abs/2108.01898


415

[Mil56] J. W. Milnor, On manifolds homeomorphic to the 7-sphere, Annals of Mathematics
64 (1956) 399–405. [Cited: pg. 6.]

[Min97] S. Minwalla, Restrictions imposed by superconformal invariance on quantum field the-
ories, Adv. Theor. Math. Phys. 2 (1998) 783–851, arXiv:hep-th/9712074. [Cited:
pg. 381.]

[Miy14] M. Miyamoto, C2-cofiniteness of cyclic-orbifold models, Communications in Mathe-
matical Physics 335 (2014) 1279–1286. [Cited: pg. 66.]

[MM97] R. Minasian and G. W. Moore, K theory and Ramond-Ramond charge, JHEP 11
(1997) 002, arXiv:hep-th/9710230. [Cited: pg. 137.]

[MM98] M. Mariño and G. W. Moore, The Donaldson-Witten function for gauge groups of rank
larger than one, Commun. Math. Phys. 199 (1998) 25–69, arXiv:hep-th/9802185.
[Cited: pgs. 10 and 175.]

[MM21] J. Manschot and G. W. Moore, Topological correlators of SU(2), N = 2∗ SYM on
four-manifolds, arXiv:2104.06492 [hep-th]. [Cited: pgs. 10, 172, 173, 174, 175,
193, 207, and 217.]

[MMZ19] J. Manschot, G. W. Moore, and X. Zhang, Effective gravitational couplings of
four-dimensional N = 2 supersymmetric gauge theories, JHEP 06 (2020) 150,
arXiv:1912.04091 [hep-th]. [Cited: pg. 175.]

[MN17] G. W. Moore and I. Nidaiev, The Partition Function Of Argyres-Douglas Theory On
A Four-Manifold, arXiv:1711.09257 [hep-th]. [Cited: pg. 10.]

[Moo98] G. W. Moore, Arithmetic and attractors, arXiv:hep-th/9807087. [Cited: pg. iii.]

[Moo03] , K theory from a physical perspective, Symposium on Topology, Geometry
and Quantum Field Theory (Segalfest), 4 2003, pp. 194–234. arXiv:hep-th/0304018.
[Cited: pg. 137.]

[Moo14a] , Physical mathematics and the future, Presentation delivered at the Strings
2014 Conference, Princeton, NJ, June 2014. [Cited: pg. 1.]

[Moo14b] , Physical mathematics and the future, https://www.physics.rutgers.edu/
~gmoore/PhysicalMathematicsAndFuture.pdf, 2014. Available at Rutgers Univer-
sity Faculty Page; accessed May 2026. [Cited: pg. 1.]

[Moo17] , Lectures On The Physical Approach To Donaldson And Seiberg-Witten In-
variants Of Four-Manifolds, https://www.physics.rutgers.edu/~gmoore/SCGP-
FourManifoldsNotes-2017.pdf, 2017. [Cited: pg. 10.]

[Moo18] , Clifford algebras. https://www.physics.rutgers.edu/~gmoore/
618Spring2018/GTLect10-CliffordAlgebras-2018.pdf. [Cited: pg. 41.]

[Moo22] , Abstract Group Theory. http://www.physics.rutgers.edu/~gmoore/
618Spring2022/GTLect1-AbstractGroupTheory-2022.pdf. [Cited: pgs. 38 and 79.]

[Mor20] Y. Moriwaki, Two-dimensional conformal field theory, full vertex algebra and current-
current deformation, Adv. Math. 427 (2023) 109125, arXiv:2007.07327 [math.QA].
[Cited: pg. 28.]

[MRS26a] G. Moore, E. Rabinovici, and R. K. Singh, Gauged WZW models vs. the GKO con-
struction, In preparation, 2026. [Cited: pg. 18.]

[MRS26b] , Topological degeneracy in gauged WZW models, In preparation, 2026. [Cited:
pg. 18.]

