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Black Hole Microstate Counting



Background

@ One of the great successes of string theory: microscopic
description of black holes. [strominger-Vafa (1996), Dijkgraat-Verlinde-Verlinde
(1996), Shih-Strominger-Yin (2005), Gaiotto (2005), Shih-Yin (2005), Jatkar-Sen (2005),
David-Jatkar-Sen (2006)].

A
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Macroscopic description

Find the Bekenstein-Hawking entropy of %—BPS extremal black holes

carrying electric and magnetic charges (@, ]3) in Type IIB supergravity
compactified on M x S! x S' with M = K3,T*.

Microscopic description

Count the number of %—BPS configurations of various extended objects

wrapping cycles in M x S x Slin Type IIB string theory at weak
coupling.

(] PerfeCt matCh at leadlng Ordel“! [Reviews: Sen (2007), Mandal-Sen (2010)]



Microstate Counting and Number Theory

e Microstate counting in Type IIB on K3 x T2 has fascinating new
connections to number theory.

o Degeneracy of 1-BPS states with charges (@, P) with
Q? = 2n,P?> = 2m,Q - P = { are coefficients of mock Jacobi forms
Of Welght —10 a.nd lndeX TN. [Dabholkar-Murthy-Zagier (DMZ) (2012)]

e Goal: generalize the story of DMZ to more general string
compactifications.



Relevant String Compactifications

e Zn orbifold of Type IIB string theory compactified on
M x St x SY M = K3, T
(] N =4 Supersymmetry in 4d [Chaudhuri-Hockney-Lykken (1995)].
o Charge quantization of i—BPS states [Jatkar-Sen (2005)]:
QQ 1 P2

5 ENZ, 7eZ, P-QeZ.

o N =1 with M = K3 is the DMZ case.



Degeneracy of }l—BPS Dyons

Degeneracy formula

—2mi(mT+no+Lz)

oo -1 /41
(g, Py = &Y / drdodz “—
N Je

O (7,2,0)

where @y, is a Siegel modular form of weight k for some subgroup of
Sp(2,Z), the contour C is given by

P2 on NQ@?> 2m
C:lm(r) = =§p Wmlo)=——=-,
Im(z):—P'QE—é,

g g

0 <Re(7),Re(z) <1, 0 < Re(o) < N,

and € > 0 is a small real number.




Some Number Theory Background



Modular Forms Of Integral Weight

A holomorphic function f : H — C is called a modular form of weight k
for T' C SL(2,7Z) if

! (f_Z) = (er +d)"f(7), (ﬁ 2) er.

We also need to specify some growth condition at the cusps but it will
not be necessary for this talk.

Fourier expansion at 700

f(r) = ap(n)g""

neL

where h > 0 is the smallest integer such that (§ %) € T.



Modular Form of Half-Integral Weight

A holomorphic function f : H — C is called a modular form of weight
K€L+ if

f (Z;j_z) = (5) e (er +ay s (‘2 Z) €T CTo(4),

where (5) is the Jacobi symbol, for odd d

1 ifd=1mod 4;
£ g
7 Yi ifd=-1mod 4,

and

rww:{@ Qeﬂ@zyczo@MNﬁ.

The vector space of modular forms of weight x € %Z is denoted by
M, (T).



Jacobi Forms

Jacobi forms are meromorphic functions satisfying modularity
transformation with respect to some subgroup I' x E of SL(2,7Z) x Z2.
@ :H x C — C is called a weight k € Z, index m € Q Jacobi form if

at+b z+ AT+
ctr+d  cr+d

2
= (e + d)ke (m (W — N7 — 2z — Au)) o(T, 2),

e(x) = ™%, (i Z) el, \peECZ?

Let h, o > 0 be the smallest integers such that (§#) € T, and
(0,u) € E C Z%, then we have Fourier expansion

p(r.2) = 3 cln g ¢Im

n,r

The space of such forms is denoted by J*(I' x E).



Siegel Modular Forms
Siegel upper half space:

H, = {Q_ C j_) . 7,0 € H; z € C,det(Im(Q)) > 0} :

Symplectic group
Sp(2,R) = {M € GL(4,R) : M'JM = J, J := (g b )},

Sp(2,R) acts on Hy as

MoQ = (AQ+ B)(CQ+D)', M= (A B) € Sp(2,R) .

Siegel Modular Form

<I>((AQ+B)(CQ+D)—) Det(CQ + D)*®(Q).




