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Black Hole Microstate Counting



Background

@ One of the great successes of string theory: microscopic
description of black holes. [strominger-Vafa (1996), Dijkgraat-Verlinde-Verlinde
(1996), Shih-Strominger-Yin (2005), Gaiotto (2005), Shih-Yin (2005), Jatkar-Sen (2005),
David-Jatkar-Sen (2006)].
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Macroscopic description

Find the Bekenstein-Hawking entropy of %—BPS black holes carrying

electric and magnetic charges (Q, ]3) in Type IIB supergravity
compactified on M x S! x S with M = K3,T*.

Microscopic description

Count the number of %—BPS configurations of various extended objects

wrapping cycles in M x S x Slin Type IIB string theory at weak
coupling.

v

(] PerfeCt matCh in large Charge appI‘OX! [Reviews: Sen (2007), Mandal-Sen (2010)]



Black Holes and Number Theory

e Microstate counting in Type IIB on K3 x T? has fascinating
connections to number theory.

o U-duality classes of black holes with charges (@, P) and fixed
Q?*P? — (Q - P)?> = D > 0 are in one-to-one correspondence with
elements of class group of binary quadratic forms with
discriminant —D [Moore (1998)].

o Degeneracy of i—BPS states with charges (Q, ]3) with
Q? =2n, P? =2m,(Q - P = { are coefficients of mock Jacobi forms
Of Welght _].0 and lndeX T1.. [Dabholkar-Murthy-Zagier (DMZ) (2012)]

o Generalization of both these connections to more general string
CompaCtiﬁcatiODS Caued CHL models [Work-in-progress, RKS],[Bhand-RKS-Sen

(2023), Banerjee-Bhutra-RKS (2025)]



CHL Models

e Zy orbifold of Type IIB string theory compactified on
M xSt x SU M= K3,T*
o N =4 Supersymmetry in 4d [Chaudhuri-Hockney-Lykken (1995)].
e Charge quantization of %—BPS states [Jatkar-Sen (2005)]:
Q2 1 P2

1z €Z. P-QeZ.
9 SNT o @€

@ Moduli space parametrized by the axio-dilaton moduli valued in H
and an 7 X r matrix valued scalar field =, r is an integer depending
on N.

e For N=1,r=22. N =1, M = K3 is the DMZ case.



Degeneracy of }l—BPS single centered black holes

Degeneracy formula

For charges @, P with Q%> = 2m > 0, P> = 2n/N > 0,Q - P = { with
4mn — N£? > 0, the degeneracy is given by
6—27ri(mr+na/N+Zz)

d(m,n/N,{) = (—1)**! / drdodz ——
Cm,n,é q)k (7-7 Z: U)

where <A15k is a given meromorphic function, the contour C,, ,, ¢ is given
by
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and € > 0 is a small real number.

[Dijkgraaf-Verlinde-Verlinde (1994), David-Jatkar-Sen (2006), Cheng-Verlinde (2007)]




Degeneracy of }l—BPS single centered black holes

e The choice C,, ;¢ makes sure that only the single-centered black
holes contribute to the degeneracy.

@ At generic point in the moduli space, single and two-centered
black holes exist, the choice C,, ;¢ corresponds to a chamber of the
moduli space where no two-centered black holes exist. More on
this later.



Relation to Mock Modularity



Degeneracy formula revisited

e The function (I)k(T z,0) satisfies
<I>k(7+ 1,z,0) = <I>k(7' z4+1,0) = ®p(7, 2,0 + N).

e Fourier-Jacobi expansion [Bhand-sen-RKS (2023)]

Z bm(o,2)e*™ ™ Im(T) — o0

@k(r z,0) T
1 .
= Z Y (7, 2)e>™/N " Tm(o) — oo,
Oi(T1,2,0) e AN
a,yN € Z.

e Goal: express d(m,n/N,¥) in terms of integrals of ¢, 1,. Need to
deform the contour C, ¢ to Im(7) — oo or Im(o) — oo.



Poles of 5;1

Poles of ®; !