http://dx.doi.org/10.2307/1969983
http://dx.doi.org/10.2307/1969983
http://dx.doi.org/10.4310/ATMP.1998.v2.n4.a4
http://arxiv.org/abs/hep-th/9712074
http://dx.doi.org/10.1007/s00220-014-2252-1
http://dx.doi.org/10.1007/s00220-014-2252-1
http://dx.doi.org/10.1088/1126-6708/1997/11/002
http://dx.doi.org/10.1088/1126-6708/1997/11/002
http://arxiv.org/abs/hep-th/9710230
http://dx.doi.org/10.1007/s002200050494
http://arxiv.org/abs/hep-th/9802185
http://arxiv.org/abs/2104.06492
http://dx.doi.org/10.1007/JHEP06(2020)150
http://arxiv.org/abs/1912.04091
http://arxiv.org/abs/1711.09257
http://arxiv.org/abs/hep-th/9807087
http://arxiv.org/abs/hep-th/0304018
https://www.physics.rutgers.edu/~gmoore/PhysicalMathematicsAndFuture.pdf
https://www.physics.rutgers.edu/~gmoore/PhysicalMathematicsAndFuture.pdf
https://www.physics.rutgers.edu/~gmoore/SCGP-FourManifoldsNotes-2017.pdf
https://www.physics.rutgers.edu/~gmoore/SCGP-FourManifoldsNotes-2017.pdf
https://www.physics.rutgers.edu/~gmoore/618Spring2018/GTLect10-CliffordAlgebras-2018.pdf
https://www.physics.rutgers.edu/~gmoore/618Spring2018/GTLect10-CliffordAlgebras-2018.pdf
http://www.physics.rutgers.edu/~gmoore/618Spring2022/GTLect1-AbstractGroupTheory-2022.pdf
http://www.physics.rutgers.edu/~gmoore/618Spring2022/GTLect1-AbstractGroupTheory-2022.pdf
http://dx.doi.org/10.1016/j.aim.2023.109125
http://arxiv.org/abs/2007.07327


416

[MS88] G. W. Moore and N. Seiberg, Polynomial Equations for Rational Conformal Field
Theories, Phys. Lett. B 212 (1988) 451–460. [Cited: pgs. 249, 284, and 285.]

[MS89a] , LECTURES ON RCFT, 1989 Banff NATO ASI: Physics, Geometry and
Topology, 9 1989. [Cited: pgs. 28, 109, 249, and 261.]

[MS89b] , Naturality in Conformal Field Theory, Nucl. Phys. B 313 (1989) 16–40.
[Cited: pgs. 168 and 289.]

[MS89c] , Classical and Quantum Conformal Field Theory, Commun. Math. Phys. 123
(1989) 177. [Cited: pgs. 28, 109, 249, 261, 284, 285, 287, and 288.]

[MS89d] , Taming the Conformal Zoo, Phys. Lett. B 220 (1989) 422–430. [Cited: pgs.
18, 119, 125, and 303.]

[MS06] G. W. Moore and G. Segal, D-branes and K-theory in 2D topological field theory, 8
2006, arXiv:hep-th/0609042. [Cited: pgs. 49, 52, 54, 100, and 163.]

[MS23] G. W. Moore and R. K. Singh, Beauty and the Beast Part 2: Apprehending the Missing
Supercurrent, Commun. Math. Phys. 406 (2025) 303, arXiv:2309.02382 [hep-th].
[Cited: pgs. 15, 18, 21, 93, 94, and 98.]

[MS25] G. W. Moore and V. Saxena, TASI Lectures On Topological Field Theories And
Differential Cohomology, with an appendix by Daniel S. Freed, Theoretical Ad-
vanced Study Institute in Elementary Particle Physics 2023: Aspects of Symme-
try, 10 2025. arXiv:2510.07408 [hep-th]. Current version: https://github.com/
spinstructure/tasigmvs. [Cited: pgs. 139, 143, and 185.]

[MSS24] G. W. Moore, V. Saxena, and R. K. Singh, Topological Twisting of 4d N = 2 Su-
persymmetric Field Theories, arXiv:2411.14396 [hep-th]. [Cited: pgs. 11, 18,
and 172.]

[MT04] M. Miyamoto and K. Tanabe, Uniform product of Ag,n(v) for an orbifold model v and
g-twisted zhu algebra, Journal of Algebra 274 (2004) 80–96. [Cited: pg. 66.]

[Mun00] J. R. Munkres, Topology, 2nd ed., Prentice Hall, Upper Saddle River, NJ, 2000.
[Cited: pg. 5.]

[MW97] G. W. Moore and E. Witten, Integration over the u plane in Donaldson theory, Adv.
Theor. Math. Phys. 1 (1997) 298–387, arXiv:hep-th/9709193. [Cited: pgs. 3, 9, 10,
11, 173, 174, 175, and 192.]

[MW99] G. W. Moore and E. Witten, Selfduality, Ramond-Ramond fields, and K theory, JHEP
05 (2000) 032, arXiv:hep-th/9912279. [Cited: pg. 137.]

[Mö21] S. Möller, A cyclic orbifold theory for holomorphic vertex operator algebras and appli-
cations, PhD. Thesis, 2021. https://tuprints.ulb.tu-darmstadt.de/id/eprint/
17356. [Cited: pg. 66.]

[Nak03] M. Nakahara, Geometry, topology and physics, 2003. [Cited: pg. 52.]

[Nar86] K. S. Narain, New Heterotic String Theories in Uncompactified Dimensions < 10,
Phys. Lett. B 169 (1986) 41–46. [Cited: pg. 287.]