Fourier Expansion Of Siegel Modular Forms

We write ®(2) = ®(7, 2,0). Let Ny, Na, N3 be least positive integers
such that

1 0 N1 No
01 Ny Ny
00 1 0%
00 0 1
Ny = Ny = N3 =1 for G =Sp(2,Z). Then

®(7 + N1,z 4+ Na,0 + N3) = &(1, 2,0). (1)
Fourier expansion

‘I)(T,Z,O') _ Z a(n,m,’l“)qn/NlcT/NQPm/N3 ,

n,m,reZ

where ¢ = e(7),( = e(2),p = e(0) and e(z) = e*™*. The sum over
indices n, m,r may be restricted depending on the analytic properties
of ®.



Relation Between Jacobi Forms And Siegel Modular
Forms

The Fourier expansion of a degree 2 Siegel modular form can be

rewritten as
(1,2,0) Ecmezm/NS.

This is called the Fourier-Jacobi expansion for the following
reason: using the embedding of SL(2,Z) and Z? into Sp(2,Z) given by

(¢ o)~

one can show that each ¢, transforms like a Jacobi form of weight &
m

and index - with respect to some subgroup of SL(2,7Z) x Z2.

SO0 O
— o O O

0
A
1
0

o O = O
—_T O

1
—p
o A= g
0

O O = O
O QUL O



Relation Between Jacobi Forms And Modular Forms

A Jacobi form ¢ of index % € Z/N for I x (NZ x Z) C Z* which is
holomorphic in z for fixed 7 has a theta decomposition

= > he(7)0me(NT,2)

LEL/2mZ

where 9,, ; is the index m Jacobi theta function defined by

79m2(7_’ Z) — Z qr2/4m<-r _ Z q(f+2mn)2/4m<f+2mn.

reZ nez
r={(mod 2m)

Then each hy € M,_1(I'(4mN)) where
2

o= (¢ ) esem: j2I5Nmt ]



Mock Modular Forms

Idea:
@ Holomorphic but not modular.

e Can be completed to a modular form by adding a nonholomorphic
function.

@ The completion is necessarily nonholomorphic.

Mock Modular Form

A weight k € %Z mock modular form is a holomorphic function
f : H — C such that there exists g € Ma_(T") such that f + g*
transforms like a weight-x modular form with respect to I', where

* _ ok—1, o0 g(_@)
g (r) =2 z/_T dwm,

is the Fichler integral of g. The modular form g is called the shadow
of f and f + g* is called the completion of f.




Mock Jacobi Forms

Mock Jacobi Form

A holomorphic function

= ) h(r)Ome(NT,2),

¢ mod 2m

is called a mock Jacobi form of weight & and index % € Z/N if each hy
is a weight-(k — 1/2) mock modular form for some subgroup of SL(2,7Z)
and the completion

Br,2) = Y (he(r) + g (7))0me(NT, 2)

¢ mod 2m

transforms like a Jacobi form of weight k& and index X € Z/N.




Examples: Modular forms of integral weight for SL(2,

Eisenstein series: modular forms of weight k with 4 < k € 2Z

2k
Ep(r)=1- B, > owa(n)g”, ox(n)=> d"
n=1 dn

and By, are Bernoulli numbers defined by =% = Y o Bk%. One has

My(SL(2,2))= €P C E}EgZ.

461 +602=Fk
41,6220

Another example: Ramanujan discriminant function (weight 12)

E 3
Ay = 2 )1728 —qHI—q

z)



Examples: Modular forms of half-integral weight

Classical theta function: modular form of weight 1/2 for I'g(4)
2
o) => q" .
nez

Dedekind eta function: (not quite) modular form of weight 1/2

n(r) =g [T —q") .

n=1

transforms as
T 1 B
e+ 0 =), o (=1) = V=it

We also have %4 = A.



Examples: Jacobi forms

Jacobi theta functions

191(7'7 z) — Z(_l)nq%(nfépcnf%’ 192(7-7 Z) — Z q%(nf%ﬁcnf%’

neZ nez

n? n?
2)=> q7¢" Vu(rz) =) (-1)"g= "
ne”L neL
Define ¢y 1 by

0_21(7,2) = 776(7)), $10,1(7,2) ‘= 7724(T)<P—2,1(T, z)

03(r,2) | Y3(1,2) | Vi(1,2)

= A
19% 7_) + 192(7_) + 192(7_) ) Y121 ®o,1 )
,0).

Then ¢y 1 € Ji1(SL(2,Z) x Z?). In fact

Jom(SL(2.Z) w Z2) = €D Mysy (SL(2.2)) - VB
j=0
where A =¢_o1, B= 1.



