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1 Introduction

Spinor-helicity formalism is a technique which makes scattering amplitude calculations
incredibly simple. The tremendous power of this technique shows up when we try to
compute gluon scattering amplitudes in Ynag-Mills theory. We will describe an example
in next subsection. Table [1|is enough to motivate the need of techniques other than the
standard Feynman rules to compute amplitudes and the spinor-helicity formalism does

the same. After long and tedious computations involving thousands of terms, the final

# particles | # Feynman Diagrams
4 4
5 25
6 220
7 2485
8 34300
9 559405
10 10525900

Table 1: Number of Feynman Diagrams for given number of particles

amplitude squared turns out to be simple. This hints towards a method that could bypass
the redundancies in each Feynman diagram. In particular, standard Feynman rules
for massless particles have gauge redundancies which increase in complications as the
number of external legs increase. Spinor helicity formalism bypasses these complications
by expressing all kinematic variables in terms of what are called helicity spinors. We will

mostly follow Chapter 27 of [1] adding stuff wherever necessary.

1.1 An Example from Yang-Mills Theory

We begin with an example from Yang-Mills theory. The YM Lagrangian of N fermions
{1}, N scalar fields {¢;} interacting with N* — 1 vector gauge bosons {A%} is

1 1 - ) a
L= - (ng)2 % (8“AZ)2 +(0M2) (070, + gf " AY) ¢ + O (6i5id + g AT — mdy) i
+ [(0ki0, — igALTY) ¢i]" [ (60" — igA™TE) ¢i] — M9},
where

F, = 9,A% — 9,A% + gfbe AL AL

v



A" is " A, with 4# being the Dirac gamma matrices, {T* flvjl_ ! is the basis of the Lie
algebra su(N) of SU(N), f®¢ are the structure constants of SU(N) defined as

[T, 7% = i fobere,
&, ¢ c* are the Fadeev-Popov ghosts and ¢ is the coupling constant. The kinetic term
in the Lagrangian is
A@m:—i(@Aﬂ—@Amz——%&%ﬂ2+w05—qu
—¢7( O+ M?) ¢; — c*Oc".
We can read of the gluon propagator (we will mostly be dealing with gluon scattering

amplitudes) using our knowledge of photon propagator:

k kuky
a, [b 9900000000000 b, v =i g+ (1 _5) k2 gab
k2 + e

For the demonstration of the spinor-helicity formalism, we just need gluon propagator
and its three point and four point vertex. The corresponding interaction term in the
Lagrangian is,

Lo = =g (0,A%) AP A5 — Lg? feab An b fecd A7 AL (1.1)

= gf"[g"(k —p)’ +g"(p— )" + ¢""(q — k)"]

_292 [fabefcde (g,upgz/o _ g,uagup) +
facefbde (gm/gpa _ g,uagvp) +
fadefbce (guugpa _ gupgua)}




With this vertex, let us see what is the scattering amplitude of gg — gg process. We will

get four diagrams: s,t,u channel and a 4—vertex as above. They are shown in Figure

Eg,b €3,C

(b) t-channel

EQ,b €3,C

€1,0 64,d €1,0 E4,d
(¢) u-channel (d) 4-vertex
Figure 1: gg — gg Feynmann diagrams
The s-channel gives the contribution (in £ = 1 gauge)

iMs (pr1p2 — P3pa)

2

'g aove prcae

=57 P (er - e2) (0 — o) e (2 q) e el (g —p1) - €] (1.2)

x (€ €5) (pa—ps)" + €" (ps +0) - €5 + €4 (=g — pa) - €]

where as usual s = ¢* = (p; + p2)? = (p3 + ps4)?. We can use the transversality condition
pi - € = 0 to simplify the above amplitude but the expansion of the product is still a

mess. If we compute all the four contributions, square it and sum over polarisation and



colors, then we get (Warning! Don’t try by hand, it has more than 1000 terms) :

256 2

polarisations
color

b 3 |M|2_g49{3_t_“_ﬂ_s_t
S

which is incredibly simple. Here s, ¢, u are the Mandelstram variables (s is given above)
given by

s=(m +p2)2 = (ps +p4)2,

t=(ps—ps)’ = (p1—ps)?,

u = (pa —p4)2 = (p —P3)2-
We will see that spinor-helicity formalism will bypass the difficult computations. Al-
though we can do computations on software but it also gets saturated very soon. For
example gg — ggg has over 10000 terms. Thus spinor-helicity formalism comes in handy
for these computations. Note that the complications appeared because of the polar-
isations coming from fields A}, which required gauge invariance to be massless. The
spinor-helicity formalism gets rid of the gauge fields Aj by writing them in terms of
spinors. This can be done since vector fields are (3, 3) representations of SO(1,3) and
£,0), (0, 3). With this we will show that for gg — gg scattering, there are

only two non-vanishing contributions:

spinors are (

e (12)*
/\2(1 273747) <12><2<31>3<>344>(41> (1.3)
M2 = oy e )

The notations will be clear in the coming sections.

2 Dirac Equation and Spinors

We begin by discussing spinor representations.

2.1 Spinor Representations

Spinors are are spin % representations of SO(1,3). Let J’, K’ be rotation and boost

generators. Then the Lorentz algebra is
[J'i> Jj] = iﬁijkjk
[JZ‘, KJ] = ieiijk
[k?i, l{?]] == —iEiijk.
5



In terms of raising and lowering operators J;", J;-

Ji + ik Ji —1K;
g2t 7= g-_ 2
[3 2 Y 7 2 Y
the algebra is

¢ J

[Ji_’ Jj_] = ze,]kjk_
[, Jf] =0.

We easily identify that so(1,3) = su(2) @ su(2) where so(1,3) and su(2) is the Lie
algebra of SO(1,3) and SU(2) respectively. Since su(2) @ su(2) = sl(2,R) which is
the Lie algebra of SL(2,C) which is simply connected, SL(2,C) is the universal cover
of SO(1,3). Spinor representations of SO(1,3) are fundamental and antifundamental
representations of SL(2,C) :

SL(27 C) SM +— TM : VFund — VFund7 VFund = CQ?

( & ) — M ( & ) Fundamental
w w

. ~ 2.
M +— TM* . VAntifund — VAntifund7 VAntifund =C )

<Z> — M* <Z> Antifundamental,
w w

where M* is the complex conjugate of the matrix M. The fundamental representation

is (%, O) and the vectors ¥ € Vpynq are called Left handed Weyl spinors and the an-

1
’2
handed Weyl spinors. We combine these to write the Dirac spinor as a 4 component

vector {zﬁa}izl (that is we consider the direct sum (%, O) D (O, %)) :

tifundamental representation is (0 ) and the vectors ¥r € Vantifuna are called right

(2
(e
¥
(e

The Dirac spinor v satisfies the Dirac equation:
(IO, —m) ¢ (x) = 0,
where the y-matrices satisfy the Clifford algebra

{2 "} = 29"
6



We also define ¢ = 470 = <¢I, 1/1%, w;, wl) . We will very often use the slash notation

¥ ="y,

so that

vy = 021,
Indeed
P = vt
1
= 5 (UNUV'VMYV + UVUM’YV’VM)

1 12
= 51}“@ {1}

1 v
= 51}“1} 20,1

= %1.

So the Dirac equation is (i@ — m)i = 0. To see how 1 (z) transforms under Lorentz
transformation, we need the generators of the representation. With the Dirac y-matrices,

we construct the generators: .

!
T4
Then using the Clifford algebra, we can show that >*” satisfies Lorentz algebra:

Yo v, 7]
[EMV7 E”’U] — (ngZ/w — MYV — gL gHUEVP)

Thus ¥(x) transforms as
Y(x) — Satp (A7)

where
Sa = exp (iw,,, X") (2.1)

and w,, are the rotations and boosts of A :
woi = —wio = B (boosts)

Wij = eijké’k (rotations)

Weyl representation. If we pick y-matrices to be

0 o
mo_



where o# = (1,5), " = (1,—7) and & = (01, 09, 03) then

0i 0 .
wWZ‘“’ = wOiE ' + (A)Z'OZZ + w,-jZ”

i (o8 0 1 (o, 0O
—94. | == ‘ _Z“ek ikl 14
52( 2(0 —01>>+26J’€ ‘ (0 o,

where we used

and eijkeije = 20¢. Thus we get

t0 koo
exp (iw,, X") = exp (@ (—@ﬂi (O i i ) + Oy (UO 0’6)))
_ [explibio’ + Bio’] 0
- 0 exp [—Bi0" + i0;0"]

Yr(v)

So if we write (z) = ( ) ), then ¢(x) — Sptp (A'z) gives

R\T

W, — exp(Z-

)L

i (2.2)
VYp — exp (—2" - 0) Vg,

where 2’ = E +i6 is composed of the three rotation vector 0 = (01, 62, 05) and boost vector

—

B = (B, B2, 03). Clearly the map Z — exp(Z- d) is a map from SO(1,3) — SL(2,C).
To see this, note that

det(exp(Z- 7)) = exp(tr(Z- &) = e’ =1,
where we used the fact that tr (o;) = 0. So
M(Z) :==exp(Z- ) € SL(2,C).