[Nor87] S. P. Norton, Generalized moonshine, Proceedings of Symposia in Pure Mathematics,
vol. 47, American Mathematical Society, 1987, pp. 208–209. [Cited: pg. 13.]

[NS65] M. S. Narasimhan and C. S. Seshadri, Stable and unitary vector bundles on a compact
Riemann surface, Ann. of Math. (2) 82 (1965) 540–567. [Cited: pg. 141.]

http://dx.doi.org/10.1016/0370-2693(88)91796-0
http://dx.doi.org/10.1016/0550-3213(89)90511-7
http://dx.doi.org/10.1007/BF01238857
http://dx.doi.org/10.1007/BF01238857
http://dx.doi.org/10.1016/0370-2693(89)90897-6
http://arxiv.org/abs/hep-th/0609042
http://dx.doi.org/10.1007/s00220-025-05471-7
http://arxiv.org/abs/2309.02382
http://arxiv.org/abs/2510.07408
https://github.com/spinstructure/tasigmvs
https://github.com/spinstructure/tasigmvs
http://arxiv.org/abs/2411.14396
https://www.sciencedirect.com/science/article/pii/S0021869303008196
http://dx.doi.org/10.4310/ATMP.1997.v1.n2.a7
http://dx.doi.org/10.4310/ATMP.1997.v1.n2.a7
http://arxiv.org/abs/hep-th/9709193
http://dx.doi.org/10.1088/1126-6708/2000/05/032
http://dx.doi.org/10.1088/1126-6708/2000/05/032
http://arxiv.org/abs/hep-th/9912279
http://dx.doi.org/10.26083/TUPRINTS-00017356
http://dx.doi.org/10.26083/TUPRINTS-00017356
https://tuprints.ulb.tu-darmstadt.de/id/eprint/17356
https://tuprints.ulb.tu-darmstadt.de/id/eprint/17356
http://dx.doi.org/10.1016/0370-2693(86)90682-9
https://doi.org/10.2307/1970710


417

[NSV87] K. S. Narain, M. H. Sarmadi, and C. Vafa, Asymmetric Orbifolds, Nucl. Phys. B 288
(1987) 551. [Cited: pg. 287.]

[NSW87] K. S. Narain, M. H. Sarmadi, and E. Witten, A Note on Toroidal Compactification
of Heterotic String Theory, Nucl. Phys. B 279 (1987) 369–379. [Cited: pg. 287.]

[OS14] V. Ostrik and M. Sun, Level-rank duality via tensor categories, Communications in
Mathematical Physics 326 (2014) 49–61. [Cited: pg. 128.]

[P+16] V. Pestun et al., Localization techniques in quantum field theories, J. Phys. A 50
(2017) 440301, arXiv:1608.02952 [hep-th]. [Cited: pg. 386.]

[Pes14] V. Pestun, Localization for N = 2 Supersymmetric Gauge Theories in Four Dimen-
sions, pp. 159–194, 2016. arXiv:1412.7134 [hep-th]. [Cited: pgs. 387 and 389.]

[Pol07a] J. Polchinski, String theory. Vol. 1: An introduction to the bosonic string , Cambridge
Monographs on Mathematical Physics, Cambridge University Press, 12 2007. [Cited:
pg. 287.]

[Pol07b] , String theory. Vol. 2: Superstring theory and beyond , Cambridge Monographs
on Mathematical Physics, Cambridge University Press, 12 2007. [Cited: pg. 287.]

[PP19] Y. Pan and W. Peelaers, Schur correlation functions on S3 × S1, JHEP 07 (2019)
013, arXiv:1903.03623 [hep-th]. [Cited: pg. 387.]

[PP21] , Exact Schur index in closed form, Phys. Rev. D 106 (2022) 045017,
arXiv:2112.09705 [hep-th]. [Cited: pg. 386.]

[PPV16] N. M. Paquette, D. Persson, and R. Volpato, Monstrous BPS-Algebras and the Su-
perstring Origin of Moonshine, Commun. Num. Theor. Phys. 10 (2016) 433–526,
arXiv:1601.05412 [hep-th]. [Cited: pg. 14.]

[PPV17] , BPS Algebras, Genus Zero, and the Heterotic Monster, J. Phys. A 50 (2017)
414001, arXiv:1701.05169 [hep-th]. [Cited: pg. 14.]

[PS75] V. Pless and N. Sloane, On the classification and enumeration of self-dual codes, Jour-
nal of Combinatorial Theory, Series A 18 (1975) 313–335. [Cited: pgs. 81 and 226.]

[PS86] A. Pressley and G. Segal, Loop groups, Oxford Mathematical Monographs, Oxford
University Press, Oxford, 1986. [Cited: pgs. 132 and 146.]