Mock Modular Forms And Mock Jacobi Forms

Generating function of Hurwitz class numbers is a mock modular form
of weight 3/2 for I'g(4) with shadow —:=© (zagier 1975);:

H(r)=—-5 + > H(n)g",
n=1
Define
Ho(r)=> H(4n)¢", Hy(r)=> H(@n—1)¢" 1,
n=0 n=1

where H(0) = —1/12. Then

H(r,2) = Ho()010(7, 2) + Hi(r)0ha(r,2) = Y H(4n—1r?) "¢

n,rez
An—r2>0

is a mock Jacobi form of weight 2 and index 1 pmz (2012)).



Meromorphicity and Mock Modularity



Dabholkar-Murthy-Zagier Result

DMZ Result

Let ¢(, 2) € JP(SL(2,Z) x Z?) with single or double poles at

k,m

zs = asT + Bs € Q7 + Q. Then there is a decomposition

p=¢" +¢",

where ¢! (called the finite part) is a holomorphic (mixed) mock Jacobi
form and ¢ (called polar part) has the same pole structure as ¢ but is
not modular.

o Easily generalizes to (1, z) € Jim (I x Z?) for subgroups
I' € SL(2,Z).
o In CHL models, we encounter meromorphic Jacobi forms in
}feﬂNr (I'x (NZ x 7)) with T' = T'o(N), I'1(N) with a double pole at
z=0€Qr+Q.
o The goal is to generalize DMZ result to such Jacobi forms.
e Taking N = 1 reduces to DMZ case.



Generalizing DMZ

o Step 1: Start with ¢(7,2) € J™% (' x Z?) with I = [o(N), 1 (V)
"N
and construct ¥ which is not modular and % := ¢ — ¥ is
holomorphic.

e Step 2: Prove that ¢ admits nonholomorphic completion (zwegers

(2006)].

e Step 3: Use the nonholomorphic completion of ¥* to construct
nonholomorphic completion of ¥



Generalizing DMZ: Step 1

e We want to construct a function ) which has the same poles and
residues as 1 but is not modular.

o Let s = (o, 3) € Q% and suppose (7, 2) has a single or double pole
at zg ;= a7+ 0 € Qr + Q.

e From

(7, 24 T+p) = e (—m ()\27 +2Xz + M) ¥(1,2), (A, p) € NZXZ,

if ¢(7, z) has a pole at z = z, then (7, 2) has poles at

2= Zoy ) = (@+ )T+ (B4 p).
Strategy: Find functions A Sm which have simple and double poles
with residue 1 at 2 = 2z, (\ ) respectlvely Multiply these functions

with the residue of ¢ to get ¥*.
Define the functions at z = z; by

Es(7) Dg(7)
(2mie)? * 2mie

e(%a(zs—l—%))w(ﬂzs—ks) = +0(1), €—0.



Generalizing DMZ: Step 1 Continued...

One can prove for (A\,u) € NZ X Z

Digiapip(T) =€ (%(Ma - Aﬂ)) D(a3)(7),
Easrgim(7) = € (5 (1a = AB)) Bag)(7)

Start with [pumz 2012)]

1 e(c(z —n)) c(z —n)
(1) - e ) (2)
Re(el2)) 27 r% z—n Re (el (2mi)? Z (z —n)?
These functions have single and double poles respectively with residue

1 and O respectively at z = z.



Generalizing DMZ: Step 1 Continued...

Apply the averaging operator and define universal Appell-Lerche sums

[Bhand-Sen-RKS (2023)]

Nr
m 0423) Z qur CerR_gma/N <q o C>

reZ

N
RS . m Nmr2 -2mr 2) qNTC .
B% (1,2) == e ( Nazs> Zq ¢ R—2ma/N , o Csi=e(zs) -

rez CS

Define the polar part by

W= > (D A(r2) + Bir)Bu(r.2) |

s€S()/(NLZxL)

where S(1)) C Q? is the set of poles of .



Generalizing DMZ: Step 3

Mock Modularity of 1%

The finite part ¥f := 1 — " is given by

Z hf mf NT: )7

£ mod 2m

where
—(UNT/2m)+1

ho(r) = g~ CN/4m / o(r, 2 e(—L2")d2

—4NT/2m

¢ is a (mixed) mock Jacobi form of weight k, index m/N for I'. The
completion of hy(7) is given by

R =he(m) = Y (Do()®%(r) + Bo(NEE f(T))

seS(¢)/(NZXZ)




Generalizing DMZ: Step 3 Continued...