&;1:1 has double poles on the hypersurface
n9 (0’7’—22) +jz4+n10—miT+mg =0

where

2

1
my1 € NZ, ny €7, jE2W+1, mo,ng €Z, mlnl—i—anQ—i—‘]— =

4

The behaviour near z = 0 is

Bi(r,2,0) = (™ — =) 2 fO(Nr)g®) (o /)

for some modular forms f*), g(*).

1

DMZ case: N = 1, ), = &y (Igusa cusp form), f*) = g(k) = =24,



Degeneracy formula revisited

e There is a special set of charges A, B such that the contour C,, ,, ¢
can be deformed to Im(7) — oo, Im(o) — oo respectively without
picking up poles [Bhand-sen-RKS (2023)]

e Doing some straightforward calculation after deforming the

contour [Dabholkar-Murty-Zagier (2012),Bhand-Sen-RKS (2023)]
d(m,n/N,?) Hl/da/dze iy _2”’€Z¢ﬁ(a, z), (m,n,0) € A

where ,
¢m o,z Ze2ﬂz€20/4m 2mézh( ﬁa) (J) ,
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Degeneracy formula revisited
For (m,n,?¢) € B
d(m,n/N,0) = (—1)”1/d7'/d262”””e2”&1@5(7, z),

where
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e For (m,n,l) € A, the degeneracy d(m,n/N,¥) is the corresponding
Fourier coefficient of ¢ .

e For (m,n,l) € B, the degeneracy d(m,n/N,¥) is the
corresponding Fourier coefficient of 4%

Generalization to Zy/-invariant states in Zy CHL models [BSB (2025)].



Modularity

EIVDk is a Siegel modular form of weight k£ for some subgroup

A B T z
G C Sp(2,Z): for all <C’ D> € G, and Q) = <z 0> € Hy (defined by

requiring 72, o9 > 0, o092 — 25 > 0)

35, ((AQ + B)(CQ + D)™1) = [det(CQ + D)]F 04 (Q) .

Using this, one can prove that

aoc +b z omi p a b
o (i) = 0 E oo (1) er'w

aoc +b z B L 2m<N(w d) a b
¢n<mvm>—(00+d) e D) 4hy (0, 2) . d eI'1(N)

These are meromorphic Jacobi forms of weight —k and index m,n/N
respectively.



Mock Modularity

gbfl, wff are holomorphic but not modular. But there exists
nonholomorphic functions ¢X*, ¢JI§* such that the completion

~F F Fx ~F F Fx
O = O+ Py 5 Uy, =0 U7
transform as a Jacobi form == mock Jacobi forms pwmz (2012),

Bhand-Sen-RKS (2023)].

Compare with the simplest example:

(o]
By(r)=1-24> o1(n)e*™.
n=1

Transformation
at +b 9 6c(cr +d) a b
E = E — .
i <07+d> (rrdBm+ =7 | q ) €SL2D)

But if we define EQ(T) = Ey(1) — ﬁ(ﬂ, then

B (‘”*2) = (er +d)2Es(1) | ( Z Z > € SL(2,Z).

cT +



Limitations



Limitations

o The single-centered degeneracy of all charges is not captured by
mock Jacobi forms. For example in N =1 case,
(107 14, 5), (13, ].97 7) ¢ A, B [Bhand-RKS-Sen (2023)]

@ S-duality invariance of the degeneracy is obscure.

@ Goal: construct the generating function of single-centered
degeneracy which is manifestly duality invariant.



Generating Function of Single-Centered Degeneracy



The generating function

We want to construct the function

F(r,0,2) = Z d(m,n/N, E)e2m(mT+””/N+&) ,
monLel,
m,n>0,4mn—NE2>0
where 7,0 € H, z € C, 7909 — 25 > 0 (Siegel upper half space Hy)
Obstacle: d(m,n, ) is not defined when 4mn — N¢? < 0.
e When 4mn — N¢? = 0, deform the contour as follows [Bhand-sen-ris

(2025)]

2n + &1 2m + 3 l+e3
Im(7) = , Im(c)=——"—, Im(z)=-— ,
() ="1L () = () = -5
with 0 < |e1], |e2], |es| < 1.
e Gives unambiguous answer independent of the way we deform the
contour.

o Goal: show that this generating function converges in some
domain of Hs.



Strategy

o Relate F(7,0,z) to ®;, and use analytic continuation.