[PS20] S. Pal and Z. Sun, High Energy Modular Bootstrap, Global Symmetries and Defects,
JHEP 08 (2020) 064, arXiv:2004.12557 [hep-th]. [Cited: pg. 57.]

[PSW99] B. Pedrini, C. Schweigert, and J. Walcher, New maverick coset theories, Phys. Lett.
B 466 (1999) 206–210, arXiv:hep-th/9908185. [Cited: pgs. 129, 130, 300, and 316.]

[PT95] V. Pidstrigach and A. Tyurin, Localisation of the Donaldson’s invariants along
Seiberg-Witten classes, arXiv preprint dg-ga/9507004 (1995) . [Cited: pg. 206.]

[PW84] A. M. Polyakov and P. B. Wiegmann, Goldstone Fields in Two-Dimensions with
Multivalued Actions, Phys. Lett. B 141 (1984) 223–228. [Cited: pg. 135.]

[Que81] L. Queen, Modular functions arising from some finite groups, Mathematics of Com-
putation 37 (1981) 547–580. [Cited: pg. 13.]

[Qui91] F. Quinn, Lectures on axiomatic topological quantum field theory, Graduate Summer
School on the Geometry and Topology of Manifolds and Quantum Field Theory, 1991,
pp. 325–453. [Cited: pg. 100.]

http://dx.doi.org/10.1016/0550-3213(87)90228-8
http://dx.doi.org/10.1016/0550-3213(87)90228-8
http://dx.doi.org/10.1016/0550-3213(87)90001-0
http://dx.doi.org/10.1088/1751-8121/aa63c1
http://dx.doi.org/10.1088/1751-8121/aa63c1
http://arxiv.org/abs/1608.02952
http://arxiv.org/abs/1412.7134
http://dx.doi.org/10.1017/CBO9780511816079
http://dx.doi.org/10.1017/CBO9780511618123
http://dx.doi.org/10.1007/JHEP07(2019)013
http://dx.doi.org/10.1007/JHEP07(2019)013
http://arxiv.org/abs/1903.03623
http://dx.doi.org/10.1103/PhysRevD.106.045017
http://arxiv.org/abs/2112.09705
http://dx.doi.org/10.4310/CNTP.2016.v10.n3.a2
http://arxiv.org/abs/1601.05412
http://dx.doi.org/10.1088/1751-8121/aa8443
http://dx.doi.org/10.1088/1751-8121/aa8443
http://arxiv.org/abs/1701.05169
http://dx.doi.org/https://doi.org/10.1016/0097-3165(75)90042-4
http://dx.doi.org/https://doi.org/10.1016/0097-3165(75)90042-4
http://dx.doi.org/10.1007/JHEP08(2020)064
http://arxiv.org/abs/2004.12557
http://dx.doi.org/10.1016/S0370-2693(99)01115-6
http://dx.doi.org/10.1016/S0370-2693(99)01115-6
http://arxiv.org/abs/hep-th/9908185
http://dx.doi.org/10.1016/0370-2693(84)90206-5


418

[Rai99] E. Rains, Optimal self-dual codes over Z4, Discrete Mathematics 203 (1999) 215–228.
[Cited: pgs. 83, 228, and 229.]

[Raz12] S. S. Razamat, On a modular property of N=2 superconformal theories in four di-
mensions, JHEP 10 (2012) 191, arXiv:1208.5056 [hep-th]. [Cited: pg. 387.]

[Raz13] , On the N = 2 superconformal index and eigenfunctions of the elliptic RS
model, Lett. Math. Phys. 104 (2014) 673–690, arXiv:1309.0278 [hep-th]. [Cited:
pg. 386.]

[Rom05] C. Romelsberger, Counting chiral primaries in N = 1, d=4 superconformal field the-
ories, Nucl. Phys. B 747 (2006) 329–353, arXiv:hep-th/0510060. [Cited: pgs. 209
and 212.]

[RR14] L. Rastelli and S. S. Razamat, The superconformal index of theories of class S.,
pp. 261–305, 2016. arXiv:1412.7131 [hep-th]. [Cited: pgs. 210, 381, and 384.]

[RR16] , The supersymmetric index in four dimensions, J. Phys. A 50 (2017) 443013,
arXiv:1608.02965 [hep-th]. [Cited: pgs. 210 and 384.]

[RS11] E. Rabinovici and M. Smolkin, On the dynamical generation of the Maxwell term and
scale invariance, JHEP 07 (2011) 040, arXiv:1102.5035 [hep-th]. [Cited: pg. 100.]

[RS13] A. Recknagel and V. Schomerus, Boundary Conformal Field Theory and the World-
sheet Approach to D-Branes, Cambridge Monographs on Mathematical Physics, Cam-
bridge University Press, 11 2013. [Cited: pg. 169.]

