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Abstract

Recently Bringmann, Raum and Richter generalised the definition of Jacobi forms
and Skoruppa’s skew-holomorphic Jacobi forms by intertwining with harmonic Maass
forms. We prove the isomorphism of the Kohnen’s plus space analogue of harmonic
Maass forms of weight k — 1/2 for I'g(4m) and the space of these skew-holomorphic
harmonic Maass-Jacobi forms of weight k and index m for £ odd and m = 1 or a prime.

1 Introduction

Let k be an integer, and m a positive integer. Let M s (To(4m)) and M, , (To(4m)) be

the space of holomorphic and weakly holomorphic modular forms respectively, of weight
k — 3 for o(4m). Let M;j_; (I'p(4m)) be the Kohnen’s plus space which is a subspace of
2

M1 (T'o(4m)) defined as

Mt
k=3

(Co(4m)) := {f €M, 1 (To(4m)) | cf(n) = 0 unless (—1)*n = 0,1 mod 4m} .
Eichler and Zagier systematically developed the theory of Jacobi forms in [5]. They also
proved that the Kohnen’s plus space of holomorphic modular forms of weight k& — 1/2 for
[y(4m) is isomorphic to the space of holomorphic Jacobi forms of weight &£ and index m for
k even and m = 1 or a prime. They did so by decomposing the Fourier expansion of Jacobi
forms in terms of theta series and showing that the coefficients transform like modular forms.
For k odd, Skoruppa showed that the plus space is isomorphic to the space of a new kind
of Jacobi form which is real analytic in variable 7 and holomorphic in z. These forms were
called the skew-holomorphic Jacobi forms [6), [7].

In 1920, Ramanujan, in his last letter to Hardy [10] listed 17 functions which he called mock
theta functions. These functions led to huge developments in the theory of automorphic
forms. After about eight decades, Zwegers [9] in 2002 came up with a systematic framework
for mock theta functions and linked it to harmonic Maass forms. Motivated by this, the
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theory of Jacobi forms was generalised to harmonic Maass-Jacobi forms by Bringmann and
Richter [2]. With this generalisation, Cho defined the analogue of Kohnen’s plus space
for harmonic Maass forms and proved Zagier type isomorphism between the plus space of
harmonic Maass forms and the space of harmonic Maass-Jacobi form [§]. To be precise
they proved the isomorphism of plus space of harmonic Maass forms and the space of vector
valued harmonic Maass forms.

Recently the theory of skew holomorphic Jacobi forms was generalised to include harmonic
properties with respect to some differential operator by Bringmann, Raum and Richter
[3]. Several different generalisations and structure results have been proved in [3], but we
will only consider a subspace of the generalisation containing Skoruppa’s skew-holomorphic
Jacobi forms. The aim of the present article is to prove the isomorphism of the plus space of
harmonic Maass forms and skew-holomorphic harmonic Maass-Jacobi forms combining the
results of [3, 8], in the spirit of Skoruppa. To describe the main results, we first introduce
notations and definitions.

2 Preliminaries

2.1 Harmonic Maass Forms

In this section, we will briefly review harmonic Maass forms. The reader is referred to [4]
for details.

Let H denote the usual upper half space. We write 7 € H as 7 = u + tw and z € C as
z=u1z+1iy. Put ¢ =e(7) = ¥ and ( = e(z) = €*™*. Define

To(N) = {(Z Z) €SLy(Z) : ¢ = 0 (mod N)}.
Define the weight-k (€ R) hyperbolic Laplacian
0? 02 0 0 0 0 0
29 9 : 99N 299 55 O
m’”(mﬁ&»+mam“m) Woror TP
We define Harmonic Maass forms following Bruiner and Funke [1].

Definition 2.1. Let £ € %Z. A smooth function (in real sense) f : H — C is called a
weight-k harmonic Maass form on Ig(N) (4|N if k € 3Z\ Z) if

(i) For all (Z 2) € I'o(N) and 7 € H, we have

f(az+b)_ (cz+d)*f(1) itkeZ
cz+d) | (9ey¥(cz+ad)ff(r) ifkel+Z

Here (fl) is the Jacobi symbol and €5 = 4/ (’71) Here /- denotes the principal branch
of square root.