@ Subtract from the total degeneracy, the contribution of
two-centered configurations.

e Focus on DMZ N =1 case.



Two-centered configurations and wall crossing

e Type IIB on K3 x T? has a moduli space parametrized by p, E.

e For a given charge (m,n, (), the moduli space can be divided into
chambers separated by codimension 1 walls called walls of
marginal stability (sen (2007)).

e The degeneracy of black holes jumps across these walls of marginal
stability due to (dis)appearance of two centered black holes.

@ Two centered solutions can be interpreted as bound state of two
small black holes — black holes with charges (@,0) or (0, P).

o In terms of BPS states, two-centered black holes correspond to
those i—BPS states which are unstable against decay into half-BPS
states.

o All two-centered configurations have charges of the form

Q=aM+cN, P=bM+dN, ad—bc=1,

corresponding to the bound state of half BPS states with charges
(aM,bM) and (cN,dN) which are S-duality equivalent to small
black hOleS Wlth Charges (M, O), (07 N) [Dabholkar-Gaiotto-Nampuri (2007), Sen

(2007)1.



Walls of marginal stability and chambers

e For fixed value of =, the walls of marginal stability in p-plane has
nice form [sen (2007)].

@ On the other hand, the poles of <I>1_01 with ny = 0 divides Hs into
chambers:

—mi+n (02/m0)+j (22/72) =0, mi,n1,5 €Z, mini+52/d=1/4

@ There is a one-one correspondence between chambers in 7 plane
and chambers in Hy [sen (2011)]




Bound state metamorphosis (BSM)

e Given a charge (Q, P), there are precise conditions under which it
exists as a bound state of half BPS states at a given point in the
moduli space [sen (2011)].

o When Q? = —2 or P? = —2, two apparently different bound state
configurations corresponding to these charges must be identified
[Sen (2011)].

e For P? = —2,Q?> > 0 bound state of (Q,0), (0, P) must be
identified with (Q + (Q - P)P,0),(—(Q - P)P, P).

e For Q? = —2, P? > 0 bound state of (Q,0), (0, P) must be
identified with (0, P + (@ - P)Q), (Q, —(Q - P)Q).

e For P2 = Q? = —2, infinitely many identifications.

@ These bound states exist only in the intersection of the chambers
in which the individual bound states exist.

("] Justiﬁcation: Supergravity analySiS [Chowdhuri-Lal-Saha-Sen (2012)].



Degeneracy of two-centered configuration

o f(r)=n"%(1) = D e fp€e?™PT is the generating function for the
degeneracy of half BPS states.

o At a given point in the moduli space, if a two centered black hole
with charge (@, P) exists as a bound state of (aM,bM), (¢N,dN)
then the degeneracy is thus given by

d™°(Q, P) = (=) HM - Nlfyrzjafnzs -

e The generating function in a given chamber is then given by

(€™ — ™) 2 f(1)f (o) -



Naive guess for generating function

To get only single-centered contributions, naively one would subtract
(e™* — e7™2)2f(7) f(0) and its SL(2,Z)-images from 1/®10:
L o 1 Z (ewi(acr+bd0+(ad+bc)z) o e—7ri(a07+bda+(ad+bc)z)>_2
(2 5)epPsL(2,2)
X f(a*t 4 V%o + 2abz) f(P1 + d*0 + 2cdz)

where 1/2 compensates for the invariance of the summand under

(a, b, c, d) — (—C, —d, a, b).
A
DANGER

The subseries corresponding to (a,b,c,d) = (1,0,¢,1),c € Z has a
divergent contribution:

Z(eﬁi(07+z) o 6—7rz'(c7—+z))—26—27Ti(027+0+20z)f(7_) )

cEZ



Recognizing the two-centered contributions
Using the expansion

00
(em'z _ —TI"LZ Z,', 27Tz + H(_Z2)€—27rirz) ’
r=1

we can write the subtraction term as

1
—5 Z Z { mir(act+bdo+(ad+be)z) py (acte + bdog + (ad + be)zg)
(2 h)epsL(2,z) >0

e77rzr(ac‘l'+bdo'+(CLd+bc)z)I{(_QCT2 — bdoy — (ad + bC)ZQ)}

27rip(a27'+b2a+2abz) 27riq(c2'r+d2z7+2cdz)
fpfqe e
P,QZ -1

Focus on p,q > 0 terms.