[Sch48] J. Schwinger, Quantum Electrodynamics. I. A Covariant Formulation, Phys. Rev. 74
(1948) 1439–1461. [Cited: pg. 177.]

[Sco05] A. Scorpan, The Wild World of 4-Manifolds, vol. 84, American Mathematical So-
ciety, Providence, RI, 2005. https://bookstore.ams.org/fourman. [Cited: pgs. 6
and 332.]

[Seg88a] G. Segal, TWO-DIMENSIONAL CONFORMAL FIELD THEORIES AND MODU-
LAR FUNCTIONS, IX International Conference on Mathematical Physics (IAMP),
1988. [Cited: pg. 177.]

[Seg88b] G. B. Segal, The definition of conformal field theory, pp. 165–171, Springer Nether-
lands, Dordrecht, 1988. https://doi.org/10.1007/978-94-015-7809-7_9. [Cited:
pg. 177.]

[Seg02] G. Segal, The definition of conformal field theory, Symposium on Topology, Geometry
and Quantum Field Theory (Segalfest), 6 2002, pp. 421–575. [Cited: pg. 177.]

[Sha23] S.-H. Shao, What’s Done Cannot Be Undone: TASI Lectures on Non-Invertible Sym-
metry, 8 2023, arXiv:2308.00747 [hep-th]. [Cited: pg. 49.]

[Sin22] R. K. Singh, Donaldson’s invariants and topological twisting of 4d N = 2 super yang-
mills theory, https://ranveer14.github.io/DW%20Theory.pdf, 2022. Exposition,
NHETC and Department of Physics and Astronomy, Rutgers University. [Cited:
pg. 9.]

[Sin24] , Algebraic structures in closed superstring field theory, homotopy transfer, and
effective actions, Phys. Rev. D 110 (2024) 126007, arXiv:2405.08063 [hep-th].
[Cited: pg. 20.]

[Sin26] , Generating Function of single-centered Black Hole Index in CHL Models,
arXiv:2606.19479 [hep-th]. [Cited: pg. 19.]

https://www.sciencedirect.com/science/article/pii/S0012365X98003586
http://dx.doi.org/10.1007/JHEP10(2012)191
http://arxiv.org/abs/1208.5056
http://dx.doi.org/10.1007/s11005-014-0682-5
http://arxiv.org/abs/1309.0278
http://dx.doi.org/10.1016/j.nuclphysb.2006.03.037
http://arxiv.org/abs/hep-th/0510060
http://arxiv.org/abs/1412.7131
http://dx.doi.org/10.1088/1751-8121/aa76a6
http://arxiv.org/abs/1608.02965
http://dx.doi.org/10.1007/JHEP07(2011)040
http://arxiv.org/abs/1102.5035
http://dx.doi.org/10.1017/CBO9780511806476
http://dx.doi.org/10.1017/CBO9780511806476
https://link.aps.org/doi/10.1103/PhysRev.74.1439
https://link.aps.org/doi/10.1103/PhysRev.74.1439
https://bookstore.ams.org/fourman
https://doi.org/10.1007/978-94-015-7809-7_9
http://arxiv.org/abs/2308.00747
https://ranveer14.github.io/DW%20Theory.pdf
http://dx.doi.org/10.1103/PhysRevD.110.126007
http://arxiv.org/abs/2405.08063
http://arxiv.org/abs/2606.19479


419

[Spi90] M. Spiegelglas, Spin sums, fusion rules and correlators by filling, Physics Letters B
247 (1990) 36–40. [Cited: pgs. 17 and 100.]

[Spi92] M. Spiegelglas, Setting fusion rings in topological Landau-Ginzburg, Phys. Lett. B
274 (1992) 21–26. [Cited: pg. 100.]

[SS23] R. K. Singh and M. Sinha, Non-chiral vertex operator algebra associated to Lorentzian
lattices and Narain CFTs, SciPost Phys. 17 (2024) 047, arXiv:2312.16296
[hep-th]. [Cited: pgs. 20, 28, 168, and 287.]

[SST24] R. K. Singh, M. Sinha, and R. Tao, Rationality of Lorentzian lattice CFTs
and the associated modular tensor category, Lett. Math. Phys. 115 (2025) 134,
arXiv:2408.02744 [hep-th]. [Cited: pgs. 20, 168, 265, and 287.]

[Sta62] J. R. Stallings, The piecewise-linear structure of euclidean space, Proceedings of the
Cambridge Philosophical Society 58 (1962) 481–488. [Cited: pg. 6.]

[SW94] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2
supersymmetric QCD, Nuclear Physics B 431 (1994) 484–550. [Cited: pg. 9.]