Next observe that if € = oy then € is the 2 x 2 antisymmetric symbol with €2 = —1.

Lemma 2.1. With the notations as above, we have

8



T 7T = (6T, o7, o7)
)

. e N
(i) ede = * =a" where o 01,05 ,0%

(ii) M(2)"' = —eM(3)Te.

Proof. The proof of (i) is straightforward. To prove (ii), observe that by (i), we have

So

]

V()
Yr(z)

mation A with angle and boost parameters 6; and (;, Yr(x) transforms as

be a Dirac spinor. Then under Lorentz transfor-

Lemma 2.2. Let ¢(x) = (

evr(z) — M(2)*epr(A '),
where Z = 5+ i0 as usual.

Proof. By Eq. 2.2 we have

—

r — exp (=2"- 3) Yr.

So



(&3

Thus in a Dirac spinor 1 = y in the weyl representation, 1y, transforms in the
R

the fundamental representation of SL(2,C) and eig transforms in the antifundamen-

tal representation of SL(2,C). So it is conventional to denote a Dirac spinor in Weyl

()

where 7:56' =€, Bqu. Under Lorentz transformation z = 5 + 140,

representation by

X" — (M(2)x)"

and
95— (@) '),
Indeed note that
(M) = (M) = (—eM(2)7€)' = —eM(2)%

where we used Lemma [2.1](ii). So we get that

This gives

Remark 2.3. Left and right handed spinor indices o and ﬂ respectively are lowered and

raised using the antisymmetric symbol e:
iy 0 1
af __ _ af _
€W = —gop =" = —€,5 = .

Lemma 2.4. The quantities ¢*%1,xs and ed‘ﬁzzaig are Lorentz invariant.

Proof. We have

1
eaﬂwaxﬁ = q/;{eXL where Y = (z2>

10



Thus

=y M(2)"eM(Z)xr

= ypeM(2)" M(2)xe

=Prexs
where we used e 'M(2)Te = M(2)™! (Lemma (11)) Similarly €%, ¥5 = U 5eXn =
(ezZR)T%R, so that edsizd)?g —s LeXn. O

Contractions. For two left handed spinors x, ¥, we define
XU = Xa¥® = Xat 5 = —U5¢ X0 = —5 (™) Xa
= Yax” = ¥x,
where we used the Grassmannian nature of the components of the spinor, that is the

components anticommute. Hence the above contraction is symmetric. For right handed

spinors x and {ﬁv, we define
T = Ve = Veapt’ = —00euqX* = =07 (e5,) X°
=75 = UX.
where we again used the Grasmannian nature of components of a spinor.
2.2 Helicity Spinors
We now define the protagonists of spinor-helicity formalism — the helicity spinors.
Definition 2.5. (Helicity spinors) We define helicity spinors as vectors of C? which

transform in (%,O) or (O,%) representation of SO(1,3). The (%,O) helicity spinor is

called left-handed and is denoted by x and the (O, %) helicity spinors is called right-
handed and denoted by x.
We can interpret helicity spinors as coming from massless Dirac equation:

id(z) = 0.

We can consider plane wave solution:

Up(z) = u(p)e ™ +v(p)e™”,  with p* = 0.

U
The Dirac equation then decouples into a set of two equations if we write ¢ = ( L) :
URr

(Ep+9-0)ur(p) =0



Thus we see that we do not need all the four components of a Dirac field. We can

constrain the upper and lower two component to be zero. Thus we have two decoupled

(@) = (’ﬁf””) - nle) = (n.?x)) , 23)

a d3ﬁ 1 « —ipx 1px
X(x):/ 3 )\(p)(ape P _|_b;r)€p)

solutions:

where

dSﬁ L —ipx 1pT
ne(x) = / 5 Aa(p) (a;e PE o bye'™”)

T
where ay, a

antiparticle. Then A* and A4 are helicity spinors.

and b,, b; are the creation and annihilation operators of the particle and

We will now show that the left handed and right handed helicity spinors have definite
helicity. The Dirac equation is

i (z) =

which in Weyl representation is

(0 —37-V) 0 Yr(x) '

With the field decomposition for x(z) and n(x), we get

(2m)?
= (B, +7-3)X*(p) = 0.
)

must satisfy

d3ﬁ 1 . C = —ipT T . 1pT «
2Ep(ap(_ZEp_Zp'0)€ + b, (1B +ip- G e ) X (p) =0

Similarly A%(p

Since E, = |p], thus we get

(P ) Aalp) = Xa(p), (- 3)A*(p) = =A"(p)

where

’B>

Iﬁl

Thus left handed spinors have helicity —1 and right-handed spinors have helicity 1.

With this understanding, we define the following contractions:
(M) = ehaxp = AaX* = =A% = = (X))

Ax] = ea5>\°‘ T = )\ Xoa = —AaX® = —[AX]-
12

(2.4)



Wherever we have angular brackets, we understand that it is the contraction of left

handed spinor whereas the square bracket is the contraction of the right handed spinor.
In particular (AX) = [A\] = 0.

2.3 4-Vectors in terms of Helicity Spinors
We can represent 4-vector p# as a bispinor using helicity spinor as follows:
poe :p“agd _ ( _pol__p,: _]Z]l —|—z’3pQ ) |
p p p+p
The indices of the bispinor p®* associated to p* can be lowered using €,g, € &
Dac = GQQGdBp’BB.
The following lemma is straightforward verification:
Lemma 2.6. We have that
(i) g“”ol‘fﬁa;“g — 22858
(ii) eagedﬁa“ﬁﬁ =ah..
We have the following proposition:

Proposition 2.7. The following are true:

(i) Pac = Pulag-
(ZZ) pﬂ — %Uuadpda _ %5.gapao'z, where ohed — <5ad7 5_»01@)'

Proof. To prove (i), we directly lower the indices. We have

Paa = Eaﬁﬁdﬁpﬁﬁ
= ea/gedgp"agﬁ

= gMVpME(XﬁEdBO-Vﬁﬁ

= gup"a""

=p'ape,
where we used Lemma (ii) in the second last step. The proof of (ii) follows by a
similar application of Lemma (i) and hence we omit the details. ]

Remark 2.8. Proposition (ii) gives a recipe to recover the 4-vector from its bispinor
representation. Hence the assignment of a 4-vector to a bispinor is a one to one corre-
spondence.

13



Next observe that

det(p®®) = pg — pi — p3 — p3 = p, = m’.

If p* is massless then det(p®®) = 0. The following lemma is easy to prove:

Lemma 2.9. Let A be a 2 x 2 complex matrix with vanishing determinant. Then it can

be written as a product of a column and a row in order.

Proof. We first note that such matrix A can only have the following forms:

a b | 0 b | a 0 7 00 7 a a CabedeC, AeC\o).
00 0 d c 0 c d b b

We explicitly provide the decomposition for the first and the last case and others are

similar. Indeed we can write
a b a a \a a
= 1 b ) = 1 A).
(o) (o) e o G 3)- ()0

In particular, for a null vector p* we can write:
pao'c _ )\a’)\;o'c‘
Indeed, we take

o 2 (PP ) el E 0y (29)
VIR =P\ —pt—ip® ) V' —p?

with

P’ =2+ (P2 + (p®)2 and 2z € C\{0}.

We will generalise to massless complex momenta in later sections which will be useful in

analytic continuation. If the momentum is real then
~\T ~. ~ A\ T
<)\°‘)\°‘> = A0 = O = </\°‘> — 2= () = =1
= ze€S'={ze€C||z| =1}

We now show that if p# transforms as 4-vector then A%, 2 in [ a— AA¢ transform
as left-handed and right-handed spinors respectively. We begin by proving the following

lemma:

14



Lemma 2.10. Let p* transform as a 4-vector: p* — A*,p”. Then p® tmnsforms as

Pt — M(2)% P (M(2)f )aB where M(Z) = exp(Z- &) and Z = 3 + i0 with § and 6

being boost and rotation associated to A*,.
Proof. We know that the Dirac matrices satisfy
Sxtt Sa =AY

where Sy = exp (iw,, X*) (see Eq. . In Weyl representation

0 ot
po_

( exp(Z- &) 0 )
Sy = -
0 exp (—2* - 7)

exp(—Z- ) o" exp(=Z*-7) = A',0". (2.6)

and we calculated Sy:

So we have that

We know that
ANgh=g = gA" g=A"".

In index notation, we have

gw (A1), 977 = (A71)°, = (A7)

0 g7 =), = A = (AT

bp %

Using this, we get
(Ap)*® = AV p"ap®

p(AT) e

=" lexp(Z- 5)% exp (2°- )],

= p Awg“po

where we used Eq. [2.6/for A™'. Thus we see that
(Ap)*® = (M(2)pM(2)")™,
where p = p®¢. O

Proposition 2.11. Let p®® = AN be the decomposition of a 4-vector p* into product
of row \* and column \*. Then \* and \* transforms as left-handed spinor and right-

handed spinor respectively.