Mock Modularity of 1%

where ©% ,,E% ,(7) are Eichler integrals of
N7 N7

O () =e(-3aB) Y rel2mBr)g",

N
TEZJr%Jr%
=5, (1) =e (—ﬂaﬁ> Z e(2mﬂr)quT2 ,
N
r€Z+%+ﬁ

respectively.




Mock Modularity In CHL Models



Dyon Partition Function In CHL Models

The Dyon partition function <T>,;1 is a Siegel modular form of weight
—k with respect to G C Sp(2,Z). For M = K3, the weight k is given

by [David-Jatkar-Sen (2006)]

24 _ .
-2, N=1,2,35T

3, N =4;
k:

2, N = 6;

1, N =8.

For M = K3, N =1 (DMZ case), the partition function E)lzl =® is
the inverse of the well-known Igusa cusp form.



Poles Of 2131;1

The partition function ék has double zeros on the hypersurface

ng(JT—ZQ)+jz+n10—m17'+m2:()

where

9
1
my € NZ, ny € Z, j € 27+1, mo,ng € 7, mlnl—i—anQ—i—jZ = 1

The behaviour near z = 0 is

By (1, 2,0) = —4n*22 fO (N7)g ¥ (0 /N) + O(z*),

for some modular forms f*), g(¥)




Fourier-Jacobi Expansion

Fourier-Jacobi expansion of @

a,yN € Z.
° ¢y € JB (TY(N) x Z2), poles at z € Zo + 7

—k,m

° Y, € J™, (I'1(N) X (NZ x Z), poles at z € NZt + Z.
"N

o The finite parts ¢% , 4" are mock Jacobi forms of appropriate type.




Degeneracy Of Single-Centered Black Holes

For charges Q? = QW’”,PQ =2n,Q - P = { with (n,{,m) € Z3,

oo (_1)“—1 e—27ri(m7'+na+€z)
d(Q,P) = /deadz =
N c (I>k(7_7 2, U)

with C: Im(7) = 2, Im(o) =22, Im(z)= ¢ and
0 < Re(7),Re(z) <1, 0 < Re(s) < N.

e Suppose we can deform C from Im(7) = ]2\,—72 to Im(7) — oo. Then
using the Fourier-Jacobi expansion:

d(Q,P) = N /da/dzeQmNd e 2zl (5 2 .

e Suppose we can deform C from Im(c) = 22 to Im(o) — co. Then
using the Fourier-Jacobi expansion:

S5 _ () S
d(Q,P) = N /dT/dZ g~ 2mimT ef%wszE(T, z) .




Deformations Of Contour

Contour Deformation

(1) Deformation of C from Im(7) = 4% to Im(7) — oo does not get

contribution from poles of 5;1 if and only if (n,¢,m) € A where
A C 72 is a set of triples (n,¢,m) with n,m > 0,4mn — N¢2 > 0 and

mil + 2ms +m\ 2 mi / n 9
[( ) +m—(4—m—£)

>1
m 2\'N =7

Vmy € NZ, s€Z, s(s+1)=0modm,

(2) Deformation of C from Im(c) = 22 to Im(o) — oo does not get

contribution from poles of 6;1 if and only if (n,¢,m) € B where
B C 73 is a set of triples (n, £, m) with n,m > 0,4mn — N/? > 0 and

2
[(nﬂ\fﬁ—Qns—n) +n%];72 <4nm_€2)] >1,
n n N

Vni,s€Z, s(s+1)=0modn;.




Refinement Of DMZ Result



Restriction On Charges

e For M = K3, N =1, the DMZ claim that for any charge (n, ¢, m),
the degeneracy is given by Fourier coefficient of the mock Jacobi
forms ¢ when n > m and ¥ when n < m.

e Our analysis refines the condition n > m to (n,¢,m) € A and
n < mto (n,f,m) € B.
o Checked using wall crossing formula (story for another time).

e Example: (n,¢,m) = (10,14, 5) satisfies n > m but does not
belong to either A or B. The degeneracy differs from the
coefficient of the mock Jacobi form ¢f by a wall crossing term.

e Another such example is (n, ¢, m) = (13,19,7).



Future Directions



Open Questions

o Positivity of degeneracy: the degeneracy is given by Fourier
coefficient of interesting number theoretic object. Physics predicts
the positivity of these Fourier coefficients (sen (2010). Prove this
mathematically. Proved for M = K3, N = 1 [Bringmann Murthy (2017),
Rossellé (2024)].

@ The degeneracy of single-centered black holes is not captured by
mock Jacobi forms for all charges. Formulate the notion of “mock
Siegel forms” which captures the degeneracy for all charges

[Bhand-Sen-RKS work in progress]|.
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