[SY90a] A. N. Schellekens and S. Yankielowicz, Simple Currents, Modular Invariants and Fixed
Points, Int. J. Mod. Phys. A 5 (1990) 2903–2952. [Cited: pgs. 311, 312, and 316.]

[SY90b] , Field Identification Fixed Points in the Coset Construction, Nucl. Phys. B
334 (1990) 67–102. [Cited: pgs. 18, 119, 311, 312, and 316.]

[SY92] M. Spiegelglas and S. Yankielowicz, G / G topological field theories by cosetting G(k),
Nucl. Phys. B 393 (1993) 301–336, arXiv:hep-th/9201036. [Cited: pgs. 17 and 100.]

[Tac13a] Y. Tachikawa, On the 6d origin of discrete additional data of 4d gauge theories, JHEP
05 (2014) 020, arXiv:1309.0697 [hep-th]. [Cited: pgs. 208 and 209.]

[Tac13b] , N=2 supersymmetric dynamics for pedestrians, 12 2013. arXiv:1312.2684
[hep-th]. [Cited: pg. 208.]

[Tac15] , A review of the TN theory and its cousins, PTEP 2015 (2015) 11B102,
arXiv:1504.01481 [hep-th]. [Cited: pgs. 208, 209, 211, and 212.]

[Tau87] C. H. Taubes, Gauge theory on asymptotically periodic 4-manifolds, Journal of Dif-
ferential Geometry 25 (1987) . [Cited: pg. 6.]

[Tho79a] J. G. Thompson, Some numerology between the Fischer-Griess Monster and the ellip-
tic modular function, Bulletin of the London Mathematical Society 11 (1979) 352–353.
[Cited: pgs. 4 and 12.]

[Tho79b] , A numerological theorem asimptotic for the Fischer-Griess Monster, Bulletin
of the London Mathematical Society 11 (1979) 354–355. [Cited: pgs. 4 and 12.]

[TK87] A. Tsuchiya and Y. Kanie, Vertex Operators in the Conformal Field Theory on p1
and Monodromy Representations of the Braid Group, Lett. Math. Phys. 13 (1987)
303–312. [Cited: pg. 288.]

[TL99] V. Toledano Laredo, Positive energy representations of the loop groups of non-simply
connected lie groups, Communications in mathematical physics 207 (1999) 307–339,
arXiv:math/0106196. [Cited: pg. 148.]

[Tom46] S. Tomonaga, On a Relativistically Invariant Formulation of the Quantum Theory of
Wave Fields, Prog. Theor. Phys. 1 (1946) 27–42. [Cited: pg. 177.]

[Tur92] V. G. Turaev, Modular categories and 3-manifold invariants, International Journal of
Modern Physics B 6 (1992) 1807–1824. [Cited: pgs. 249 and 265.]

https://www.sciencedirect.com/science/article/pii/037026939091045D
https://www.sciencedirect.com/science/article/pii/037026939091045D
http://dx.doi.org/10.1016/0370-2693(92)90298-I
http://dx.doi.org/10.1016/0370-2693(92)90298-I
http://dx.doi.org/10.21468/SciPostPhys.17.2.047
http://arxiv.org/abs/2312.16296
http://arxiv.org/abs/2312.16296
http://dx.doi.org/10.1007/s11005-025-02024-w
http://arxiv.org/abs/2408.02744
http://dx.doi.org/10.1017/S0305004100036756
http://dx.doi.org/10.1017/S0305004100036756
http://dx.doi.org/10.1016/0550-3213(94)90214-3
http://dx.doi.org/10.1142/S0217751X90001367
http://dx.doi.org/10.1016/0550-3213(90)90657-Y
http://dx.doi.org/10.1016/0550-3213(90)90657-Y
http://dx.doi.org/10.1016/0550-3213(93)90247-M
http://arxiv.org/abs/hep-th/9201036
http://dx.doi.org/10.1007/JHEP05(2014)020
http://dx.doi.org/10.1007/JHEP05(2014)020
http://arxiv.org/abs/1309.0697
http://dx.doi.org/10.1007/978-3-319-08822-8
http://arxiv.org/abs/1312.2684
http://arxiv.org/abs/1312.2684
http://dx.doi.org/10.1093/ptep/ptv098
http://arxiv.org/abs/1504.01481
http://dx.doi.org/10.4310/jdg/1214440981
http://dx.doi.org/10.4310/jdg/1214440981
http://dx.doi.org/10.1112/blms/11.3.352
http://dx.doi.org/10.1112/blms/11.3.354
http://dx.doi.org/10.1112/blms/11.3.354
http://dx.doi.org/10.1007/BF00401159
http://dx.doi.org/10.1007/BF00401159
http://arxiv.org/abs/math/0106196
http://dx.doi.org/10.1143/PTP.1.27


420

[Tur94] , Quantum invariants of knots and 3-manifolds, De Gruyter Studies in Math-
ematics, vol. 18, Walter de Gruyter, Berlin, New York, 1994. [Cited: pgs. 111, 268,
321, and 322.]