Recognizing the two-centered contributions: p,q > 0

The p,q > 0 terms can be reorganized as

_ % Z Z Z rH (acty + bdoy + (ad 4 be)z2) ffy

(‘; g) ePsL(2,z) >0 P40
> 6271"[{(pa2+qc2+rac)7+(pb2+qd2+7’bd)a+(2pab+2ch+r(ad+bc))z}

_ % Z Z Z rH (—acty — bdoy — (ad + bc)z2) fpfq

ab r>0p,g>0
(a%)epsLiz)

« 627”'{ (pa2 +qc? —'rac)7+ (pb2 +qd? —de) cr+(2pab+2ch—'r(zzd+bc))z}



Recognizing the two-centered contributions: p,q > 0

The terms containing red exponents can be recognized as the

contribution coming from the bound state of half-BPS states carrying
charges (aM,bM) and (¢N,dN) satisfying

M?=2p, N?*=2¢, M-N=r r>0,
so that the total charge (Q, P) = (aM + ¢N,bM + dN) satisfies

Q% =2(pa® + qc® +rac) , P?=2(pb* + qd® + rbd) ,
Q- P = 2pab + 2gbd + r(ad + bc) .

Such bound states exist in the chamber acry + bdos + (ad + be)zg > 0
for » > 0 [sen (2011)).



Recognizing the two-centered contributions: p,q > 0

The terms containing blue exponents can be recognized as the
contribution coming from the bound state of half-BPS states carrying
charges (aM,bM) and (¢N,dN) satisfying

M?*=2p, N?=2¢, M-N=-r, r>0,
so that the total charge (@, P) = (aM + ¢N,bM + dN) satisfies

Q% =2(pa® + qc* —rac) , P?=2(pb* + qd* — rbd) ,
Q- P = 2pab + 2gbd — r(ad + bc) .
Such bound states exist in the chamber acry + bdos + (ad + be)ze < 0

for > 0 [sen (2011)).
Thus these subtractions are correct.



Recognizing the two-centered contributions:
p=—-1,g>0and p>0,q=—1

Reorganize the sum to write

— Z Z Z fpf-1rH (acty + bdoa + (ad + be)z)

ab >0 p>0
(25)epsLe2)

% 6271'1'{ (pa2 7(‘,2+7*ac) T+ (pb2 —d? +rbd) U+(2pab72cd+7*(ad+bc))z}

- Z Z prf_er (—acry — bdoy — (ad + be)zz)

ab r>0 p>0
(25)epsLez)

% e27ri{ (pa2 —c? —rac) T+ (pb2 —d? —rbd) U+(2pab—2cd—7'(ad+bc))z}

Used (a,b,c,d) = (—¢,—d,a,b) and p +» ¢ symmetry to drop the 1/2
and f_qf, terms.



Recognizing the two-centered contributions:
p=—-1,g>0and p>0,q=—1

These terms represent subtraction of the contribution from the bound
states of half-BPS states carrying charges (aM,bM), (cN,dN)
satisfying

M?*=2p, N*=-2, M-N=r,—r, >0,
so that the total charge (@, P) = (aM + ¢N,bM + dN) satisfies

Q* =2(pa® — * +rac), P?=2(pb* —d*+rbd),
Q- P =2pab — 2bd + r(ad-l— be)

)

) -

Q% =2(pa® — * —rac), P?=2(pb* —d*> —rbd
Q - P = 2pab — 2bd — r(ad—i— be

Y



Effect of BSM: p=—-1,¢>0;p > 0,9 = —1

e Bound state metamorphosis dictates that several terms in
p=—-1,¢>0,p>0,g=—1 and p = ¢ = —1 must be identified
since they represent the same physical state.

e Inthe p=-1,¢>0,p >0,¢g = —1 sum, changing (a,b,c,d) to
(a,b,c —ar,d — br) in the blue term gives the same exponent as
the red term.

e BSM tells us to identify these two contributions and it is
nontrivial only if it exists in both the chambers corresponding to
(a,b,c,d) and (a,b,c — ar,d — br).