15



Proof. By Lemma , under Lorentz transformation, p = p®® transforms as
p — M(2)pM(2)".
Thus if we write p = A then we have
A\ — M(2)AM (D)1

Thus under Lorentz transformation,

A — M(2)A
which is correct transformation of left-handed spinor. Next

X — AM(D)
Thus :

eaﬁ'xﬁ — €45 (XM(Z)T>5

Note that L.H.S is a 2 component vector, and hence this can be written as a matrix

transformation: .

AT e (XM(E)T)
—c (M(2)1)" AT
= — eM(2)eeA”
— (M(2)") " AT,

Ny

~—

Thus we have
Yo — (MEN )

which is the right-handed spinorial transformation rule. [

2.3.1 Momentum Conservation and Schouten’s Identity

Lemma 2.12. Let p®& = \9\%,  ¢°¢ = yO%% then we have

pea =500

16



Proof. By definition, we have

P-q=gup'q”

1 aYa v ~f
= 9oL NN o X

1 ~4 ;
S NNy BB
= 2€a56d6)\ AXPX

1 ~.
= A XaA"Xa
5 X

= S0DA

where we used Proposition (ii) in first step and Lemma (i) in second step. O

Remark 2.13. By Lemma [2.12] it is easy to see that

P = SON] =0 = 2ol = ¢

Notations. If p = A\*\% then we will write

A =1p) A =p|
Ao = (| on = [pl-
So we have
P =1p)[pl, paa = pllp]
With this notation, we can forget about the computations in Lemma and quickly

write

1
p-q=p'q. = 5(}?(1) lqp].

We record a small result which will be useful in future computations.

Lemma 2.14. For real momenta p and q, we have that

(pg)* = lqp].

Proof. Suppose p®® = A\*\& g% = 5% We have

(pg)* = (*"Aaxs)

= (") (Aa) " (xs)"
B,
= —Ipq]
= [qp],
where we used Remark 2.3 and Eq. in third step and Eq. in last step. N

17



We now apply above results to massless momenta. Suppose we have n incoming momenta

pi.- Then momentum conservation implies

Zpi =0.
i=1

Converting the above zero four vector into bispinor using o#, we see that this gives

Z lpi)pil =0,
i=1

where |p;)[p;| is the bispinor of p;. To make notations more light, we write |i)[i| for the

bispinor of the momentum p;. Thus the momentum conservation can be written as
D+ [2)[2[ + - + [n)[n] = 0.

We can cast the momentum conservation equation into more useful form by contracting
above equation with arbitrary spinors (i| and |k] from the left and right respectively to
get:

n

> i)k = 0. (2.7)

Jj=1

Remark 2.15. The above simple looking equation us terribly useful when we simplify
scattering amplitudes as we will see soon in next sections. For example, for four momen-

tas, contracting with (1| and |2] from the left and right respectively, we get
(11)[12] + (12)[22] + (13)[32] + (14)[42] =0,

which gives
(13)[32] = —(14)[42]. (2.8)

Contracting with other combinations, we get many more such equations, for example

contracting with (2| and |3] from the left and right respectively gives
(21)[13] = —(24)[43].
We will use such equations very often.

We now prove an important identity called Schouten’s identity.

Theorem 2.16. Let {|i), (i|} be the left-handed spinors coming from bispinor represen-

tation of four massless momentums p;. Then we have

(23)(41) + (31)(42) + (12)(43) = 0.
18



Proof. Since the three spinors |1),|2),|3) are 2 component vectors, thus all the three

cannot be linearly independent. This gives
|1) = al|2) +b|3), for some a,be C.

Taking inner product with (2| we get

B (21
(21) = b(23) => b= B
Similarly 31)
31
(31) =a(32) = a= @)
This gives (31) 21)
31 21
1) = 552+ 13
Contracting with the spinor (4|, we get
_ (31)(42) | (21)
(41) = 32) + 23) (43)
= (41) = —%(42) — %(43).
Rearranging gives the required identity. [

2.4 Polarisation in terms of Helicity-Spinors

Spin 1 massless representation of Poincaregroup has 2 degree of freedom. This can be
embedded into a vector field A* along with gauge invariance. The spin 1 free Lagrangian

is .
L=—-F?

where F),, = 0,4, — 0,A,. L is invariant under the gauge transformation
A(z) — A, + 0,A(x)

for some scalar function A(z). Equation of motion is
0A, —0,(0,A”) =0,

where [0 = 9? is the D’Alembertian operator. In Coloumb gauge, A° = 0 = 9;A’. So

eqution of motion becomes [JA* = 0. We can write plane wave solution:

At(x) = /%e“(p)eim.
19



Equation of motion becomes p? = 0 and p‘e; = 0 and ¢ = 0 by gauge choice. For

p" = (E,0,0, F), we can choose a basis for polarisations € as

1 1
e = —(0,1,i,0), € =—(0,1,—i,0
b=zl ) \/5( )

These are called transverse polarisations. The polarisations are normalised so that
ete, = —1.

But note that e’e, = 0, that is the polarisations are null. Thus their bispinors have
vanishing determinant and hence we can also write ¢ in terms of spinors. We also see
that e*“e; = —1. We will now write polarisation vectors with arbitrary momenta in
terms of spinors. To do this let 7* be a null vector with r-p # 0. For a given momenta,

write

The vector r# is arbitrary except the restriction 72 = 0 and r - p # 0. It is called the

reference vector.

Lemma 2.17. We can write an arbitrary polarisation with momenta p as

o] = VAL sy — aln) L

[pr] (rp)

Proof. We just need to check three conditions:

(b) ¢ -¢f =¢, €, =0,

(c) € -p=0.

We check the first one and leave the rest for the reader to verify as they are similar. By

Lemma [2.12, we have
2

1
2 [prl{rp)
1

ERGITRR

{pr)lpr]

20



Remark 2.18. We will often take r* to be momentum of another gluon in the problem.
If the gluons are labelled by i, then we can write ¢;(j) for the polarisations of the gluon
with momentum p!" and reference momentum péf . Thus gluon scattering for any massless

scattering can be expressed in terms of [ij] and (ij).

We now list various Lorentz contractions which is easy to check:

B 150 RO 1)
o R 1 (138
_ 1 n3) 1
e (1) - ps = 72 ) p1-pe = 5(12)[21].
Note that flipping helicity flips (- --) <> [- - -]. This is called parity conjugation symmetry.

2.4.1 Little Group Covariance

Let p** = |p)[p| be a massless momentum. Recall that the little group of p are those
Lorentz transformations which leave the momentum invariant. Note that p®® is invariant

under scalings:
p) — zlp),  [pl— 27, =€ C\{0}.

Thus little group of p* should be rescalings of this form. If we have a polarisation with

momentum p, then under little group rescaling of p, we see that

€, (r) = \/5“[);7[07]" — 226;(7“),

e (r) = \/5‘2]{? — 2%k (r).

Note that polarisations are independent of rescaling associated to the reference vector r
as it should be. Little group covariance puts strong restrictions on amplitudes. It will
be particularly useful when we generalise to complex momenta. For now, we content
ourselves with the consistency conditions for amplitudes using little group covariance.
For example consider the scattering of two positive and two negative helicity gluons. The

kinematic factor in the amplitude can be

I L (21)[34]2 (12)°
M(17,27,37,47) = 21][14](41)" 7" (23)(34)(41)

but cannot be (12)(34) as it is not invariant under little group scaling. A nice compact
rule to determine if an amplitude is invariant under little group scaling is the following

remark:
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Remark 2.19. (Little group invariance check) The total power of |i) and (i| minus the
total power of |i] and [i| must be 2 for negative helicity gluon and —2 for positive helicity
gluon. Here we count the power of a spinor to be 1 if it is in numerator and —1 if it is

in denominator.

2.5 Dirac Spinors

As we saw in Eq. [2.3] solutions to massless Dirac equaition can be described by two
component vectors. So by slight abuse of notation, it is natural to define the following

notation: in Weyl representation, we write

) = (AO) o] = (;) pl= (0 %), (=0 0).

It will be clear from context whether (p|, |p] represent four component Dirac spinor (with

lower or upper two components zero) or a helicity-spinor. We also have
fy‘u .= 0 oren .
"\ 0

Lemma 2.20. Assume the above notation for Dirac spinors. For massless momentas

We have the following lemma:

p,q,r and s, the following statements hold:
(a) [py"q] =0 = (p7*q).

(b) (py"q] = (po*'q] = [q06.p) = la7"p) -
(c) {pv"q] (ryus] = 2(pr)[sq].

(d) (pyal = (pr)lrdl.

Proof. (a) We have

[m*q] = (x 0) (S) = 0.

The other case of (a) follows similarly.