[TV94] P. Teichner and E. Vogt, All 4-Manifolds Have Spinc Structures, Preprint, available at
https://math.berkeley.edu/~teichner/Papers/spin.pdf, 1994. [Cited: pg. 332.]

[vEMS17] J. van Ekeren, S. Möller, and N. R. Scheithauer, Construction and classification of
holomorphic vertex operator algebras, Journal für die reine und angewandte Mathe-
matik (Crelles Journal) 2020 (2017) 61–99. [Cited: pg. 66.]

[Ver88] E. P. Verlinde, Fusion Rules and Modular Transformations in 2D Conformal Field
Theory, Nucl. Phys. B 300 (1988) 360–376. [Cited: pgs. 100, 249, and 281.]

[VW94] C. Vafa and E. Witten, A Strong coupling test of S duality, Nucl. Phys. B 431 (1994)
3–77, arXiv:hep-th/9408074. [Cited: pgs. 173 and 197.]

[WB92] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press,
Princeton, NJ, USA, 1992. [Cited: pg. 342.]

[Wit82] E. Witten, Constraints on Supersymmetry Breaking, Nucl. Phys. B 202 (1982) 253.
[Cited: pg. 385.]

[Wit84] E. Witten, Nonabelian Bosonization in Two-Dimensions, Commun. Math. Phys. 92
(1984) 455–472. [Cited: pgs. 4, 15, 99, and 135.]

[Wit88] E. Witten, Topological Quantum Field Theory, Commun. Math. Phys. 117 (1988)
353. [Cited: pgs. 2, 3, 7, 9, 10, 172, 173, 180, 181, 197, 387, and 389.]

[Wit89] E. Witten, Quantum field theory and the jones polynomial, Communications in Math-
ematical Physics 121 (1989) 351–399. [Cited: pg. 303.]

[Wit91] , On quantum gauge theories in two-dimensions, Commun. Math. Phys. 141
(1991) 153–209. [Cited: pg. 144.]

[Wit92a] , On Holomorphic factorization of WZW and coset models, Commun. Math.
Phys. 144 (1992) 189–212. [Cited: pgs. 17, 100, 134, and 135.]

[Wit92b] , Two-dimensional gauge theories revisited, J. Geom. Phys. 9 (1992) 303–368,
arXiv:hep-th/9204083. [Cited: pg. 144.]

[Wit93] , The Verlinde algebra and the cohomology of the Grassmannian,
arXiv:hep-th/9312104. [Cited: pgs. 17, 100, 134, and 135.]

[Wit94] E. Witten, Monopoles and four manifolds, Math. Res. Lett. 1 (1994) 769–796,
arXiv:hep-th/9411102. [Cited: pgs. 3, 9, 11, and 206.]

[Wit97] , Solutions of four-dimensional field theories via M theory, Nucl. Phys. B 500
(1997) 3–42, arXiv:hep-th/9703166. [Cited: pgs. 10 and 219.]

[Wit98] E. Witten, D-branes and K-theory, JHEP 12 (1998) 019, arXiv:hep-th/9810188.
[Cited: pg. 137.]

[Wit99] E. Witten, Lectures on Quantum Field Theory, Quantum Fields and Strings: A
Course for Mathematicians, Vol. 2 (P. Deligne, P. Etingof, D. S. Freed, L. C. Jef-
frey, D. Kazhdan, J. W. Morgan, D. R. Morrison, and E. Witten, eds.), American
Mathematical Society, Providence, RI, 1999, pp. 1119–1424. [Cited: pg. 206.]

[Wit07] E. Witten, Three-Dimensional Gravity Revisited, arXiv:0706.3359 [hep-th].
[Cited: pg. 14.]

https://math.berkeley.edu/~teichner/Papers/spin.pdf
http://dx.doi.org/10.1515/crelle-2017-0046
http://dx.doi.org/10.1515/crelle-2017-0046
http://dx.doi.org/10.1016/0550-3213(88)90603-7
http://dx.doi.org/10.1016/0550-3213(94)90097-3
http://dx.doi.org/10.1016/0550-3213(94)90097-3
http://arxiv.org/abs/hep-th/9408074
http://dx.doi.org/10.1016/0550-3213(82)90071-2
http://dx.doi.org/10.1007/BF01215276
http://dx.doi.org/10.1007/BF01215276
http://dx.doi.org/10.1007/BF01223371
http://dx.doi.org/10.1007/BF01223371
http://dx.doi.org/10.1007/BF02100009
http://dx.doi.org/10.1007/BF02100009
http://dx.doi.org/10.1007/BF02099196
http://dx.doi.org/10.1007/BF02099196
http://dx.doi.org/10.1016/0393-0440(92)90034-X
http://arxiv.org/abs/hep-th/9204083
http://arxiv.org/abs/hep-th/9312104
http://dx.doi.org/10.4310/MRL.1994.v1.n6.a13
http://arxiv.org/abs/hep-th/9411102
http://dx.doi.org/10.1016/S0550-3213(97)00416-1
http://dx.doi.org/10.1016/S0550-3213(97)00416-1
http://arxiv.org/abs/hep-th/9703166
http://dx.doi.org/10.1088/1126-6708/1998/12/019
http://arxiv.org/abs/hep-th/9810188
http://arxiv.org/abs/0706.3359