(i) Ar(f) =0.

(iii) There exists a polynomial P;(7) € C[g™!] such that f(7) — P¢(7) = O(e ") as v — 00
for some € > 0. Similar conditions hold at other cusps.

If the third condition in the above definition is replaced by f(7) = O(e®), then f is said
to be a harmonic Maass form of manageable growth. Space of harmonic Maass forms of

weight k is denoted by Hg(I'g(N)) and that of harmonic Maass forms of manageable growth
is denoted by H}.(To(N)).

Remark 2.2. One easily sees that M}, (To(N)) C H(To(N)) C H(To(N)).
f € H.(To(N)) has a Fourier expansion [1] of the form
f(r) = flu+iv) = Z cj(n)g" + c;(O)vl_k + Z c; (M1 =k, —4mnv)q". (1)
n>>—00 n<<oo

n#0

where I'(s, z) is the incomplete gamma function defined as

[ —t sdt
[(s,2) ::/e t e (2)

z

The notation > means » for some ay € Z. > is defined similarly. If f € Hy(I')

n>>—oo n=ay n<<oo
then
f@) = flutiv)y= > cf(n)g"+ > ;1 -k, —4mnv)q". (3)
n>>—oo n<0
We call

frr)y= Y ¢y

n>>—o0

the holomorphic part of f and

f~(n) = c;(O)Ul_k + Z ¢; (M1 =k, —4mnv)q"
e

the nonholomorphic part of f.

2.2 Vector Valued Harmonic Maass Forms

Let Mp,(R) be the metaplectic two-fold cover of SLy(R) consisting of elements of the form
(A, ) where A = (2¢%) € SLy(R) and ¢ : H — C is a holomorphic function such that
©*(7) = ¢ + d. The operation in Mp,(R) is defined as

(A7 ‘70)(37 ¢) = (ABv QO(BT)#}(T))



Let Mp,(Z) be the inverse image of SLy(Z) under the covering map. One can show that
Mp,(Z) is generated by T := ((31),1) and S := ((2 1), /7).

Let V be a rational vector space over Q with a non-degenerate quadratic form @). Let
(z,y) = Q(z +y) — Q(x) — Q(y) be the associated bilinear form of signature (p,q). Let
L C V be an even lattice with dual L*. We denote the standard basis elements of the
group algebra C[L*/L] by e, for v € L*/L. Let o1, be the Weil representation of Mp,(Z)
onC[L*/L], defined by

01(T) (6) = e(Q(7)e,
() () 1= B 52 o=, )es

eL /L

Definition 2.3. Let k € 3Z. A holomorphic function f : H — C[L*/L] is called a weakly
holomorphic modular form of weight k& and type gy for the group Mp,(Z) if it satisfies:

L f(M7) = o(7)* 0 (M, ¢) f(7) for all (M, ) € Mpy(Z)

2. f has a Fourier expansion of the form

Z Z r(7,n)e(nt)e.,.

c€L* /L n€Z+Q(n)
yeL*/ errer

The space of these C [L*/L] -valued weakly holomorphic modular forms is denoted by M;,
Similarly we define holomorphic modular forms of weight £ and type o, and denote the
corresponding space by M, ,, .

Definition 2.4. A smooth function f : H — C[L*/L] is called a harmonic Maass form of
weight &k and type oy, for the group Mp,(Z) if it satisfies:

L f(M7) = o(7)* 0L (M, ) f(7) for all (M, ) € Mp2(Z);

2. Apf =0;

3. There is a polynomial Ps(7) = ZWGL*/LZ%ZE%Q(% c¢f (v, n)e(nt)e, such that f(r) =
P¢(1) 4+ O (e7¥) as v — oo for some € > 0.