(b) We have
=0 0 <0u f) (9)
o Xa

(0 o) (;)

ks
= )\aO"u Qe
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So first equality is clear. Next

Ao 0PN, = /\Beagedﬁa“miﬂ

— \P5. .3P
= NagX"

So the second and third equality follow.
(c) We have

(P*a] (ryus] = g (poq] (ros]
= 2(pr)[sq],
where we used Lemma (i) and the definition of angle and square brackets.
(d) We have
(pta] = (p(r,n")ql = (p(Ir)[rl)d] = (pr)lrql-

3 First Examples: Yukawa Theory and QED

Although the real power of spinor helicity formalism comes into play when we compute
gluon scattering amplitude, we will anyway demonstrate its applicability in compute
the scattering amplitudes in some simple theories. SInce we formulated the momentum
conservation condition in terms of spinors taking all momentas to be incoming, thus our
convention will be that we will take all momentas to be incoming in our computations.

The Mandelstram variables with our convention become:

s=(p1+p2)” =2p1-po = (12)[21] = (ps + pa)® = 2ps - ps = (34)[43],
t = (pa+ps)’ =2p2-ps = (23)[32] = (01 + pa)” = 2p1 - pa = (14)[41], (3.1)
w=(py+ps)’ =2py - pa = (24)[42] = (p1 +p3)” = 2p1 - ps = (13)[31].

With this notation, we see that
s+t+u=0. (3.2)

Indeed since all momenta are massless, we have

s+t+u=2(p1-po+pi-pa+p1-p3) =2p1- (P2+ps+ps) =—2p1-p1 =0,

where we used momentum conservation p; + ps + p3 + ps = 0.
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3.1 Yukawa Theory: ¢f — of

In Yukawa theory, we have fermions and scalars. The Lagrangian is:

£Yukawa = “Z@?ﬂ - %az¢ + QWEw

We will compute the scattering amplitude of ¢f — ¢f via fermion exchange where
¢ and f denote a scalar and a fermion respectively. Two diagrams contribute to the

amplitude. They are shown below.

P1 ¢ ®3 1
\\y?j py e AN Yil py e
AY II \\ II
N rd N rd
Ay d AY d
Y 4 AN 4
N 4 N 4

f2mf4 fsz4

(a) ¢1fa — ¢3fa (b) ¢3fo — P1fa

3

Figure 2: ¢f — ¢f Feynman diagrams. The dashed line denotes scalar and the bold

lines denote fermions.

We will make a choice of helicities of the two fermions and then we will have to sum
over all possible helicities. First notice that both the fermions cannot have same helicity
since (py*q) = [py*q] = 0 by Lemma [2.20| (a) and the amplitude would be zero. Suppose
fo is left-handed (negative helicity) (2| and f; is right-handed (positive helicity) |4]. The

amplitude for the two diagrams is

o (2] =" (p1 +p2), 4]

iM (o1 fy b)) = (ig) 7 +(1e3)
(p1 + p2)
LG
=1g <p1 +p2)2 + (1 e 3)
il
(p1 + p2)
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Using Lemma (d) and Lemma [2.12] we get
21)[14
i (ousront?) = (280 oy

2p1 - p2
(2D
=1 <<21>[12]>+“H3)
:1'92% + (14 3)
oL,
=19 m —|-Zg @
(4] 3
= io* (i3 * 31
where we used (22) = 0. Next
. e (04 B4 (D4 B4
otz =t (1 + 1) (3] 32
(04 B4 (a1 | (43)
=Y ([121 " [321) <<21> " <23>)
L) [4)(43)  [34)(A1) | [34)(43)
=Y ([121<21> T2y T e [32]<23>>
ot [14](43)[32](21) + [34](41)[12](23) s
=Y (E+ [12](21)(23)[32] +¥>
Lt s (23)[32(21)[12] + [34)(43)[32)(23)
Y (E i [12](21)(23)[32] )
_ (st
-9 ts
where we used (21)[14] = —(23)[34] and (41)[12] = —(43)[32] which is easy to see

from momentum conservation equation (see Remark [2.15)). Using parity conjugation

symmetry, we have

iM (61 f s f0)] = g Gi;ﬂ g‘; + [

_ 4(5—1)

=9 st

) [14](43) | [34](41) [34]<43>)
12 (2

So total amplitude is
— )2
S MG fat ) = 24

spin
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3.2 QED:efe — utu~

Consider the process ete™ — ptp~ via photon exchange in QED. We will find the
amplitude of the process using spinor helicity formalism in high energy limit when we
can take the fermions to be massless. First observe that in QED, the contribution to
this process comes only from s-channel due to the vertices involving same particle and

antiparticle. The Feynman diagram is shown below. Now if we take the electron to be
1 3
Yﬂj py
Y
A; Px
2 4

Figure 3: ete™ — putpu~

left-handed, the positron has to be right handed. To see this, we will do the following:
Let us take the electron to be right handed and denote it by |1]. Since [2¢4* 1] = 0
thus the positron has to be left banded. Similarly take p~ to be (3| then p* is 4].
Since helicities of left and right handed spinors are opposite and we take all momentas
incoming, this choice of spinors corresponds to the amplitude iM(17273%47) where the
superscripts indicate the helicities. We have

ie?

IM(1F273447) = (—ie) 229" 12— (3, 4] = 2% [41)(23),
s s
where we used Lemma (c). Amplitude squared is then given by
41](14)(23)[32]

M (172+374%)|" = 4o

Other helicity combinations are M (11273%47) , M (17273747 ) and M (1127374"). By
parity conjugation symmetry
ie?
M (17273%747) = 2—(41)[23].
5

So

M (1273447 |* = 42-2(41>[14] [23](32) = 4e2z—§.

The other amplitude M (172%3%47) can be computed just by 1 <> 2 exchange. We get
—9tat 1) |2 15
(M (17273%47) [ = de’ 5,
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where we used the fact that under 1 <+ 2 exchange t <+ u. Thus we get

2
LS M e

spins

which matches with the QED calculation with m, = m, = 0.

4 QCD: Gluon Scattering

We will now consider gluon scattering in QCD and YM theory. Since each gluon comes
with a polarisation in the amplitude, thus we will have polarisation contractions in the
amplitude. We use the freedom of reference vector in polarisation vector to prove strong
constraints on scattering amplitude. Take r* to be the reference vector of all polarisation.

Then we see that

) et (r) = (rr)[ji] _
G = )
e ]
G = Gy =

This has the following consequence:

Theorem 4.1. The scattering amplitude of gluons with all of either positive or negative

helicity vanishes at tree level for any number of external leg.

Proof. First observe that any contraction of polarisations or its complex conjugate or a
mix of the two, with same helicity vanishes (as reference vector is same by our choice).
Moreover every amplitude should not have any free Lorentz index (by Lorentz invari-
ance). Thus a polarisation can either contract to a polarisation or a momenta from
a vertex. Note that the 4-vertex does not contribute any momenta. Since the num-
ber of vertices is always less than external legs. So there is atleast one contraction of

polarisations. The proof is complete. [

Theorem 4.2. Tree level amplitude of any number of gluons greater than 3 with all but

one positive helicity or all but one negative helicity vanishes at tree level.

Proof. Assume that all but one gluon has positive helicity. Let p} be the momentum of
the negative helicity gluon. Choose the reference vector for pf 1 polarisation to be Py
Then we still have

e;“e;:() Vi, 5 # 1.
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Next, we have
r](11)
H1) e () = B g
€; ( ) €1 (T) [12][17”] 9
for any reference vector r# for p! polarisation. Thus all polarisation contractions vanish.

Thus we have our statement. The other case is similar. O]

This theorem does not work for three gluons because the reference vector r* satisfies
r-p; # 0. But for r = p;, we have p; - p3 = %(pl +p3)2 = %pg = 0. Nevertheless the
restriction on the number of gluons in the previous theorem is not very important. For
real momenta, the amplitude for three gluon scattering is anyway trivial. To see this,
suppose pt',i = 1,2, 3 are the momentas of the three gluons, then we have p? =0; i =

1,2,3. At the vertex, we can assume that
Py + Py + P =
Thus p§ = (pf + ph). This gives

0=p3 =p? + p3 + 2P\ Py = pipay = 0.

Similarly ps - p3 = p1 - p3 = 0. Thus all contractions are trivial. We can now show that

1, P2, p3 are collinear. Indeed, we can show that

P =apk, ph=(1+a)p

for some v > 0. To see this, note that combining
()" = )"+ @)+ ()", i=1.23

and pli'p;, = 0 for i,j = 1,2,3 gives pi = apf, ph = Bp5. Momentum conservation gives
8 =1+ «a. Thus the three momentum are collinear and hence such an interaction is not

possible.

Remark 4.3. A more physica]ﬂ argument to show that three gluon scattering is trivial
is the following: let us go to the center of mass (COM) framd?] In COM, the momenta of
two massive incoming particle can be chosen to be pi = (E1,0,0,p),p = (F2,0,0, —p).
So pi = (E1 + E»,0,0,0). Thus p§ cannot be massless as it is at rest. If p}' and p} are

massless then in COM frame py = —pl. So p§ = 0 which again cannot be massless.