@ Thus we must replace the p=—1,¢g > 0,p > 0,9 = —1 sum by

_ Z Z r Z Ipf-1H (acts + bdoy + (ad + be)za)

ab r>0 p>0
(ab)epsL2z)

x H (*CLCTQ — bdog — (ad + bc)ze + ra’ty + rb’oy + 27‘ab22)
627ri{(pa2—52+Tac)7'+(pb2—d2+rbd)cr+(2pab—2cd+r(ad+bc))z}



Recognizing the two-centered contributions: p = q =
The subtraction term can be written as
-2 Z Z rH (acte + bdoa + (ad + be)z2)
(a%)epsL2z) r>0
271'1{( a’—c +T’ac)7+( b27d2+7’bd)a+(72ab720d+r(ad+bc))z}.

These terms represent subtraction of the contribution from the bound

states of half-BPS states carrying charges (aM,bM), (cN,dN)
satisfying

M?>?=-2, N?’=-2, M-N=r, >0,

so that the total charge (Q, P) = (aM + ¢N,bM + dN) satisfies

Q*=2(—a* - +rac), P?=2(-b*—d*+rbd),

Q- P =—2ab—2bd+ r(ad+ be) .

—1



Effect of BSM: p =¢q¢ = —1

@ The exponent in the p = ¢ = —1 sum remains unchanged under
(a,b,c,d) — (an, by, cn,dy), where

anbni()—lnab c7
cn dn)  \1 —r c d) " '

e So BSM tells us to identify these contributions in the sum.

@ These contributions are nontrivial only if these bound states exist
in all corresponding chambers.

Thus we must replace the sum by

s
—f2) > [ H(ancnrs + budnos + (andn + bncn)22)
>0 (ab)eq,\psL(2z) T
« e?m{(—a —c2+rac)T+(—b2—d?+rbd)o+(—2ab—2cd-+r(ad+be)) 2}

where G, is the cyclic group generated by ((1) :11“)



Final expression

F(r,0,z) =

S(T, g, Z) Where [Bhand-Sen-RKS (2025)]

<I>7
1
S(r,0,2) = 3 Z fr(a®r + V%o + 2abz) fo (1 + d%o + 2cdz)
(ab)epPsLi22)

« (em{am-—l-bdcr—l-(ad—l—bc)z} - e—m{am-—l-bdcr—l—(ad—l—bc)z}) -2

+ Z Z T Z fpf-1H (acts + bdos + (ad + be)za)
(ab)epsi(zz) ™0 P20
x H (—CLCTQ — bdogy — (ad + bc)zo + ra’m + rb’oy + 27“abzz)
627ri{(pa2—02+7“ac)7'+(pb2—d2+rbd)0+(2pab—2cd+7"(ad+bc))z}

+ 3 Z T Z H H(ancnm + bpdnoa + (andp + bycy)22)
>0 (ab)eg,\psL(2z) T

% 27rz{( a?—c?+rac)T+(—b2—d?+rbd)o+(—2ab—2cd+r(ad+bc)) 2}



Analytic Properties



Properties of F

Theorem (Convergence of the sum)

The sum over a, b, c,d,r in S converges absolutely and uniformly on
compact subsets of Hs except on the hypersurface

2
1
miT —nio+mp+jz=0, my,ni,mp €7, m1n1+‘7z—4,

where it has double poles with the same residue as <I>f01.

Holomorphicity of F

F is holomorphic in the domain det Im 2 > i, Q= (Z j) and has

double poles on the hypersurface

no(to — 22) + muT —nio+my+ 5z =0,

2
J
mi,ni,ma,n2 GZ, ng 2 17 ming + mong + —/— =

1
44




Main Theorem

Analytic continuation of F

We have F = F and hence the generating function F (7,0, z) admits a
meromorphic continuation to Ho.

The generating function is thus manifestly S-duality invariant:

F(0) = F(9) “:C j)eﬂz, Y eSLR2,Z) .



Questions For Future

@ Does there exist a nonholomorphic function F* such that F + F*
transforms as a Siegel modular form for Sp(2,7Z)?

e Is F + F* harmonic with respect to some Laplacian?

o If these two statements are true, then following the standard

terminology of mock modular forms, we may call F' a mock Siegel
modular form.

o Generalize the story to CHL models N > 1.
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