421

[Wol09] U. Wolf, The action of the mapping class group on the pants com-
plex. https://www.math.kit.edu/iag3/~wolf/media/wolf-the-action-of-the-
mapping-class-group-on-the-pants-complex.pdf. [Cited: pgs. xii, 219, and 220.]

[WWW18] J. Wang, X.-G. Wen, and E. Witten, A New SU(2) Anomaly, J. Math. Phys. 60
(2019) 052301, arXiv:1810.00844 [hep-th]. [Cited: pgs. 183 and 332.]

[Yam88] J. Yamron, Topological Actions From Twisted Supersymmetric Theories, Phys. Lett.
B 213 (1988) 325–330. [Cited: pg. 197.]

[Zhu95] Y. Zhu, Modular invariance of characters of vertex operator algebras, Journal of the
American Mathematical Society 9 (1995) 237–302. [Cited: pgs. 265 and 281.]

https://www.math.kit.edu/iag3/~wolf/media/wolf-the-action-of-the-mapping-class-group-on-the-pants-complex.pdf
https://www.math.kit.edu/iag3/~wolf/media/wolf-the-action-of-the-mapping-class-group-on-the-pants-complex.pdf
http://dx.doi.org/10.1063/1.5082852
http://dx.doi.org/10.1063/1.5082852
http://arxiv.org/abs/1810.00844
http://dx.doi.org/10.1016/0370-2693(88)91769-8
http://dx.doi.org/10.1016/0370-2693(88)91769-8
https://api.semanticscholar.org/CorpusID:35379286
https://api.semanticscholar.org/CorpusID:35379286

	Abstract
	Acknowledgments
	Dedication
	List of Tables
	List of Figures
	Introduction
	Topological twisting and 4-manifold invariants
	Moonshine, 2d conformal field theory and 2d topological quantum field theories
	Outline of the thesis
	Other works not included in this thesis

	Superconformal symmetry in the Monster module
	Introduction
	Vertex Operator Algebras And Their Extensions
	Lattice Vertex Operator Algebras And Their Orbifolds
	N=1 Superconformal Vertex Operator Algebra And Spin Lifts 
	Superconformal Symmetry And The Moonshine Module
	Mathematical construction of the Beauty and the Beast module

	Topological degeneracy in gauged WZW models
	Introduction
	Commutant Of A Vertex Operator Subalgebra
	Goddard-Kent-Olive (GKO) Coset Construction
	Review Of WZW Models And Their Gauging
	H/H-WZW Model As A Topological Quantum Field Theory
	State Space Of Gauged WZW Model

	Topological twisting of 4d N=2 field theories
	Introduction
	General Setup For Topological Twisting
	Fields For Lagrangian Theories
	Cohomological Conditions For The Existence Of Pphys
	Dynamical And Background Fields In Lagrangian Theories
	Twisting General Renormalizable Lagrangian 4d N=2 Theories
	Independence Of Topological Correlators Under Continuous Deformation Of Background Connection
	Topological Twisting Of General Class S Theories
	Twisting a1 Class S Theories And S-duality

	Appendix A. Appendix for Chapter 2
	Codes And Lattices
	Locality Of The Twisted Vertex Operators

	Appendix B. Modular tensor category from rational conformal field theory
	Vertex operator algebra
	Tensor product of modules of a VOA
	The dictionary from VOA to 2d CFT

	Appendix C. Appendix for Chapter 3
	Affine Lie Algebras
	Selection Rules, Field Identifications And Fixed Point Resolutions
	Lagrangians For Unitary Minimal Series
	Some Categorical Notions

	Appendix D. Appendix for Chapter 4
	Supersymmetry conventions
	Transfer Of Structure Group 
	Generalized Spinc Structure
	Derivation Of The Twisted Action (4.7.8)
	Superconformal Multiplets
	The Superconformal Index
	Lagrangian Analysis Of The ffs Trinion Theory
	Examples Of Cohomological Conditions For AN-1 Class S Theories With Full And Simple Punctures

	Bibliography
	References