The following result follows using the parity symmetry of QCD.

IThis argument was suggested by Raj Patil.
2This argument generalises to two massive, one massless scattering.
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Theorem 4.4. Amplitudes at tree level is invariant under parity, which flips helicities
h; — —h,.

Proof. Note that under parity, p — —p, thus helicity flips. Now if the theory is parity
invariant, so is the scattering amplitude under p’— —p. Since QCD is parity invariant,
thus the amplitude is invariant under p’— —p. This amounts to the invariance under
helicity flip. [

Remark 4.5. From above theorems, leading non vanishing amplitudes must have atleast
two negative or two positive helicities. Those with exactly two positive or negative

helicity are called maximum helicity violating (MHV) amplitudes.

4.1 Color Factors

Recall that {T‘“}i\il— " are the generators (in fundamental representation) of SU(N) and

the structure constants fo¢ are defined as
(7%, T"] = if*Te, (4.1)
where there is sum over repeated indices. Moreover the generators are normalised as
1
tr (T°T") = 55@*’. (4.2)
Multiplying Eq. by T on the right, taking trace and using [4.2| we get
tr ([Ta’ Tb] Tc) — i fo gy (TdTC) _ %fabd(scd.

Thus we have
fere = =2itr ([T, T°] T°). (4.3)

We have the following identities for the generators :

Proposition 4.6. For arbitrary n x n complexr matrices A and B, we have
(a) T5Tiy = 5 (0iedn; — 50i50he) -

(b) tr(T*A)tr (T,B) =  (tr(AB) — + tr(A) tr(B)) .

(¢) tr (AT"BT,) = § (tr(A) tr(B) — + tr(AB)) .

Proof. (a) We begin by observing that any N x N complex matrix M can be written as
a complex linear combinationﬁ of the N x N identity matrix and the 7

M = M()]l + MaTa, Mo, Ma S C

3If we take real linear combinations of T then we get the Lie algebra su(N) of the Lie group
SU(N).
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Using the fact that tr(7?) = 0, we get

1
tr(M) = Motr(1) +0 = M, = Ntr(M).

Using Eq. [4.2] it easily follows that
M, =2tr (MT?).
This gives
M = %(tr(M))]l +2tr (MT*) T,
Writing the above equation in matrix indices, we get

1
Myj = = Miadi; + 2Mu T3 TS,

where there is a sum over repeated indices. Writing M;; = ;1050 Mg, Myr = 0o My, we

get
1
03001 My, = (N@ﬂu + 2E?T£z> M.
Since M was arbitrary, we get

a a 1 1

(b) This follows upon contracting (a) with A;; and By.
(c) This follows by contracting with Ay and Bjy. O

Using Proposition 4.6 we can manipulate the color factors that appear in the amplitudes.
Proposition 4.7. The following relations hold.
(a) tr(ToT%) = M=L 0 tp(ToTPToT?) = 280 to(TOTPTeT ) (TOTPTeTd) = NA200=8

2 4N 16 N2

tr(TeTPTT) e (TAT TP ) = NO=ANHONE=3,

(b) fabefcde — tr ([Ta7 Tb] [TC, Td]) )
(C) (fabefcde)Z — NQ(N2 _ 1)
(d) (fabefcde) (facgfbdg) — %NQ (N2 - 1) )

Proof. (a) Take A = B =1 in Proposition (b) to get the first relations. Others are

also similar with added complication due to four factors.
(b) Using Eq. 4.3 we have
fabefcde — _Atr ([Ta, Tb] Te) tr ([7"107 Td] Te)
1

= —2|tr ([7,77) [T, 7)) — ~ tx ([T, T"]) tx ([T, 7))

N
= —2tr {[T°, 7] [T°, 7]},
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where we used Proposition (b) in second step and the cyclic property of trace to get
rid of the second term in third step.
(c) We have

( fabe fcde)Q _ ( fabe fcde) ( fabg fcdg)
= dtr ([T, 7] [T°,TY]) tx ([T*,T") [T, T7])
=4 [tr (T°T*T°T* = T*T"TT° — T*T*T°T* 4+ T°T*TT*) ] x
[tr (T°T*T°T* — T*T°TT® — T"T°T°T* + T*T*TT*)] .

Next we multiply out to get 16 terms of the form tr(TeT*TeT%)tr(T T ) T()T7(d)
where 7 is a permutation of {a,b,c,d}. Using analogous result as in (a) and tedious

calculation gives
(fabefcde)2 — NZ(N2 o 1)

(d) Similar to (c). O

4.2 gg — gg scattering amplitude

In this subsection, we will see the full fledged application of spinor helicity formalism.

We will compute four gluon scattering amplitude mentioned in Subsection

By Remark [L.5] since there are only four gluon, we know that only MHV amplitudes
contribute. We will compute M(17273%4") and other helicity combinations will be
related by crossing symmetry. Note that all momentas are incoming and hence physically
M (17273747) corresponds to all neegative helicities. For e, ey we choose py as the
reference vector and for €3, €4 we choose p; as the reference vector. We easily see that

with our choice of helicities

G(4)- @) =0, ef(1)-ef(1)=0

_ oy (11)[44] B _(21)[34] (4.4)
€1<4)64(1)_[14]<14>_07 62(4)63(1>_M¢0

We can also check that
€1 Py =€ Py =¢€3-p1=¢€4-p; = 0.

Also € - p; = 0 is the gauge choice. Note that with our convention the Mandelstram
variables are as in Eq. [3.] We will now compute the contribution of each of the four

Feynman diagram. We begin with the 4-vertex.

4-vertex: Since the 4-vertex does not contribute any momentum, thus only polarisa-

tions contract. Since only non-vanishing polarisation contraction is €, - €3, thus 4-vertex
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amplitude is necessarily zero.

s-channel: The s-channel amplitude is

62,b €3,C

Figure 4: g9 — gg : s-channel

;2
. U5 rabe pede
M, = 05 o (- ) (1 — o)+ 2 (1) — 2 (1 2)]

[(€3 - €4) (3 — pa)" + 2€) (pa - €3) — 2¢5 (3 - €4))]
Note that polarisations of 3 and 4 are not complex conjugated because the momentas

are incoming. Thus for tour choice of helicities — — +4 only one term survives (see Eq.
4.4). We get

4 2
Ms (1—2—3+4+) — %f&befcde ) (p2 61) (p3 . EI)

(€ -
19 ) 3)(31) \, ( (20)[34]
/ f2( )(<M>)Qmma)

e s m4mwwmm4
! [14](14)[24](13)

(21) [34]2
[21][14](41)

(21)[34]?
[21][23](32)

T >[ 1]
— _29§fabefcde

— _2g§fabefcde

where we used [14](41) = [23](32) which easily follows from (p; + ps)* = (p2 + ps)°.
Similarly (p1 + p2)® = (ps + ps)” gives [21](12) = [34](43) and momentum conservation
gives (12)[23] = —(14)[43] (see Remark 2.17)). Using these we get

34]  (12)  [34] (12)

21] ~ (43)" [23]  (14)

Thus we get

—og—a9+ 4+ _ 2 rabe rcde <2> <21>
M (172807) = =20, ) (14
2 pabc pede <12>4
= 20 Ay sy my ay
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This is a special case of the Taylor-Parke formula which we will discuss in the next

subsection.

t-channel: We get this by 2 <+ 4 and b < d crossing of the s-channel amplitude.

Eg,b €3,C

€1,0
Figure 5: gg — gg : t-channel

The t-channel amplitude is

—5a2
My = T o ey ) () 2 (- 1) — 268 - e0)]
[(€5, €2) (p3 — p2)" + 2€ (p2 - €3) — 265 (p3 - €2)] -

With our choice of helicities — — ++, we see that this amplitude vanishes identically:
iM, (17273%4F) = 0.

u-channel: We get this by 2 <+ 3 and b <+ ¢ crossing of the s-channel amplitude. The

u-channel amplitude is

;2
. U5 race e
iMy = =2 o e (e eg) (pr — pa)* + 26 (ps - e1) = 26 (1 - )]

[(€3 - €4) (D2 — pa)" + 2 (pa - €2) — 265 (p2 - €4)] -

For helicities — — ++, we have
M, (17273%4%) :%gfmfbd% (- 6) (ps-er) (p2- 64)
“sairen” ™ (pas) (i) ()
SR
g o

[13](13)[14
33
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Eg,b €3,C

€1,0 €4,d

Figure 6: gg — gg : u-channel

Now we use momentum conservation to get
(12)[23] = —(14)[43],  (21)[13] = —(24)[43]

Also (p1 4+ pa)® = (p2 + ps)” gives (14)[41] = (23)[32]. We thus have

e QLA (1223 [ @U[3]\ [ (1441
M (17273047) = 201 1™ gy gy g (‘<14>[43J><‘<24>[43J)( [32)

_ 2 pace bde (21)”
= —2g2 fo (<14><42><23)(31>>'