We denote by Hy,, the space of these C[L*/L]-valued harmonic Maass forms. One can
similarly define harmonic Maass forms of weight k£ and type o of manageable growth by
replacing Condition 3 above by f(7) = O(e”). The space of such forms is denoted by H ,L o1
Remark 2.5. It can easily be seen that M,!C,QL C Hy,, C Hj,

0L

Define the following subspace of H, ,(T'o(4m))

Hlit%(Fo(4m)) ={f¢€ H;%%(l"o(élm)) | cjf(n) =0 unless (—1)*n = 0, 1(mod 4m)}.



Similarly, one can define H ,(To(4m)). Note that M ,(To(4m)) C Mliil(Fo(Zlm)) C

_1
2

", (To(4m)) € H,*, (To(4m)).

Now for some m € Zg, suppose (L*/L,Q) = (Z/2mZ, Q) where Q(v) = v*/4m for v €
L*/L. In this case the level of L is 4m and we have p — ¢ = 1(mod 8). One easily sees that
for this lattice and quadratic form, the Weil representation is given by

gm(f)eg =e <%> ¢y

om(S)er == X e(—4y) e

With these notations, given an f € H ;:: ; (To(4m)) we define a C[L*/L]-valued function

F =3 czamz Frey DY
1
Fy(1) = —= > _cs(n,y/4m)g"*"
! s(7) Z !

where

ct(n)+c; (n)T (2 =k, 47in ifn=£0

eyt i= {0 ~dnlely) e 2

¢ (n) + ¢y (n)v2 ifn=0
and s(y) = 1 if v = 0, m mod 2m, and 2 otherwise. Cho proved the following Theorem [§].
Theorem 2.6. If k is odd and m =1 or a prime, then the map f — F defines an isomor-
phism of H* , (To(4m)) onto H. , .
Remark 2.7. The isomorphism of Theorem restricts to the following isomorphisms (cf.
Remark 2,(2) of [§]):

1. Hl:-—% (F0(4m>) = Hk—%,QL’
2. M* s (Do(4m)) = M,
3. M]:: (To(4m)) ~ M~

1 1 .
b k*§7£’L

2.3 Skew-Holomorphic Harmonic Maass Jacobi Forms

We mostly follow the notation of [3] for this section. Let k,m € Z,m > 0. Let I'V =
SLy(Z) x Z? be the Jacobi modular group. Define the following skew slash operator: For

A=((23), (A p)

_ c(z+AT+//.)2 +A274202

2mim
(00, 4) r.2) 1= @ (2225 22558) (o + @ Her + a1 (57 )

(4)
Define the differential operator - the skew Casimir element by
iUz 1k (‘9 kL

2 — 77Lm7 5
. Cor (5)

sk
Ck,m -



where
82
L, =8 —_——
T T 822

is the heat operator.

Definition 2.8. A function ® : H x C — C is a skew-holomorphic harmonic Maass-Jacobi
form of weight k& and index m if ® is real-analytic in 7 € H and holomorphic in z € C, and
satisfies the following conditions:

(i) For all A eI, <<I>|ka A> = ;
(i) G35, (@) =0;
(i) (T, 2) = O(e=e2™™*/?) as v — oo for some & > 0.
We denote the space of skew-holomorphic harmonic Maass-Jacobi form of weight £ and index
m by Jzkm
Remark 2.9. Let J,':lgl (respectively J,zkm) denote the space of Skoruppa’s skew-holomorphic

weak (respectively holomorphic) Jacobi forms of weight k£ and index m. Then only easily
sees that J35 C Ji C J

Proposition 3.6 of [3] along with the growth condition |(iii)|implies that ¢ € JSk has Fourier
expansion of the form

mDv
(I) _ 2k n,r n,r
=0 E (n,r) C—I—E nrexp(m)qC

n, TGZ n,r€Z

o (6)
3 wDv wDv
+ — —k, ) exp ( ) q'c"
S coor (31
D>> oo

where D = r? — 4mn. We also consider ® € J ., which have Fourier expansion of the form

¥ = 3 e (20 ¢

n,r€’

o U

+ Z ¢ (n,r) <— —k, DU) exp (Wnlzv) q"C".

n,r€Z
D>0

We denote this subspace by jskk;fbusl’. With the above Definition and notations we have the
following Theorem:

Theorem 2.10. Let k be odd, and m =1 or a prime. Then
1 Jib, = HE\ (To(4m)),

2. Tk ~ HY s (To(4m)).



3 Proof of Theorem [2.10

We will only prove [2| since (1| is similar. Let ® € jzlf;gusf’. Then we have that

¥ = 3 et (T ) ¢

n,re’
3 mDv 7 Dv
- | (N — ner.
+ Y ¢ (nr) <2 ,m)eXp(m)qC

DKoo
n,reZ

D>0

Using the transformation of ® for A = (I, (\, i), we have that
(7, 24+ AT + p) = e (—m (N*7 + 2X2)) O(7, 2).

Using similar arguments as in Theorem 2.2 of [5], one can deduce that if v’ = r mod 2m and
D' = D with D' := "2 — 4n/m, then

D’ D
ct(n',ry=ct(n,r), ¢ (n',r)=c(n,r), T (§ — k, T y) =T <§ — k, u)
m

2 m

Hence, we can decompose ®(7, z) as a linear combination of the theta functions as

(I)(T, Z) = Z hZ(T)ﬁm,ﬁ(Ta Z)

0€7./2mZ.

where

_ (N +r? 3 TNy TNvY\ y
r(s— vy . /4m
D L e e S L

N<O

with any r» € Z,r = £ mod 2m, and

ﬁml(,]_’ Z) - Z qr2/4m<r‘

rez
r={ mod 2m
Put g¢(t) = he(—7). Then using similar arguments as in Theorem 5.1 of [5], one can
show that the 2m tuple (g¢)e(mod 2m) satisfies the transformation property of vector valued
harmonic Maass form. It remains to show that A, _ 1 ge(7) = 0. Using the fact that 9,,, is
annihilated by the heat operator L,,, it is easy to check that

1\ oh 9%,
sk (p9 ) =220 (k- =) =% +402—L1 0, ,.
Clan (1em.2) w 2/) Ot A orr | ™t
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Thus G35, (®) = 0 gives
) Ohy Qﬁzhg B
2ZU (l{? — —> E 4U % = 0 (8)
for each ¢. Next observe that

Using the expression for the hyperbolic Laplacian we have

_ 0?hy(—7) Ohy(—T)
A, 1he(—T) = —4v 2— 2ikv———=
Substituting 7' = —7 and using chain rule we get
hy(T) 1\ Oh(T)
Ay _1he(=7) = —4(v° — + 2 (k—= .
() = —a0) 0 i (k- 1) (-0 P

Observing that V' = Im(—7) = v, we get
Ohy(T) ) Ohy(T)
A 1 —T) = — 4 2 — — =
k-3 he(=7) { T (k 2) V=ar 1 0

where we used Eq. (8). Conversely, given 2m tuple (g¢)e(mod 2m) Of eigenfunctions of the
hyperbolic Laplacian, having growth condition as in of Definition and satisfying the
transformation rule of a vector valued harmonic Maass form, it is easy to show that the

function
Z he mg T, Z)

CLEL/2mZ

where hy(7) = g¢(—7), satisfies the transformation property of skew-holomorphic harmonic
Maass-Jacobi form. The annihilation by the skew Casimir element follows easily by a similar
calculation as in Eq. . Finally the Fourier expansion follows from the Fourier expansion
(3) of ge(7). It follows that we have an isomorphism

JSk CUSP Hk;_l o
27

We conclude by noting that Theorem [2.6] implies that
sk cus
J P NHk—%,QL EH;_%(F0<4W))

Remark 3.1. In view of Remark 2.7 we see that the isomorphism of Theorem [2.10]restricts
to isomorphisms of smaller subspaces. To be precise, we have the following isomorphisms:
For k odd and m = 1 or a prime, we have

1. H::% (o (4m)) ~ H}%%’ NJ,m,

2. H:_; (To(4m)) ~ Hk_; ~ JSkCusp

km
4+ ! ~ Tlsk
3 M % (F0(4m)) Mk*%,@L — Jk,m?
4. Mk_% (Co(4dm)) =~ M1, ™ Tk -
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