We now compute the total amplitude. The total amplitude is
M - Ms + Mt + Mu + M4—verteX'

Thus
(12)" e [ (21)"
<12><23><34><41>)+f d (<14><42><23><31>)]

We need to find |[M]?. There are three terms in the square. Let us simplify each term

M (1—2—3+4+) _ _293 |:fabefcde (

separately. We have

' (12)* 2:( (12)* )( (12)* )
(12)(23)(34)(41) (12)(23)(34)(41) (12)(23)(34)(41)
B (12)4 [21]*
N (12)(23)(34)(41) [21][32][43][14]
((12)[21))*

((12)[21])((23)[32]) ((34)[43]) ((41)[14])

84

S22t

34



(21)4 2 (21)4 [12]* 54
(14)(42)(23)(31) | — (14)(42)(23)(31) [41][24][32][13] ~ 2’
(12)* [12]* _ s

(12)(23)(34)(41) [41][24][32][13]  t2u’
Using Proposition (c), (d), we get

2 4 3
—9—q+ 4+ 2 B S s E
polar%;tionw\/l (1 2o )| —495N (n 1) {t +t2u2 +t2u}’

= 49N> (N ( )

where we used s 4+t 4+ u = 0. Other helicity combination is related to these by crossing
symmetry, for example M (172%374") is given by M (1 —273%4") with 2 <> 3 which

means s <> u. Thus the six non-vanishing amplitude correspond to six permutations of

s,t,u. Summing all of these gives

Z |./\/l|2 _ 4g4N2 (N 1) {(t2u2 — %) + (permutations ofs,t,u)}

color sum
polarisation
sum

4 N 4 5 52 N 12 N u?
N gs t2 2 t232 5292 tu  su ts
g St S

gs 52¢2q2 stu
e ( (3 + 13+ ud)” —2(s33 + W3t + s3u?)
=8g, N -3
(stu)?
ut  su
4 2
{ (3 5
4 9 ut  su

where we used the fact that s+t +u = 0= s*+¢* +u> = 3stu. Number of initial states
are 4 x (N? — 1)2 which correspond to N? — 1 number of color for each helicity and there
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are four such gluons. Averaging over them, we get

1 9 . N? st ut  su
S S— = 16— (3-2 -2 _ =),
A(N2—1)? >, M| sy (N2 1) NN R

color sum
polarisation
sum

For QCD, plugging in N = 3 in above result gives the standard four gluon scattering

1 9 49 tu  su st
— =0 - 3——5— -5 — — -
7 2. MP=g 2{ 2 uQ}

polarisations
color

amplitude:

4.3 Color Ordering and Taylor-Parke Formula

To simplify computations in YM theory, we separate the kinematic factors from colour
factors. We define the colour stripped amplitude to be the amplitude coming from the
same Feynman rules but without a factor of v/2ig, f*¢ and we denote the color stripped
amplitude with a tilde. For example the colour stripped amplitude for gg — gg scattering

s-channel (ignoring helicity) is

M,(1234) :% (1 - €2) (1 — po) + 2¢8 (po - 1) — 26 (py - €3)] X
[(€3 - €4) (P3 — pa)” + 2€ (ps - €3) — 2¢5 (p3 - €4)]

We immediately have the following relations:

M,(1234) = —M,(2134) = — M, (1243) = M, (2143). @5)
M, (1234) = M,(3412). '

To take care of the color factor, we introduce the notation 7¢ — 1,T% — 2,7¢ — 3, T¢ —

4. With this notation, the color factor in s-channel diagram is
f12 e — o {[1,2][3, 4]}
= —2tr{1234 — 2134 — 1243 4 2143}.
So the amplitude for s-channel can be written as:
M, (1234) = —2¢%(—2)tr{1234 — 2134 — 1243 + 2143}&8(1234)
— 4g? [tr{1234} M, (1234) — tr{2134} M, (1234)—

tr{1243} M, (1234) + tr{2143} M, (1234)

— 4g? [tr{12343 M, (1234) + tr{2134} M, (2134) +

tr{1243} M, (1243) + tr{2143} M, (2143)
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where we used Eq. [L.5] The t-channel and w-channel amplitude can be gotten by
crossings of s-channel. For example, t-channel is 2 <> 4 exchange of s-channel and u
-channel is 2 <+ 3 exchange in s-channel. That is

M, (1234) = M(1432)  (second-fourth slot exchange), (4.6)
M, (1234) = M(1324) (second-third slot exchange). '

Since the 4-vertex vanishes, the full amplitude is thus
M(1234) = M (1234) + M, (1234) + M, (1234)

which has 12 terms, four each for s,t,u channels. Using the cyclic property of trace and
the crossing relations between the s,t,u channel, all of the 12 terms can be written as

tr{ijkl}M,(ijkl) with appropriate summation. Indeed the following is true:

Proposition 4.8. The four gluon amplitude (with helicities suppressed) can be written

as a single trace sum:

M(1234) = 447 Z tr{10(2)0(3)0(4)}J/\/lv(la(Q)a(S)a(él))

oES3

where M(ijkl) = M,(ijkl) + M,(ijkl) is called the color-ordered partial amplitude.

Proof. From calculations in previous subsection, we have

M, (1234) = —2ig? f1 326 M, (1234)
= —2g2(=2)tr ([1,4][3,2]) M,(1234)
= 4g2tr{1432 — 4132 — 1423 + 4123} M, (1432)
= 442 [tr{1432}/ﬁ5(1432) + tr {4132} M, (4132)+

tr{1423}M,(1423) + tr{4123}M,(4123)] |

where we used Proposition (b) (second step), Eq. (4.6 (third step) and Eq. (4.5)
(fourth step). Similarly we have

M, (1234) = 4g° [tr{1324}ﬂs(1324) + tr{3124) M, (3124) +

tr{1342} M, (1342) + tr{3142}/%(3142)} .
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Thus the three amplitudes are:
M, (1234) = 4g? [tr{1234} M, (1234) + tr{2134} M. (2134)

n + tr{2143}M,(2143) | ,

M, (1234) = 4g? [tr{1432} M, (1432) +
+ +tr{4123) M, (4123)] ,
M, (1234) = 4g? [ +

+tr{1342} M (1342) +

Collecting the same color terms above and using cyclic property of trace along with Eq.

(5], we get
M(1234) = M, (1234) + M,(1234) + M,,(1234)
= 442 [tr{1234} ( S(1234) + M, (1432)) +tr{1342) ( S(1243) + M, (1342))
+ tr{1243} ( 2(1243) + M, (1342)) +tr{1432) ( J(1234) + M, (1432))
{1324} ( J(1423) + M, (1324)) +tr{1423} ( 2(1423) + M, (1324))} .
Using the crossing in Eq. (4.6]), we have
M(1234) = 42 [tr{1234}< L(1234) + M,( 1234) —|—tr{1342}( /(1342) + M, (1342))
+tr{1243) ( J(1243) + M, (1243) ) + tr{1432} ( /(1432) + M, (1432))
{1324} ( L(1324) + M, (1324) ) + tr{1423) ( S(1423) + M, (1423))]
= 4g? [tr{1234}/\/l(1234) + {1342} M(1342) + tr{1243} M (1243)
4 tr{1432) M (1432) + tr{1324) M(1324) +tr{1423} M (1423)]

= 4g7 Y tr{10(2)0(3)0(4) }M(10(2)0(3)0(4)).

oE€S3

]

Remark 4.9. The partial color-ordered amplitude M(ijkl) is the sum over the am-
plitude coming only from the planer Feynman diagram. Intuitively, planer Feynman
diagrams are those in which the legs are uncrossed. For example, the s,¢ channel dia-

grams are planer while the u channel diagram is non planer.

The above formula for 4-gluon scattering generalises easily to n-gluon scattering. We
will state the result without proof and refer to 5, Subsection 2.2.2] for proof and detailed

discussion.
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Theorem 4.10. The n-gluon amplitude (with helicities suppressed) can be written as a

single trace sum:

M2 = -2 (Vaig) " Y wf1o(2). .o} M(10(2). ..o(n)

o€Sn_1

where .//\/lv(12 ...n) is the sum over all planer diagrams.

For MHV amplitudes, the color-ordered partial amplitude is given by (see Theorem 77
for proof)

.. 4
M (1720, i) = (ij) .
M( g ) (12)(23)(34) - -- (n — 1n)(nl)
This is called the Taylor-Parke formula. We will prove it in next subsection using the

BCFW recursion relation.

4.4 Complex Momenta and BCFW Recursion Relation

We will now take our momentums to be complex. With this leap, the advantage is that
we can invoke complex analysis to study amplitudes and get the analytic continuations.
We can finally take real momentum limit to get the physical amplitude. This trick is used
to derive powerful recursion relations called the Britto-Feng-Cachazo-Witten (BCFW)

recursion relations.

4.4.1 3-gluon Amplitude

Let us begin with the three point amplitude. We will write the most general three gluon
amplitude without Feynman rules using only the symmetries of the theoryf_f] We begin

by proving a constraint on the 3-gluon amplitude.

Proposition 4.11. The 3-gluon amplitude with complexr momenta has kinematic factor
in terms of either the angular bracket of spinor contraction or the square bracket of spinor

contraction coming from the momentas.

Proof. The three gluon amplitude must depend on polarisation vectors ¢; and momenta

pi, or the spinors [1],[2], [3| and (1, (2], (3]. Momentum conservation gives

4This is called the bottom-up construction. A whole field of S-matrix bootstrap based on this

approach is an active field of research.
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Figure 7: 3-gluon Feynman diagram

Contracting with (1] or (2| gives
(12)[2] = =(13)[3[, D[] = —(23)[3].

Now since we have three 2 component spinors, all of them cannot be linearly independent.
If |1] and |2] are proportional then above equation says that |1],|2] and |3] are propor-
tional. Only two cases can occur, either (12) = 0 which in turn implies (23) = (31) = 0,
or that all |i] are proportional to each other, in which case [12] = [23] = [31] = 0. So
either all angle brackets vanish or all square brackets vanish. Thus the answer must only

be in terms of angles or squares. [

Remark 4.12. In the real momenta limit, (ij)* = [ji] (which is not true for complex mo-
menta), so all inner products vanish and hence we have no nontrivial 3-gluon amplitude
for real momenta (which we already concluded in Remark [1.3)).

The most general 3-gluon amplitude is recorded in the following theorem:

Theorem 4.13. In a renormalizable theory of massless spin 1 particles (gluons), the
most general 3-gluon amplitude with complex momenta has the following forms:
[12]°

+o+o+) +o+9—\ _ vabc —9—q+) _ (abe
M (1*273%) =0, M (172"37) =C EIEE M(17273") =C

(12)°
(13)(32)°

Before we begin to prove this theorem, we need the following proposition on the mass

dimension of amplitudes:

Proposition 4.14. The mass dimension of an n-particle scattering amplitude M(p;, o;, am

®pi, 05, a; corresponding to a massive (massless) particle denotes the momentum, spin (helicity)
and other internal indices respectively of the particle.
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M] =4—n.

Proof. Recall that the scattering amplitude is related to the S-matrix by

N
sz» = i(27r)46(4) (Z pi> M (]97;7 O, ai) ) (4'7)
i=1

where Sy; is the scattering matrix of m (m < n) incoming particles and n — m outgoing
particles:
sz = <in p1,- - 7pm’pm+17 <oy Pn OUt> .

The incoming and outgoing states are made of single particle states |p;, 0;,a;) created

from vacuum by creation operator

Ip,o,a) = \/QEPaL 7%|0),

and are normalised as
(p,o,alp’,o’,ad") = 2Ep(27r)3(5,,/05a/a5(3)(p’ —p).

Now observe that the mass dimension of the (one dimensional) Dirac delta function is
the inverse of the dimension of its argument. To see this, note that for dimensionless =,
we have

S(ax) = —= = la| = [§(ax)] = [a] " = [az] "

Since [E,] = [\/p? +m?] = 1, and [§®)(p’ — p)] = [§(p, — p.)]°, thus the mass dimension
of (p,o,alp’,0’,a’) is =3 +1 = —2. Hence

Ip, 0, a)] = [{p, 0,a]] = —1.
Thus we have [Sy;] = —n. Plugging this into Eq.
—n=—4+[M] = [M]=4-n.
[

Proof of Theorem [{.13. By Proposition [{.11] we know that the answer must only be in
terms of either angular product or square product. Next we invoke little group rescaling
to get the most general 3-gluon amplitude with complex momenta. Let us make a choice

of helicities. We take 17273". By Remark [2.19] the total power of [1| minus the power
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of (1] should be 2, for 1~ it must be —2. For all other momenta, same rule holds. Hence

under the above constraints for 4+ + +, the most general amplitude is

1

M (172%37) = C**[12][23][31] or Cabcm

where C'% is some color structure. Since in the limit of real momenta, the amplitude
must vanish, therefore the first form is the only possibility as the second form is in-
compatible with this limit (as it diverges due to vanishing of the angle brackets). Since
M(123) has mass dimension 1 (Proposition and [12][23][31] has mass dimension
3 (since [|i), (i|]] = [|7],[i|] = 1/2 which is easy to see from 1 = [p][|p)[p|]) , C*** must
have dimension —2. Thus, if we consider only renormalizable theories with dimensionless
couplings, the only solution is C®¢ = 0. For helicities + + — and — — +, there are only
two possibilities consistent with little group scaling. Since % diverges in the limit

of real momenta, the only possibility is

+o+ao—\ _ abc [12]3
M (172737) =C 1337
Similarly,
oty _ rabe_(12)°
M (17273%) = C*® 13 (32)

4.4.2 BCFW Recursion Relations

The key idea of BCFW recursion relation is to relate the n-gluon amplitude with the
amplitude of lesser number of gluons. This is achieved by introducing a complex variable
in the momenta and then using Cauchy’s residue theorem to get the physical amplitude.

We now systematically describe the method.

Let z be a complex variable. Let us shift the spinors of gluons with momenta p; and p;

in the following way:
(ol = [+ 20l D=1z, =1, [l=1l
Then the shifted momenta is
pi = [0l + 205, By = D)l — 2Dl

It is easy to see that the shifted momentas are still massless and satisfy the momentum

conservation. Let M(z) be the amplitude with shifted momenta. Then the physical
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amplitude is obviously M(0). Consider the following integral:
- L ]{ M)
2w Jeo z

where the contour C is

C = lim Cg, CR:{ZG(C|7::R€ZB, 0§0<27r}.

R—o0

By Cauchy’s residue theorem, we have
M(2)
7= Res,—., [ — | .
po%z " i < < )

It is easy to see that z = 0 is a pole with residue M(0). Thus we have

We have the following theorem:

Theorem 4.15. Suppose M(z) — 0 as |z| — oo. Then

7- L faME)
2w Jeo z
Proof. We begin by observing that
1
7= lim — dzM—(z).
R—o0 270 Jo z

Now consider the function
f(z) = M(1/z).

Since M (z) is meromorphic, there exists a neighbourhood U of z = 0 such that f : U —
C is holomorphic. Moreover f(0) = 0 by assumption. Then by [2, Theorem 1.1. Page
73], there exists a neighbourhood 7y > 0, a unique integer n > 0 and a nonvanishing
holomorphic functionﬁ g : D, — C such that

f(z) =2"g(z) = M(z) =2""g(1/2),

6Actually [2, Theorem 1.1. Page 73] only gives a neighbourhood V' C U of 0 on which g is holo-

morphic, but we cal always choose 7o small enough such that g is holomorphic on Dy, .

43



where D,, = {z € C | |z] < ry}. Since g is holomorphic on D,,, it is in particular
continuous. Since D, is compact, by extreme value theorem [3, Theorem 27.4], we have

sup [g(2)| < oo.

ZG]D)TO

This readily implies that
lim sup |g(1/2)| < oc.

R—o0 2€Cn

Thus we get
) 1 M(z)| . 2m o0 g(R7te )
J%I—Igo %72{ dz z —BI:E;I;O—T‘_ /0 do(rte )R”Hei(nﬂ)@
1 2
< fim SWPeeca 19(1/2)] / d6dz
R—o0 27TRn 0
= 0.
The conclusion now follows. O]

Assuming that M(z) — 0 as |z] — oo, Theorem implies that the physical

amplitude is given by sum over residues of M(z) :

M(0) = =Y Res._., (M(Z)) . (4.8)

z

poles
2a#0

We will analyse this falloff condition of the amplitude at last and show that it is not
such a restrictive requirement. Let us now analyze the pole structure of M(z). We can
easily see that the only pole contribution in the amplitude comes from the propagators
connecting vertices which are in turn connected to the legs ¢ and j. Let this propagator
have momentum P(z). Thus the pole is at z for which P(z)? = 0. Thus we can split the
Feynman diagram as shown in Figure [8] We label the gluons from 1 to n with gluons
a,a+1,...,blying on the right of P and the remaining gluons to the left of P. Note that
the propagator momentum P (z) is independent of z if the gluons 4, j lie on the same side
of the propagator. This is because the momentum ]5(2) is the sum of the momentas of
gluons a to b. So we always take ¢ and j to be on opposite sides of the propagator. The
bispinor corresponding to P(z), which we also denote with P(z) without spinor indices
is
b

P(z) =) Ik)[Kl = zl0)[j].

k=a
So P%(z,,) = 0 implies

(Za,b)2

(Pa+ -+ 20)° = zan Y _(ik) k] + ;

k=a
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Figure 8: Partition of Feynman diagram across propagator with momentum ]5(2)

which gives
_ (pat )
T Giallag] & ()] o

where we used the fact that [ii] = (i7) = 0. Thus for each such partition of the diagram

by a,b, we will get a pole at z,;. The residue at z,; can easily be calculated:

1 1
g e (Ml(z) (Pat -+ 10)” — 2 5 (i) [I]] MQ(Z))
1
=M (Za,b) (pa+ -+ pb)2M2 (s

where M; and M are the amplitudes of the left and right side in the partition of the
diagram. Substituting this in Eq. (4.8)), we get

M(l---n>:ZM(l,...,a—1,b+1,...,n—>Ph)

a,b,h
) (4.10)

X 2
(Pa+ -+ )

where h denotes the helicity of the virtual particle in the propagator which we need

M(}s_h—>a,...,b>,

to sum over. Note that the helicities of P is opposite on the two subdiagram due to
opposite direction of the momenta relative to the two subdiagrams. This is the Britto-
Feng-Cachazo-Witten (BCFW) recursion relation.

Let us now turn to the falloff condition of the amplitude. With the shift in momentas,

the corresponding polarisations of gluons 7 and j with respective reference vectors p; and
p; is easily checked to be

. iy . . I

G =l o0 =g+

o D
€ (i) = ¢ (i) — Z\/ﬁm, € (1) = €/ (1)
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This is easy to see from the form of polarisation vectors given in Lemma [2.17} Let us
write ¢* = [|i)[j]]#. Then it is easily checked that

" =)l = pij-a=pi; ¢ =0 (4.11)
Then the shifted momentas are
=0+ 2", P = - 2¢", (4.12)
and the polarisations are
H— @ u_ V2(q + zpj)

s T €. = .
! [lj] ! <]Z> (413)
—-u \/i(q*ﬂ — pr) o \/§qﬂ
€l = — , €= =
7 [ji] / (i)
Now it was argued by Arkani-Hamed and Kaplan in [4] that the general form of the
amplitude M(z) is

M(z) = M, (2)€,

J
where
My (2) = (12 +co+ ez ) g+ Ay + Bz 4

where A, is antisymmetric and the dots indicate terms of the order of z~2. Before we
delve into the falloff analysis, it is useful to see what the Ward identity gives. The Ward
identity is given by

’\ v v 1 v
p?Muy<Z>€j =0 = unuy(Z)G"j = _;ng#y(2>€j, (414)
where we used Eq. (4.12)). Similarly, the Ward identity for momenta p; gives

v 1 4
My ()0 = et My ()5

It is obvious that the falloff condition of the amplitude M(z) heavily depends on the

helicities (h;, h;) of i and j. We separate the analysis in various cases.

(i) (hi, hy) = (=, +).
Using Eq. (4.13)), the amplitude is

M) =) [(az+cotcaz +) g+ Aw + Buz -] €7(0)

2 ) )
<Z]>[Z]]q“ [(C1Z—|—Co—|—0_1z 1_|_...)gm/ A#V B,uz/Z 1 }q

2 ) )
Z(Z]>[]z]pf [(C1Z—|—Co+0_1z -1 ...)guy Auz/ B,uz/Z 1+'~}q :
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where we used Eq. (4.14)). Using Eq. (4.11]), we get

1 2 1
./\/l(z)_+ = (p- .p.péLAWqV) + 0(2_2) — ot
i Dj

(i) (i, hj) = (= —).

By similar computation as above, we get

M(z)™ = 6" () My (2)65 ()

J

2
=—————pl' (12 4+ ) g+ A+ Bzt 4+ (¢" — 2p)”
z[gil[ig) (e ) 9+ Ay + By I ( )
2
= ———— [P A (¢" — 2pi)" — P Bz (¢" — 2pi)" + -+
i) A @ =) =B (@ =) ]

)

1 [ 2p! Ay g™ + 2p! By -2
_ 1 (A 2 Bupl +O () 1
z [i7]? z

where we used the antisymmetry of A, and p? = 0.

(ili) (hi, hj) = (+,+).
This case is similar to (ii) if we use the Ward identity for p,. We get

M) = € (G) My (2)5 ()

2 . v
= _W(q +api) [(erz+ ) Guo + Ay + Bz ™ 4]
2 * 14 * — 14
= Z<]Z>2 [(q + zpj)MAquj - (q + ij)MB;wz 1pj + - ]
1 (2(q" + 2p)" Awpsv + 2(¢" + 2pj)" Bupi + O (277) 1
oz (ij)? z’
<1V) (hlu h]) = (+7 _>
We have
M)t = E;NM(Z)W,E;V
2 (q* + 2p;)" 1 2(q" — 2pi)”
== ez + ) G+ A + Bz —
GOz g A By =T

=224+ 0 (22) —

Thus in this case, we cannot use the BCFW recursion relation with the assumned
momentum shift. An easy way out is to reverse the shifting. That is we use the
shifts in Eq. (4.12)) with ¢ and j reversed and we get back to case (i).

As it was remarked earlier, the falloff condition is not that restrictive.
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4.4.3 Example

Let us work out the four gluon partial amplitude for the helicity combination — — 4+
ie, M (1727374%). We have already done this computation using Feynman rules. Let
us now do this using the BCFW relation. There are two diagrams contributing to this
amplitude — the s, t-channel. We choose i = 1,j = 4 which is (—, +) combination and
hence the falloff condition necessary for BCFW is satisfied. First observe that first and
fourth gluon must be on opposite sides of the propagator to get a pole. This immediately
rules out the t-channel. Thus ¢-channel does not contribute. Moreover, there is only one

partition of the s-channel diagram corresponding to a = 3,b = 4 as shown below. The

Figure 9: s-channel partition for BCFW

propagator momenta is p(z) = —p; — p2 and using Eq. (4.9)), the pole is at
s (34)

24’3 = < =

13)[34] + (14)[44] ~ (31)°

By BCFW, we have
— —~ [ N 1 —~ A N
M (17273+4%) = ;M (i-2-P") T (I-p3+ar),
where
(1] = [1] + z43[4] and |4) = [4) — z45]1).
We see that M (12154: 0 by Theorem [4.13] Thus we must choose h = +. Again

making use of Theorem

3, we get
~ 12)3 1 34)°
AT ) = e AT
Using the fact that P(z) = ps + ps, we get
|P)[P| = [4)[4] +[3)[3]
= (14) = za3/1)) [4] + [3)[3]
(34)

= [44] - @!UHI +13)[3l
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This gives

— (14)[43
Similarly
(2P)[P4] = (23)[34]
Thus we get
e 127
MU =~ (s s i B
2y
(14)(23)(12)[21]
By momentum conservation, we have (43)[34] = (12)[21], which gives
[34]  (12)
21 (43)
Using this, we get
o (12)°(12)
MO23) = ey @)
B (12)*
o (12)(23)(34)(41)

This agrees with our previous calculation.

4.5 Taylor-Parke Formula

We will give an inductive proof of the Taylor-Parke formula using BCFW recursion

relation.

Theorem 4.16. The n-gluon MHV amplitude is given by

AA (1+o+ - - +\ _ <Z]>4
MAF2F i )_(12><23>(34>-~-(n—1n><n1)'

Proof. For n = 4, we have already proved the result in Subsection [£.2] We assume that
the formula is true for all m < n and we will prove it for n gluons. Since there are only two
— helicities, thus we can always renumber the gluons so that the amplitude we need to
compute is M (17...k™...n") and all dots are positive helicity gluons. We choose i = 1
and j = n in BCFW which is (—, +) combination and hence appropriate. By Theorem
and Theorem [1.2] we see that the subamplitudes in BCFW are nonvanishing only

for one partition which is shown below. We have
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n—2,+ n+1,+

Figure 10: Partition of amplitude for MHV amplitudes

2= Znn—1

By BCFW, we get

—

//\/lv(lf...kfn_yﬁ):M(lf_“kf“.<n_2)+ph)

1
— 1))[(n —1)n]

(n(n
% M ([—P—h] (n — 1)+n+)
_ (1K) 1 —[(n — 1A
(12) - ((n — 2) P)(P1) (n(n — 1))[(n — 1)n] [aP][P(n — 1)]
(1k)* 1 —[(n — 1)n)?

(12) - ((n — 2)P) (P1) (n(n = D)[(n — Un] (nP] [ P(n — 1)]
where we used Theorem to conclude that only nonvanishing contribution comes
from h = 4 and then used the induction hypothesis and again Theorem Since
P = pp + pn_1, we have

(P[P = @)[A] +[n —1)[n —1]

= (In) = znna|1)) 0] + In = 1[n — 1

((n=1)1)

(Dol + |n = 1)[n = 1],

Thus we have
((n—2)P)[Pn] = ((n—2)(n — 1))[(n — 1)n],
(LP)[P(n —1)] = (1n)[n(n — 1)].
Using this, we get

M(l_...k_...n+)
(1k)*[(n — D)n]?
(12) -+ (n(n = 1))[(n = Dnl{(n = 2)(n — 1))[(n — 1)n]{1In)[n(n — 1)]
B (1k)*

(12) -+ {(n = 2)(n = 1)){(n = n){nl)’
20




which is what we wanted to prove. O
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